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Chapter 1

Polish summary

Wybrane warunki wystarczajace
istnienia dlugich cykli w grafach

Tematem rozprawy doktorskiej jest poszukiwanie warunkéw
wystarczajacych na istnienie dlugich cykli w grafach, czyli cykli
przechodzacych przez ponad polowe wierzcholkéw w danym grafie.
Celem jest okreslenie minimalnego rozmiaru grafu zapewniajacego
zawieranie sie cyklu danej dlugosci, ewentualnie okreslenie tego
rozmiaru jednoczesnie z minimalnym stopniem grafu. Problem
bedzie rozwazany dla graféw prostych, w szczegolnosci dwudziel-
nych, jak i dla graféw skierowanych (tam interesujace beda cykle
o dowolnej orientacji).

Przy wszystkich twierdzeniach prezentowanych w tej rozprawie widnieja,
nazwiska ich autorow oraz podany jest odnosnik do literatury, gdzie dany
wynik zostal opublikowany. Inicjaly LA oznaczaja, ze autorem lub wspol-
autorem danego rezultatu jest piszacy te rozprawe. Twierdzenia takie sg po-
dane w pracy wraz z pelnymi ich dowodami.

Podstawowe pojecia i terminologia uzywane w tej pracy sa zgodne
z [20, Chapter I]. Notacja stosowana w rozprawie jest przedstawiona w roz-
dziale 4.1. W szczegdlnosci, dla grafu G oznaczamy jego rzad, czyli ilo$¢ jego
wierzchotkéw, przez |G|, natomiast rozmiar G, czyli ilosé jego krawedzi, bedzie
oznaczany przez ||G||. Dla danego wierzchotka x w grafie G zbi6r wierzchotkéw
z nim sgsiadujacych w G bedziemy oznaczali przez Ng(x), de(z) to stopien
wierzchotka x w G (tzn. dg(z) = |Ng(z)|), natomiast §(G) to minimalny
stopien grafu G. Cykl dlugosci p bedzie oznaczany przez C,,.
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Do klasycznych problemoéw teorii graféw nalezy poszukiwanie warunkdw
wystarczajacych na istnienie w grafach cykli hamiltonowskich, czyli cykli
przechodzacych przez wszystkie wierzchotki w grafie (graf, ktéry zawiera taki
cykl, nazywamy hamiltonowskim). Od lat 50-tych XX wieku znaleziono wiele
roznych warunkéw wystarczajacych na hamiltonowskosé grafu - najwazniejsze
z nich zostaly zebrane w pracy Goulda [35]. Kilka z tych wynikéw zaprezen-
tujemy tutaj (po wiecej szczegdtéw odsytamy czytelnika do rozdziatu 4.2).

Twierdzenie Diraca z 1952 roku byto pierwszym rezultatem w tej dziedzinie.

Twierdzenie 1.1 (Dirac [29]). Niech G bedzie grafem rzedun > 3, w ktdrym
3(G) > n/2. Wowczas G zawiera cykl hamiltonowski.

Osiem lat pozniej powyzszy rezultat zostal w istotny sposob wzmocniony
przez Orego, ktory udowodnil nastepujace twierdzenie.

Twierdzenie 1.2 (Ore [50]). Niech G bedzie grafem rzedu n > 3, w ktérym
dg(x) + da(y) > n dla kaZdej pary wierzchotkdw niepotqczonych x oraz y.
Wtedy G jest grafem hamiltonowskim.

Nastepny rezultat, ktory moglibysmy nazwaé¢ warunkiem wystarczajacym
na rozmiar grafu dla hamiltonowskosci, wynika natychmiast z twierdzenia 1.2.

Twierdzenie 1.3 (Ore [51]). Niech G bedzie grafem rzedu n > 3 oraz niech
|G| > (";1) + 1. Wowczas G jest hamiltonowsksi.

Erdés pokazat w 1962 roku, ze warunek na rozmiar grafu moze zostacé
ostabiony, jesli dodamy dodatkowe ograniczenie na minimalny stopien grafu.

Twierdzenie 1.4 (Erd6s [31]). Niech G bedzie grafem o rzedzie n > 3
i minimalnym stopniu 6(G) > r, gdzie 1 < r < n/2. Wtedy G zawiera cykl
hamiltonowski, jesl tylko

arms{(137) e (75 [}

Wszystkie warunki wystarczajgce zaprezentowane w czterech powyzszych
twierdzeniach sg ostre. Znane sg grafy ekstremalne (patrz rozdziat 4.2), ktére
pokazuja, ze nie da sie oslabi¢ zadnego z zalozen w twierdzeniach 1.1 - 1.4.

7 uwagi na autoréw zaprezentowanych twierdzen, warunki wystarczajace,
ktére podaja ograniczenia na minimalny stopien grafu (odp. na sume stopni
par wierzchotk6w niepotgczonych), bedziemy nazywali warunkami typu Diraca
(odp. typu Orego), natomiast warunki podajgce ograniczenia na rozmiar grafu
jednoczesnie z minimalnym stopniem grafu bedziemy nazywali warunkamsi typu
Erdosa.

Naturalne jest pytanie: jakie sa warunki wystarczajace (analogiczne do
zaprezentowanych) na istnienie cykli innych dlugosci w grafie?
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Na przykiad, odwolujac sie do twierdzenia 1.3, moglibysSmy sformutowaé
nastepujacy problem.

Problem 1. Dla dowolnej pary liczb naturalnych n oraz k < n — 3 znalez¢
minimalng liczbe naturalng f(n, k) taka, ze kazdy graf o rzedzie réwnym
n i rozmiarze wiekszym niz f(n, k) zawiera cykl dlugosci n — k.

Oczywiscie dla k£ = 0 jest to problem hamiltonowskosci grafu rozwigzany
przez Orego.

W roku 1972 Woodall podat rozwigzanie problemu 1 dla n > 2k + 3
i co wiecej udowodnil, ze kazdy graf rzedu n majacy co najmniej f(n,k) + 1
krawedzi zawiera cykle wszystkich dlugosci od 3 do n — k wiacznie.

Twierdzenie 1.5 (Woodall [60]). Niech G bedzie grafem takim, Ze
|G| =n > 2k + 3 oraz

6> s = ("5 )+ (1),

Wowczas G zawiera cykl dtugosci p dla kazdego 3 < p < n — k.

Warunek na rozmiar podany przez Woodalla jest ostry. Graf sktadajacy
sie z dwoch klik, odpowiednio na n — k — 1 oraz na k + 2 wierzchotkach,
majacych dokladnie jeden wierzchotek wspdlny, jest grafem ekstremalnym dla
tego problemu. W oczywisty sposéb nie zawiera on cyklu diugosci n — k i ma
dokladnie f(n, k) krawedzi.

Zalozenie n > 2k + 3 wystepujace w twierdzeniu 1.5 pokazuje, ze Woodall
znalazt uogélnienie twierdzenia 1.3 tylko dla dilugich cykli (dokladniej rzecz
biorac dla cykli C), gdzie p > ”T”) To sugeruje, ze przypadek krétkich cykli
jest bardziej skomplikowany.

W istocie - jak dotad problem jest rozwigzany tylko dla krétkich cykli
dhugosci nieparzystych. W roku 1907 Mantel [45] pokazal, ze kazdy graf na
n wierzchotkach, majacy wiecej niz %2 krawedzi, musi zawierac trojkat. Bondy
polepszyt to twierdzenie w roku 1971.

Twierdzenie 1.6 (Bondy [22]). Niech G bedzie grafem na n wierzchotkach
takim, ze ||G|| > %2. Wtedy C, C G dla wszystkich p < 2.

Gdy n jest parzyste, wéwczas graf dwudzielny pelny, ktéry ma w kazdym
zbiorze bipodziatu n/2 wierzchotkéw, jest grafem ekstremalnym pokazujacym,
ze ograniczenie na rozmiar w twierdzeniu Bondy’ego jest najlepsze mozliwe
w przypadku nieparzystych p < "T“ W rzeczywistosci kompletnie nie jest
znana minimalna liczba krawedzi gwarantujgca istnienie cyklu dlugosci

p < "3, gdy p jest liczba parzysta, nawet w przypadku p = 4 (zobacz 23, 25]).

Ta szczegdlna réznica miedzy cyklami dlugimi i kréotkimi byla
gléwna inspiracja dla autora tej rozprawy, by przypatrzec sie blizej
dlugim cyklom. Specyficzna harmonia panujaca w $wiecie dlugich
cykli, odkryta przez Woodalla, sklania do rozwazania podobnych
probleméw w innych rodzajach grafow.

6
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Najpierw zajmujemy sie problemem dtugich cykli w grafach dwudzielnych.

Niech zatem G = (X, Y; E) oznacza graf dwudzielny z bipodzialem (X,Y)
zbioru wierzchotkéw i zbiorem krawedzi E. Powiemy, ze G jest zrownowazony,
jesli zbiory X oraz Y maja tyle samo elementéw.

W rozdziale 5.1 prezentujemy rozne znane warunki wystarczajace na
hamiltonowsko$¢ jak i bipancyklicznos$¢ grafu (graf dwudzielny zréwnowazony
nazywamy bipancyklicznym, jesli zawiera cykle wszystkich parzystych dlugosci
od 4 az do rzedu grafu), bedace odpowiednikami klasycznych twierdzen przed-
stawionych w rozdziale 4.2. W rozdziale 5.2 podajemy nowe wyniki dotyczace
warunku wystarczajacego na rozmiar grafu dla istnienia dtugich cykli w grafach
dwudzielnych, natomiast w rozdziale 5.3 rozwazamy modyfikacje wspomnia-
nego warunku, czyli warunek typu Erdosa.

Wszystkie kryteria na hamiltonowskosé przedstawione na poczatku tego
rozdziatu (twierdzenia 1.1 - 1.4) maja swoje odpowiedniki dla graféw dwudziel-
nych. W roku 1963 Moon i Moser udowodnili warunki wystarczajace typu
Diraca, Orego oraz Erddsa na istnienie cyklu hamiltonowskiego w grafie dwu-
dzielnym zréwnowazonym.

Twierdzenie 1.7 (Moon, Moser [48]). Niech G = (X,Y; F), gdzie | X| =
Y| =n > 2. Jesli chociaz jeden z nastepujgcych warunkdw jest spetniony:

(1) 0(G) = (n+1)/2,

(2) da(x) + dg(y) > n+ 1 dla dowolnej pary niepotgczonych wierzchot-
kowxre X 1y ey,

(3) |Gl > n(n —1) + 1,
(4) 6(G) >r, gdzie 1 <r <n/2, oraz |G| > n(n—r)+r?
to G jest grafem hamiltonowskim.

Przyjrzyjmy sie trzeciemu warunkowi w tym twierdzeniu, czyli warunk-
owi wystarczajagcemu na rozmiar grafu dla hamiltonowskosci. Naszym celem
jest znalezienie uogolnienia tego warunku dla diugich cykli, innymi stowy
znalezienie odpowiednika twierdzenia Woodalla dla graféw dwudzielnych.
Zatem interesuje nas rozwigzanie nastepujacego problemu.

Problem 2. Dla grafu dwudzielnego G = (X,Y; E) takiego, ze |X| = m <
n = |Y|, oraz dla naturalnego k£ < %, znalez¢ minimalng liczbe krawedzi grafu
G, g(m,n, k), ktéra gwarantuje istnienie cyklu dtugosci 2m — 2k w G.

Zanim jednak przedstawimy rozwigzanie tego problemu, zdefiniujmy rodzi-
ne Gk graféw dwudzielnych G = (X, Y; E) na m + n wierzchotkach, gdzie
X|=m<n=[Y|,X=UUW, |W|=Ek+1, ds(u) = n dla kazdego v € U
oraz dg(w) = 1 dla kazdego w € W. Zauwazmy, ze kazdy graf z rodziny G, . «
ma rozmiar réwny n(m —k—1)+k+ 1, a przy tym nie zawiera cyklu dtugosci
2m — 2k.
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Problem 2 zostal czesciowo rozwigzany, o czym $wiadczy ponizsze twierdze-
nie (pely dowéd twierdzenia znajduje sie w rozdziale 5.2).

Twierdzenie 1.8 (LA [4]). Niech G = (X,Y; E) bedzie grafem dwudzielnym,
w ktérym | X| =m <n =Y, gdzie m > 1k* + 3k + 4. Jesli

|G| > g(m,n, k) =n(m—k—1)+k+1,

to albo G zawiera cykl dtugosci 2m —2k albo ||G|| = g(m,n, k) i G jest izomor-
ficzny z grafem z rodziny G, k-
W obu przypadkach G zawiera cykle Cy, dla kazdego 2 <p <m —k — 1.

Zatem rozmiar grafu wiekszy od g(m,n, k) tak naprawde gwarantuje ist-
nienie cykli wszystkich parzystych dhugosci od 4 do 2m — 2k, podobnie jak to
bylo w twierdzeniu 1.5.

Wydaje sie jednak, ze warunek na rzad grafu w twierdzeniu 1.8 mozna
ostabi¢. Stawiamy nastepujaca hipoteze.

Hipoteza 1.9. Niech G = (X,Y; E) bedzie grafem dwudzielnym, w ktérym
|1 X| =m < n=|Y|, gdzie m > 2k+2. Jesli ||G|| > n(m —k—1)+k+1,
to wowczas G zawiera cykle wszystkich parzystych diugosci od 4 do 2m — 2k
wlgcznie.

Zauwazmy, ze zalozenie m > 2k + 2 jest istotne, co wynika z ponizszego
przykladu.

Przyklad 1.10. Niech G; = (X, Y’; E) bedzie grafem dwudzielnym, w ktérym
zbiory bipodziatu X oraz Y sg nastepujacej postaci: X =QUR, Y =SUT,
gdzie |Q|=|T|=m—k—1, |R|=k+1,|S|=n—m+k+1, m <n. Ustalmy
wierzcholek yo w T' i niech Ng, (x) = S U {yo} dla kazdego = € @, natomiast
Ng,(z) = T dla kazdego x € R. Wtedy ||G1]| > n(m —k —1)+k+ 1 dla
kE+3 <m < 2k+ 1, ale Gy nie zawiera zadnego cyklu diugosci wiekszej niz
2m — 2k — 2. Zatem zalozenie m > 2k + 2 w hipotezie 1.9 jest konieczne.

Ten przyklad pokazuje rowniez, ze warunek wystarczajacy na rozmiar grafu
podany w hipotezie 1.9, jesli prawdziwy, dotyczy jedynie cykli dlugich. Podob-
nie jak to bylo w ogdlnych grafach prostych, problem krétkich cykli w grafach
dwudzielnych wydaje si¢ by¢ bardzo trudny (zobacz np. [12, 23, 39]).

Hipoteza 1.9 jest prawdziwa dla k = 0 oraz dla k = 1 i wydaje sie, ze jest
prawdziwa dla dowolnego k < =2 (zobacz rozdzial 5.2).

Patrzac na jakikolwiek graf ekstremalny z rodziny G, (zdefiniowanej
tuz przed twierdzeniem 1.8), ktérego minimalny stopien jest réwny 1, mozna
zapyta¢: Jak zmieni sie warunek wystarczajacy na rozmiar grafu dla istnienia
cyklu dhugosci 2m — 2k, gdy dodatkowo zatozymy, ze stopienn minimalny grafu
jest wiekszy od 17 Préba odpowiedzi na to pytanie jest nastepujaca hipoteza
(sformulowana tylko dla graféw dwudzielnych zrownowazonych).
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Hipoteza 1.11. Niech G bedzie grafem dwudzielnym zréwnowazonym rzedu
2n takim, ze 6(G) >r > 1, gdzien > 2k + 2r, k € N. Jesli

G|l >n(n—k—r)+rk+r),
to G zawiera cykl dlugosci 2n — 2k.

Hipoteza 1.11 jest warunkiem typu Erdosa na istnienie dlugich cykli
w grafach dwudzielnych zrownowazonych. Jest prawdziwa dla k = 0 - wowczas
jest to dokladnie czwarty warunek na hamiltonowskosé¢ z twierdzenia 1.7.
Najwazniejszy wynik przedstawiony w rozdziale 5.3 to twierdzenie pokazujace,
ze hipoteza 1.11 jest prawdziwa takze dla k = 1.

Zauwazmy, ze warunek na rozmiar wystepujacy w hipotezie 1.11, jesli
prawdziwy, jest ostry, co pokazuje ponizszy przyklad.

Przykiad 1.12. Niech G5 bedzie grafem dwudzielnym zréwnowazonym,
o klasach wierzchotkéw X 1Y takich, ze |X| = |Y| = n oraz X = Q UR,
Y=SUT,|Q=n—k—r,|R|=k+r,|S|=n—ri|T|=r. Cowiecej, niech
Ng,(x) =Y dla kazdego x € @, natomiast Ng,(z) = T dla kazdego = € R.
Wtedy 0(Gs) =1, jedli tylkon —k —r > r, zad |Ga|| = n(n—k—7r)+r(k+7).
Jednakze, co latwo zauwazy¢, G nie zawiera cyklu dlugosci 2n — 2k.

Na koniec wspomnijmy jeszcze, ze w przypadku graféw prostych ogdlnych
(niekoniecznie dwudzielnych) warunek typu Erddsa na istnienie dtugiego cyklu
zostal znaleziony przez Woodalla [60]. Uogdlnil on twierdzenie 1.4 i podat
pelng liste warunkéw na minimalny stopien i rozmiar grafu na n wierzchotkach
gwarantujace zawieranie sie cyklu diugosci n — k dla dowolnego 0 < k < ”T’?’
(zobacz rozdziat 4.2).

Rozdziat 6 rozprawy jest poswiecony problemom dotyczacym diugich cykli
w grafach skierowanych. Okazuje sie, ze mozna zastosowaé twierdzenia 1.5
i 1.8 w celu uzyskania wynikéw dotyczacych zawierania sie wszystkich orien-
tacji cyklu danej dtugosci w digrafie. Zanim jednak przedstawimy konkretne re-
zultaty, wprowadzimy niezbedna terminologie i stosowana w rozprawie notacje.

Niech D bedzie digrafem, V(D) zbiorem wierzchotkéw digrafu D, natomiast
A(D) zbiorem tukéw digrafu D. Wtedy |D| = |V (D)| oznacza rzad digrafu D,
zas ||D|| = |A(D)| to jego rozmiar.

Niech z i y beda dwoma réznymi wierzchotkami w D. Niech (x — y)
oznacza tuk w D skierowany od x do y. Powiemy, ze x oraz y sa sgsiednie,
jesli (z — y) € A(D) lub (y — z) € A(D). Méwimy, ze sasiednie wierzcholki
x 1y sy polaczone tukiem symetrycznym, jesli zaréwno (x — y) € A(D) jak
i(y — z) € A(D); w przeciwnym wypadku méwimy, Ze sg one polgczone
tukiem antysymetrycznym.

Dla wierzchotka x € V(D) definiujemy dwa zbiory: N} (x) = {y € V(D) :
(x — y) € A(D)} oraz Ny(z) ={y € V(D) : (y — z) € A(D)}. Wbwczas
dp(z) = [N} (x)| + [N, ()] to stopien wierzchotka x w D.

9
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Digraf D jest silnie spojny, jesli dla dowolnych dwdéch wierzchotkow
z,y € V(D) istnieje w D $ciezka skierowana z x do y oraz sciezka skierowana
zy do x.

Ciag ¢ = (e1,...,6), gdzie ¢ € {—1,1}, 1 < ¢ < p, nazgywamy
orientacjg cyklu C' = z;..x,x; zawartego w D, jesli ¢, = 1 implikuje, ze
(x; — x441) € A(D), natomiast ¢; = —1 implikuje, ze (2,41 — x;) € A(D), dla
kazdego i (mod p). Wowczas C nazywamy realizacjg € w D. Kazda realizacja
w digrafie D orientacji € = (e, ..., €,), gdzie €;6;,41 = 1 dla kazdego i (mod p),
jest nazywana cyklem o silnej orientacyi dlugosci p.

Przez C}; oznaczamy cykl symetryczny dhugosci p, tj. cykl, ktérego wierzchotki
sg polgczone tukami symetrycznymi, natomiast C’;/ oznacza Cp z usunigtym
jednym tukiem i nazywamy go cyklem prawie symetrycznym dlugosci p.

Wiele réznych warunkéw wystarczajacych na istnienie cykli o silnej orien-
tacji zostalo przedstawionych w przegladowym artykule autorstwa Bermonda
i Thomassena [19] (niektére z prezentowanych tam wynikéw sg cytowane
w rozdziale 4.3). Wsréd kryteriéw na hamiltonowsko$é digraféw sg miedzy
innymi dwa twierdzenia: rezultat Lewina z 1975 roku oraz twierdzenie z 1980
roku, ktérego autorami sa Bermond, Germa, Heydemann i Sotteau.

Twierdzenie 1.13 (Lewin [44]). Niech D bedzie digrafem rzedu n > 3
takim, ze ||D|| > (n—1)%>. Wtedy D zawiera cykl hamiltonowski o silnej
orientacyi.

Twierdzenie 1.14 (Bermond, Germa, Heydemann, Sotteau [18]).
Niech D bedzie digrafem silnie spojnym rzedu n > 5, majgcym co najmniej
(n—1)(n—2)+3 tuki. Wowczas D zawiera cykl hamiltonowski o silnej orien-
tacji.

Oba te rezultaty zostaly wzmocnione w roku 1982. Heydemann, Sotteau
i Thomassen [42] odkryli, ze zalozenia w twierdzeniach 1.13 i 1.14 implikujg
istnienie dowolnej orientacji cyklu hamiltonowskiego. Nawet wiecej, Wojda
[57] pokazal w 1986 roku, ze te zalozenia dajg zawieranie sie kazdej orientacji
cyklu C, w D dla kazdego 3 < p < n, jesli tylko n > 9.

Wspomniane rezultaty zainspirowaly autora rozprawy do rozwazenia naste-
pujacego problemu.

Problem 3. Dla dowolnej pary liczb naturalnych n oraz k < n — 3, znalez¢
minimalng liczbe naturalng h(n, k) taka, ze kazdy digraf rzedu n, o rozmiarze
wiekszym niz h(n, k), zawiera kazda orientacje cyklu dlugosci n — k.

Aby otrzymaé rozwigzanie (dla dhugich cykli) tego problemu, dowodzimy
twierdzenie 1.15 dotyczace cykli symetrycznych i prawie symetrycznych
w digrafach, uzywajac twierdzenia 1.5 (zobacz rozdziat 6.1).

Najpierw jednak musimy zdefiniowa¢ pewne specjalne rodziny digrafow.
Niech D; i Dy beda dowolnymi roztgcznymi digrafami. Przez Dy = Ds oz-
naczamy rodzine digraféw D takich, ze V(D) = V(D) UV (Dy) i dla kazdych
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r,y e V(D): (z—y) e A(D) wtedy i tylko wtedy, gdy
(1) 2,y e V(D) i(x —y) € A(D;) (i=1,2) lub

(2) z € V(Dy),y € V(D;),i # j oraz (y — x) ¢ A(D) (czyli wierzchotki
z V(D1) sa polaczone z wierzchotkami z V/(D;) tukami antysymetry-
cznymi).

Wisréd digraféw z rodziny Dy = D, wyrdzniamy jeden konkretny:
D1 — Dy, ktorego zbior tukéw skilada sie z tukéow wystepujacych w Dy,
w Dy, oraz wszystkich tukéw z D; do D,. Niech H, oznacza rodzine
K . = Kj, gdzie K}, to digraf symetryczny petny na m wierzchotkach.
Na koniec, niech Dy D5 oznacza digraf, w ktérym V(DyxDs) = V(D;)UV (D),
natomiast zbiér tukow sktada sie z tukow digraféw D; i Do, a takze z wszyst-
kich tukéw z Dy do Dy oraz z Dy do Dy.

Jestedmy gotowi, by poda¢ twierdzenie o cyklach symetrycznych i prawie
symetrycznych w digrafach.

Twierdzenie 1.15 (LA, Wojda [5]). Niech D bedzie digrafem na n wierz-
cholkach, gdzie n > 7, n > 3k + 6, majgcym co najmniej (n —k —1)(n — 1) +
k(k +1) tukow. Wowczas:

(1) D zawiera cykle symetryczne C; dla kazdego 3 <p <n—k —2,

(2) D zawiera cykl prawie symetryczny C’;"Ll_k,_l; co wiecej, jesli
n > 3k +6, to D zawiera cykl symetryczny CF_,_4,

(8) D zawiera cykl prawie symetryczny C’;‘;/_ x pod warunkiem, Ze nie zachodzi
zadna z nastepujgcych sytuacyi:

(3a) D jest jednym z digrafow z rodziny H, x,
(3b) n=3k+4iD="T5 %K,

(3c) n=3k+21iD="1T5 ,* K,

gdzie T to turniej rzedu p.

Konsekwencja powyzszego twierdzenia jest nastepujacy wniosek, ktory jest
czesciowym rozwigzaniem problemu 3.

Whniosek 1.16 (LA, Wojda [5]). Niech D bedzie digrafem takim, ze |D| = n,
n>7n>2k+6, oraz ||D|| > h(n, k) = (n —k —1)(n — 1) + k(k + 1).
Wowczas:

(1) D zawiera kaZdg orientacje cyklu dlugosci n — k za wyjgtkiem sil-
nej w przypadku, gdy D = K _, | — K; , lub D =K , — K;_, |,

zawiera kazdg orientacje cyklu a kazdego 3 <p<n-—Fk—1.
2) D era kazd ' e cyklu C,, dla kazdego 3 E—1

11
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Warto nadmieni¢ w tym miejscu, ze powyzszy wniosek jest czesciowym
uogdlnieniem rezultatu Haggkvista i Thomassena z roku 1981 [19, Theorem
2.2.3]. Dla kazdego 3 < p < n podali oni minimalny rozmiar digrafu D
na n wierzchotkach, ktéry gwarantuje istnienie silnej orientacji cyklu C), w D.
Whiosek 1.16 pokazuje, ze ten sam rozmiar w rzeczywistosci implikuje istnienie
dowolnej orientacji cyklu C, jesli tylko p > %n + % Znalezienie podobnego
uogolnienia dla cykli krotszych jest problemem otwartym.

W ostatnim rozdziale tej rozprawy rozwazamy podobny problem do prob-
lemu 3, ale dla digraféw dwudzielnych.

Niech zatem D = (X,Y; A) oznacza digraf dwudzielny ze zbiorami bipo-
dziatu X oraz Y, izbiorem tukéw A. Digraf D nazywamy zrownowazonym, gdy
X 1Y sg tej samej licznosci.

Niech Dyni = {D = (X,YV;A) : | X|=m<n=|Y], X =UUW,

U={z € X :dplx) =2n}, W ={x € X : dp(x) = n}, |W| = k+1,
i kazdy wierzcholek w W jest polaczony ze wszystkimi wierzchotkami z Y
tukami antysymetrycznymi}.
Wyrézniamy specjalne digrafy D), . i D, . spoéréd digraféw z rodziny
Dy Otézw D), . wszystkie tuki antysymetryczne pomiedzy wierzchotkami
ze zbioréw W oraz Y sg zorientowane z W do Y, podczas gdy w D7, ;. sa one
zorientowane z Y do IW.

Problem 4. Dla digrafu dwudzielnego D = (X,Y; E), gdzie | X| = m <
n = |Y|, oraz naturalnego k& < %, znalez¢ minimalng liczbe tukéw w D,
z(m, n, k), ktéra gwarantuje istnienie kazdej orientacji cyklu dtugosci 2m — 2k
w D.

Dla m =n ik = 0 ten problem zostal rozwigzany w 1991 roku.

Twierdzenie 1.17 (Wojda, WozZniak [59]). Niech D = (X,Y; A) bedzie
digrafem dwudzielnym, w ktérym |X| = |Y| = n > 3 i ||D|| > 2n* — n.
Wtedy D zawiera kazdg orientacje cyklu hamiltonowskiego, chyba ze D = D}m’o
lub D = Dfm’o (w obu przypadkach D nie zawiera silnej orientacji cyklu

hamiltonowskiego).

W ogélnym przypadku: m < n, k > 0, czesciowo (dla m > $k* + gk‘ +6)
rozwigzujemy postawiony problem (zobacz wniosek 1.19). Rozwigzanie jest
wnioskiem z twierdzenia o cyklach symetrycznych i prawie symetrycznych
w grafach dwudzielnych przedstawionego ponizej. Aby otrzymaé ten rezul-
tat, stosujemy twierdzenie 1.8 (szczegély przedstawione sg w rozdziale 6.2).

Twierdzenie 1.18 (LA [3]). Niech D = (X,Y; A) bedzie digrafem dwudziel-
nym, w ktérym |X| =m < n = |Y|, gdzie m > 1k* + 2k +6. Jesli ||D|| >
2mn — n(k + 1), to:

1) D zawiera cykle symetryczne C5  dla kazdego 2 <p <m —k — 1,
2p

(2) D zawiera cykl prawie symetryczny Ch o albo D € Dy .

m

12



CHAPTER 1. POLISH SUMMARY

Whniosek 1.19 (LA [3]). Niech D = (X,Y; A) bedzie digrafem dwudzielnym
takim, ze | X| =m <n=1Y|, gdzie m > %kQ + %k + 6. Przypusémy, ze

||D|| > z(m,n, k) =2mn —n(k + 1).
Wowczas:

(1) D zawiera kazdg orientacje cyklu dlugosci 2m — 2k za wyjgtkiem sil-
nej w prazypadku, gdy D = D} lub D = D?

m,n,k m,n,k?

(2) D zawiera kazdg orientacje cyklu Csp, dla kaidego 2 <p <m —k — 1.

Sadzimy, ze zalozenie m > %kQ + gk + 6 w twierdzeniu 1.18 i wniosku 1.19

mozna ostabi¢, tzn. ze m powinno by¢ w zaleznosci liniowej od k. Obecne
ograniczenie kwadratowe na m jest prostg konsekwencja zatozen twierdze-
nia 1.8, ktére zostalo wykorzystane w dowodzie czedci (1) twierdzenia 1.18
(zobacz rozdzial 6.2).
Istotnym zalozeniem na m w dowodzie czeSci (2) twierdzenia 1.18 jest
m > 3k + 3. Zatem warunek na m moglby zosta¢ oslabiony automatycznie,
jesli tylko potrafilibySmy polepszy¢ rezultat z twierdzenia 1.8, na przykiad
udowadniajac hipoteze 1.9.

Na koniec pokazemy, ze ograniczenie na m nie moze by¢ mniejsze niz 2k +2,
konstruujac specjalny digraf D;.

Przyklad 1.20. Niech D; = (X,Y;FE) bedzie digrafem dwudzielnym,
w ktérym zbiory bipodzialu sg postaci: X = QU R, Y = SUT, gdzie
Q| = |T| = m—k—1, |R| = k+1, |S| = n—m+k+1, m < n. Niech Nj, (z) =Y,
Np, (z) = S dla kazdego = € Q, i niech N, (z) =T, Np, (x) =Y dla kazdego
z € R. Wtedy ||D1]] > z(m,n, k) =2mn —n(k+1) dlak+2 <m <2k + 1,
natomiast D; nie zawiera silnej orientacji zadnego cyklu dlugosci wiekszej niz
2m — 2k — 2.

Powyzszy przyktad pokazuje, ze w digrafach dwudzielnych zagadnienie
istnienia krotkich cykli wymaga zupekie innego podejscia.
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Chapter 2

French summary

Conditions suffisantes
d’existence de longs cycles dans
les graphes

Le but de cette these est de présenter des conditions suffisantes
pour Dexistence de longs cycles dans les graphes simples et les
graphes orientés, c’est a dire des cycles passant par plus de la moitié
des sommets d’un graphe donné. Plus précisément, nous voulons
trouver la taille minimale d’un graphe donné G garantissant qu’un
cycle de longueur prescrite est contenu dans G. On pourra con-
sidérer une modification de cette condition en ajoutant une borne sur
le degré minimum de G. Nous étudions ce probléme pour les graphes
simples, en particulier les graphes bipartis et aussi les graphes
orientés dans lesquels on consideére toutes les orientations possibles
d’un cycle de longueur donnée.

Tous les théoremes présentés dans cette these sont accompagnés des noms
des auteurs et de leur référence dans la littérature quand le résultat est publié.
Les iniitiales LA indiquent que le résultat a pour auteur ou coauteur ’auteur
de la présente these. Les théoremes portant les initiales LA sont donnés ici
avec leur démonstration complete.

Pour les définitions et la terminologie de base nous renvoyons le lecteur a

[20, Chapter I]. Les notations utilisées dans cette these sont présentées dans
la premiere section du Chapitre 4. En particulier, 'ordre d’un graphe G,
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c’est a dire son nombre de sommets, sera noté |G|, tandis que sa taille, ou
nombre d’arétes, sera noté ||G||. Etant donné un sommet = de G, Ng(zx) sera
I'ensemble des sommets adjacents a x dans G, dg(x) le degré de x dans G
(i.e., dg(x) = |Ng(x)]), et 6(G) le degré minimum pris sur tous les sommets
de G. Un cycle de longueur p sera noté C,,.

Un des problemes classiques en théorie des graphes est 1’'étude de condi-
tions suffisantes pour qu'un graphe G contienne un cycle hamiltonien, c’est
a dire un cycle qui passe par tous les sommets de G (on dit alors que G est
hamiltonien). On présentera ici quelques unes des nombreuses conditions que
I'on peut trouver dans la littérature (voir Section 4.2 pour plus de détails).

Le théoreme de Dirac qui date de 1952 a été le premier résultat dans ce
domaine.

Théoréme 2.1 (Dirac [29]). Soit G un graphe d’ordre n > 3, dans lequel
§(G) > n/2. Alors G contient un cycle hamiltonien.

Huit ans apres ce résultat a été significativement amélioré par Ore qui a
prouvé le théoreme suivant.

Théoréeme 2.2 (Ore [50]). Soit G un graphe d’ordre n > 3, dans lequel
dg(x) +dg(y) > n pour toute paire de sommets non adjacents x et y. Alors G
est hamailtonien.

Le résultat suivant, que 'on pourrait appeler condition d’hamiltonisme
portant sur la taille, découle directement du théoreme ci-dessus.

Théoreme 2.3 (Ore [51]). Soit G un graphe d’ordre n > 3, avec ||G|| >
(”;l) + 1. Alors G est hamiltonien.

Erdés a montré en 1962 que la condition portant sur la taille peut étre
relaxée si I'on ajoute une borne sur le degré minimum du graphe

Théoréme 2.4 (Erdés [31]). Soit G un graphe d’ordre n > 3 et de degré
minimum 6(G) > r, ou 1 < r < n/2. Alors G contient un cycle hamiltonien
POUTVY quUE

() )51

Toutes les bornes dans ces quatre théoremes sont les meilleures possibles.
On connait des graphes extrémaux qui montrent que les conditions ci-dessus
ne peuvent pas étre affaiblies.

En référence aux auteurs des théoremes présentés ci-dessus, les conditions
exprimant des contraintes sur le degré minimum (respectivement la somme des
degrés de toute paire de sommets non adjacents) d’un graphe seront appeles
conditions de type Dirac (resp. conditions de type Ore), tandis que celles qui
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combinent les bornes sur la taille d'un graphe avec des bornes sur son degré
minimum seront appelées conditions de type Erdos.

Il est naturel de se poser la question de déterminer des conditions analogues
a celles présentées ci-dessus et suffisantes pour assurer 'existence de cycles
d’autres longueurs.

Par exemple, au vu du Théoreme 2.3, il est naturel de généraliser ce
probleme comme suit : pour toute paire d’entiers non négatifs, n et k <n — 3,
trouver l'entier minimum f(n, k) tel que tout graphe d’ordre n et de taille
supérieure a f(n,k) contienne un cycle de longueur n — k. Naturellement,
pour k£ = 0 on retrouve le probleme hamiltonien.

En 1972, Woodall a déterminé f(n, k) pour n > 2k + 3 et, de plus, a prouvé
que tout graphe d’ordre n et taille au moins f(n, k) + 1 contient des cycles de
toutes les longueurs jusqu’a n — k.

Théoréeme 2.5 (Woodall [60]). Soit G un graphe vérifiant |G| =n > 2k + 3

et |!G\|>f<n,k>—(”"§‘1)+<’f;2).

Alors G contient un cycle de longueur p pour tout p tel que 3 <p <n —k.

Ce résultat est le meilleur possible. Le graphe consistant de deux cliques,
I'une sur n — k — 1 sommets et 'autre sur k£ + 2 sommets, qui partagent un
sommet, est un graphe extrémal pour ce probleme. Il ne contient aucun cycle
de longueur n — k et il a exactement f(n, k) arétes.

L’hypothese n > 2k + 3 montre que Woodall a trouvé une généralisation
du Théoreme 2.3 seulement pour les longs cycles (plus précisément, pour C,
avec p > "T”) Ceci suggere que le cas des cycles courts est plus difficile.

En fait, le probleme est résolu seulement pour les cycles impairs. En 1907
Mantel [45] a montré que tout graphe a n sommets et plus de % arétes contient
un triangle. Bondy a amélioré ce théoreme en 1971.

Théoréme 2.6 (Bondy [22]). Soit G un graphe sur n sommets tel que
|G| > "IQ. Alors C, C G pour tout p < 2.

Pour n pair, le graphe biparti complet avec n/2 sommets dans chaque classe
montre que le résultat ci-dessus est le meilleur possible pour les valeurs impaires
de p < ”TJFQ En fait on ne sait pas completement combien d’arétes il faut dans
un graphe pour assurer l'existence d'un cycle de longueur précisément égale a
p < ”T”, ou p est pair, pas méme pour p = 4 (voir [23, 25]).

Cette différence particuliere entre cycles longs et courts a été
Pinspiration principale qui a conduit Pauteur a regarder de pres les
longs cycles. L’ harmonie spéciale découverte par Woodall dans le
domaine des longs cycles invite a considérer des problemes analogues
pour d’autres types de graphes.
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Nous étudions tout d’abord un probleme de longs cycles dans les graphes
bipartis.

Soit G = (X,Y; E) un graphe biparti avec bipartition (X,Y’) et ensemble
d’arétes E. Un tel graphe est appelé équilibré si X et Y ont méme cardinal.

Dans la Section 5.1, nous présentons différentes conditions connues qui im-
pliquent I’hamiltonisme ainsi que le bipancyclisme (un graphe biparti équilibré
est dit bipancyclique s’il contient des cycles de toutes les longueurs paires en-
tre 4 et son ordre). En Section 5.2, nous donnons des résultats concernant
une condition suffisante d’existence de longs cycles dans les graphes bipartis
portant sur la taille, tandis que dans la derniere section du Chapitre 5 nous
discutons une modification de ce critere, qui est du type condition de Erdés.

Tous les criteres d’hamiltonisme présentés au début de ce chapitre
(Théoremes 2.1 - 2.4) ont leurs analogues pour les graphes bipartis .

En 1963 Moon et Moser ont trouvé des conditions suffisantes de type Dirac,
Ore, et Erdés pour l'existence d’un cycle hamiltonien dans un graphe biparti
équilibré.

Théoréme 2.7 (Moon, Moser [48]). Soit G = (X,Y; E) un graphe biparti
équilibré avec | X| = Y| =n > 2. Supposons que l'une des conditions suivantes
est satisfaite:

(1) 6(G) = (n+1)/2,

(2) da(z) + da(y) > n+ 1 pour toute paire de sommets non adjacent x € X
etyey,

(3) 1G]] > n(n —1) + 1,
(4) 6(G)>r, oul <r<n/2 et|G] >nln—r)+r.
Alors G est hamailtonien.

Examinons a nouveau le troisieme critere qui porte sur la taille et suffit
a assurer I'hamiltonisme. Notre but est de généraliser ce théoreme aux longs
cycles, c’est a dire d’obtenir un résultat analogue au théoreme de Woodall
pour les graphes bipartis. En d’autres termes, on veut résoudre le probleme
suivant : pour un graphe biparti G = (X,Y; E) avec |X| =m < n = |Y|, et
un entier & < %, trouver le nombre minimum d’arétes de G, g(m,n, k), qui
garantit 'existence d’un cycle de longueur 2m — 2k dans G.

Avant d’introduire la solution, définissons la famille G,, ,, , de graphes bi-
partis G = (X,Y; F) dordre m +n tels que | X|=m <n=|Y|, X =UUW,
[W| =k +1, do(u) = n pour tout u € U, et dg(w) = 1 pour tout w € W.
Notons que tout graphe de la famille G, ,, ; a pour taille n(m —k — 1)+ k+1
et ne contient aucun cycle de longueur 2m — 2k.

Le probleme ci-dessus est partiellement résolu, comme on peut le voir dans
le théoreme suivant (prouvé en Section 5.2).
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Théoréme 2.8 (LA [4]). Soit G = (X,Y; E) un graphe biparti avec |X| =
m<n=|[Y|, oum>ik*+3k+4. i

|GI| > g(m,n, k) =n(m —k—1)+k+1,

alors soit G contient un cycle de longueur 2m — 2k, ou sinon ||G|| = g(m,n, k)
et G est isomorphe a un graphe de la famile G, , .
Dans les deux cas, G contient Cop, pour tout 2 <p <m —k — 1.

Ainsi la taille plus grande que g(m,n, k) garantit, en fait, existence de
cycles de toutes les longueurs paires jusqu’a 2m — 2k, de méme que dans le
Théoreme 2.5.

Cependant nous estimons que la condition sur I'ordre dans le Théoreme 2.8
pourra étre relaxée. Nous formulons la conjecture suivante.

Conjecture 2.9. Soit G = (X,Y; E) un graphe biparti avec | X| =m < n =
Y], oum > 2k+2. Si ||G|| > n(m —k—1)+k+1, alors G contient des
cycles de toutes les longueurs paires jusqu’a 2m — 2k.

Remarquons que ’hypothese m > 2k + 2 de la conjecture est la plus faible
possible, comme le montre I’exemple suivant.

Exemple 2.10. Soit G; = (X,Y; F) un graphe biparti avec bipartition de la
forme X = QUR, Y =SUT,o0|Q| =|T|=m—k—1,|R|=k+1,|S|=n—
m+k+1, m < n. Fixons un sommet 3, dans T, et soit Ng, () = SU{yo} pour
tout z € @, et N, (x) =T pour tout x € R. Alors ||Gy|| > n(m—k—1)+k+1
pour k+ 3 < m < 2k + 1, cependant (G; ne contient pas de cycle de longueur
plus grande que 2m — 2k — 2. d’ou la nécessité de I’hypothese m > 2k + 2.

Cet exemple montre aussi que, considérant des conditions suffisantes
d’existence de cycles dans les graphes bipartis, nous avons a distinguer deux
cas différents selon la longueur du cycle. A nouveau, comme dans le cas général
des graphes simples, le probleme des cycles courts dans les graphes bipartis
semble aussi tres difficile (voir par exemple [12, 23, 39]).

La conjecture 2.9 est vraie pour k£ = 0 et pour £ = 1 et nous croyons qu’elle
est vraie pour tout k < ™=2 (voir Section 5.2).

Au vu des graphe extrémaux de la famile G, (définie juste avant le
Théoreme 2.8), dont le degré minimum vaut 1, on peut poser le probleme
suivant: donner la borne exacte pour la taille d'un graphe G d’ordre n assur-
ante 'existence d'un cycle de longueur 2m — 2k, sachant que le degré minimum
de G est plus grand que 17 Pour les graphes bipartis équilibrés (on m = n)
nous proposons la conjecture suivante.

Conjecture 2.11. Soit G un graphe biparti équilibré d’ordre 2n et de degré
minimum 6(G) >r > 1, oun > 2k +2r et k € N. Si

G|l >nn—k—7r)+rk+r),

alors G contient un cycle de longueur 2n — 2k.
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La conjecture 2.11 énonce une condition de type Erdds pour 'existence de
longs cycles dans les graphes bipartis équilibrés et elle se montre vraie pour
k = 0 (c’est alors exactement le quatrieme critére d’hamiltonisme du Théoreme
2.7). Le résultat principal de la Section 5.3 affirme que la Conjecture 2.11 est
vraie pour k = 1 (voir aussi [1]).

Observons que la borne sur la taille dans la Conjecture 2.11 est étroite,
comme on peut le voir dans I’Exemple 2.12 ci-dessous.

Exemple 2.12. Soit G5 un graphe biparti équilibré avec bipartition X et Y,
IX|=Y|=nouX=QUR, Y =SUT,|Q=n—k—r, |Rl=k+r,
|S| =n—r,and |T'| = r. Supposons de plus que Ng,(x) =Y pour tout = € Q,
et Ng,(z) = T pour tout z € R. Alors 6(Gy) = r si seulement n — k —r > r,
et ||Ge|| = n(n —k —r)+r(k+r). Cependant, comme on le voit facilement,
(G5 ne contient pas de cycle de longueur 2n — 2k.

II faut mentionner ici que dans le cas général des graphes simples (pas
nécessairement bipartis), la condition de type Erdés pour I'existence de longs
cycles a été trouvée par Woodall [60]. 11 a généralisé le Théoreme 2.4 et donné
une liste complete de condition de type Erdos pour qu'un graphe d’ordre n
contienne un cycle de longueur n — k pour tout 0 < k < ”T_?’ (voir Section 4.2).

Le Chapitre 6 de la these est consacré a ’étude des longs cycles dans les
graphes orientés. Il s’avere que les Théoremes 2.5 et 2.8 peuvent s’appliquer
pour obtenir des résultats sur toutes les orientations d’un cycle de longueur
donnée. Avant d’énoncer les résultats, nous introduisons les notations et la
terminologie de base.

Soit D un graphe orienté, V(D) l’ensemble des sommets de D,
A(D) T'ensemble des arcs de D. Alors |D| = |[V(D)| dénote l'ordre de D,
tandis que ||D|| = |A(D)] est la taille de D.

Soient z et y deux sommets distincts de D. Soit (x — y) 'arc de D de x
vers y. On dit que x et y sont adjacents si (v — y) € A(D) ou (y — x) € A(D).
On dit que des sommets adjacents x et y sont joints par un arc symétrique si
(r — y) € A(D) et (y — x) € A(D); on dit autrement qu’ils sont joints par
un arc antisymétrique.

Pour un sommet z € V(D), on définit deux ensembles : N} (z) = {y €
V(D): (x —y) € A(D)} et Np(xz) ={y e V(D): (y— x) € A(D)}. Alors
dp(z) = NS (x)] + [N, ()] est le degré de x dans D.

Un graphe orienté D est fort, si pour toute paire de sommets z and y, D
contient des chemins orientés de x vers y et de y vers x.

Une suite € = (€, ..., €p-1), o ¢ € {—1,1}, 0 < i < p—1, est appelée
Uorientation d'un cycle C' = xg...xp_179 de D si ¢; = 1 implique (z; — 2;41) €
A(D) et ¢, = —1 implique (z;41 — ;) € A(D) pour tout i (mod p). Alors C
est une réalisation de € dans D. Toute réalisation dans un graphe orienté D de
l'orientation € = (€, ..., €,—1) est appelée cycle fort de longueur p si €641 = 1
pour tout ¢ (mod p).
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C, dénote un cycle symétrique de longueur p, c’est a dire un cycle avec seule-
ment des arcs symétriques, et C;' dénote Cj; moins un arc, que nous appelons
cycle presque symétrique de longueur p.

On trouve des conditions variées d’existence de cycles forts dans les graphe
orientés dans le mémoire écrit par Bermond et Thomassen [19] (certaines sont
mentionnées en Section 4.3). Parmi les criteres d’hamiltonisme, il y a deux
théoremes: le résultat de Lewin de 1975, et le théoreme de Bermond, Germa,
Heydemann et Sotteau de 1980.

Théoréme 2.13 (Lewin [44]). Soit D un graphe orienté d’ordre n > 3 avec
||D|| > (n —1)%. Alors D contient un cycle fort hamiltonien .

Théoréme 2.14 (Bermond, Germa, Heydemann, Sotteau [18]). Soit
D un graphe orienté fort d’ordre n > 5 avec plus de (n — 1)(n — 2) + 2 arcs.
Alors D contient un cycle fort hamiltonien .

Ces deux résultats ont été améliorés en 1982. Heydemann, Sotteau et
Thomassen [42] ont découvert que les hypotheses des Théoremes 2.13 et 2.14
impliquaient I'existence de toutes les orientations d’un cycle hamiltonien. En-
core mieux, Wojda [57] a montré en 1986 que ces hypotheses fournissent chaque
orientation de C}, dans D pour tout 3 < p < n si seulement n > 9. Ces résultats
ont inspiré a ’auteur I'idée de considérer le probleme suivant : pour toute paire
d’entiers non negatifs n et k < n — 3, trouver 'entier minimum h(n, k), tel que
tout graphe orienté d’ordre n et taille plus grande que h(n, k) contienne toute
orientation d'un cycle de longueur n — k.

Pour obtenir la solution de ce probleme pour les longs cycles, nous prouvons
le Théoreme 2.15 sur les cycles symétriques et presque symétriques dans les
graphes orientés utilisant le Théoreme 2.5 (voir Section 6.1).

Mais nous devons d’abord définir des familles spéciales de graphe orientés.
Soit Dy and D, des graphes orientés sommets disjoints. Dy = Dy dénote la
famille de graphes orientés D tels que V(D) = V(D) U V(D) et pour tout
z,y € V(D): (z—y)e€ A(D) si et seulemnet si

(1) z,y e V(D;) et (x — y) € A(D;) (i=1,2) ou

(2) e V(Dy),y € V(Dy),i # jet (y— z) ¢ A(D) (les sommets de V(D)
sont joints avec les sommets de V(Dy) par des arcs antisymétriques).

Parmi les graphes orientés de la famille D; = D5 on en distingue un : D; — Dy
dont I’ensemble des arcs est constitué des arcs de Dy et D, et de tous les arcs
de Dy vers D,. On notera Hy,y la famille K;_, ;| = K |, ou K}, dénote le
graphe orienté complet symétrique avec m sommets.
Finalement, soit D; x Dy le graphe orienté avec V(Dy x Do) = V(D1) UV (Ds)
et dont les arcs sont les arcs de Dy et Ds, et tous les arcs entre Dy et Ds.
Nous sommes maintenant préts a présenter le théoreme sur les cycles
symétriques et presque symétriques dans les graphes orientés.
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Théoréme 2.15 (LA, Wojda [5]). Soit D un graphe orienté sur n sommets,
oun>7T n>3k+6, et avec au moins (n —k — 1)(n — 1) + k(k + 1) arcs.
Alors :

(1) D contient tous les cycles symétriques Cy pour 3 <p <n—k —2,

(2) D contient un cycle presque symétrique C’T’;kal; de plus, st

n > 3k 46 alors D contient un cycle symétrique C;_,_4,
(8) D contient un cycle presque symétrique C’;Lk sauf si

(3a) D est l'un des graphe orientés de H,, ,
(3b) n=3k+4 et D="T5 %K,
(3c) n=3k+2 et D=T5,,*Kj,

ot T~ est un tournoi d’ordre p.

Comme conséquence du théoreme ci-dessus nous obtenons le corollaire suiv-
ant.

Corollaire 2.16 (LA, Wojda [5]). Soit D un graphe orienté. Supposons que
Dl=n,n>7,n>3k+6 et

||D|| > h(n,k)=(n—k—1)(n—1)+ k(k+1).
Alors:

(1) D contient toute orientation d'un cycle de longueur n — k, sauf
lorientation forte dans le cas D = K; , | — K}, ou D =
K — Koy

(2) D contient toute orientation de C, pour tout 3 <p <mn—k— 1.

Il faut mentionner ici que le corollaire ci-dessus est une généralisation par-
tielle d’un resultat d’Héggkvist et Thomassen de 1981 [19, Theorem 2.2.3].
Pour tout 3 < p < n, ils ont trouvé la taille minimum d’un graphe orienté D a
n sommets qui garantit ’existence d'une orientation forte d'un cycle C, dans
D. Le Corollaire 2.16 montre que la méme taille implique, en fait, I’existence de
chaque orientation d'un cycle C, si seulement p > gn + 15—2 La généralisation
analogue pour les cycles plus courts semble difficile.

Dans la derniere section de la these on consideére un probleme similaire pour
les graphes bipartis orientés.

Soit D = (X,Y; A) un graphe biparti orienté avec bipartition X et Y, et
ensemble d’arcs A. Un tel graphe orienté est dit équilibré si X et Y ont meme
cardinal.

Soit Dy,n i la classe des graphes bipartis orientés D = (X, Y; A), tels que
IX|=m<n=|Y], X=UUW,U={xe X :dplx)=2n}, W={zeX:
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dp(z) =n}, |W| = k+1, et chaque sommet de W est joint & tous les sommets
de Y par des arcs antisymétriques. On distingue les graphes orientés speciaux
D}, et D2, dela famille Dy, ,, 1: dans D, , tous les arcs antisymétriques
entre les sommets des ensembles W et Y sont orientés de W vers Y, alors que
dans D7, , ils sont orientés de Y vers W.

Considérons le probleme : pour un graphe biparti orienté D = (X,Y; A)
avec | X| = m < n = [Y], et un entier & < %, trouver le nombre minimum
d’arcs de D, z(m,n, k), qui garantit l'existence de chaque orientation d’un
cycle de longueur 2m — 2k dans D.

Pour m = n et k = 0 ce probleme a été résolu en 1991.

Théoréeme 2.17 (Wojda, Wozniak [59]). Soit D = (X,Y; A) un graphe
biparti orienté, avec |X| =Y | =mn >3, et ||D|| > 2n* —n. Alors D contient
chaque orientation d'un cycle hamiltonien a moins que D = D}Z,n,O ou D =
Dfm’o (dans les deuzx cas D ne contient aucun cycle hamiltonien fort).

Dans le cas général : m < n, k > 0, nous résolvons partiellement (pour
m > 1k? + 3k +6) le probleme (voir Corollaire 2.19). La solution est une
conséquence du théoreme sur les cycles symétriques et presque symétriques
dans les graphes bipartis. pour obtenir ce résultat nous appliquons le Théoreme
2.8 (pour plus de details, voir Section 6.2).

Théoréme 2.18 (LA [3]). Soit D = (X,Y; A) un graphe biparti orienté avec
(X|=m<n=|Y], oum>3k*+ 3k +6. Si||D|| > 2mn —n(k+1), alors:

(1) D contient tous les cycles symétriques op Pour2 <p<m-—=k—1,
(2) D contient un cycle presque symétrique C o, sauf si D € Dy, .

Corollaire 2.19 (LA [3]). Soit D = (X,Y; A) un graphe biparti orienté avec
| X|=m <n=|Y], oum > 3k*+ 3k + 6. Supposons que

||D|| > z(m,n, k) = 2mn — n(k + 1).
Alors :

(1) D contient chaque orientation d’un cycle de longueur 2m — 2k,

2 s ; _ 1 — 2
sauf l'orientation forte dans le cas D = Dy, ., ou D = Dy 4,

(2) D contient chaque orientation de Cyp pour tout 2 <p <m —k — 1.

Nous pensons que ’hypothese m > %kQ + gk + 6 dans le Théoreme 2.18
et le Corollaire 2.19 peut étre relaxée; c’est a dire que m peut étre supposé
lineaire par rapport a k. La borne quadratique actuelle sur m est simplement
une conséquence de I'hypothese du Théoreme 2.8, que nous utilisons dans la
preuve de la partie (1) du Théoreme 2.18 (voir Section 6.2).

L’hypothese essentielle sur m dans la preuve de la partie (2) du Théoréme 2.18
est m > 3k + 3. Ainsi la condition sur m serait automatiquement affaiblie si
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seulement on pouvait améliorer le Théoreme 2.8, par exemple en prouvant la

Conjecture 2.9.
Finalement, nous montrons que la borne sur m ne peut pas étre diminuée
en dessous de 2k 4 2 en construisant un graphe orienté special D; comme suit.

Exemple 2.20. Soit D; = (X, Y; E) un graphe biparti orienté, avec biparti-
tion de la forme X = QUR, Y = SUT,ou |Q|=|T|=m—k—1, |R| = k+1,
S| =n—m+k+1,m <n.Soit Nj (x) =Y, Nj (x) = S pour tout = € Q, et
Nf (x) = T, Np (x) = Y pour tout € R. Alors ||Dyi|| > z(m,n, k) =
2mn —n(k+1) pour k+2 < m < 2k + 1, cependant D; ne contient pas
d’orientation forte d’un cycle de longueur plus grande que 2m — 2k — 2.

Cet exemple montre, a nouveau, que les cycles courts demandent une ap-
proche différente.
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Introduction

The aim of this thesis is to present sufficient conditions for existence
of long cycles in simple graphs and in directed graphs, that is, cy-
cles which pass through more than half of the vertices in a given
graph. Namely, we want to find the minimal size of a given graph
G guaranteeing that a cycle of prescribed length is contained in G.
Optionally we consider a modification of this condition by adding a
bound on the minimal degree of G. We investigate this problem for
simple graphs, particularly bipartite, and also for digraphs, where
all possible orientations of a cycle of given length are considered.

All the theorems presented in this thesis are accompanied by the names
of the authors and the reference to literature where the result is published.
Initials LA indicate that the result was authored or co-authored by the author
of the present thesis. Such theorems are given here with their complete proofs.

For the standard terminology we refer the reader to [20, Chapter I|. Basic
defintions and notation used in this thesis are presented in Section 4.1.

One of the classical problems of graph theory is the study of sufficient con-
ditions for a graph to contain a hamiltonian cycle. Many different conditions
have been found. Let us mention some of them here.

Dirac’s theorem [29] from 1952 was the first result in this field. He found
a condition on the minimal degree of a graph G which guarantees that G is
hamiltonian. In 1960, Ore [50] gave a lower bound on the degree sum of a
pair of non-adjacent vertices in GG ensuring hamiltonicity of G. This result has
a simple consequence, proved by Ore [51], that every graph of order n and
size greater than (”;1) + 1 has to contain a hamiltonian cycle. Of course, the
bound on size is best possible in view of the graph which consists of a clique
on n — 1 vertices and one pendent vertex. In 1962, Erdds [31] generalized this
result adding an extra bound on the minimal degree of a graph.

All constraints in these results are best possible. There are known extremal
graphs which show that none of the conditions can be weaken.
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There is a natural question now: what are sufficient conditions analogous
to the mentioned ones for existence of cycles of other lengths?

For example, in view of the size sufficient condition for hamiltonicity, it is
natural to generalize this problem as follows: find the minimal size of a graph
G on n vertices which guarantees that a cycle of length p (3 < p < n) is
contained in G.

In 1972, Woodall [60] solved this problem in the case of p > ”TJFP’ He proved
that every graph on n vertices which has more edges than the graph consisting
of two cliques, one on p — 1 vertices and the other one on n — p + 2 vertices,
which share one vertex, has to contain a cycle of length p. Thus his result is
best possible.

The assumption p > shows that Woodall found a generalization of the
hamiltonian size condition only for long cycles. This suggests that the case of
short cycles is more difficult.

Indeed, the problem is solved only for odd cycles. In 1907, Mantel [45]
showed that every graph G on n vertices and more than %2 edges has to
contain a triangle. Bondy [22] improved this theorem in 1971. He showed that
the size greater than %2 guarantees, in fact, existence of a cycle of length p in
G for all p < "T*Q For even n, the complete bipartite graph with n/2 vertices
in each vertex class shows that Bondy’s result is best possible for odd values
of p < ”T“ It is not completely known how many edges are needed in a graph
to ensure the existence of a cycle of length precisely p < ”TJFP’, when p is even,
not even for p = 4 (see [23, 25]).

n+3
2

This particular difference between long and short cycles was the
main inspiration for the author to look closely at long cycles. The
special harmony in the long cycles area discovered by Woodall in
simple graphs invites to consider analogous problems in special fam-
ilies of graphs like bipartite graphs and in directed graphs (both
general and bipartite).

Again, the problem of finding the minimal size of a bipartite graph G
guaranteeing the existence of a small even cycle in G is very hard and still
unsolved, even for Cy and Cy (see [12, 23, 39]). However, the analogous problem
for long even cycles is not so hopeless.

Moon and Moser [48] found in 1963 the size sufficient condition for hamil-
tonicity of balanced bipartite graphs. In this thesis, we present a generalization
of their theorem to long even cycles in general bipartite graphs. In other words,
our result is an analogue of Woodall’s theorem for bipartite graphs. We also
consider a modification of this criterion by adding a bound on the minimal
degree of a given graph, that is Erdds-type condition for long even cycles in
bipartite graphs.

In the thesis, we investigate also analogous problems for long cycles in
directed graphs. We are interested in finding the minimal size of a digraph (in
particular bipartite) which guarantees existence of a long cycle of prescribed
length in this digraph.

25



CHAPTER 3. INTRODUCTION

Many different sufficient conditions for existence of strong cycles in digraphs
are presented in the survey written by Bermond and Thomassen [19]. Among
criteria for hamiltonicity, there are two theorems. In 1975, Lewin [44] proved
that every digraph of order n and size greater than (n — 1)? has to contain a
strong orientation of a hamiltonian cycle. Bermond, Germa, Heydemann and
Sotteau [18] in 1980 found an analogous condition for strong digraphs. Both
these results were strengthened several years later. Heydemann, Sotteau and
Thomassen [42], and independently Wojda [57], discovered that the assump-
tions of the results by Lewin, and Bermond at al., in fact, imply existence of
every orientation of a hamiltonian cycle. Their results inspired the author of
this thesis to consider the general problem: what is the minimum size of a
digraph of order n guaranteeing that every orientation of a long cycle of given
length is contained in this digraph.

It turns out that Woodall’s theorem and its bipartite counterpart (proved in
the thesis) can be applied in order to get the solution of the above problem for
both general and bipartite digraphs. First, we prove theorems about symmetric
and almost symmetric cycles. The corollaries of them are theorems about all
orientations of cycles in digraphs.

Outline of the thesis:

In Chapter 4, we present basic definitions and results existing in literature,
connected with the topic of this thesis.

e In Section 4.1, we present the basic notions and notations used in the
thesis.

e In Section 4.2, we give a list of chosen sufficient conditions for hamil-
tonicity as well as for pancyclicity. We introduce the notion of the Bondy-
Chvatal closure, too. We also present two theorems by Woodall (The-
orems 4.2.9 and 4.2.11) about long cycles in simple graphs, which were
the inspiration for the author of this thesis.

e In Section 4.3, we quote some of various sufficient conditions for di-
graphs to be hamiltonian (or pancyclic), which are analogues of the
theorems presented in the previous section. We give also the results
mentioned above, due to Heydemann, Sotteau and Thomassen, and
Wojda, about all orientations of hamiltonian cycles in digraphs. Finally,
we study a history of the notion of an orientation of a cycle.

We investigate in Chapter 5 a problem of long cycles in bipartite graphs.

e In Section 5.1, we present various known sufficent conditions for hamil-
tonicity of bipartite graphs, and bipancyclicity. They are the analogues
of the results mentioned in Section 4.2. In particular, we introduce the
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notion of the biclosure, a very important tool used in the proof of the
main result of Section 5.3.

e In Section 5.2, we give a size sufficient condition for existence of long
cycles in bipartite graphs (Theorem 5.2.1). The result is presented with
its proof. We discuss also how this result could be improved.

e In Section 5.3, we consider a modification of the criterion presented
in the previous section, so called Erdés-type condition for long cycles in
balanced bipartite graphs. We formulate a conjecture and prove it in a
special case (Theorem 5.3.3).

Chapter 6 is devoted to the study of long cycles in directed graphs.

e In Section 6.1, we give a generalization of Wojda’s result presented in
Section 4.3. First, we prove the theorem about symmetric and almost
symmetric cycles in digraphs (Theorem 6.1.1). Next we get the corol-
lary about all orientations of long cycles in digraphs (Corollary 6.1.6).
Finally, we compare the last result with the theorem by Haggkvist and
Thomassen about strong orientations of cycles in digraphs.

e In Section 6.2, we deal with cycles in bipartite digraphs. We prove (ap-
plying Theorem 5.2.1) theorems about symmetric and almost symmetric
cycles, and also about all orientations of cycles in bipartite digraphs.
They are the bipartite counterparts of the results proved in the previous
section.
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Preliminaries

4.1 Basic definitions and notation

In this section, we present the notions and notations used in the thesis.
For the standard graph theoretic terminology we refer the reader to
[20, Chapter 1.

We consider first finite simple graphs without loops and multiple edges.
For a graph G, we denote its vertex set by V(G), and its edge set by E(G).
The order of G, which is the number of its vertices, is denoted by |G|, while
the size of G, which is the number of its edges, will be denoted by ||G]|.

An edge xy € E(G) is said to join the vertices z and y of G. Then we
say that x and y are neighbours or that they are adjacent; the vertices z and
y are incident with the edge xy. A subset U C V(G) consists of independent
vertices if and only if no two elements of U are adjacent in G.

A graph on n vertices, of which all are adjacent, is called a complete graph
of order n and is denoted by K,. A clique is a complete subgraph of a given
graph.

Two graphs are isomorphic if there is a correspondence between their vertex
sets that preserves adjacency. Thus G = (V, E) is isomorphic to G' = (V', E')
if there is a bijection ¢ : V' — V"’ such that zy € F if and only if ¢(x)p(y) € E'.
Then we write G = G'.

When we say that G' contains a graph H, we mean that H is a subgraph
of G.

For U C V(G) and x € V(G), we denote by eg(x,U) the number of edges
of G between the vertex = and vertices of the set U, by Ng(U) the set of
neigbours in G of all the vertices of U, and by dg(z) the degree of x in G
(i.e., dg(z) = eq(z,V(G)) = |Ng(x)]). A vertex = of G is said to be isolated
(resp. pendent) if dg(x) = 0 (resp. dg(x) = 1). The minimal vertex degree in
G will be denoted by 6(G).

We write G(U) for the subgraph of G spanned by U, so that G — U =
G(V(G) \ U) is the subgraph of G obtained by deleting the vertices in U
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and all edges incident with them. If x and y are non-adjacent vertices of G,
then G + xy is obtained from G by joining = and y.

Given distinct vertices z and y of GG, an xy-path is a path in G with end-
vertices x and y. P, denotes a path on p vertices; it is a path of length p — 1.
A cycle of length p, that is of order p, will be denoted by C,. We call C5 a
triangle. A cycle is called even (resp. odd) when its length is even (resp. odd).
A cycle (resp. path) passing through all the vertices of a graph G is said to
be a hamiltonian cycle (resp. hamiltonian path) of G. A graph containing
a hamiltonian cycle is called hamiltonian. We say that G is pancyclic if it
contains cycles of all lengths from 3 up to the order of G.

We will denote by G = (X, Y’; E) a bipartite graph with vertex bipartition
(X,Y), and the set of edges E. The sets X and Y are called vertez classes.
G is called balanced when | X | = |Y|. A balanced bipartite graph is bipancyclic
if it contains cycles of all even lengths from 4 up to its order.

We will denote by K,,, the complete bipartite graph with bipartition (X,Y")
such that |X| = m < n = |Y/|, that is the bipartite graph with all possible
edges between vertices of the vertex classes X and Y.

Let us now turn to digraphs, again without loops and multiple arcs. For a
digraph D, let V(D) be the set of vertices of D, and A(D) be the set of arcs
of D. Then |D| = |V(D)| denotes the order of D, while ||D|| = |A(D)| is the
size of D.

Let = and y be two distinct vertices of D. By (x — y) we denote an arc
of D from z to y. If the arc (x — y) is present, we say that x dominates y.
We say that x and y are adjacent if (x — y) € A(D) or (y — z) € A(D).
We say that adjacent vertices x and y are joined by a symmetric arc if both
(r — y) € A(D) and (y — =) € A(D); otherwise we say that they are joined
by an antisymmetric arc.

A complete digraph on n vertices, denoted by K, is the digraph in which all n
vertices are adjacent and joined by symmetric arcs. We will denote by D the
complement of D to the complete digraph with the vertex set V(D).

An oriented graph is a digraph with no symmetric arc. A tournament on n
vertices, denoted by 7;~, is an oriented graph on n vertices in which any two
vertices are adjacent, that is a digraph in which all n vertices are adjacent and
they are joined by antisymmetric arcs only.

The converse digraph of D is the digraph obtained from D by reversing the
directions of all arcs of D.

Similarly as it was in the case of simple graphs, for U C V(D), D(U)
denotes the subdigraph of D induced by U, while D — U stands for the
subdigraph of D induced by V(G) \ U. For subsets U and W of V(D), by
ap(U — W) we denote the number of arcs of D from U to W, and ap(U, W) =
ap(U = W) +ap(W —U).
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Given a vertex x € V(D), we define two sets: Nj(z) = {y € V(D) :
(x —y) e A(D)} and Ny(z) ={y € V(D) : (y — z) € A(D)}. Then the out-
degree d,(z) of x in D is the cardinality of N} (z), the indegree d;(z) of x in D
is the cardinality of N (z), while the degree of z in D is dp(z) = d},(z)+dp(z)
(i.e., dp(x) = ap(z,V(D)). A vertex x of D is called source (resp. sink) if
dp(z) = 0 (resp. d},(z) = 0). The minimal outdegree (resp. minimal indegree)
in D will be denoted by 6%(D) (resp. 0~ (D)), while §(D) will denote the
minimal degree of D.

A sequence € = (ey,...,€,), where ¢, € {—1,1}, 1 < i < p, is called the
orientation of a cycle C' = xy...xpzy of D if ¢; = 1 implies (z; — ,41) € A(D)
and ¢; = —1 implies (z;11 — z;) € A(D) for every i (mod p). Then C'is called
a realization of € in D. Any realization in a digraph D of the orientation
€ = (€1,...,6) is called a strong cycle of length p, denoted by C.7, if €;¢;11 = 1
for every i (mod p), and an antidirected cycle of length p if €;¢;.1 = —1 for
every i (mod p). Of course, in the latter case p is even.

C,, denotes a symmetric cycle of length p, that is a cycle with symmetric arcs
only, and C’;' denotes € minus one arc, which we call an almost symmetric
cycle of length p (see Figure 1).

We say that a digraph is hamiltonian if it contains a strong hamiltonian
cycle. A digraph D is pancyclic if it contains strong cycles of all lengths from
3 up to the order of D.

We denote by P, the symmetric path of order p, that is a path with sym-
metric arcs only.

A digraph D is strong, if for any two vertices x and y, D contains a directed
path from x to y and a directed path from y to x.

Ce Co Co

Figure 1
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We will denote by D = (X,Y; A) a bipartite digraph with vertex classes
X and Y, and the set of arcs A. Again, such a digraph D is called balanced if
X and Y have equal cardinalities. A balanced bipartite digraph is bipancyclic
if it contains strong cycles of all even lengths from 4 up to its order.
We will denote by K7, the complete bipartite digraph with bipartition (X,Y’)
such that |X| =m < n = |Y], that is the bipartite digraph with all possible
symmetric arcs between vertices of the vertex classes X and Y. A bipartite
tournament with vertex bipartition (X,Y’) such that | X| = m < n = |Y/|,
denoted by T, is an oriented graph in which any two vertices of different
vertex classes X and Y are adjacent.
Finally, let D% denote the complement of D = (X,Y; A) to the complete
bipartite digraph K|*X"m.

4.2 Long cycles in simple graphs

Graph theorists have been searching for a long time for conditions ensuring
that a graph is hamiltonian (see for example [35]). We shall present here some
of many conditions existing in literature.

Most of the known results are descendants of Dirac’s theorem published
in 1952.

Theorem 4.2.1 (Dirac [29]). Let G be a graph of order n > 3, in which
d(G) > n/2. Then G contains a hamiltonian cycle.

Eight years later this result was significantly strengthened by Ore who
proved the following theorem.

Theorem 4.2.2 (Ore [50]). Let G be a graph of order n > 3, in which
dg(x) + dg(y) > n for every pair of non-adjacent vertices x and y. Then G is
hamiltonian.

Next result, which we could call a size condition for hamiltonicity, follows
immediately from the above theorem.

Theorem 4.2.3 (Ore [51]). Let G be a graph of order n > 3 with ||G|| >
(n;) + 1. Then G is hamiltonian.

Erdos showed in 1962 that the condition on size can be lowered if we add
a bound on the minimal degree of a graph.

Theorem 4.2.4 (Erdds [31]). Let G be a graph of order n > 3 and minimal
degree 6(G) > r, where 1 < r < n/2. Then G contains a hamiltonian cycle,

provided
_ 2
n—r 9 "_VLTIJ n—1
||G|]>max{( 9 )—i—r,( 5 + 5 :
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Remark 4.2.5. All bounds in these four theorems are best possible. Consider
the graph GG which consists of a complete graph on n — r vertices, r of which
are joined to each of r independent vertices. G has n vertices and (";T) + r?
edges, 0(G) > r, and G is not hamiltonian. This example shows that the
condition in Theorem 4.2.4 cannot be weakened. Take 7 =1 (resp. r = [ ])
in this example to see that the conditions in Theorems 4.2.3 and 4.2.2 (resp.

Theorem 4.2.1) cannot be improved either.

Referring to the authors of the theorems presented above, conditions that
put constraints on minimal degree (resp. degree sums of pairs of non-adjacent
vertices) of a graph will be called Dirac-type (resp. Ore-type) conditions, while
those that combine bounds on the size of a graph with bounds on its minimal
degree will be called Erdos-type conditions.

Bondy discovered in 1971 that many conditions that are sufficient for a
graph to be hamiltonian are also sufficient for the graph to be pancyclic. For
example, the conditions presented in Theorems 4.2.1 - 4.2.4, in fact, imply
that either a graph G contains cycles of all lengths up to the order of GG or else
G = K=z n. It is a simple corollary of the following result.

Theorem 4.2.6 (Bondy [21]). Let G be a hamitonian graph on n vertices
TL2

such that ||G|| > %-. Then either G is pancyclic or n is even and G is the
complete bipartite graph Kn ».

We want to present here also another sufficient condition for hamiltonicity.
Bondy and Chvétal [24] discovered that Ore, proving Theorem 4.2.2; actually
proved more. Indeed, if z and y are non-adjacent vertices of a graph G of order
n, satisfying the condition: dg(x) + dg(y) > n, and G 4 xy has a hamiltonian
cycle, then GG, too, has one. This fact inspired Bondy and Chvatal to introduce
the notion of the closure of a given graph. The k-closure Cl(G) is obtained
from G by recursively joining pairs of non-adjacent vertices whose degree sum
is at least k, until no such pair remains. The k-closure is independent of the
order of adjunction of the edges.

Let P be a property defined on all graphs of order n; let k£ be a nonnegative
integer. Then P is said to be k-stable if, whenever G + xy has the property P
and dg(x) + dg(y) > k, then G itself has P. The smallest integer k such that
P is k-stable is called the stability of P. The closure theory is based on the
fact that if the property P is k-stable and if Cl;(G) satisfies P, then G itself
satisfies P.

Bondy and Chvatal showed that the property of containing a hamiltonian
cycle is n-stable.

Theorem 4.2.7 (Bondy and Chvatal [24]). A graph G of order n is hamil-
tonian if and only if Cl,(G) is hamiltonian.

There is no analogous result for pancyclicity. In fact, the stability of the
property P: 7G is pancyclic” is unknown. For sure, P is not n-stable. If n is
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even, the complete bipartite graph K=z » has n-closure complete and contains
no odd cycles. However, Faudree et al. obtained the following result.

Theorem 4.2.8 (Faudree, Favaron, Flandrin and Li [33]). Let G be a
graph of order n such that Cl,1(G) = K,,. Then G is pancyclic.

Now, let us look again at Theorem 4.2.3. It is natural to ask about a
generalization of this result for cycles of other lengths. Therefore we consider
the following problem.

Problem 1. For any pair of nonnegative integers n and £ < n — 3, find the
minimum integer f(n,k), such that every graph of order n and size greater
than f(n, k) contains a cycle of length n — k.

Of course, for k = 0 it is the hamiltonian problem (solved by Ore).

In 1972, Woodall found the number f(n,k) for n > 2k + 3 and, what’s
more, proved that every graph of order n and size at least f(n,k) contains
cycles of all lengths up to n — k. Thus Woodall generalized Theorem 4.2.3 and
its modification due to Bondy (about pancyclicity).

Theorem 4.2.9 (Woodall [60]). Let G be a graph with |G| = n > 2k + 3,

ke N, and
6l = fm = (") e () e

Then G contains a cycle of length p for each p such that 3 <p <n —k.

Remark 4.2.10. The above result is best possible. The graph consisting of
two cliques, one on n —k — 1 vertices and the other one on k+ 2 vertices, which
share one vertex, is an extremal graph for this problem. It does not contain
any cycle of length n — k if n — k > k + 3, and it has exactly f(n, k) edges.

Woodall, proving Theorem 4.2.9, answered the question formulated by
Erdés in 1969. Erdés [32] showed that for n > ng(k) every graph G of or-
der n and size greater than ("_’;_1) + (kf) contains a cycle of length n — k.
He wanted to determine or estimate ng(k). Erdds’ challenge was taken up by
Woodall, who proved that ny(k) = 2k + 2.

Woodall generalized also Theorem 4.2.4. He found an Erdds-type condition
for existence of long cycles in graphs. He gave a complete list of the conditions
on minimal degree and size for a graph of order n to contain a cycle C,,_, for
any 0 < k < ”T_?’

For convenience, before presenting the theorem, we will define two func-

tions: fi(n,m) = (") + ("), and fo(n,m,1) = ("5 + m(m +1).
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Theorem 4.2.11 (Woodall [60]). Let G be a graph with |G| = n > 2k + 3,
k € N, and 6(G) > r. Then G contains a cycle of length p for each p such
that 3 < p < n — k, provided that G has at least the number of edges specified
below.

We distinguish five possible cases depending on the value of r:

(1) r <k+1; then ||G]| > fi(n, k+1) +1,

(2) k+1<r<k;
then ||G|| > max { fu(n,7), fo(n,r,k), fo(n, ["=5=*],r)} +1,

(3) max {k+1, ZE} <r <2 then ||G|| > fi(n,r) +1,

(4) 7 =3 then ||G|| = |5 ] + 1,
(5) r > 5, then ||G|| = 0 (i.e., no bound needed).

Remark 4.2.12. All presented bounds on size of GG are best possible. Woodall
[60] characterized extremal graphs for all five cases of Theorem 4.2.11. Of

course, the cases (4) and (5) are simple consequences of Theorems 4.2.1 and
4.2.6.

Woodall’s theorems presented above were the inspiration for the author
of this thesis. In the next chapters, we will investigate similar problems to
Problem 1 in bipartite graphs, and also in general and bipartite digraphs. We
are interested in finding analogues of Theorems 4.2.9 and 4.2.11.

4.3 Orientations of cycles in digraphs

Most of the theorems about sufficient conditions for hamiltonicity and pan-
cyclicity quoted in the previous section have the counterparts in the world of
directed graphs. Let us present them now here.

The following two theorems are Dirac-type conditions for digraphs to be
hamiltonian.

Theorem 4.3.1 (Ghouila-Houri [34]). Let D be a strong digraph of order
n >3 with 6(D) > n. Then D is hamiltonian.

Theorem 4.3.2 (Nash-Williams [49]). Let D be a digraph on n vertices
(n > 3) such that 67 (D) > n/2 and 6~ (D) > n/2. Then D contains a strong
hamiltonian cycle.

Next two results are Ore-type conditions for hamiltonicity of a digraph.
Theorem 4.3.3 (Woodall [60]). A digraph D of order n > 3 is hamiltonian

if, for any two vertices x and y, either x dominates y or dj,(z) + dp(y) > n.
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Theorem 4.3.4 (Meyniel [46]). A strong digraph D of order n > 3 is
hamitonian if for any two non-adjacent vertices x and y we have dp(x) +
dD(y) > 2n — 1.

Remark 4.3.5. All four theorems above are best possible in the sense that
they become false if the degree conditions are relaxed. This can be demon-
strated by the complete bipartite digraphs with the property that the difference
between the cardinalities of the vertex classes is one.

The requirement in Theorems 4.3.1 and 4.3.4 that D be strong is necessary
as is demonstrated by a digraph consisting of two complete digraphs joined
completely by antisymmetric arcs all in the same direction.

The following result generalizes Theorems 4.3.1 and 4.3.2. It is a Dirac-type
condition for pancyclicity of a digraph.

Theorem 4.3.6 (Haggkvist and Thomassen [41]). Let D be a strong
digraph of order n > 3 such that 6(D) > n. Then D is pancyclic or else n is

even and D 1s isomorphic to K3 ».
272

Thomassen proved an Ore-type condition for pancyclicity.

Theorem 4.3.7 (Thomassen [56]). Let D be a strong digraph of ordern >3
such that for any two non-adjacent vertices x and y of D we have dp(zx) +
dp(y) > 2n. Then D s pancyclic or else n is even and D = K3 ».

272

This result extends Woodall’s theorem (Theorem 4.3.3). However, it does
not include Meyniel’s theorem (Theorem 4.3.4), and it becomes false if we
replace the degree condition by Meyniel’s condition. To see this consider
the digraph D,; with vertex set {xy,z,...,2,} and arc set {(z; — x;) :
i<jori=j+1}\{(z;i = ziy—1): 1 <i<n—1+1}. Then D, satisfies
Meyniel’s condition and, moreover, it has only two pairs of non-adjacent ver-
tices, {x1,2;} and {x,_;11, %, }, such that the inequality in Meyniel’s theorem
is an equality.
Benhocine [14] characterized all digraphs which satisfy Meyniel’s condition and
are not pancyclic.

For later purposes, we observe that the number of arcs of D, ; is @%—l —2.

In 1984, Amar et al. gave an Erdds-type condition for hamiltonicity of a
digraph.
Theorem 4.3.8 (Amar, Fournier and Germa [8]). Let D be a digraph of
ordern > 3 with 07 (G) > r, 0~ (G) > r. If ||D|| > n(n—1)— (r+1)(n—r—1),
then D is hamiltonian.

Four years later Wojda [58] characterized all non-hamiltonian digraphs of
order n > 3 with 07(G) > r, 0~ (G) > r, and precisely n(n—1)—(r+1)(n—r—1)
arcs.

Theorem 4.3.8 is, of course, a generalization (take r = 0) of the following
result which is a size sufficient condition for hamiltonicity.
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Theorem 4.3.9 (Lewin [44]). Let D be a digraph of order n > 3 with
||D|| > (n —1)%. Then D contains a strong hamiltonian cycle.

We can decrease the bound on size when we assume that D is strong.

Theorem 4.3.10 (Bermond, Germa, Heydemann, Sotteau [18]). Let
D be a strong digraph of order n > 5 with more than (n — 1)(n — 2) 4+ 2 arcs.
Then D contains a strong hamiltonian cycle.

Bondy [21] conjectured that every hamiltonian digraph of order n with
at least ”—22 arcs is pancyclic unless n is even and the digraph is isomorphic

to K% ». However, the digraph D, ,,_ defined above is hamiltonian, but not
272

pancyclic, and it has %n(n + 1) — 3 arcs. On the other hand we have the

following result.

Theorem 4.3.11 (Haggkvist and Thomassen [41]). A hamiltonian di-
graph D with n vertices and %n(n + 1) — 1 or more arcs is pancyclic.

Combining this theorem with Theorems 4.3.9 and 4.3.10 we get the follow-
ing corollary.

Corollary 4.3.12 (Haggkvist and Thomassen [41, 19]).
(1) A digraph with n vertices and (n — 1)*> + 1 or more arcs is pancyclic.

(2) A strong digraph with n vertices and (n — 1)(n — 2) 4+ 3 or more arcs is
pancyclic.

Now, we want to investigate generalizations (to other orientations of cycles)
of some of the presented results. First, let us discuss a size sufficient condition.

Theorems 4.3.9 and 4.3.10 were strengthened in 1982. Heydemann et al.,
improving a result of Benhocine and Wojda [15] and answering their conjecture,
got the following result.

Theorem 4.3.13 (Heydemann, Sotteau and Thomassen [42]). A di-
graph with n vertices, n > 5, and at least (n-1)(n-2)+3 arcs contains all ori-
entations of a hamiltonian cycle except possibly the strong one .

As we see, the assumptions in Theorems 4.3.9 and 4.3.10 imply, in fact, exis-
tence of every orientation of a hamiltonian cycle. Even more, Wojda showed in
1986 that these assumptions give every orientation of C,, in D for all 3 < p < n.

Theorem 4.3.14 (Wojda [57]). If D is a digraph with n vertices, n > 9,
and at least (n-1)(n-2)+3 arcs, then D contains every orientation of a cycle
of length at most n except the strong cycle of length n when D contains a sink
or a source.

This theorem has a simple consequence, which is a generalization of the
first part of Corollary 4.3.12.
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Corollary 4.3.15 (Wojda [57]). Let D be a digraph of order n > 9 with
[|1D]| > (n — 1)%. Then D contains every orientation of a cycle of length p for
all 3 < p < n unless D is the digraph consisting of K, plus a new vertex
which dominates or is dominated by all the vertices of the K _,.

In Chapter 6, we find generalizations of this result to long cycles both in
general and bipartite digraphs.

Let us now turn to degree conditions. Grant [36] was first who considered
Dirac-type condition for existence of an antidirected hamiltonian cycle. He
conjectured that every digraph of order n and minimal indegree and outde-
gree at least %n has an antidirected hamiltonian cycle. This conjecture was
disproved by Cai [26]. His digraph is also a counterexample to the statement
that ”a digraph of order n, such that the sum of the degrees for any two non-
adjacent vertices is at least 2n — 1, contains all orientations of a hamiltonian
cycle, except possibly the strong one”. It seems to be hard to find a gener-
alization of Meyniel’s condition, even replacing 2n — 1 by 2n (see [13, 17]).
It remains an open problem to find a general degree sufficient condition for
existence of every orientation of a cycle of given length (even for hamiltonian
case).

Finally, let us mention that the notion of an orientation of a cycle is not so
young and was defined first time for tournaments.

The fundamental early result on strong hamiltonian cycles in tournaments
is that of Camion [27]: a tournament has a strong hamiltonian cycle if and
only if the tournament is strong. In 1974, Rosenfeld [52] conjectured that
there is an integer N > 8 such that every tournament of order n > N con-
tains every non-strong cycle of length n. His conjecture was a generalization
of Griinbaum’s conjecture [37] about antidirected hamiltonian cycles in tour-
naments, which was first proved by Thomassen[55]. Benhocine and Wojda
[16] verified Rosenfeld’s conjecture for cycles with just two blocks (a block
being a maximal directed subpath). The conjecture was finally proved in full
generality by Thomason [54] for tournaments of order n > 2'?%. Thomason
conjectured also that N = 9. In 2000, Havet [40] showed that N < 68 and it
has been the best result so far.
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Chapter 5
Long cycles in bipartite graphs

Throughout this chapter, G = (X,Y; F) will denote a bipartite graph with
vertex bipartition (X, Y") and the set of edges E. Let us recall that G is balanced
if | X| = |Y|. A balanced bipartite graph is bipancyclic if it contains cycles of
all even lengths from 4 up to its order.

5.1 Hamiltonicity and bipancyclicity

The aim of this section is to discuss the bipartite counterparts of the theorems
introduced in Section 4.2.

All the hamiltonian criteria presented at the beginning of Section 4.2 (The-
orems 4.2.1 - 4.2.4) have analogues for bipartite graphs. In 1963 Moon and
Moser found Dirac-, Ore-, and Erdés-type sufficient conditions for existence of
a hamiltonian cycle in a balanced bipartite graph.

Theorem 5.1.1 (Moon and Moser [48]). Let G = (X,Y; E) with | X| =
Y| =n > 2. Suppose that at least one of the following conditions is satisfied

(1) 0(G) = (n+1)/2,

(2) dg(x)+da(y) > n+1 for every pair of non-adjacent vertices v € X and
yey,

(3) l|G]| > n(n—1) +1,
(4) 8(G) = r, where L <7 <n/2, and ||G|| > n(n —r) + 12,
Then G is hamiltonian.

Remark 5.1.2. All the bounds presented in the above theorem are best pos-
sible. Consider the balanced bipartite graph G with vertex classes of the form
X=PUQ,Y =RUS, where |P|=|R| =1, |Q|=1|5|=n—r, No(x) =R
for all x € P, and Ng(z) =Y for all z € Q. Then dg(z) +dg(y) > n for every
pair of non-adjacent vertices x € X and y € Y, 0(G) > r if only r < n/2, and
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|G| = n(n —r) + r%. However, as is easy to see, G is not hamiltonian. This
example shows that neither the condition (2) nor (4) in Theorem 5.1.1 can be
weakened. By taking r = n/2 (resp. r = 1) in the above example we show
that the condition (1) (resp. (4)) cannot be improved either.

It turns out (similarly as it was in the case of simple graphs) that all the
conditions presented in Theorem 5.1.1 are sufficient also for bipancyclicity, as
we can see in the following four results.

Theorem 5.1.3 (Schmeichel and Mitchem [53]). Let G = (X,Y; E) be a
balanced bipartite graph with | X| = Y| =n>2. If 6(G) > (n+1)/2, then G
18 bipancyclic.

Theorem 5.1.4 (Bagga and Varma [11]). Let G = (X, Y; E) be a balanced
bipartite graph of order 2n. If dg(z) + dg(y) > n+ 1 for every pair of non-
adjacent vertices, then G is bipancyclic.

Theorem 5.1.5 (Mitchem and Schmeichel [47]). Let G = (X,Y; E) be
a balanced bipartite graph on 2n wvertices. If ||G|| > n(n —1) + 1, then G is
bipancyclic.

Theorem 5.1.6 (Bagga and Varma [11]). Let G = (X,Y; E) be a balanced
bipartite graph of order 2n. If §(G) > r, where 1 < r < n/2, and |G| >
n(n —r) + 12, then G is bipancyclic.

Theorem 4.2.6 has its analogue in the case of bipartite graphs as well. In
1988, Entringer and Schmeichel proved the following theorem.

Theorem 5.1.7 (Entringer and Schmeichel [30]). Let G be a hamiltonian
bipartite graph of order 2n > 8. If |G| > n?/2, then G is bipancyclic.

The authors showed in [30] that the bound n?/2 may not be best possible,
however it cannot be improved below | 1(n+1)(n+3)]. Three years later Amar
got the following result which has not been improved so far.

Theorem 5.1.8 (Amar [6]). Let G be a hamiltonian bipartite graph of
order 2n. If ||G|| > n(”TJF?’), then G is bipancyclic.

Bagga and Varma [10, 11] studied how Theorems 5.1.3 - 5.1.6 could be
extend to general (not necessarily balanced) bipartite graphs . They got the
following results.

Theorem 5.1.9 (Bagga and Varma [11]). Let G = (X,Y; E) be a bipartite
graph with | X| = m < n = |Y|. If ||G|| > n(m —1) +2, then G contains
cycles Cop for all 2 < p < m.
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Theorem 5.1.10 (Bagga and Varma [11]). Let G = (X,Y; E) be a bipartite
graph with | X| = m < n = |Y|. If one of the following degree conditions is
satisfied

(1) 6(G) = =52,

(2) de(z) + da(y) > ™2E2 for every pair of non-adjacent vertices x € X
andy €Y,

then G contains cycles Csp, for all 2 < p < m.

Amar and Manoussakis [9] found a better bound on the minimal degree
of GG. They proved the following theorem.

Theorem 5.1.11 (Amar and Manoussakis [9]). Let G = (X,Y; E) be a
bipartite graph with |X| = m < n = |Y|. If §(G) > 2, then G contains
cycles Cyp, for all 2 < p < m.

Interestingly, Theorem 5.1.6 as well as condition (4) of Theorem 5.1.1 still
do not have any extension to general bipartite graphs.

Finally, let us mention that the notion of Bondy-Chvatal closure, intro-
duced in Section 4.2, has its analogue for bipartite graphs. Given a balanced
bipartite graph G = (X,Y; F), one defines a k-biclosure BCl(G) of G as
the graph obtained from G by recursively joining pairs of non-adjacent ver-
tices x € X and y € Y, with degree sum of at least k, until no such pair
remains. Closely related to this construction is the notion of k-bistability:
A property P defined on all balanced bipartite graphs of order 2n is called
k-bistable when, whenever G + zy has the property P and dg(x) + dg(y) > k,
then G itself has the property P.

Bondy and Chvétal proved that the property of being hamiltonian is (n+1)-
bistable.

Theorem 5.1.12 (Bondy and Chvatal [24]). A balanced bipartite graph G
of order 2n is hamiltonian if and only if its (n+ 1)-biclosure BCl,1(G) is so.

For cycles of other even lengths we have the following result.

Theorem 5.1.13 (Amar, Favaron, Mago and Ordaz [7]). The property
of containing a cycle of length 2s is (2n — s + 1)-bistable on balanced bipartite
graphs of order 2n.

The value of k£ for which the property P: "G is bipancyclic” is k-bistable is
unknown. For sure, P is not (n+ 1)-bistable. For n odd, consider the graph G
of order 2n defined by the cycle a;biagbs . .. a,b,a; with additional edges a;b;
for j odd, 3 < j < n — 2, and a;by for i odd, 5 < i < n. G has no cycles of
length 4, while the graph G + a1b, is bipancyclic and dg(a;) + dg(be) = n+ 1.
However, we have the following theorem (which is an analogue of Theorem
1.2.8).
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Theorem 5.1.14 (Amar, Favaron, Mago and Ordaz [7]). Let G be a
balanced bipartite graph of order 2n. If the (n+2)-biclosure of G is the complete
bipartite graph K, ,, then G is bipancyclic.

5.2 Size condition

Let us quote again the theorem by Bagga and Varma (Theorem 5.1.9) presented
in the previous section.

Let G = (X,Y; E) be a bipartite graph with | X| = m < n = |Y|. If ||G|| >
n(m — 1) + 2, then G contains cycles Cy, for all 2 < p < m.

Our goal is to generalize this theorem to long cycles, that is to obtain an
analogue of Woodall’s theorem (Theorem 4.2.9) for bipartite graphs. We want
to solve the following problem.

Problem 2. For a bipartite graph G = (X,Y; E) with | X| =m < n = |Y],
and integer k < %, find the minimum number of edges of G, g(m,n, k), which
guarantees the existence of a cycle of length 2m — 2k in G.

Before introducing the solution, let us define the family G,, ,, x of bipartite
graphs G = (X, Y; E) of order m+n such that | X| =m <n =1|Y], X = UUW,
[W| =k+1, ds(u) = n for every u € U, and dg(w) = 1 for every w € W. Note
that every graph of the family G, has size equal to n(m —k — 1) +k + 1
and does not contain any cycle of length 2m — 2k. Moreover, if we add any
edge to a graph of G,, 1, then it will contain a cycle Cay,—oy.

Problem 2 is partially solved as can be seen in the following theorem.
A variant of this theorem for balanced bipartite graphs was first announced
in [2].

Theorem 5.2.1 (LA [4]). Let G = (X,Y; E) be a bipartite graph with | X| =
m <n=|Y|, where m > %k2+%k+4, ke N. If

then either G' contains a cycle of length 2m — 2k, or else ||G|| = g(m,n, k) and
G 1s isomorphic to a graph of the family G, , k.
In both cases G contains Cyy for all2 <p <m —Fk — 1.

Of course, Theorem 5.1.9 is a special case (k=0) of the above result.

Before presenting the proof of Theorem 5.2.1, we have to introduce a notion
of hamiltonian biconectedness. We follow the definition used in [7].

A balanced bipartite graph G = (X, Y; E) is hamiltonian biconnected if for
any two vertices x € X and y € Y, there exists a hamiltonian zy-path in G.
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It is 2-hamiltonian biconnected if for any pair of vertices a € X and b € Y, the
subgraph G' — {a, b} is hamiltonian biconnected.

In the course of the proof of Theorem 5.2.1, we shall use the following
result.

Theorem 5.2.2 (Amar, Favaron, Mago and Ordaz [7]). LetG = (X,Y; E)
be a balanced bipartite graph of order 2n. If ||G|| > n®> —n+ 3, then G is
hamiltonian biconnected and 2-hamailtonian biconnected.

Proof of Theorem 5.2.1. The proof will be divided into two steps. We first
show that the theorem is true for m = n. In the second step we will consider
the case when m < n.

Step 1. m=n

We will proceed by induction on k.

Without loss of generality we can assume that the size of G is equal to
g(n,n, k), for otherwise we may consider a spanning subgraph of G with exactly
g(n,n, k) edges instead of G.

Set £k = 0. We want to show that if G is a balanced bipartite graph with
|G| =2n > 8 and ||G|| = n? — n + 1 then G is bipancyclic unless G € G,, ..

Applying Theorem 5.1.4 to the graph G, we get that either G is bipancyclic,
or else there are two non-adjacent vertices € X and y € Y such that dg(z)+
do(y) < n. But then ||G— {z,y}||>n*—n+1—n=(n—1)% so G —{z,y}
is a complete balanced bipartite graph on 2n — 2 vertices (hence G contains
cycles of all even lengths up to 2n — 2). If so, then, in fact, dg(z) +dg(y) = n.
Since x and y are not adjacent, then their degrees are both greater than zero.
In case dg(z) > 2 and dg(y) > 2 it is easy to find a hamiltonian cycle in G. It
remains to consider the case when one vertex, say z, has degree 1. Then the
vertex y has degree n — 1 and it is joined with all vertices of the set X \ {z}.
It means that G € G, . 0.

Now assume the theorem holds for kK — 1, £ > 1; we will prove that it holds
also for k.
Let us start with the observation that g(n,n,k)—g(n—1,n—1,k—1) =n—k.
In the proof we shall consider two cases.

Case 1. There is a pair of vertices x € X and y € Y in the graph G such that
dg(x) +da(y) <n—k.

Then G — {z,y} is a balanced bipartite graph with 2n — 2 vertices
and at least g(n,n,k) — (n — k) = g(n — 1,n — 1,k — 1) edges. By the
inductive hypothesis there are cycles of all even lengths up to
2(n—1) —2(k — 1) = 2n — 2k contained in G — {z,y}, hence also in G,
unless G — {z,y} € Gy 1n-14-1. In the latter case dg(z) + da(y) =
n — k and x and y are not adjacent, because ||G — {z,y}|| =
gn — 1,n — 1,k — 1). Moreover, X \ {z} = U U W, where U =
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Case 2.

{vidofuyy(v) =n =1}, W = {v : dg_(z4y(v) = 1} and |W| = Ek.
We see at once that cycles of all even lengths up to 2n — 2k — 2 are
contained in G — {z, y}, hence also in G. What remains to show is that
either Cy,,_op C G or G € Gy, 1.

It is easy to check that Cy, o C G in case dg(z) > 2. It remains to
consider what happens when dg(z) < 1. Suppose that dg(z) = 0. Then
da(y) = n — k > k, which implies that there is at least one vertex in
the set U, say v, and at least one vertex, say vy, in the set W which are
joined with the vertex y. In this case, it is a simple matter to find a cycle
Cs,_or contained in GG which passes through the vertices vy, y and wvs.
So suppose that dg(z) = 1, which implies dg(y) =n —k —1 > k. Then
either the vertex y is joined with all vertices in the set U (which means
that G € G, ), o1, again, y is joined with some vertex of U and with
at least one vertex in W, and we again find a cycle of length 2n — 2k
contained in G.

For every pair of vertices x € X and y € Y in the graph G, we have
dg(x) +da(y) >n—k+ 1.

Firstly, observe that this assumption implies that §(G) > 2, for otherwise
G has more than n(n— k) edges, which contradicts the assumption made
at the beginning of Step 1 that ||G|| = g(n,n, k).

Suppose now that there exists 2 < p < n — k such that G does not con-
tain any cycle of length 2p.

Theorem 5.1.4 implies that there is a pair of non-adjacent vertices r1 € X
and y; € Y such that dg(z1) + da(yh) < n. Let Gy = G — {z1,y1}.
Observe that ||G|| > g(n,n, k) —n. Now we apply Theorem 5.1.4 to
the graph G7. Again, (7 is not bipancyclic, so there are two
non-adjacent vertices xo € X NV(Gy) and yo € Y NV(Gy) such that
de,(z2) + dg, (y2) < n—1. Write Gy := G — {1, y1, T2, y2}. We have
|Gal| > ||G1]| = (n —1) > g(n,n,k) —n — (n —1). We now apply The-
orem 5.1.4 to the graph Gs, and so on. After k 4+ 1 steps we finally
get the graph Gyyq := G — {x1, 22, .. ., Tpy1,Y1, Y2, - - -, Yer1} such that
|Gkl = [|Gill = (n = k) > g(n,n,k) =n—(n—1)—...— (n—k) =
=g(n,n k) — 2% (k+1) =n? —2nk —2n + 1k% + 3k + 1.

For n > %kQ + %k: + 4, we have

1 3
nz—an‘—2n+§k‘2+§k‘—l—12(n—k—l)Q—(n—k‘—l)—i—B,

and Gy4q is hamiltonian biconnected and 2-hamiltonian biconnected by
Theorem 5.2.2, and also bipancyclic by Theorem 5.1.5. It follows that
there are cycles of all even lengths up to 2n — 2k — 2 contained in Gy,
hence also in G. So the hypothesis, that there exists 2 < p < n—Fk
such that Cy, ¢ G, implies that G does not contain any cycle of length
2n — 2k.
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Subcase 2.1.

Subcase 2.2.

Let V' := V(G)\V(Giy1).
We need to consider several subcases.

There is a pair of vertices + € XNV’ and y € Y NV’ such that
e(z, V') =e(y,V') = 0.

Since dg(z) + dg(y) > n— k+ 1, there is a vertex u € Y NV (Ggy1)
which is joined with x, and there is a vertex v € X N V(Gyy1) which
is joined with y. There exists a uv-path of order 2n — 2k — 2 in Gy,
because G4 is hamiltonian biconnected. It means that there is a path

Po_gr = alyla?y?. . a2 g2k (1 = gyl = u, 2 = o,

y?>"~2% = y) contained in G, which passes through all vertices of the
graph Gpy1. Since Co,_or ¢ G, then 2iy*~% ¢ E, if 2y € E, for
otherwise x'y'z?y? ... aly?" 2k =2k yizl is a cycle of length 2n — 2k
contained in G. Thus, we have e(z, V(Ggi1)) + e(y, V(Gis1)) < n —k,
which, in this case, means that dg(x) 4+ dg(y) < n — k, contradicting the

assumption.

For every pair of vertices + € XNV’ and y € YNV’ we have
e(x,V') #0ore(y, V') #0.

We then consider an edge xy with z € X NV, ye Y NV".

Subcase 2.2.1. For at least one edge ry with z € X NV' y € YNV’ we have

e(z,V(Giy1)) > 1 and e(y, V(Gry1)) > 1.

Then, again, there is a vertex u € Y NV (Gg41) which is joined
with 2, and there is a vertex v € X NV(Gyy1) which is joined
with y, and there exists a uv-path of order 2n — 2k — 2 in G-
We can extend this path to a cycle of length 2n — 2k using edges
ux, xy, yv; a contradiction with the assumption that Cs,_or & G.

Subcase 2.2.2. For every edge xy with x € XNV’ y € YNV’ we have

e(z,V(Gr1)) = 0 or e(y, V(Gry1)) = 0.
Without loss of generality we may assume that e(x,V(Ggy1)) = 0.
Then,

for all vertices u € Y NV’ we have e(u, V(Gry1)) > 2. (%)

Indeed, dg(z) < k (because z is joined only with at most k vertices
of V', which is a consequence of the construction of Gyy1), so, by
assumption made at the beginning of Case 2, dg(u) > n — 2k + 1.
For n > £k* + 3k + 4, it follows that dg(u) > k + 2, which leads to
e(u, V(Ggi1)) > 2.

Since 0(G) > 2, the vertex x has at least two neighbours in V', say
y,y'. By (%), there are two different vertices vy,vs € X NV (Ggy1)
such that v,y € F and vey’ € E. G, is hamiltonian, so there exists
avertex u € Y NV (Gry1) such that vyu € E. Let a € Y NV (Gpy1)
and a # u. Since Gy is 2-hamiltonian biconnected, Gy.1 — {v1,a}
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is hamiltonian biconnected, so there exists a wou-path of order
2n — 2k — 4 in Gyyq — {v1,a}. We can extend this path to a cycle
of length 2n — 2k using edges v2y/, vz, xy, yvi, viu; a contradiction
with the assumption that Cy, o & G.

Step 2. m <n

First, order the vertices of Y = {y', ..., 4"} so that dg(y') < ... < dg(y").
Put Y := {y*,...,y" ™}
We shall consider two cases depending on the degree of the vertex y" .

Case 1. dg(y"™™)>m —k

Then G — Y’ is a balanced bipartite graph on 2m vertices such that
|G —=Y'|| > m(m—k) > g(m,m,k), as m > k + 1. From what has
already been proved in Step 1, we conclude that G — Y’ D Cy, for all
2 < p <m — k, which completes the proof in this case.

Case 2. dg(y" ™) <m—k—1
Now we have

which again implies G — Y’ D Oy, for all 2 < p < m —k — 1, and also
G —Y' D Cypgx unless ||G —Y'|| = gim,m, k) and G —Y" € Gy k.
Therefore it remains to consider the situation when X = U U W, where
U={v:dg_y(v)=m} W =A{v:dg_y(v) =1}, |W| =k + 1. Then
every vertex of Y/ has degree in G equal to m — k — 1, since inequality
(¢) is, in fact, an equality.

Suppose now that no cycle of length 2m — 2k is contained in G. Con-
sequently, no vertex of Y’ can be joined with both a vertex of U and a
vertex of W, for otherwise we could simply construct a cycle Cy,, 9 in
G. Hence the assumption that dg(y') =m—k—1forall 1 <i <n—m,
implies (for m > 2k + 2) that every vertex of Y is joined with all vertices
of U. It follows that G' € Gy, »k, which completes the proof.

]

Applying Erdds’ approach to long cycles (presented in Section 4.2) in the
case of bipartite graphs, we could say that we want to determine minimal
integer mg(k) such that for m > mg(k) every graph G = (X,Y; F) with | X| =
m < n = |Y| contains a cycle Cy,,_ox, provided ||G|| > n(m —k —1) + k + 2.
Theorem 5.2.1 shows that mo(k) < $k* + 2k + 3. The following example shows
that mo(k) > 2k + 1.

Example 5.2.3. Let G; = (X,Y; E) be a bipartite graph, with vertex classes
of the form X = QUR,Y = SUT, where |Q|=|T|=m—k—1, |R| = k+1,
|S| =n—m+k+1, m <n. Fix a vertex yo in T, and let Ng, (v) = SU{yo} for
allv € Q, and Ng, (w) = T for all w € R. Then ||Gy|| > n(m—k—1)+k+1 for
k+3 <m < 2k+1, yet G; contains no cycle of length greater than 2m —2k — 2.
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We believe that mg(k) = 2k 4 1, and therefore we formulate the following
conjecture.

Conjecture 5.2.4. Let G = (X,Y; E) be a bipartite graph with | X| = m <
n = |Y|, where m > 2k +2, k € N. If ||G|| > n(m —k—1)+k+1, then G
contains cycles of all even lengths up to 2m — 2k.

There are some results which suggest that this conjecture may be true.
It is true for £ = 0 (Theorem 5.1.9). We will show that it is true also for
k =1, but we will need the following result (stronger than Theorem 5.1.5).

Theorem 5.2.5. Let G = (X,Y; E) be a balanced bipartite graph of order 2n.
If ||G|| > n* —n+1, then G is bipancyclic or G € Gy, 0.

The proof of Theorem 5.2.5 is the same as that of Theorem 5.2.1 in the
case k = 0 of Step 1. O]

Now we are ready to prove Conjecture 5.2.4 for k = 1.

Analysis similar to that in Step 2 of the proof of Theorem 5.2.1 shows that
Conjecture 5.2.4 is true in general case (m < n) if only it is true for balanced
bipartite graphs (m = n). Therefore it remains only to consider the situation
when m = n.

Suppose that there exists 2 < p < n — 1 such that G does not contain any
cycle of length 2p. Then, by Theorem 5.1.4, there are two vertices € X and
y € Y such that dg(z) + de(y) < n. Hence ||G — {z,y}|| >n*—2n+3—n=
(n—1)>—(n—1)+1. By Theorem 5.2.5, G —{z,y} € G,,_1.n_10, and therefore
contains cycles of all even lengths up to 2n—4. Also, ||G—{z,y}|| = n*—3n+3,
so dg(z) + dg(y) = n and x and y are non-adjacent. But the assumption
Con—o ¢ G implies that dg(x) < 1 and dg(y) < n — 2; a contradiction. O

In 1985, Jackson [43] found the number of edges of a bipartite graph
G necessary to ensure the existence of a cycle of length at least p in G.
Conjecture 5.2.4, if true, would be a significant strengthening of the following
theorem.

Theorem 5.2.6 (Jackson [43]). Let G = (X,Y;E) be a bipartite graph
with | X| = m < n = |Y|, where m > 2k+2, k € N. If ||G| >
n(m—k — 1)+ k + 2, then there exists p > m — k such that Cy, C G.

There is also another result which suggest that Conjecture 5.2.4 may be
true. Gyéarfas, Rousseau and Schelp solved an analogous problem for paths
in bipartite graphs. They characterized all extremal graphs for this problem,
which are similar to those of the family G, , .

Theorem 5.2.7 (Gyarfas, Rousseau and Schelp [38]). Let G = (X,Y; E)
be a bipartite graph with |X| = m < n = |Y|, where m > 2k + 2, k € N. If
I|G|| > n(m —k —1), then either Py, o C G or ||G|| = n(m — k — 1) and
G is the exceptional graph for which X = AU B, A ={z € X : dg(z) = n},
B={x€ X :dg(z) =0}, |B|=k+ 1.
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5.3 Erdos-type condition

Given any extremal graph of the family G,, . (defined above Theorem 5.2.1 in
the previous section), whose minimal degree equals 1, we ask: How much can
one decrease the bound on the size of a given graph GG ensuring the existence
of a cycle of length 2m — 2k, knowing that the minimal degree of G is greater
than 17 We address this question in the following conjecture. We consider
only the case of balanced bipartite graphs (when m = n).

Conjecture 5.3.1. Let G be a balanced bipartite graph of order 2n and mini-
mal degree 6(G) > r > 1, where n > 2k + 2r and k € N. If

IG|| >n(n—k—1r)+r(k+r),
then G contains a cycle of length 2n — 2k.

Observe that the bound on size in Conjecture 5.3.1 is sharp, as can be seen
in the example below.

Example 5.3.2. Let G5 be a balanced bipartite graph, with vertex classes
Xand Y, | X|=1|Y| =n, where X = QUR, Y =SUT,|Q|=n—k—r,
|R| =k +r,|S|=n—r,and |T| = r. Moreover, assume that Ng,(z) =Y for
all x € Q, and Ng,(z) =T for all x € R. Then 6(Gs) =rifonlyn—k—r >r,
and ||Ge|| = n(n — k —r) + r(k + r). However, as is easy to see, Gy contains
no cycle of length 2n — 2k.

Conjecture 5.3.1 states an Erdos-type condition for existence of long cycles
in balanced bipartite graphs and holds true for £ = 0 (then it is exactly the
fourth criterion for hamiltonicity of Theorem 5.1.1). In the case of k =r =1
Conjecture 5.3.1 was proved in the previous section (since it is a special case
of Conjecture 5.2.4). The following theorem shows that Conjecture 5.3.1 also
holds for £ = 1 and arbitrary . The conjecture in the general case seems to

be hard.

Theorem 5.3.3 (LA [1]). Let G = (X,Y; E) be a balanced bipartite graph of
order 2n and minimal degree §(G) > r > 1, where n >4 andn > 2r + 1. Let

gi(n,r)=nn—1—7r)+r(1+r)+1
Then G contains a cycle of length 2n — 2, provided |G| > g1(n, ).

Remark 5.3.4. The assumption on n is weakest possible. In the case of
n = 2r the minimum size which guarantees the existence of a cycle Cy,,_5 in
G is 2r? + r + 1 (see Theorem 3.6 in [1]). For n < 2r — 1 we do not need any
condition on size, because Theorem 5.1.4 gives bipancyclicity.

Apart from results presented in Section 5.1, in the proof of Theorem 5.3.3

we will need two additional results. The first one is another hamiltonicity
criterion given by Moon and Moser.
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Theorem 5.3.5 (Moon and Moser, [48]). Let G = (X,Y; E) be a balanced
bipartite graph of order 2n, and let S, = {x € X : dg(x) <a}, T, ={y €Y :
da(y) < a} for a € N. If, for every 1 < a < n/2, the sets S, and T, are of
cardinalities less than a, then G is hamiltonian.

The next result is a strengthening of the fourth condition of Theorem 5.1.1.

Theorem 5.3.6 (Wojda and Wozniak, [59]). Let G be a balanced bipar-
tite graph of order 2n > 4, minimal degree 6(G) > r > 1, and size |G| >
n(n—r)+r?. Let G(n,r) denote a bipartite graph with colour classes X = PUQ
andY = RUS such that |P| = |R| =1, |Q| =|S| =n—71, Ngur(z) =R for
all z € P, and N (x) =Y for all v € Q. Then G contains a hamiltonian
cycle, else r <n/2 and G is isomorphic to G(n,r).

We are now in position to prove Theorem 5.3.3. Throughout the proof we
will frequently refer to the exceptional graph G(n,r) of Theorem 5.3.6.
We shall first show the following lemma.

Lemma 5.3.7. Let G = (X,Y; E) be a balanced bipartite graph of order 2n
and minimal degree 6(G) > r > 1, where n > 4 and n > 2r + 1. Let |G| >
gi(n,r) =n(n—1—=7r)+r(1+7r)+1, and assume there exists a pair of vertices
r€ X andy €Y such that dg(z) + dg(y) < n and 6(G — {z,y}) > r. Then
G contains a cycle of length 2n — 2.

Proof. Suppose G contains no cycle of length 2n—2. Then G—{x, y} contains
no such cycle either, and as §(G — {z,y}) > r, Theorem 5.3.6 implies that

G —{z,y}| < (n—1D(n—1—r)+1*=n>=2n—nr +r°>+r+1.
On the other hand,
IG = {2y} 2 g1(n,7) = (da(z) + da(y)) = n* =20 —nr 1%+ 7+ 1.

Hence dg(x) 4+ dg(y) = n, x and y are non-adjacent, and G — {x,y} equals
G(n — 1,r). Without loss of generality, we may assume that x belongs to the
vertex class of G containing P U Q of G(n — 1,7).

Now, either dg(x) > r+ 1 or dg(z) = r. In the first case, x must have at
least two neighbours in .S or else at least one neighbour in both S and R. One
easily verifies that then GG contains a cycle of length 2n — 2, omitting y and
a single vertex of P; a contradiction.

If, in turn, dg(z) = r, then dg(y) = n — r and y must have neighbours in
both P and Q). Consequently, G contains a cycle of length 2n — 2, ommiting
x and a vertex of S, which again contradicts the choice of G. O

48



CHAPTER 5. LONG CYCLES IN BIPARTITE GRAPHS

Proof of Theorem 5.3.3. For a proof by contradiction, consider a graph
G satisfying the assumptions of Theorem 5.3.3, that does not contain a cy-
cle of length 2n — 2. Observe first that |G| > n?/2. Indeed, the difference
gi(n,r) —n?/2 is always positive. Hence, by Theorem 5.1.7, G is not hamilto-
nian. Consequently, Theorem 5.3.5 implies that there exists a positive integer
a < n/2 such that at least one of the sets S, = {z € X : dg(x) < a},
T,={y €Y :dg(y) < a} has cardinality greater than or equal to a.

Let [ be the least such a. Without loss of generality, we may assume
that [ is realized in X; ie., [{z € X : dg(z) < {}| > [. Order the vertices of
X ={mz,...,x,}sothat r < dg(z;) <--- < dg(x,). Then, by minimality of [,
we have | = min{i : dg(z;) < i}. Of course, r <1 <n/2. Put L = {xy,..., 2}

The rest of the proof proceeds in two cases, depending on [ being equal to
or greater than r.

Case 1. l =r.

We will first show that all the vertices of Y have degrees greater than r.
Suppose to the contrary that there exists y; € Y with dg(y;) = r. Then

|G — {z1,y1 }|] zgl(n,r)—2T:n2—n—nr+r2—r+1,
and 6(G — {x1,y1}) > r — 1. On the other hand, by Theorem 5.3.6,
|G —{z1, 1 }|| < (n—l)(n—r)+(r—1)2:n2—n—nr+r2—r+1.

Hence dg (1) + dg(y1) = 2r, so that z1y; ¢ F and G — {x1,y1} equals
G(n —1,r — 1). By comparison of degrees, one readily verifies that
belongs to that vertex class of G that contains PUQ of G(n —1,r —1);
in fact, L = {21} U P. Consider the sets R and S of the other vertex
class of G(n — 1,7 — 1). As |Ng(x1)| =r > |R| and z1y;, ¢ FE, it follows
that either x; has neighbours in both R and S or else it has at least two
neighbours in S. In any case, as in the proof of Lemma 5.3.7, one easily
finds a cycle of length 2n — 2 in G, ommiting y; and a vertex of P; a
contradiction. Thus dg(y) > r + 1 for every y € Y.

Next observe that every vertex of Y has a neighbour in L. Suppose
otherwise, and let ; € Y be such that Ng(y;) C X \ L. Notice that all
vertices of X \ L have degrees greater than r, for otherwise g;(n,r) <
1G]l < (r+1)r+(n—r—1)n= gi(n,r) — 1. Consequently, by removing
vy, and a vertex of L, say x1, we do not decrease the minimal degree in
the remainder of G. But, as Ng(y1) C X \ L, we have dg(y1) < n —r,
hence dg(2z1)+dg(y1) < r+(n—r) = n, and by Lemma 5.3.7, G contains
a cycle of lenth 2n — 2; a contradiction.

Consider the graph G — L. Notice that

|G —L|| > gi(n,7) —r?*=n*—n—nr+r+1.
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Case 2.

Moreover, we claim that dg_p () + dg_1(y) > n for every pair of non-
adjacent x € X \ L and y € Y. For if dg_p(x) + dg_r(y) < n —1 for a
pair of non-adjacent x € X \ L and y € Y, then, by the above inequality,

G —L)—{z,y}|>n*—2n—nr+r+2>n—r—1)(n—1),

which contradicts (G — L) — {z,y} being a bipartite graph with vertex
classes of cardinalities n —r — 1 and n — 1.

Taking into account that every vertex in Y has a neighbour in L, we now
obtain that

dg(z) +dg(y) >n+1 for all non-adjacent y € Y and z € X \ L.

Let G be the bipartite graph obtained from G by joining all the non-
adjacent vertices of Y and X \ L. As | X\ L| =n—r and every y € Y
has a neighbour in L, we get that dz(y) > n—r+1for ally € Y. Hence
da(x) + ds(y) > n + 1 for every pair of non-adjacent vertices x € X
and y € Y. Therefore, joining all the non-adjacent vertices of X and
Y in G with degree sum of at least n + 1 yields a complete bipartite
graph K, ,. As G was obtained from G also by joining certain non-
adjacent vertices of X and Y of degree sum of at least n 4 1, this shows
that the (n + 1)-biclosure of G equals K, ,. Thus, by Theorem 5.1.12,
G contains a hamiltonian cycle, which, as we observed at the begining
of this proof, is impossible.

[>r+1.

In this case n > 2r +2 (as [ < n/2) and r > 2 (for otherwise [ = r =1,
by minimality); hence |L| > 3. Moreover, dg(x;—1) = dg(x;) = I, by
minimality of [.

We will first show that, for every pair of non-adjacent x € X \ L and
y €Y, dg(x)+da(y) > n+ 2, provided n > 2r + 4.

Put f(I) = 2+ (n—1—1)(n — 1) +n+ 2. It suffices to show that
g1(n,7) > f(I) (hence also ||G|| > f(I)). Indeed, if G contains a pair of
non-adjacent vertices € X \ L and y € Y with dg(z) + dg(y) <n+1,
then

Gl < L]+ XN (L ULz - [Y A\ {y}] + do(@) + daly) < f(I) = 1.

As the derivative of f equals f'(l) = —n + 20 + 1, it follows that f(I)
is decreasing for [ < (n — 1)/2, and hence maximal at [ = r + 1. One
immediately verifies that f(r + 1) < gi(n,r) for n > 2r + 4. If, on the
other hand, [ > (n — 1)/2, then [ = n/2 (since | < n/2 anyway), and it
is again immediate to check that f(n/2) < gi(n,r) for n > 2r 4 4.

Let G’ be the bipartite graph obtained from G by joining all the non-
adjacent vertices of X \ L and Y. We claim that every y € Y has a
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Subcase 2.1.

neighbour in L (in G’). Suppose otherwise, and let y; € Y be such that
Ngl(yl) - X\ L. Then dG/(yl) < n—l, T1Y1 ¢ E, and dG/(ZE1)+dG/(y1) <
n. Moreover, §(G'—{x1,y1}) > r, as all the vertices in X\ L have degrees
of at least [ =r+ 1, and der(y) >n—1>1=r+1forall y € Y. Then
Lemma 5.3.7 implies that G’ contains a cycle of length 2n—2, and hence,
by Theorem 5.1.13, so does G; a contradiction.

Notice that G’ was obtained from G by joining only pairs of vertices with
degree sum of at least n+2. Also, as every vertex y € Y has a neighbour
in L (in G’), we have dg/(y) > n—1+ 1. Recall that dg/ (x;) = dg(z;) =1
and dg(z;_1) = dg(x;—1) = [, hence

dG’<xl> +dgl (y) Z n—+1 and dgl («rl—l) +dgl(y) Z n+1 for all Yy < Y.

Let G® be the graph obtained from G’ by joining z; and x;_; with all
the vertices of Y. Then dge(y) > n—1+2 for all y € Y, and as
deo (11-2) = dg(x;_2) > 1 — 1 (by minimality of [), we get that

dao) (T1-2) +dao(y) >n+1 forallyeY.

Let now G be the graph obtained from G® by joining z;_, with all the
non-adjacent vertices of Y. In general, let G™ (m > 3) be obtained from
G™=1) by joining ;_m41 with all the non-adjacent vertices of Y. Then
GY = K, ,, and G is obtained from G~V by joining only pairs of
vertices with degree sum of at least n+1. Thus GV = BCl, 1(G), so that
the (n + 1)-biclosure of G is a complete bipartite graph. Theorem 5.1.12
implies that then G contains a hamiltonian cycle, which again leads to
contradiction.

To complete the proof, it remains to consider the case when n = 2r + 2
or n = 2r+ 3, and there is a pair of non-adjacent 2° € X \ L and y° € Y
with dg(2°) + dg(y°) < n+ 1.

n=2r+ 2.
Then r+1 <1 <n/2yields | = r + 1. We then have

|G = {2°, 4"} = g1(2r +2,7) — (2r + 3) = 3r* + 3r, (1)
and, on the other hand,
1G = (2%} < [L]-14+ X\ (LU D] Y\ {5'H = 37+ 3r+ 1. (2)

Hence
3r?2 +3r < HG — {xo,yO}H <3?4+3r+1 and

2r + 2 < dg(2°) +da(y®) < 2r + 3.

Suppose first that ||G — {2° y°}|| = 3r?+3r+1. Then, by (2), dg(z) = 1
for all x € L, and Ng(y°)NL = 0, hence dg(z1)+ da(y?) < l+(n—1) = n.
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Subcase 2.2.

Moreover, Ng(y) D X \ (LU{x°}) for ally € Y\ {3°}, and dg(z) > r+1
for all z € X, so that §(G — {z1,4°}) > r, and by Lemma 5.3.7, G
contains a cycle of length 2n — 2; a contradiction.

Therefore we may assume that |G — {z°,y°}|| = 3r* + 3r. By (1),
da(z°)+da(y°) = 2r+3, and what’s more, dg(x)+dg(y) > 2r+3 for all
non-adjacent € X \ L and y € Y. Indeed, if dg(z') + da(y') < 2r +2
for some non-adjacent ' € X \ L and y' € Y, then by (1) and (2),
|G — {z',y*}|| = 3r? + 3r + 1, which leads to contradiction, as above.

We will now show that |[Ng(L)| > r + 1. Suppose otherwise, that is,
suppose |Ng(L)| =1 =r+1. Then Ng(y°)NL =0, for else Ng(L) > ¢°
implies [|G' — {2,y | < |L|-(I=1)+[X\(LU{a"H |- [Y\{y’}] = 3r*+2r;
a contradiction. Therefore dg(y°) = r, so that dg(z1) +dg(y°) <l+r <
n. Notice that, as G —{z°,y"} has only one edge less than the right-hand
side of (2), every neighbour of y° in G has degree at least n — 2 = 2r,
and every neighbour of x; has at least [ — 1 = r other neighbours in
L (z7 being the only vertex whose degree could be less than ). Thus
§(G — {x1,y°}) > r, and we get a contradiction, by Lemma 5.3.7. Thus
INg(L)| > 7+ 1.

It is now not difficult to see that BCl,,11(G) = K,,,: Recall that we have
verified that dg(x)+dg(y) > 2r+3 = n+1 for all non-adjacent x € X\ L
and y € Y. Let G’ be the graph obtained from G by joining all the non-
adjacent vertices of X \ L and Y. Next observe that, by minimality of
Il =r+1, de(z,11) = dg(xy41) = 7+ 1, and as |[Ng(L)| > r + 1, at
least one non-neighbour of z,,1, say 3/, has a neighbour among the other
vertices of L. Hence |Ng/(y')| > | X'\ L| +1, so that de/ (z,41) +de (¥') >
(r+1)+ (r+2) =n+1. Let G® be obtained from G’ by joining
Z,41 with ¢/, and hence increasing the degree of x,,1 to r + 2. Then
de@ (Tr41) + doe(y) > n+ 1 for all y € Y. Let G® be obtained
from G® by joining z,,; with all the non-adjacent vertices of Y. Now
dao(y) > r+ 2 for all y € Y. By minimality of [ again, dges)(x,) =
dg(x,) = r+ 1, and hence dges) () + dge (y) > 2r +3 for all y € Y.
Let G® be obtained from G® by joining z, with all the non-adjacent
vertices of Y. Then dgw(y) > r+ 3 for all y € Y, and hence, as
S(GW) > 6(GQ) > r, dgw(x) + dew(y) > 2r + 3 for all non-adjacent
x € X and y € Y. Joining all the non-adjacent pairs x € X, y € Y of
G® with degree sum of at least n+ 1 we thus obtain K, . Since at each
stage we only joined pairs of vertices with degree sum of at least n + 1,
this shows that K, = BCl,41(G). By Theorem 5.1.12, G contains a
hamiltonian cycle; a contradiction.

n =2r -+ 3.
Again, r + 1 <[ <n/2 yields | = r + 1, and we have

|G = {2° 4"} = g1(2r +3,7) — (2r +4) =3r* +6r + 3,
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and, on the other hand,
|G 2.y} < 1L -0+ X\ (LU {a))] - ¥\ {5} = 3% + 6 + 3.

Therefore both inequalities must, in fact, be equalities, hence, in partic-
ular, dg(z1) =l and dg(z) > r+ 1 for all x € X, Ng(y°) N L = 0, so
that dg(y®) < n —1, and finally |[Ng(y)| > | X \ (LU {2°})| =r + 1 for
all y € Y\ {y°}. Thus, again, G with the vertices 1, y° satisfies the
assumptions of Lemma 5.3.7, hence G contains a cycle of length 2n — 2;
a contradiction. This completes the proof of Theorem 5.3.3.
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Chapter 6

Orientations of long cycles in
digraphs

6.1 Problem for general digraphs

Let us quote again Corollary 4.3.15 presented in Section 4.3.

Let D be a digraph of order n > 9 with ||D|| > (n—1)%. Then D contains
every orientation of a cycle of length p for all 3 < p < n wunless D is the
digraph consisting of K, plus a new vertex which dominates or is dominated
by all the vertices of the K.

We would like to generalize this result to long cycles, that is to obtain an
analogue of Woodall’s theorem (Theorem 4.2.9) for digraphs. We want to solve
the following problem.

Problem 3. For any pair of nonnegative integers n and k£ < 7, find the
minimum integer h(n, k), such that every digraph of order n and size greater
than h(n, k) contains every orientation of a cycle of length n — k.

To obtain the solution of this problem, which is Corollary 6.1.6, we first
prove Theorem 6.1.1 about symmetric and almost symmetric cycles in di-
graphs.

Before stating the theorem, we have to define some special families of di-
graphs. Let D; and D, be vertex disjoint digraphs.

By D; = Dy we denote the family of digraphs D such that V(D) =
V(D1) UV(Ds) and for every z,y € V(D) : (x — y) € A(D) if and only if

(1) z,y e V(D;) and (z — y) € A(D;) (i =1,2) or

(2) 2 e V(D;),y e V(D;),i # jand (y — x) ¢ A(D) (the vertices of V(D)
are joined with the vertices of V(Ds) by antisymmetric arcs).

Among the digraphs of the family D; = Dy we distinguish one: Dy — Dy
with the arc set consisting of the arcs of Dy and Dy, and all arcs from D; to
Ds,. Let us denote by H,  the family K _, | = K} ,.
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CHAPTER 6. ORIENTATIONS OF LONG CYCLES IN DIGRAPHS

Finally, let D; * Dy denote the digraph with V(D; * Dy) = V(D) U V(D)
and the arc set consisting of the arcs of Dy and D,, and all arcs between D,
and Ds.

Now we are ready to present the theorem about symmetric and almost
symmetric cycles in digraphs.

Theorem 6.1.1 (LA and Wojda [5]). Let D be a digraph on n vertices,
wheren > 7,n > 2k+6, and with at least h(n, k) = (n—k—1)(n—1)+k(k+1)
arcs. Then:

(1) D contains symmetric cycles Cy for all 3 <p <n—k -2,

. . ’ .
(2) D contains an almost symmetric cycle C*_,_|; moreover, if

n > 3k + 6 then D contains a symmetric cycle C;_,._,,
(8) D contains an almost symmetric cycle C*, unless ||D|| = h(n, k) and

(3a) D is one of the digraphs from H, ,
(3b) n=3k+4 and D =T5, 5+ K4,
(3¢c) n=3k+2 and D = T3, , * K,

where T~ is a tournament of order p.

In the proof of the above theorem we will use two results presented in
Section 4.2: Theorems 4.2.4 and 4.2.9. We will apply them to the special
undirected graph G(D), so called associated graph with a digraph D, with
the same vertex set as D such that the edges of G(D) correspond to the
symmetric arcs of D. We shall make occasional use of the obvious fact that
|G(D)|| > (3) — m for a digraph D with n vertices, whenever ||D|| < m.

Proof of Theorem 6.1.1 (1). Observe that for digraphs with n vertices
and at least h(n, k) arcs we have ||D|| < (k+1)(n —k — 1). Hence

HG(D)HZ<g>—(k‘+1)(n—k—1): (n—k=2)(n—k=1)+k(k+1)

2

For n > %k + 6, have

(n—k—2)(n—§;—1)+k(k5+l)2(n—l;—?))_i_(k;él)_l_l’

so can apply Theorem 4.2.9 to the graph G(D) (take the function f(n, k+2)),
which completes the proof. n
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Proof of Theorem 6.1.1 (2). The assertion is a consequence of Lemmas
6.1.2 and 6.1.3, and the already proved part (1) of Theorem 6.1.1.

Applying Theorem 4.2.9, as above, to the graph G(D) (with f(n,k+ 1)) we
get the following lemma.

Lemma 6.1.2. Let D be a digraph with |D| =n > 3k + 6 and ||D|| > h(n, k).
Then D contains symmetric cycles C for all3 <p <n—Fk—1. [

Lemma 6.1.3. Let D be a digraph with |D| =n > 2k +4 and ||D|| > h(n, k).
Suppose that a symmetric cycle C):_, _, is contained in D. Then D contains
an almost symmetric cycle C_, .

Proof. Let D be a digraph satisfying the assumptions of the lemma. We
can partition the set of vertices of D into two subsets: vertices of C_,_, and
the remaining ones, which define a set denoted by V..

Suppose that a cycle C*, | is not contained in D. It implies that
any vertex from Vj,o cannot be joined to any two consecutive vertices
of the cycle C;_,._, by more than two arcs. It means that there are at most
(n — k — 2)(k 4+ 2) arcs between the vertices of C*_, , and Vj,o. Hence
ID|]| < (n—k—=3)n—k—=2)+(n—k—2)(k+2)+ (k+ 1)(k+ 2).
On the other hand, ||D|| > h(n,k) =(n—k—1)(n—1)+ k(k+1). These
inequalities hold simultaneously only when n < 2k + 3, which contradicts our
assumption. ]

Proof of Theorem 6.1.1 (3). The proof is by induction on k.

Set £k = 0. In this case we have to show that if D is a digraph with
|D| =n >7and ||D|| > (n—1)? then an almost symmetric hamiltonian cycle
is contained in D, unless D € H,, 0.

We can apply Theorem 4.2.4 to the graph G(D) if every vertex in G(D)
has its degree greater than or equal to 2, because

maX{(n;T) ey ("— L?J) 4 VT_IJQ} < (";1) forr=2and n>7,

as one can compute easily. If there is a vertex v of degree at most 1 in G(D),
we have two possibilities: either G(D) is a graph consisting of a complete
graph K, 1 and one isolated vertex v, or G(D) is a graph consisting of
an almost complete graph K;L_l (K,—1 minus one edge) and one pendent
vertex v. In the first case, D is a digraph of family H, . In the second
case, D contains an almost symmetric hamiltonian cycle, as is easy to check.

Now assume the theorem holds for £ — 1, £ > 1, we will prove it for k.
Let us start with the observation that h(n,k) —h(n — 1,k —1) =n+k — 1.
In the proof we shall consider 2 cases.
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Case 1. There is a vertex in the digraph D such that dp(v) <n+k — 1.

Then the digraph D \ {v} has n — 1 vertices and at least
h(n — 1,k — 1) arcs. By inductive assumption there is an almost symmet-
ric cycle C’(*;fl)f(kfl) = O, contained in D\ {v}, hence also in D, unless
D\ {v} is one of the exceptional digraphs. If so, then dp(v) = n + k — 1,
because ||D \ {v}|| =h(n— 1,k —1).

Subcase 1.1.

Subcase 1.2.

Subcase 1.35.

D \ {v} is a digraph of the family H,_1,-1, so the digraph D
consists of complete digraphs K, ,, K}, and a vertex v, such that
the vertices of K , ; and K are joined by (n — k — 1)k antisymmetric
arcs.

Suppose that D contains no almost symmetric cycle C’;:L - Suppose that
a vertex v is joined by a symmetric arc with a vertex of K _, ;. Then
there are no other arcs between v and the vertices of K , ; and no
symmetric arcs between v and the vertices of K. Hence dp(v) < 2+ k.
But dp(v) = n+k— 1, which is possible only for n < 3. This contradicts
our assumption. So there are no symmetric arcs between the vertex v
and the vertices of K* , |, and since dp(v) = n+ k — 1, v is joined by
symmetric arcs with all vertices of K} and by antisymmetric arcs with
all vertices of K, ;. Thus D € H,, .

D\{v}=T5 1 * K;,n—1=3(k—1)+4 and dp(v) = 4k + 1.

If v is joined with every vertex of K; by a symmetric arc,
then either D is the exceptional digraph T3, , * K}, or v is joined with
at least one vertex, say z, of T3, , by a symmetric arc. Choose a vertex
y € V(T3,,,) which is joined with v. Then we can extend a symmetric
path Pj, , = xaiby ... ap_1by_1azy, where a; € V(Kj) fori =1,... k|
by € V(T5,,,) for j =1,...,k — 1, to an almost symmetric cycle C;,;H
using the vertex v.

If there is a vertex in K which is not joined with v by a symmetric arc,
then the degree of v implies existence of a symmetric arc between v and a
vertex of 15, ., and we can repeat the above arguments for constructing

Cypio in D.

D\{v}=T5 «K; ;,n—1=3(k—1)+2and dp(v) =4k — 1.

Of course, there are at most 2(k — 1) arcs between v and the vertices of
K}, and since dp(v) = 4k — 1, there are at least 4k — 1 — (2k — 2) =
2k + 1 arcs between v and the vertices of 75, . It means that there is a
symmetric arc between v and a vertex, say z, of 75, . As in the former
subcase, we can extend a symmetric path Pj,_, = zaib;...ap_1b5_1,
where a; € V(K}_)), b € V(T5;) fori = 1,...,k — 1, to an almost
symmetric cycle of length 2k using the vertex v.
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Case 2. All vertices of the digraph D have degrees of at least n + k. We can
prove two simple facts under this assumption.

Claim 1. If D contains a symmetric path P;_,, then D contains an almost
symmetric cycle C¥', .

Proof of Claim 1. Set P’ , = x1x9 ... x,_. Suppose that D does not contain
C* . Then

ap(x1,zi1) +ap(Tp_p, ;) <2, i=1,2,....n—k—1.
Hence dp(z1) + dp(x,—k) < 2(n — k — 1) + 4k, a contradiction. O

Claim 2. If D has at most 3k + 3 wertices, D contains a symmetric
path Py, and does not contain any symmetric path P;_,, then D contains

*
Cnfkfl'

Proof of Claim 2. The condition dp(v) > n + k for every vertex v of D implies
that 6(G(D)) > k+ 1. Now suppose that G(D) does not contain any cycle
Ch—k—1 (it means that C¥_, | ¢ D). Let P,_y_1 = x1%2...%,_—1 be a path
of G(D). Then eg(z1, zit1)+ec(tp_-1,2;) < lforeveryi=1,2,...,n—k—2
(where eg(u,v) denotes the number of edges joining the vertices u and v in
G(D)). Thus dg(z1) + de(zp_k-1) < n—k—2 (since G(D) does not con-
tain P, ). But dg(z1) +de(zn_x-1) > 2(k+1). Both inequalities imply
n > 3k + 4, contrary to the assumption of the claim. Il

We will need the following two lemmas.

Lemma 6.1.4. Let D be a digraph with |D| =n and ||D|| > h(n, k). Suppose
that a symmetric cycle C_,_, s contained in D. Then an almost symmetric
cycle C;’;/_k is contained in D unless D belongs to the family H,, .

Proof. Let D be a digraph which satisfies the conditions of the lemma. The
vertices which are not in C;_, ;| define a set V.

Suppose that C*, is not contained in D. Then there are at most
(n—k—1)(k+1) arcs between the vertices of C*_, | and Vj.41. But h(n, k) —
m—k-1k+1)=Mnm—-k-1)n-1)+kk+1)—(n—-k—-1)(k+1) =
= (n—k—1)(n—k—2)+k(k+1), hence the subdigraphs induced by the vertices
of C;_,_, and Vi1, are complete digraphs K;_, | and K}, respectively. We
conclude that the digraph D has exactly (n — k — 1)(k + 1) antisymmetric
arcs between K , | and K} ,, and therefore D € H,x, which proves
the lemma. [l
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Lemma 6.1.5. Let D be a digraph with |D| =n > 2k+6 and ||D|| > f(n, k).
Then a symmetric path of order n — k — 1 is contained in D.

Proof. By the already proved part (1) of Theorem 6.1.1, there is a symmetric
cycle C*_,_, contained in D.

Suppose that the digraph D does not contain any symmetric path Pr_,
Consequently, it is impossible to extend C},_,_, to a path P;_, ;. Thus, the
vertices of C_, _, can be joined with the vertices out of the cycle by at most
(n — k —2)(k + 2) arcs. Hence

ID||<(n—k—=3)n—k—-2)+(n—k—-2)(k+2)+ (k+ 1)(k+2),

contradicting ||D|| > h(n, k). O

We now continue the proof of Case 2.

Combining Claims 1 and 2 with Lemmas 6.1.2, 6.1.4, 6.1.5, one can easily
see that to conclude the proof it is sufficient to consider two cases of n = 3k+4
and n = 3k 4+ 5. In both cases we can make the following observations.

e Without loss of generality, we can assume from now on that

CokaCD Pr oy CD, P & Dand V(C;_,_,) C V(P )

o If there are two vertices x and y not in the cycle C}_, , joined
by a symmetric arc, then there is a cycle C’;;I_  contained in D.
Indeed, then either D contains C*',, or ap(z, ;) + ap(y,vip1) < 2

for i« = 1,2,...,n — k — 2, where z; and =z;,; are consecutive
vertices of C_, , (reducing indices modulo n — k — 2). We deduce
that dp(x)+dply) < 2ln—k—-2)+4(k+1) = 2n + 2k.

But dp(z) +dp(y) > 2(n+ k), so dp(x) = dp(y) = n + k and the
above inequality was indeed an equality. Hence x and y are joined by
symmetric arcs with all vertices not included in the cycle C}_, _,. By
the same argument, every vertex outside C_, , has degree n + k. It
follows:

IDI| < (n—k—2)(n—k—3)+(n—k—2)(k+2)+ (k+2)(k+1).

An easy computation shows that it contradicts the assumption:
||D|| > f(n,k) for n > 2k + 4.

Hence, from now on we assume that no two vertices x and y out of the
cycle C*_, _, are adjacent by a symmetric arc.

e dp(v) <3n—1k—2 forevery v € V(D) \V(P:_,_,).
Let P* , | = x1%2...Tp_g-1. Then ap(x;,v) + ap(xit1,v) < 3 for
2

)
i=1,2 ..., n—k—2, and ap(x1,v) + ap(x,_j_1,v) < 2, since
P;fngD Itfollowsthatdp() Sn—k—-2)+1+k=3n—-1k-2.

2
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Subcase 2.1.

Subcase 2.2.

n=3k-+4

Then we have dp(v) > n+k = 4k +4 and dp(v) < 3n—3k—2 =
4k + 4, so dp(v) = 4k + 4 for all vertices v out of P¥_, | = P34 =

X1T9 ... Torys. This condition gives us a special structure of the digraph

D: the vertices of V(D) \ {x1, %2, ..., Taxrs} are joined with the vertices
of Py, 5 with odd suffices by antisymmetric arcs, and by symmetric arcs
with the vertices o, x4, ..., Tops1o. It is crucial to see that the vertices

with odd suffices, for instance x9;41 and 941 (0 <@ < j <k + 1), cannot

be joined by symmetric arcs, since otherwise it is easy to construct a path
Py, inD:

T1T2... T4 10251102 T2j1..- T4 2VT2j42T2j13...Topr3 C D, 0 <0 < g <k,
T1X9 . . . T3VL2k42T2k+1 - - - L2i4+1T2k+3 C Dforl<i< j =k+ 1,
and vrexs ... Topygry C D fore=0,j=k+1,

where v is any vertex of V(D) \ {1, xs,...,Tops3}-

In D, we have k + 1 vertices of V(D) \ V(P 4) which induce a tourna-
ment T ,. These vertices are joined with Uyys = {1, %3,...,Tory3} by
(k 4+ 1)(k 4+ 2) antisymmetric arcs, and with Wy = {x9, 24, ..., Topr2}
by 2(k + 1)(k + 1) symmetric arcs. The subdigraph induced in D by the
set of vertices U, o has at most W arcs, and that induced by Wy,
has at most k(k + 1) arcs. Of course, there are at most 2(k + 1)(k + 2)
arcs between Wy 1 and Ug,o. Therefore

k(k +1)
T_i_

||1D|] < (k+1D(k+2)+2(k+1)(k+ 1)+

+(k+1)2(k+2) +k(k+1)+2k+1)(k+2)=(k+1)(7Tk +9).

But h(n,k) = h(3k +4,k) = (k+ 1)(7k +9). It means that the digraph
D consists of two tournaments 7,7, and T, joined by (k + 1)(k + 2)
antisymmetric arcs and a complete symmetric digraph K}, which is
joined with T, and T, by 2(k + 1)(2k + 3) symmetric arcs. Hence
the digraph D is the exception from the assertion (3b).

n=3k-+5

Then dp(v) > n+k = 4k +5 and dp(v) < 2n—3k—2 =
4k + &, so dp(v) = 4k + 5 for every vertex v out of Pr_, | = Py ., =
T1Tg ... Topra. It is easy to see that for every u € V(Pj,,,) and
v e V(D) \V(Py,,) we have ap(u,v) > 1. Otherwise, there is in D a
symmetric path of order 26 + 5 = n — k. For every vertex
v € V(D) \ V(P3,,), we can partition the set V(F;,,,) into two sub-

sets, A, and B, say, such that every vertex of A, is adjacent to v by an
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antisymmetric arc while every vertex of B, is joined with v by a symmet-
ric arc. Of course, we have x1, zor14 € A, and there are no consecutive
vertices in Py, that both belong to B,. Clearly, we have |A,| =k +3
and |B,| = k+ 1. Moreover, there is exactly one iy € (0, k + 1) such that
T2jo+1, L2ig4+2 € A,. Then

A, = {961, X3y .5 X29—1) L2415 L2ig4+25 L2ig+4) - - - 7$2k+4};

and B’U - {X27 Xgyon 7X2i07 X210+37X210+57 s 7X2k+3}'

One can check that, since P, ¢ D, the only symmetric arc between
two vertices of A, is that joining x9;,11 and x9;,+2. These facts have the
following consequences:

e the subdigraph induced by the vertices of V(D) \ V(P5. ,) is

a tournament T},

e there are at most w + 1 arcs between the elements of A,

and at most k(k + 1) arcs in D(B,),
e A, and B, are joined by at most 2(k + 1)(k + 3) arcs,

e cvery vertex v of the T, (that is D — V(Py;_,)) is joined with the
vertices of V(Py,,,) by exactly 3k 4+ 5 arcs (independently of the
choice of v), since dp(v) = 4k + 5.

Thus

k(1) | (k+2)(k+3)

1D] <
2 2

F 14 k(k+ 1) +2(k + 1)(k + 3)+

+(k +1)(3k +5) = Tk* + 20k + 15,
contradicting the assumption ||D|| > h(n,k) = h(3k + 5,k) =
= Tk* + 21k + 16.

]

As a consequence of Theorem 6.1.1 we get the following result, which is a
generalization of Corollary 4.3.15, quoted at the beginning of this section. It
is a solution of Problem 3.

Corollary 6.1.6 (LA and Wojda [5]). Let D be a digraph. Suppose that
Dl =n,n>7n>3k+6, and ||D|| > h(n, k) = (n—k—1)(n—1)+k(k+1).
Then:

(1) D contains every orientation of a cycle of length n — k except the strong
onein case D =K, , | — K/ ,orD=K; , — K, , |,

(2) D contains every orientation of C, for all3 <p <mn—Fk— 1.
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Proof. Part (2) is obvious, since by Theorem 6.1.1 the digraph D contains
almost symmetric cycles of all lengths up to n — k — 1. It remains to prove the
first part of the corollary.
Theorem 6.1.1 asserts that either D contains an almost symmetric cycle
., and hence every orientation of a cycle of length n — k, or D is an
exceptional digraph. Therefore we need to consider the following three cases.

Case (a)

Case (b)

Case (c)

D is a digraph of the family H,, 4.

It is easy to see that every cycle of length n — k£ is contained
in D except the strong one when either D = K; , , — K;
or D= Ky, — K,

n=3k+4and D =T5 K] ,.

We have to find all the orientations of cycles of length n — k = 2k 4 4
in D. It is sufficient to show that D contains Zj,,4 and at least
one of Xopi4 or Yoryy, where X,,,Y,,, Z,, denote the digraphs obtained
from C?, by deleting two consecutive arcs, as shown in Figure 2. But
this is evident since, for all vertices x,y € V(15 4), * # y, there is a
symmetric path in D of order 2k + 3 starting at x and terminating at y.

n=3k+2and D =T5_,* Kj.
The proof is similar to that of Case (b).

Xg Ys Z

Figure 2

It is worth to mention here that the above corollary is a partial (for long
cycles) generalization of a result by Haggkvist and Thomassen from 1976. They
found, for every 3 < p < n, the minimal size of a digraph D on n vertices which
guarantees the existence of the strong orientation of a cycle C), in D.
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Consider the following digraph D of order n, where n = ¢(p — 1) +r
and 0 < r < p—1: D consists of the union of ¢ + 1 complete digraphs
Fy\, F,, ..., F;; such that one of them has order r and the remaining ones
have order p — 1. Then add all arcs of the type (z — y), where z € V(F;),
y € V(F;) with i < j. In this way we get the family of digraphs, denoted by
‘H,. Every digraph of H,, has

ha(n,p) = gnn — 1)+ S (n—)(p—2) + 3r(r — 1)

arcs, and contains no strong cycle of length p or more.

Theorem 6.1.7 (Haggkvist and Thomassen [19, 41]). A digraph of order
n with more than hy(n,p) arcs contains a strong cycle of length p. If p > 4,
then the only digraphs of size hi(n, p) which do not contain C;” are the digraphs
of the family H,,.

Observe that for p > 5 +1 the family H, consists of the digraph
K, , — K, _,,; and its converse. Take p = n — k to see that Corollary
6.1.6 generalizes Theorem 6.1.7: if D is a digraph with n vertices and at least
hi(n,p) arcs, then, if only p > %n + %, D contains every orientation of a cycle
Cp unless D € H,. The analogous generalization for shorter cycles seems to

be hard.

6.2 Cycles in bipartite digraphs

Throughout this section, D = (X,Y; A) will denote a bipartite digraph with
the vertex classes X and Y and the set of arcs A.

Let us recall that D? denote the complement of D to the complete bipartite
digraph KCXMY\‘

In this section, we are interested in solving a similar problem to Problem
3 in bipartite digraphs.

Before presenting results we have to define a special family of bipartite
digraphs. Let Dy ={ D = (X, Y;A): | X|=m<n=[Y|, X =UUW,
U={ze X :dp(x)=2n}, W={x e X :dp(x) =n}, [W|=Fk+1, and
each vertex of W is joined with all the vertices of Y by antisymmetric arcs }.
We distinguish special digraphs D}, . and D2 . of the family Dy,
in D}, all antisymmetric arcs between the vertices of the sets W and Y
are oriented from W to Y, while in ngk they are oriented from Y to W.

The following result is the bipartite counterpart of Theorem 4.3.9.
Theorem 6.2.1 (Chakroun, Manoussakis and Manoussakis [28]). Let
D = (X,Y;A) be a bipartite digraph, where | X| = |Y|=mn >3, and ||D|| >
2n? —n. Then D contains a strong hamiltonian cycle unless D = D111,n,0 or
D = D?

n,n,0*
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Wojda and Wozniak improved this theorem. They got a result about other
orientations of a hamiltonian cycle as a consequence of the following theorem
about almost symmetric hamiltonian cycles in balanced bipartite digraphs.

Theorem 6.2.2 (Wojda and Wozniak [59]). Let D = (X,Y; A) be a bipar-
tite digraph, where | X| = |Y|=mn, and ||D|| > 2n* —2n+3. Then D contains
an almost symmetric hamiltonian cycle unless there is a vertex in D which s
not incident to any symmetric arc of D.

Corollary 6.2.3 (Wojda and Wozniak [59]). Let D = (X,Y;A) be a
bipartite digraph, where |X| = |Y| = n > 3, and ||D|| > 2n*> — n. Then D
contains every orientation of a cycle of any even length up to 2n unless D =
D) o orD=D:.,  (in both cases D does not contain any strong hamiltonian

n,n,0
cycle).

We would like to generalize the above theorem to long cycles in general
bipartite digraphs. We consider the following problem.

Problem 4. For a bipartite digraph D = (X,Y; F) with |[X|=m <n =Y/,
and an integer £ < %, find the minimum number of arcs of D, z(m, n, k), which
guarantees the existence of every orientation of a cycle of length 2m — 2k in

D.

We partially (for m > 1k* + 2k + 6) solve the above problem (see Corollary
6.2.5). Again, the solution is a consequence of the following theorem about
symmetric and almost symmetric cycles in bipartite graphs.

Theorem 6.2.4 (LA [3]). Let D = (X,Y;A) be a bipartite digraph with
X| = m < n = Y|, where m > $k*+3k+6. If ||D|| > z(m,n,k) =
2mn — n(k + 1), then:

(1) D contains all symmetric cycles Cy, for2<p<m—k—1,
(2) D contains an almost symmetric cycle C5, o, unless D € Dy, .

Before presenting the proof of the above theorem we have to introduce
a useful notion. Similarly as it was in the previous section, for a digraph
D = (X,Y;A), the associated graph G(D) is defined to be the undirected
bipartite graph with the same vertex set and the same vertex classes as D,
and such that zy is an edge of G(D) precisely when = and y are joined by a
symmetric arc in D. We shall tacitly use an obvious fact that ||G(D)|| > n? — 1
for a balanced bipartite digraph D with 2n vertices, whenever ||D%?|| <.

In the course of the proof we will apply Theorem 5.2.1 to the graph G(D).
Therefore, let us recall that g(m,n, k) =n(m —k—1)+k+1

Proof of Theorem 6.2.4. The proof will be divided into two steps. We first
show that Theorem 6.2.4 is true for m = n. In the second step we will consider
the case when m < n.
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Step 1. m=n

Part (1) of Theorem 6.2.4 is a simple corollary of Theorem 5.2.1.

Indeed, observe that for a balanced bipartite digraph D with 2n vertices

and at least z(n,n, k) arcs we have || D¥|| < n(k + 1). Hence, for the associ-
ated graph G(D), ||G(D)|| > n? —n(k+1) = n* —nk —n.
For n > 1k + 3k + 6, have n > 2(k + 1)2 + 3(k + 1) + 4, and
n?—nk—-n>nn—k—2)+k+3=g(n,nk+1)+1,so can apply Theorem
5.2.1 to the graph G(D). Thus Cy, C G(D) for all 2 <p <n —k — 1, so that
C’;"pCDforall2§p§n—k—1.

For the proof of part (2) of Theorem 6.2.4, we will proceed by induction
on k.

Set k = 0. We want to show that, if D is a balanced bipartite digraph with
|D| = 2n > 12 and ||D|| > 2n? — n, then there exists an almost symmetric
hamiltonian cycle in D, unless ||D|| = 2n* —n and D € D,, 0.

Since 2n? —n > 2n% — 2n + 3 for n > 3, then by Theorem 6.2.2, either D
contains an almost symmetric cycle of length 2n — 2k, or else there is a vertex
in D which is not incident to any symmetric arc. In the latter case, the number
of arcs of D implies that D € D, ;0.

Now assume the theorem holds for £ — 1, k > 1; we will prove that it holds
also for k.
Let us start with the observation that z(n,n,k) — z(n — 1,n — 1,k — 1) =
3n — k — 2. In the proof we shall consider two cases.

Case 1. There is a pair of vertices x € X and y € Y in the digraph D such that
dp(z) +dp(y) <3n—k—2.

Then D—{z,y} is a balanced bipartite digraph with 2n—2 vertices and at
least z(n,n, k)—(3n—k—2) = z(n—1,n—1,k—1) edges. By the inductive
hypothesis there is an almost symmetric cycle C’;“En_l)_Q(k_l) =C5 o
contained in D—{z,y}, hence also in D, unless D—{z,y} € D1 pn—14-1.
In the latter case, dp(z) + dp(y) = 3n — k — 2 and z and y are not
adjacent, because ||D — {x,y}|| = z(n — 1,n — 1,k — 1). What’s more,
XNV(D—A{x,y}) = UUW, where U = {v : dp_{z3(v) = 2n — 2},
W ={v:dp_zpy(v) =n—1}, |W| =k, and each vertex of W is joined
with all the vertices of Y\ {y} by antisymmetric arcs.

It is easy to check that C3, ,, C D if dp(z) > n (then at least one vertex
of Y is joined with x by a symmetric arc). It thus remains to consider
what happens when dp(z) < n—1. Then dp(y) > 2n — k — 1, which
implies that ap(y,U) > n—k and ap(y, W) > k+ 1 if only n > 2k. It
means that there are vertices: u in U and w in W, which are joined with
the vertex y by symmetric arcs. In this case it is easy to find a cycle

C’;‘,’I_Qk contained in D passing through the vertices u, y, and w.
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Case 2.

For every pair of vertices x € X and y € Y in the digraph D, we have
dp(z) +dp(y) > 3n—k — 1.

By the already proved part (1) of Theorem 6.2.4, there is a symmet-
ric cycle C5, o) o = T1Y1%2Y2 - . . Tpn—k—1Yn—k—121 contained in D. We
can partition the set of vertices of D into two subsets: vertices of the
set V(C5,_op_o) and the remaining ones, which define a set denoted
by Vai1a.

Suppose that a cycle Cj ,, is not contained in D. We need to con-
sider several subcases, depending on the way the vertices of V5 o are
connected.

Subcase 2.1. There is a pair of vertices x € X N Vo190 and y € Y N Voo which

are joined by a symmetric arc.
Since Cj .. ¢ D, we have ap(z,y) + ap(y,z;) < 2,
1 = 1,2,...,n — k — 1, for otherwise we could extend the cycle
on_ok_o t0 an almost symmetric cycle of length 2n — 2k using
connections between the vertices z;, y, x, and y;. It follows that
ap(z,V(C5, _op-2)) + ap(y, V(C5, _95)) < 2(n—k—1). Hence
dp(z) +dp(y) < 2(n — k — 1) + 2(2k + 2). But, by assumption
made at the beginning of Case 2, dp(z) + dp(y) > 3n — k — 1.
Both inequalities imply n < 3k + 3, contrary to the assumption
n> 3k + 3k +6.

Subcase 2.2. No two vertices of the set Voi 1o are adjacent.

Let z € X N Va9 and y € Y N Vopio. Similarly as in the previous
case, since C_,,. ¢ D, we have ap(z,y;) +ap(y, v;) +ap(z, yis1) +
ap(y,xiv1) < 6,7 =1,2,...,n —k — 1 (reducing indices modulo
n —k—1). If not, we could extend the cycle C5 . 5 to an almost
symmetric cycle of length 2n—2k using connections between the ver-
tices x;, Y, Tiv1, Ui, T, and y; 1. We deduce that 2dp(z) +2dp(y) <
6(n — k — 1), contradicting dp(z) + dp(y) > 3n — k — 1.

Subcase 2.3. There exist adjacent vertices in Vario, but they are joined only by

antisymmetric arcs.

Let x € XNVyio and y € Y N Voo be adjacent vertices.
Again, since C} ,. ¢ D, we have ap(z,y;) + ap(y,r;) < 3,
1 = 1,2,...,n — k — 1, for otherwise we could extend the cycle
C,_or_o to an almost symmetric cycle of length 2n — 2k using
connections between the vertices x;, vy, x, and y;. Hence
ap(z, V(C5, _sr—s)) +ap(y, V(C35,_gp_y)) < 3(n —k —1). It implies
that dp(z) +dp(y) < 3(n—k—1)+2(k+ 1), because z and y can
be joined with other vertices of the set V512 only by antisymmetric
arcs. But dp(z)+dp(y) > 3n—k—1,s0dp(z)+dp(y) =3n—k—1
and the above inequality was, in fact, an equality, and we get that
AD(Vars) () = dpvy,,»)(y) = k + 1. Applying the same argument
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to every pair of adjacent vertices of the set V.o, we obtain that
the induced digraph D(Va;49) is a balanced bipartite tournament
Tii1,k+1' What’s more, for every x € X N Voo and y € Y N Vo g,
ap(z, V(C5, _s_5)) + ap(y, V(C5,_9—»)) = 3(n — k — 1). There-
fore |[D|| < 2(n —k—-12+3n—k—1)(k+1)+ (k+1)? =
2n? —nk —n = z(n,n, k). It means that ||D|| = z(n, n, k) and ver-
tices of V(C5,,_o,_o) induce a complete bipartite symmetric digraph
Ky 111 There are exactly 3(n —k — 1)(k + 1) arcs between
vertices of the T;7, ., and the K , ,, , ;, and hence some of
these arcs are symmetric. Without loss of generality we can assume
that there is a vertex v € Y N V(T ) joined by a symmetric
arc withz; € XNV(Ky ;) forsomei € {1,...,n—k—1}.
Since C 5. ¢ D, there are no symmetric arcs between vertices of
the sets X NV (Tyy1441) and Y N V(K 4 4). Thus

ap(X NV (T e), Y NV(EG oy pr)) < (B +1)(n—k—1).
Of course,
ap(X OV(KL oy k1) Y OV(T ) <20k +1)(n—k —1).

The number of arcs in D implies that the above inequalities are, in
fact, equalities, and D € D,, , .

Step 2. m <n

First order the vertices of Y = {y*, ..., 4"} so that dp(y') < ... < dp(y").
Put V' ={y',...,y" ™}
We shall consider two cases depending on the degree of the vertex y"~"™.

Case 1.

Case 2.

dp(y"™™) >2m —k

Then D — Y’ is a balanced bipartite digraph on 2m vertices such that
|1D —Y'|| > m(2m —k) > z(m,m,k) since m > 0. From what has
already been proved in Step 1, we conclude that D —Y" O Cj for all
2<p<m-—k—1land D—Y'>C; ., which completes the proof in
this case.

dp(y"™) <2m —k —1

Now we have |[D —Y'|| > z(m,nk)—(n—m)2m—-k—-1) =
2m? — mk —m = z(m,m, k), which again implies D — Y’ > Cj, for all
2<p<m-k—1,and also D — Y’ D Cj ,, unless ||[D —Y'|| =
z(m,m,k) and D — Y’ € Dy, . Therefore it remains to consider the
case when X = U U W, where U = {v : dp_y/(v) = 2m}, W = {v :
dp-y'(v) =m}, |W| = k+1, and each vertex of W is joined with all the
vertices of Y \ Y’ by antisymmetric arcs. Then every vertex of Y’ has
degree in D equal 2m — k — 1 since ||D — Y'|| = z(m, m, k).
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Suppose now that any almost symmetric cycle of length 2m — 2k is
not contained in D. Consequently, no vertex of Y’ can be joined with
both a vertex of U and a vertex of W by symmetric arcs, for otherwise
we could simply construct a cycle C;‘;n_% in D. Hence the assumption:
dp(y") =2m—k—1for all 1 <i < n —m, implies (for m > 2k + 2) that
every vertex of Y’ is joined with all vertices of U by symmetric arcs and
with all vertices of W by antisymmetric arcs. It follows that D € Dy, ,, 1,
which completes the proof.

O

Theorem 6.2.4 asserts that either D contains an almost symmetric cycle
C3' o, and hence every orientation of a cycle of length 2m — 2k, or D is an
exceptional digraph of the family D,, , . In the latter case, it is easy to see
that every orientation of a cycle of length 2m — 2k is contained in D except
the strong one in case D = D, . or D = D2 . Hence we have the following
corollary (observe that for m =n > 6 and k = 0 it is exactly Corollary 6.2.3),
which is the bipartite counterpart of Corollary 6.1.6, and simultaneously the

directed counterpart of Theorem 5.2.1.

Corollary 6.2.5 (LA [3]). Let D = (X,Y; A) be a bipartite digraph with
| X|=m <n=|Y], where m > 1k? + 2k + 6. Suppose that

||D|| > z(m,n, k) =2mn — n(k + 1).
Then:

(1) D contains every orientation of a cycle of length 2m — 2k except the

; _ _ 2
strong one in case D = Dy, or D =Dy .

(2) D contains every orientation of Cap, for all2 <p <m —k — 1.

O

We expect that the assumption m > %kQ + gk + 6 in Theorem 6.2.4 and

in Corollary 6.2.5 may be relaxed; that is, that m can be assumed to be linear
compared to k. The present quadratic bound on m is simply a consequence
of the assumptions of Theorem 5.2.1, which we use in the proof of part (1) of
Theorem 6.2.4.
The essential assumption on m in the proof of part (2) of Theorem 6.2.4 is
m > 3k + 3 (see Subcase 2.1. in Step 1). Thus the condition on m would be
weakened automatically if only we could improve Theorem 5.2.1, for example
by proving Conjecture 5.2.4.

Finally, we show that the bound on m cannot be less than 2k 4 2 by
constructing the special digraph D; as follows.

Example 6.2.6. Let D; = (X,Y;FE) be a bipartite digraph, with vertex
classes of the form X = QUR, Y = SUT, where |Q| = |T| =m—k—1, |R| =
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k+1, |S| = n—m+k+1,m < n.Let Nj} (z) =Y, Nj (z) = Sforallz € Q, and
Nf(x) = T, Ny (x) = Y for all # € R. Then |Dy|| > z(m,n,k) =
2mn —n(k+1) for k +2 < m < 2k + 1, yet D; contains no strong cycle
of length greater than 2m — 2k — 2.

We formulate the following conjecture.

Conjecture 6.2.7. Let D = (X,Y; A) be a bipartite digraph with | X| =m <
n = Y|, where m > 2k + 2. Suppose that ||D|| > z(m,n, k) = 2mn —n(k + 1).
Then D contains every orientation of a cycle Cyp for all2 <p <m — k.

Example 6.2.6 shows also that there is no chance to find a simple analogue
of the result due to Haggkvist and Thomassen (Theorem 6.1.7) in bipartite
digraphs. One has to consider at least two cases: long and short cycles. Short
cycles probably require a different approach than the presented above.
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