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Abstract. We investigate the solvability of the Neumann problem involving two critical
exponents: Sobolev and Hardy-Sobolev. We establish the existence of a solution in three
cases: () 2 < p+1 < 2%(s), (ii) p+ 1 = 2%(s) and (iii) 2"(s) < p+ 1 < 2", where
2%(s) = %7 0<s<2 and 2" = ]\2,—1_\]2 denote the critical Hardy-Sobolev exponent and
the critical Sobolev exponent, respectively.
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1. INTRODUCTION

Let Q ¢ RN, N > 3, be a bounded domain with a smooth boundary 99Q. Throughout
this paper we assume that 0 € 0€). In this paper we investigate the solvability of the
following nonlinear Neumann problem

2 (s)—1

—Au+ P = uis in Q,
. 2] (1.1)
8—:0 on 02, u>0on €
1%

where 2*(s) = 2(15[\/:23)’ N > 3,0 < s < 2, is the critical Hardy-Sobolev exponent and

A > 0 is a parameter. It is assumed that 0 € 92 and 2 < p + 1 < 2*, where 2* is

a critical Sobolev exponent given by 2* = %, N > 3. Obviously 2*(0) = 2*.
Solutions to problem (1.1) are sought in the Sobolev space H'() equipped with

norm

|ul|? = /(|Vu|2 —|—u2) dx.

Q
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A nonnegative function u € H'(2) is said to be a weak solution of problem (1.1) if

2% (s5)—1
/(VUVU + MuPv) dz = / e (1.2)

|z[*
o) o)

for every v € H'(2). Problem (1.1) is characterized by lack of compactness because
embeddings of the space H'(£2) into spaces L () and L (*)(€, || ~*) are continuous
but not compact. The literature on problems involving the critical Sobolev exponent
and the Hardy-Sobolev potential is very extensive. The pioneering paper by Brezis
and Nirenberg [6] has greatly inspired research on nonlinear elliptic problems involving
these critical exponents. For further developments we refer to survey articles [4,19]
and the monograph [24]. The results of the paper [6], which deals with the Dirichlet
problem have been extended by many authors to the Neumann problem. We mention
here some of them [1,2,7-12,15,16,22] and [23]. This paper has been inspired by the
recent article [17]. The authors of this paper considered a number nonlinear problems,
with the Dirichlet boundary conditions, involving the critical Sobolev exponent and
the Hardy-Sobolev potential. In particular, they considered the following problems:

W2 (-1

—Au+ P = ——  in Q,
|z|® (1.3)
u =0 ond?, u>0 on{
and v ()1
Au — N3 _Y Q,

u=20 0 09, wu>0 on.
The following two theorems have been established in [17]:

Theorem 1.1. Let A > 0,0 € 9Q, 1 <p < &5, p+1 < 2°(s) with 0 < s < 2. If
the mean curvature of 9 at 0 is negative, then problem (1.3) has a solution.

Theorem 1.2. Let A > 0, 0 € 99). Suppose that the mean curvature of 02 at 0
is negative. Then problem (1.4) has a solution provided that one of the following
conditions holds:

(i) N=3and0<s <1,
(i) N>4 and 0 < s < 2.

We now observe that equation (1.4) with the Neumann boundary conditions has no
positive solution. Indeed, assuming that w is a solution, it follows from the definition
of a weak solution of (1.4) that

2% (s)—1

Q

which is impossible.
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In this paper we focus our attention on problem (1.1) which is an extension of (1.3)
to the Neumann boundary conditions. Unlike in paper [17] we consider a full range of
exponents p, 2*(s) and distinguish three cases: (i) 2 < p+1 < 2*(s), (i) p+1 = 2*(s),
(iii) 2*(s) < p+ 1 < 2*. In particular, a solution in the case (iii) has been obtained
by a local minimization. However,this method cannot be used for the same equation
with the Dirichlet boundary conditions.

The paper is organized as follows. Section 2 contains some information about
minimizers for the best Sobolev and Hardy-Sobolev constants that is used in the next
sections. The existence results for problem (1.1) in these three cases are given in
Sections 3, 4 and 5. In the final Section 6 we discuss the solvability for problem (1.1)

with terms u” and “2‘;‘)_1 interchanged.

Throughout this paper we denote a strong convergence by 7 —
convergence by 7 — 7.

Let ¢ : X — R be a C" functional on a Banach space X. We recall that a sequence
{z,} C X is a Palais-Smale sequence for ¢ at a level ¢ € R (a (PS). sequence for
short) if ¢(x,) — ¢ and ¢'(z,) — 0 in X* as n — oo. Finally, we say that the
functional ¢ satisfies the Palais-Smale condition at level ¢ ((PS). condition for short)
if each (PS). sequence is relatively compact in X.

”

and a weak

2. PRELIMINARIES

Solutions to problem (1.1) will be sought as critical points of the variational functional

|2 (s)

el

1 A
JA(U):i/‘VU‘2d$+m/‘U|p+1
Q

Q

It is clear that Jy is of class C! on H(Q).
Problems investigated in this paper are closely related to optimal constants of the
Hardy-Sobolev type. The best Sobolev constant is defined by

S = inf{ / \Vau|? dz: u € DV2(RY), / |u?" dz = 1},
RN RN

where DV2(RN) = {u € L* (RV): Vu € L*(RY)}. S is attained by a family of
functions (see [21])
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/|VU|2da: = /U2* dr = S%

Q RN

We also have

and moreover U satisfies the equation
—Au=u*>"1 in RV,

The best Sobolev constant can be defined on every domain 2. It is well-known that
S is independent of Q and is only attained when Q = R,
The best Hardy-Sobolev constant for the domain 2 C RY is defined by

2"(s)
M,(Q) = inf{/|Vu|2 dx: / |U|x|s dr=1u¢c Hé(Q)}
Q Q

If Q = RY, we write M; instead of M (Q). If s = 0, then My = S. In the case
0 < s <2, My(f) depends on  (see [16]). If s = 2, we obtain the Hardy constant
and M, is independent of ) and is given by My = (%)2 The constant My is not
attained.
If 0 < s < 2, then My is attained by a family of functions
N—-2

CpnezE=s
We(x) = N—2

2—s
(e + |x2_5)

where C'y > 0 is normalizing constant depending on N and s. Moreover, W, satisfies
the equation

in RY — {0}.

We also have

|z[*

WE*(S) N-—s
/ VW, |? dx = / de = MS>" .
RN

RN

3. CASE p+1 < 2%(s)

First we show that the functional J) has a mountain-pass structure. The following
result is well-known (see [16]).
Lemma 3.1. Let 0 € 09). Then there exists a constant Sy > 0 such that

2(s) T
( [ dx) < Sy /(|Vu|2 +u?) dx
Q Q

Edy

for every u € HY(Q).
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Proposition 3.2. Let 2 < p+1 < 2*(s) and A > 0. Then there exist constants k > 0
and p > 0 such that

Ia(u) = K for [[ull = p. (3.1)

Proof. 1t follows from the Hoélder inequality that

2
FEas
/u2 dx < </|u|pJrl dx)p |Q\1*ﬁ
Q

Q

Hence
42»1
/|u|pJrl dx > (/u da:) |Q\17%.
Thus
1 i1 2% (s)
Ia(u) = §/W“\2dm+7|ml g (/uzdx> ||x|s

[O

Q Q

If lul| = p < 1, then [ |Vu|?*dz < 1 and
Q

/|Vu|2 dzx > (/|Vu|2 d:r)
Q Q

as p+ 1> 2. From this we obtain the following estimate of Jy for ||u| = p:

pt+1
1 R A ptl
> = 2 _ Q 1— 2= 2 d
J,\(u)_Q(/Wu d:c> + 2l (/u " W
Q Q
. 1— P+ .
Let ¢; = min(3, -2 53719 2 ). Then using Lemma 3.1 we get
p+1 p+1 *
= = 1 |u|2 (s)
Ja(u) > ¢ </Vu2d3:> +</u2dac> — / dx >
=\ v 2@ )l
Q Q Q
pzi S2 (s)
> 27" (/(|Vu|2 + u?) dm) T 20 ul[>"6).
Q
Taking p > 0 sufficiently small the estimate (3.1) follows. O

We now observe that if u = t¢ with ¢ € H'(Q) and ¢ # 0 then Jy(t¢) < 0 for
t > 0 sufficiently large. Thus the functional Jy has a mountain-pass structure (see [3]).
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Proposition 3.3. Let A > 0 and 2 < p+ 1 < 2*(s). Then J\ satisfies the (PS).
condition for
1,1 1 N-s
- ——|MS". 3.2
C<2(2 2*(5)) : (32)

Proof. Let {u,} C H*(Q2) be a (PS). sequence with c satisfying (3.2). First we show
that {u,} is bounded in H'(Q). We have

1 1
In(un) — ——(J3 (un), un :(7—7)/Vun2dx+
) = = (). ) = (5= ) [ V]

Q
1 1 |, |2 (5)

A — dx = -

o1 w) | = e ol
Sinceﬁfﬁ(s)>0we see that

2 ()
/|vun\2dx+ %dl«chuun)
Q Q

for some constant C' > 0. This obviously shows that {u,} is bounded in H'(£2). Hence
we may assume that u,, — u in H'(Q), L* )(Q, |z|~*) and u,, — u in LP*1(Q). By
the concentration-compactness principle (see [18]) there exist constants o > 0 and
vg > 0 such that
[Vun|* = p > [Val® + podo
and 2 (s) 2% (s)
Jun|® Juf®
— =41l
EL %
in the sense of measures, where Jy denotes the Dirac measure assigned to 0. The
constants vy and g satisfy the inequality

. 2
2~ 57D M, < . (3.3)

To complete the proof it is sufficient to show that vy = 0. Arguing by contradiction
assume that vo > 0. Testing J5 (u,) — 0 in H () by a family of functions ¢, 6 > 0,
concentrating at 0 we derive the inequality po < 1. From this and (3.3) we get that

N—s
vo > £ M7 . It then follows again from (3.3) that

N—s

1
o = S M (3.4)

Thus

Jk(un) -

2%(s) 2 2%(s)

1 1
_ p+1
+’\(p+1 2*(5))/u"| dr.
Q

<J£(un),un>=x(1— ! >/|Vun|2da:+
Q
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Letting n — oo we deduce from this that

N-—s
2—s
S

)

S 1 (1 1 )

“=3\27 27y
which is impossible. Since vy = 0, u, — u in L2 (*)(Q, |x|~*). This and the fact that
O

J (uy,) = 0 in H=1(Q) imply that u, — u in H*(Q).
A solution to problem (1.1) always exists for A belonging to a small interval (0, A).

Indeed, for t > 0 we have

A t2°6) 1 dx
I(t) = —— QP! —
MO = 1 T )
Q
and
1 1 ()\|Q|)%
ax JA(t) = Iltmax) = (=7 = 5207) —,
1?25{ /\() >\( a) p+1 2*(8) . 2*(5)%
()
where .
A ( AlQ >W
[ faf
Q
If A > 0 satisfies the following inequality
_2"()
(@)@ }(} 1 )MJ;’::
2 2%(s)/) "7

( 1 1 ) <
p+1 2%(s) T 2
dx_
1)

then problem (1.1) has a solution. It is clear that this inequality holds for A belonging
to some interval (0, A).

To verify the validity of the condition (3.2) for each A > 0, we need the following
asymptotic properties of We. Let
[ IVul? dx

Q
I(u) = N2>

2—s
Juf2* ()
(f FIE dx
Q

- H(O)aNeﬁ + o(eﬁ)
— H(0)bne? |loge| + o(e7)

then we have
for N >4,

for N =3,

(3.5)

=

[V

—s
s

&)
i

I(We) =

<

)

—s

2|

2
where H(0) denotes the mean curvature of 92 at 0, and an, by are positive constants

depending on N and s (see [16]).
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Theorem 3.4. Let A > 0 and H(0) > 0.

(i) If N>4,1<p< "5 and 0 < s < 1, then problem (1.1) has a solution.

(ii) f N=3and 2 <p <3 and 0 < s < 1, then problem (1.1) has a solution.
Proof. We may assume that A = 1. It suffices to verify the condition (3.2). Then the
existence of a solution follows from the mountain-pass theorem [3]. Since p+1 < 2*(s),
there exists a constant t. > 0 such that

2% (s) WQ*( s) tp+1
maXJ,\ (tW,) /|VVV|2 f( ) |;|S pH/Wff’+1 de.

It is easy to show that t. is bounded 1ndependently of € > 0, that is, there exists a
constant T' > 0 such that t. < T for every € > 0 (small). From this we deduce that

N-—s
2—s

[IVW,|? dx
INC AR s A /W”“d (3.6)
max - —
2o AN =15 T o) — T -

( W2 (s ) ) N—s
/ Wt de o), (37)

if 525 < p. Since p < &5 we see that f WrHtdy = o(eﬁ). We point out here that

We now observe that

conditions p < ;5 and 0 < s < 1 y1eld p—+ 1 < 2*(s). Finally, combining (3.5) with
inequalities (3. 6) and (3.7) we get condition (3.2) and assertions (i) and (ii) follow.
According to Theorem 10 in [5] these mountain-pass solutions can be taken to be
nonnegative and by the strong maximum principle these solutions are positive on €2

(see [14]). O

4. CASEp+1=2%(s),0<s<2

In this case we also have p+1 < 2* = 25 If p+ 1 = 2*(s) with 0 < s < 2, then

s=N— % Obviously if 1 < p < N+2 , then 0 < s < 2. In this case we look
for a solution of (1.1) as a minimizer of the constramed variational problem

Iinf{/|Vu|2da:: ue HY(Q), /(1|,A)|U|P+1 dxl}. (4.1)
mé
Q Q

A minimizer u after rescaling I 7T is a solution of problem (1.1). Tt is assumed that

a parameter A > 0 satisfies
1 dx

— _— . 4.2
o ) T < (4.2)
Q
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To justify this assumption let us assume that w is a solution of problem (1.1).
Testing (1.2) with v = 1 we get

|uf” s
A JulPde = oF de > d |u|? dx,
JuE
Q Q Q

where d = diam €. This inequality implies that \ satisfies
A>d0. (4.3)

Obviously inequality (4.2) yields inequality (4.3).

To proceed further we need the following decomposition of the space H!(Q). Since
0 is the first eigenvalue of the operator “—A” with the Neumann boundary conditions,
we have the following decomposition of H!():

HY(Q)=V®R with V:{veHl(Q):/vda::O}.

Using this decomposition we can define an equivalent norm on H'Q) given by

|ullf = [|[Vol|3 +t* for u=v-+t with v €V, tcR.
Lemma 4.1. Let p+ 1 = 2*(s) for some 0 < s < 2. Suppose that (4.2) holds. Then
I>0.

Proof. Arguing by contradiction, assume that I = 0. Let u,, = v, +t,, v, € V, t, € R
be a minimizing sequence for I = 0. Since ||Vv,||3 — 0, we see that v, — 0 in L().
We now show that the sequence {¢,} is bounded. In the contrary case we may assume
that ¢, — oo (the case ¢, — —oc can be treated in a similar way). We have

1+/\/|vn—|—tn|p+l dr = /|x|_s|vn+tn|p+1da¢, (4.4)
Q Q
that is,
tp1 +/\/|:—" + 1P de = /\x|*8|%" + 1P da.
Q " Q "

Since V is continuously embedded into LP*1(Q) and L* (*)(Q, |z|~*), letting n — oo
in the above equation, we obtain

AQ| = / j2]"* da,
Q

which is impossible. Thus {¢,} is bounded and we may assume that ¢,, — ¢o. Using
this, we derive a contradiction from (4.4). This contradiction completes the proof. [
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Proposition 4.2. Let p+1 = 2*(s) for some 0 < s < 2 and suppose that (4.2) holds.
If
M
I < ——,
I2N—s

(4.5)

then problem (1.1) has a solution.

Proof. Let {uy,} be a minimizing sequence for I such that [ (|z|™% — ) |u,[P*! dz =1
Q

for each n. We have u, = v, + ty, v, € V,t, € R. Assuming that the se-
quence {t,} is unbounded, we obtain a contradiction, as in the proof of Lemma 4.1.
Thus the sequence {u,} is bounded in H!(Q) and we may assume that u, — u
in HY(Q), L ®(Q,|z|~*) and u, — u n LPTY(Q). It then follows from the
concentration-compactness principle that there exist constants pg > 0 and vy > 0
such that

[Vun|* = > [Val® + podo

and

‘un‘zﬂrl

Ed

in the sense of measures. The constants po and v satisfy the following inequality

1
= Al [PFE = JufP*! <$|S - >\> + vodo

2
Myr™T
—2— < o (4.6)
I2N—s
Moreover, there holds
1 T
1= (W - A)W dz + vp. (4.7)
Q

First we show that

/ (ﬁ At dz > 0,

Q

In the contrary case we would have

1
/ (—S - )\)|u|p'|r1 dx < 0.
J R

By (4.7), we would have 1, > 1. It then follows from (4.6) that pg > 3.

Consequently,

M.
12/|Vu|2dx+,u02 —
P

Q
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which is impossible. From the definition of I we derive, using (4.5) and (4.6) that

2
p+1 PR M.pr+t
Iz[(/ ('“' —A|u\P+1) dm) TR S
|5L'|S IN=s

Q

p+1 =
>I</ <|1T:|C|S —)\|u\p+1) dx) —s—IVP“.
Q

Thus

u|P T
1> </( o A|u\P+1) da:) s
€T S
Q

This is obviously in contradiction with (4.7). Therefore po = vy = 0 and the mini-
mizing sequence {u,, } converges in H'(Q) to u. A minimizer u, up to a multiplicative
constant, is a solution of problem (1.1). Indeed, let ¢ € H'(Q2) and set

JIV(u+tp)]? dx
Q

o
() dx)
for t small. Since f'(0) =0, we get

2" (s)—2
/Vquf)dz —I/|u||udx
x S
Q Q

We now set u = —i—v and it is easy to check that v is a solution of problem (1.1).
Ir-1

Since |u| is also a minimizer for I, we may assume that u is nonnegative and by the
strong maximum principle u(z) > 0 on 2. O

ft) =

<f(|a:|—9 —A)|u+to
Q

Theorem 4.3. Let p+ 1 = 2*(s) for some 1 < s < 2 and H(0) > 0. Suppose that
(4.2) holds. Then (4.5) holds and problem (1.1) has a solution.

Proof. The assumption that 1 < s < 2 implies that p < = To verify (4.5) we need
the following asymptotic properties of W, (see [16]). Let K1 f |VW,|? dz and

Ks(e) = S{ W‘Qli ” dar. We then have (see [16])

Ki(e) = %Kl —I(e) —|—0(eﬁ),

Ks(e) = %Kz —II(e) + 0(62%5),

where 220
—4Z8
K, = c?V(N — 2)2/ vl %N R
(1+fy[>=) >
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2% (s dy
K2:CN()/ 2(N—s)

ev [yl (L fylPPme) 7
lim e 7 I(e) = H(0)Ay and lime 71I(e) = H(0)Buy,
e—0 e—0
where Ay > 0 and By > 0 are constants depending on N and s. We also have

() (N -2k,
M e~ (N Ky

Since 1 < s < 2, it is easy to check that

2N —(N—2)(p+1)

/Wf“ do = O(" =5 Z 0 (55 = o(c 7).
Q

Using these asymptotic formulae we can write

2
Jlvweas 5K1 — 1(e) + o)

Q

M, 1 1
= o — H0)anem +o(c7)
2N—s
for some constant ay depending on N and s. This obviously yields (4.5). O

5. CASE 2*(s) < p+1<2*,0<s<2

In this case we modify equation (1.1) by moving a parameter A to the term %,
that is, we consider the following problem
2 (91
—Au+u’ = A——0—— in Q,
. |z (5.1)
— =0 on 02, wu>0on .
ov

In fact, problem (1.1) can be reduced to (5.1) by introducing a new unknown function
w = A"7Tv. Then v satisfies the equation

e g2 ()1
—Av+vP =\ "1

|[*

The variational functional for problem (5.1) is given by

2% (s)
[u E dx.

1 1 A
I(u) = §/|Vu|2dx+m/|u\p+ldx— 2*(5)/ 7
Q Q )
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Theorem 5.1. Let 2*(s) < p+ 1 < 2*. Then there exists Ao > 0 such that problem
(5.1) has a solution for each 0 < XA < g (consequently problem (1.1) has a solution

__p=1
for A>T 77,

Proof. First we consider the case 2*(s) < p+1 = 2*. As in the proof of Proposition 3.2
we obtain the following estimate

2% ()
2
1—p *
I > 273 pPtl H 2% (s)
Au) =277 p 20"
e
for ||u]| = p < 1, where ¢; = min(3, T). Let

2—s
1—p — 4

95t 9* 2—s

cg = 6127()(3) and 0<p< min(l, = )
25,7 2¢57°

We choose )\ satisfying

2% (s)

Sp? P71y .

AN———— = —C127 2
0 2(5) 201 P
that is,
23" 2%(s) _2s 25
)\0 = 1TPN—2 = C2pN;2_
25,7
Then )
Li(u) 2 &2 3 p*
for ||ul| = p and 0 < A < Xg. We also have d = infy, <, Ix(u) < 0 for each

0 < A < Ap. By the Ekeland variational principle (see [13]) there exists a sequence
{un} C {u: ||u|| < p} such that Iy(u,) — d and I (u,) — 0 in H~1(Q2). Applying the
P.L. Lions’ concentration-compactness principle (see [18]) there exist points {z;} C Q
and constants v, u;, j € J U {0} such that

Vun|? dz — dp > [Vu? dz + Y py6s, + odo, (5.2)
JjeJ
lun|?” do — dv = |u)?" dz + Z vz, + vodo, (5.3)
jeJ
2% (s) 2% (s)
[un —— e — dy = [l — + 000, (5.4)
|z| ||

Sv>t <p; if x;€Q, 7€, (5.5)
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S =2
N
and M )
e S (5.7)

Testing I} (u,) — 0 in H~*(Q) with u,,ps, where s, § > 0, is a family of C*-functions
concentrating at x; as 6 — 0 we deduce that

p; +v; =0 for jeJ

This shows that the concentration can only occur at 0 € 0€2. In a similar way we can
show that po + v9 < Ayp. It suffices to show that 9 = 0. Arguing by contradiction
assume that vy > 0. Since pg < Ayp, we derive from (5.7) that

N—s
1/ M\
= <. 5.8
(%) = (5.9
This combined with (5.7) gives
N-—s
Msz—s
—~=3 = Ho- (5.9)
2125
Since |lun|| < p, we get from (5.9) and (5.2) that
N— N-—s
Ms2—s 8275
p> > lim | (|Vu,|> +ul) de > — 5= > ——. (5.10)
n—r00 2\ 2—=s 22 2—s
Q 0

According to the choice of A\g we derive from (5.10) that

N-—s
2—s
2 > S

Hence

p= ( N_Q)
2¢5°

and we have arrived at a contradiction with the choice of p. This completes the proof
for the case 2*(s) < p+1 = 2*. If 2*(s) < p+ 1 < 2*, then the concentration of
a minimizing sequence can only occur at 0 € 9. In this case we choose )¢ in the
following way

1-p

Ao = c12 223*)(5) pp+172*(5).

2547
Arguing as in the first part of the proof we can show the existence of a solution of
problem (5.1). O
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6. FINAL REMARKS

In this section we consider problem (1.1) with terms «” and “2‘52,71 interchanged,

that is, we are concerned with the following problem

u2*(s)—1
—Au+A———=u" in Q,
|x‘8u (6.1)
a—zO on 9, wu>0on,
v

where A > 0 is a parameter and it is assumed that 0 € 9. As in the case of prob-
lem (1.1) we distinguish three cases: (i) 2 < p+1 < 2*(s), (ii) p+ 1 = 2*(s) and
(iii) 2*(s) < p+1 < 2*. Solutions to problem (6.1) are sought as critical points of the
variational functional

1 A 27(s) 1
== / |Vul|? do + / ful — dx — /|u|p+1 dx.
2 25(s) ) el p+1
Q Q Q
Case ().

Theorem 6.1. Let 1 < p+ 1 < 2%(s) for some 0 < s < 2. Then for each A > 0
problem (6.1) has a solution. Let uy be a solution corresponding to X > 0. Then
lur]l = 0 as A — 0.

Proof. We commence by showing that functional ®, is coercive for each A > 0. Let

d = diam €. We then have
/ u " / 7+ d.

/ |Vul|? de +3
Using the Young inequality for each § > 0 we have
1) 2 —p—1____2°)
/ Ju|PTt da < er /\u|2 ) da + 7( s)—p RO Z 9]

2*(s)
We choose § so that

2% (s)

(p—|—1)5 pF+1 by
2(s)  22°(s)d*
Thus
) —
Dy(t /Vu2d$+ /uQ(s)dx (s (5 2*<>plQ
Vi e | O+ 2

This inequality shows that ®) is coercive. It is clear that ®, is weakly lower semicon-
tinuous in H*(£2). Moreover, for ¢ > 0 small enough

A2 gy gptl

A TP
> ) 7 pri
Q

Dy(t) =
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Hence oo < inf,cqi(q), Pa(u) < 0 and the existence of a minimizer follows from
Theorem 1.2 in [20]. The second part of this theorem follows from the following
inequality

Jup* )

EE dr =

/|u,\|2 (s) dx</\Vu,\|2dx+)\
Q

/‘“AI”*1 dx <
Case (ii).

In this case we were unable to find a solution for problem (6.1) through a con-
strained minimization. Following the argument used for problem (1.1) in this case, we
observe that if u is a solution of problem (6.1) then

o*
)x/ [ul dx:/\u|p+1dz.
jz]°
Q Q

This yields Ad—® < 1. As in the case of problem (1.1) we introduce a stronger condition

1
NE R Nl G () P” 0. O
2*(s)

d
Py R Tol (6.2)

jz]*

which obviously implies that Ad—® < 1. Under assumption (6.2) the constrained min-
imization does not produce a solution for problem (6.1). Indeed, let

:inf{/|Vu|2dx:ueHl(Q)7 /(1—@9)|u|p+1dfc:1}.
Q Q

1
By (6.2) a constant function ( [, (1 — \w\"‘) dx) 7T belongs to the set of constraints
and consequently m = 0.
Case ().

First, we show that the functional ®, has a mountain-pass structure. For
2<p+1<2" we set

[(IVul]? + v?) d
S,= inf 2 .
ueH(Q)—{0} T
(Jtuprac)
Q

Proposition 6.2. Let 2*(s) < p+1 < 2*. Then for every A > 0 there exist constants
0<p<1andk >0 such that

a(u) 2 £ for [lull = p.
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Proof. Since |lu|]| = p < 1, we have

/ |Vul|? de +3

1
/|u|2 ) dg — P / lu[P T dx >
Q

2% (s)

(s 2
2§)</u2dm> /|u\p+1dx>
Q

2% (s) 2% (s)
1 2 2 )\ 1_2*(5) 2 2
2(/ [Vul dm) + 3 (5) 191 (/u dx
Q

i1 /W+1 -
p

Q|1_7). Then

| \/

/|Vu|2dgc+ |2

A
2+ (s)d*

Y

(1
Let ¢ = mm(Q, 57 S)db

2% (s)

Dy (u) > 12 <)</(|Vu|2+u2)dx> t_

Q

p+1
2

1 -z
—p+1Sp (/(Vu|2+u)dx) =
)

() 1 _ptl
Lpz (s) _ S, pp+1_

=c12
- p+1
Taking p € (0,1) sufficiently small the result follows. O
Proposition 6.3. The following holds:

(1) Let 2*(s) < p+1=2* for some s € (0,2). Then O, satisfies the (PS). condition
for

1 1 1 N
= - — )52,
C<2(2*(s) p+1) ’
(i) If 2*(s) <p+1 < 2* for some s € (0,2), then the (PS). condition holds for all
c>0.

Proof. (i) Let {u,} C H*(Q) be a (PS). sequence for ®, that is ®y(u,) — ¢ and
P/, (un) — 0 in H=(Q). First, we show that the sequence {u,} is bounded in H'(Q).
We have

¢+ o(1) + o[[un]) = ®x(un) — 2*#@)<¢;(un),un> _ (% - 2*1(3)) /|vun‘2da:+
Q

p+l g
+(2s p+1 /‘“' -
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From this we deduce that

/|Vu|2dx+ / [un Pt dz < C(1+ |Jugl]) (6.3)
Q Q

for some constant C > 0. Since

7T
/u dr < Q' </|u |pt1 dx) ,
Q

we deduce that {u,} is bounded in H!(Q). Hence we may assume that u, — u in
HY(Q), LPT(Q) and L? )(Q,|x|~*). By the P.L. Lions concentration-compactness
principle there exist points {z;} C Q and constants vi, i, 3 € J, 70, vo and g such
that (5.2)—(5.7) hold. Moreover, we have

W <v. jed (6.4)
and

o + Ao < 1. (6.5)
It suffices to show that v; = 1y =0 for j € J. Assuming that v; > 0 for some j € J,
we derive from (6.4), (5.5) and (5.6) that S < vjif x; € Q and S <vyjifz; € 0N

Similarly, if vy > 0, then £ ? < v, as ug and vy satisfy the mequahty (5.6). We then
have

1(2*1 ! )S >c+o(l) = Py(uy) —

550 pr (@ (1), ) =

1

2%(s)

_ 1 2 1 1 p+1

7<2 ) /|Vun| dm+(2*() p+1)/\un| d.
Q

Letting n — oo we derive in all these cases that
1/ 1 1 N 1
= - —)52 > Vul? dx + )S
2(2*(5) p+1> 2(s /| | (s) Cp+1

which is impossible. The proof of assertion (ii) is standard and is omitted. O

Let ¢ € H'(Q) — {0}. Then for ¢ > 0 sufficiently large, we have ®,(t¢) < 0 and
lté]l > p. Thus the functional ®, has a mountain-pass structure for every A > 0.
If 2*(s) < p+1 < 2%, then (PS). condition holds for every ¢ > 0 and we are in a
position to formulate the following existence result:

w[Z

Theorem 6.4. Let 2*(s) < p+1 < 2* for some s € (0,2). Then problem (6.1) has a
solution for every A > 0.

In the case 2*(s) < p+ 1 = 2* we have the following existence result.
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Theorem 6.5. Let 2*(s) < p+ 1 = 2* for some s € (0,2). Then there exists a
constant A > 0 such that for every A € (0,A) problem (6.1) has a solution.

Proof. We choose a constant T > 0 such that ®,(7) < 0 and ||T|| > p. We set
I'={yeC(0,1], H(2)): 7(0) =0, 4(1) = T}.

Since the path y(o) = o7, 0 < o < 1, belongs to I', we have

p+1
()\f e ) pF1—2%(s)
(p+1—2%(s) g 1=

(p+1)2%(s) Q|7

< =
(P)\((TT) S I]{lziig(@)\(t)

Thus there exists a constant A > 0 such that

. e
A —
(p+1-2%s)) < s{'””‘ ) 1

inf max @, (1(t)) < (7=~ )5%
inf max - = -

seriefon Y= T 1)24(s) Q|7 2\2%(s) p+1

for 0 < A < A. Hence Proposition 6.3, together with the mountain-pass principle
yield, the existence of a solution of problem (6.1). O
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