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1. INTRODUCTION
Let N, Z, R denote the set of positive integers, all integers and all real numbers
respectively. Let us consider the second-order nonlinear difference equation with
a quasi-difference of the form

A(TWA(IH +pnxn—7)) = anf(xn—o) + by, (11)
where 7 € N, 0 € Z are fixed. Here A is the forward difference operator defined by

Az, = Tn+1 — Tn,

(rn,) is a sequence of positive real numbers, (a,,), (b,) and (p,) are sequences of real
numbers, and f is a real function.

Note, that equation (1.1) generalizes some well known types of classical difference
equations. For example the Sturm-Liouville difference equation

A(rpAzy) = an®nii,
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Emden-Fowler difference equation of the form

(0%
n—o’

A(zy — PpZn_r) = AnT
or Legendre’s difference equation of the form
A((n? —1)Az,) = anzy,.

Let

7 = max(7, o).

By a solution of equation (1.1), we mean a sequence x which satisfies equality (1.1) for
n sufficiently large. If (1.1) is satisfied for all n > n we say that z is a full solution of
(1.1). A solution z is said to be nonoscillatory if it is eventually positive or negative.
In the sequel, the space of all sequences x : N — R we denote by SQ. The Banach
space of all bounded sequences x € SQ equipped with sup norm we denote by BS.
If ,y € SQ, then xy and |z| denote the sequences defined by zy(n) = z,y, and
|z|(n) = |x,|, respectively.

Nonlinear difference equations are of paramount importance in applications. They
are used in mathematical models in diverse areas such as electrical engineering,
computer science, physics, economics, and biology. In particular, the second-order
difference equation of type (1.1) and its special cases were considered by many authors.
In 1987, Drozdowicz and Popenda [3] using Schauder’s fixed point theorem gave
necessary and sufficient conditions for the existence of an asymptotically constant
solution to the following nonlinear difference equation

A2z, + pof(z,) = 0.

The study of boundedness and convergences of solutions was continued by many
authors, also for equations with deviating arguments, with quasidifferences and of
neutral type.

For example, Thandapani et al. [17] established sufficient conditions for the asymp-
totic behavior of certain types of nonoscillatory solutions to the following equation

A(rpAzy,) + an f(Tp41) = 0.

The above equation has been also studied in [16]. Using the Darbo’s fixed point
theorem the authors obtained the existence of an asymptotically w-periodic solution
and Lyapunov type stability. In [11], for the equation of the form

A(rpAxy) + an f(Tn—) = by

sufficient conditions under which for an arbitrary real constant there exists a solution
convergent to this constant and sufficient conditions for the existence of an asymptoti-
cally linear solution are obtained.

In [13], for a neutral type difference equation

AQ(xn +pwn7k> + f(na xn) =0
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there were found certain conditions, under which all nonoscillatory solutions have the
property x,, = cn + d + o(1). Here the discrete Bihari type inequality was used. Liu et
al. in [8] proved the existence of uncountably many bounded nonoscillatory solutions
to the problem

A(THA(J;n +pxn—k)) + f(n, Tn—diys .- 7xn—dk") = Cn

using Banach’s fixed point theorem, under the Lipschitz continuity condition. Agarwal
et al. [1] studied the existence of a nonoscillatory solution to the equation

A(’rnA(xn +p$n—k)) + F(n + 17$n+1—0) =0,

where p € R, |p| # 1. Recently the existence of bounded solutions to neutral difference
equations was also studied, for example, in [2,4-7,9,12,14] or [15].

In this paper, using Krasnoselskii’s type fixed point theorem and Schaueder’s fixed
point theorem, we present sufficient conditions, under which for an arbitrary real
constant ¢ there exists a solution to (1.1) convergent to ¢. Moreover, our technic allow
us to control the degree of convergence of solutions. More precisely, we present sufficient
conditions, under which there exists a solution = such that x,, = ¢ + o(n®), where s is
a given nonpositive real number. We consider the cases, when |p,| < 1, |p,| > 1 and
also when p,, =1 or p, = —1.

2. MAIN RESULTS

Let s € (—o0,0]. In this section, we present sufficient conditions under which for every
real constant ¢ there exists a solution z of equation (1.1) such that x,, = ¢ + o(n?®),
where s is a given nonpositive real number. In the proof of the main results we will
need the following lemmas.

Lemma 2.1 ([10]). Assume k €N, z,z,p: N — R, a € (0,1), s € R,

pn] <@, zp =Ty — PpTn_k
for large n and z(n) = o(n®). Then x(n) = o(n®).
Lemma 2.2. Assume s € (—o00,0], r,z,u € SQ,
o0 o0

1 — 1
D D lwil <00 un =3 =3 lail.
i R Ll

J =

Then u, = o(n®).

Proof. Let g € SQ,

o0 1 o0
gn = Z Z ‘xz‘
j=n 1=j

JoT;
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By assumption, g, = o(1). We have

o0 o0

oo o0
—S8 —S 1 ]‘
nu,| =n E —E Tl = E E T;
S
’I“j — n 7"]'
i=j

i=n i=n i=j

o oo

< Z nor > ] < Z 7 Z 2] = gn.
j=n i=j j=n i=j

Hence n™*%|u,| = o(1) and we get u,, = n®o(1) = o(n?). O
The next lemma is a version of Krasnoselskii’s fixed point theorem.

Lemma 2.3. Assume that c € R, v € SQ, lim ~, =0,
n—oo

G={zeBS:|lx—c<|y|}, T, T>:G—SQ, Ti(G)+T»(G)CQaG,

Ty is a contraction and Ty is continuous. Then G is convex and compact and there
exists a point x € G such that
=T+ Trr.

Proof. The assertion is a consequence of [10, Lemma 2.2 and Theorem 2.2]. O
Remark 2.4. Assume c € R, s € (—00,0], v € SQ, 7, = o(n®), and
K={zxeBS:|z—c <|y|}
If x € K, then |z, — ¢| < |yn| = o(n®). Hence z,, — ¢ = o(n®) and we get
Zp = ¢+ o(n®)
for any = € K.
First, we consider equation (1.1) with nhﬁn;o pn € (—1,1).
Theorem 2.5. Assume s € (—o0,0] and
(h1) pn =p* +o(n?), p* € (=1,1),

(h2) f is continuous,

(h3) >° jslT_ S lai] < oo and S jjT_
=1 j i y y

1=] Jj=1 =]
Then for any ¢ € R there exists a solution x of (1.1) such that x,, = ¢+ o(n®).

Proof. Let ¢ € R and let us choose a positive real number d. There exists a constant
M > 0 such that
lf)] <M foranyte€ [c—d,c+d].

From (h1) it follows that there exists 8 € R such that |p,| < 8 < 1 for sufficiently
large n. By (h3), the series

S 5> (M fa |+ [y
n=1"" j=n

is convergent.
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Let us denote

oo 1 (o)
o= Lo = p) + 0 — D (M |ay| + 1)
[ =i

i=n

and

0 for n < n,
T pn 4 Bnr forn >,

By (h3) and Lemma 2.2, we have p,, = o(n®). Hence, by Lemma 2.1, we get vy, = o(n®).
Choose an index n; > 1 such that

Y <d, |pn|<B<1 (2.1)
for every n > nj. Let
G={xeBS: |[x—¢/ <7 and z, =c forn<mni}. (2.2)

Since 7, < d for n > ny, we have z,, € [c —d,c+d] for all x € G and n € N. Hence
|f(zn)] < M for any « € G, and n € N. If € G, then

|an f(Tn—o) + bn| < Mlan| + [by|
for any n € N. Now, we define two mappings 77 and T : G — BS as follows:

0 for n < nq,

Ty (x)(n) = {

CPn — PnTn—r formn>mny
and

c for n < nq,

o0 o0
c—cpntept+ X % > (ajf(zj—o) +bj) forn=ny.
j=t

=n

Ty(z)(n) =

We will show that T and T3 satisfy the conditions of Lemma 2.3.
(i) If z,y € G, then for n > ny we get

. o0 1 oo
(Tya + Toy)(n) — c| = |cpn — Pn—r — P+ P* + - > (a;f (Yj—q) + b))
K3

i=n  * j=i

A

o0 oo
. 1
< palzn—r — | +[c(p" — pn)| +Z;Z(M|aj| + ;1)
K2 J:l

i=n

< B’Ynfr + Pn = Tn-

For n < ny we have |(Thz + Tay)(n) — ¢| = 0. Hence Tyx + Toy € G.
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(ii) Ty is a contraction.
Let z,y € G. Then, for n > ny using (h3), we get

|T1($)(n) - Tl(y)(n)| = |pn||$n—7 - yn—7'| < ﬁsgli ‘-Tn - yn|

and for n < ny we have |T1(z)(n) — T1(y)(n)| = 0. Thus
[Tz = Thyl| < Bllz —yll.

(iii) T» is continuous.
Let x € G, € > 0. Since the function f is uniformly continuous on the interval
[c —d, c+d], there exists § > 0 such that for ¢,s € [c—d,c+d] and [t — s| < § we have

[f(t) = f(s)] <e. (2:3)
Now, let y € G be such that ||z —y|| < d. Then |z, — y,| < ¢ for every n € N. Hence
|f(zn) — f(yn)] < e for each n e N.

Using (2.3) we have

T2z — Toy|| = sup ) - > "a; (f(@j—0) = fYj-0))| <€D - > " ag] -
ne T .. ) T
j=i =1 j=t

i=n

Thus, by (h3), T is continuous.
Therefore, by Lemma 2.3, there exists x € G such that x = Tyx + Tex. For n > ny
we have

. o0 1 o0
Tpn =CH+Cp 7pn$n—T+Z;Z(ajf(xj—a) +bj) (24)
i=n ' j=i
Hence
. (o) 1 o0
Tn + PnZp—r =Cc+cp + Z 7? Z (ajf(xj—o) + b]) .
i=n " j=i

Applying the operator A to both sides of the above equation and multiplying by r,,

we get
[e.°]

Pnl (T + Potin—r) = — 3 (a;f(xj-o) + b))

j=n

and applying A for the second time we get
A(THA(xn +pnxn—r)) = an,f(xn—o) + bn

for n > ny. Hence z is a solution of (1.1). Since z € G and =, = o(n®), we have
T, = c+o(n®). O
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Under some additional conditions, we get from Theorem 2.5, that for any real
constant there exists a full solution of equation (1.1) convergent to this constant.

Corollary 2.6. Suppose that the assumptions of Theorem 2.5 are satisfied, p, # 0
for any n, and T > 0. Then for every c € R there exists a full solution T of (1.1) such
that T, = ¢+ o(n®).

Proof. By Theorem 2.5, there exists a solution x of (1.1) such that z, = ¢+ o(n?®).
Then there exists an index n; > 1 such that the equality (1.1) is satisfied for any
n > ny. Using this z, we can construct a solution  of (1.1), which satisfied (1.1)
for all n > n. Let

Ty, =%, forn>n;.

We can rewrite equation (2.4), in the following form

o0 oo

c+c T 1 1
Tny = pp B s Z (a;F(25-0) +y).

Since T > o, we have n = 7. We can find the first ny — 7 terms of (z,) starting with
putting n :=n; + 7 — 1 in the above equation. O

Corollary 2.7. Suppose that the assumptions of Theorem 2.5 are satisfied,
|pn| < B <1 for any n, and f is bounded. Then for every ¢ € R there exists a full
solution T of (1.1) such that x,, = ¢+ o(n®).

Proof. In the proof of Theorem 2.5 we can take d so large that the condition (2.1) is
satisfied for any n > n. O

Theorem 2.8. Assume s € (—o0,0] and

(h1) pn =p* +o(n®), p* € (—o0,—1)U(1,00),
(h2) f is continuous

(h3) i“ S Jas| < 00 and z Z|b|<oo

i=j =Jj

Then for any c € R there exists a solution x of (1.1) such that x, = ¢+ o(n®).

Proof. Let us choose a positive real number d. There exists a constant M > 0 such that
|[f(#)| < M for any ¢ € [c — d,c+ d]. Moreover, let 5 € R be such that |p,| > 8 > 1
for sufficiently large n,

1 — 1
5 lev” pnmwg > *Z (M]a;]| + [b5])

Pn =
ﬁ 1=n+T1 i
and
Tn = LP
There exists an index ny > n such that
d
Tn <= |pn| > ﬁ

B’



68 Malgorzata Migda, Janusz Migda, and Malgorzata Zdanowicz

for every n > ny. Let G be given by (2.2). We define the operators Ty and T5 : G — BS
as follows:

0 for n < nq,
T =
1(x)(n) {pnlﬁ (¢ — xpsr) for m>ny
and
c for n < ng,
T2($)(n) = pnlJrT (Cp* _ Cpn+7') Z 711 Z (ajf(;[;jfa) —+ bj) fOI' n 2 ny.

Pn+r. —
i=n+T17  j=i

If x,y € G, then for n > n; we have

1 1,
(T + Toy)(n) —c| < Blwrm -+ 5 ¢ (p™ = Prtr)]

Z Z (M [aj] + |bs])

1= n+7-
1
S B"Yn—l-‘r + Pn+r = Vn+r § Yn -

Therefore T1G + ToG C G. Obviously T3 is a contraction. Similarly as in the proof
of Theorem 2.5 the map 75 is continuous. By Lemma 2.3, there exists z € G such that
x =Tz + Tyx. For n > n; we have

c T =l
In = —Zndt = Z *Za]fx] o) +bj).

Pn+r Pn+tr Pnir pn+'r .

7

Multiplying by p,+,- we get

Togr + PngrZn =c+cp” + Z o~ Z(ajf(xjfo') +bj).
i=ntT " j=i

Hence, replacing n by n — 7, we obtain

o0 1 o0
Tn + Ppln—r = C+ cp’ +Z Z a;f(zj—c) + ;).
i=n ] =1
The rest of the proof is similar to that of Theorem 2.5. O

Theorem 2.5 and Theorem 2.8 extend some results from [11].
In the next theorem, we consider the special case of (1.1), when p,, = 1. In the
proof of this theorem the Schauder’s fixed point theorem will be used.

Theorem 2.9. Assume s € (—o0,0] and

(h1) pn =1,
(h2) f s continuous
(h3) ler Z|az\<oo and Zar Z|b|<oo
=
Then for any c € R there exists a solution x of (1.1) such that x, = ¢+ o(n®).
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Proof. Let ¢ € R and let us choose a positive real number d. There exists a constant
M > 0 such that |f(t)] < M for ¢t € [c — d,c+ d]. Let us denote

; Ty —
j=n_ 7 i=j

_]’IL

By (h3) there exists an index n; such that for n > ny we have

QU

d
< — < —. .
A, < S and B, < 5 (2.5)

We define a subset G of BS by
G={z€eBS:|x—¢<MA+ B and z, =cforn <nj}.
By Lemma 2.3, G is a convex and compact subset of BS. Moreover, by (2.5), we have
Ty, € [c—d,c+d]
for any € G and any n. Now we define a map T : G — BS, as follows:

c for n < nq,
T(x)(n) — =] n+2kT—1 1

c+ > > T—ji(aif(xi,g)—l—bi) for n > ny.

k=1 j=n+(2k—1)7 ~ i=j

We will show that TG C G. It is obvious that

[e%) n+2kt—1

> > Z|az|<2 Zw (2.6)

k=1j=n+(2k—1)7

(%) n+2kt—1

> > Z|b|<z Z\bl (2.7)

k=1 j=n+(2k— 1)7’

Moreover, if € G, then |z, — ¢| < d for all n € N. Hence |f(z,)] < M for every
x € G, n € N. Therefore by (2.6) and (2.7), for n > ny, we get

%) n+2kt—1

|T(z)(n) —¢| = Z Z Z aif (ri—o) + b;)

k=1 j=n+(2k—1)7 i
<MZ Z|al|+2 Z\b|_MA + By

This gives Tx € G for every x € G. Hence TG C G.
The next step is to show the continuity of T. Choose € > 0. There exists a § > 0
such that

if t1,t2 € [C— d,C+d] and ‘tl —t2| < 6, then |f(t1) - f(t2)| < €.
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Let x,y € G, ||z — y|| <. Then |z, — y,| < J for any n and we get

[Tz — Tyl = sup |T(z)(n) = T(y)(n)]

n>niy

oo n+2kt—1

<swp Yy Y Zlavl\f Ti—g) = f(yi—o)| < Ase.

NI LT e (2h— Vr i)

Hence T is continuous. By Schauder’s fixed point theorem there exists z € G such
that Tx = x. For n > n; we have

oo n+2kt—1

_C+Z Z Zal (Tieo) + ;).

k=1j=n+2kt—7 i=j
Hence
oo n+2kt—1
xn+xn772c+z Z Zal (Tie) + b;)
k=1j=n+2kT—7 " i=j
oo nt2kt—7-—1
DI SES ST
k=1 j=n+2kT— 27— i=j
) n+2kt—1
ROV VIS SRR EYS
k=1j=n+2kt— 27’ =
=2 0 i—0 b
SRS
Therefore
1 00
A )= ) . )
(.’I/’n‘i'l‘n 7—) T Z(azf (xz 0’)+bl)?
i=n
00
A (Tn + Tp_r) = Z (Ti—o) + b)),
and finally

A(rpn ATy + 2pr)) = anf (Tn—o) + bp.

Hence z is a solution of (1.1). By Lemma 2.2, M A, + B, = o(n®). Since = € G,
we have x, = ¢ + o(n®), that is our claim. O

Note that, taking s = 0 in Theorems 2.5, 2.8, and 2.9 we get the following result.
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Theorem 2.10. Assume

(h1) lim p, =p*, [p*|#1 orp, =1,
n—oo
(h2) f is continuous,

(h3) > L 3 ja;l <ooand > LY |bi| < cc.
j=1 "7 i=j j=1"7i=j
Then for any c € R there exists a solution x of (1.1) such that lim z(n) =c.
n—oo

In the case, when p, = —1 we need stronger summability conditions for the
sequences (a,) and (by,).

Theorem 2.11. Assume s € (—o0,0] and

(h2) f s continuous

(h3) > js}1r Z|az|<oo and Z —— 1T Z\bi\<oo.
=1 j j i=j

J= = Jj=1

Then for any ¢ € R there exists a solution x of (1.1) such that x,, = ¢+ o(n®).

Proof. Let us choose a positive real number d. There exists a constant M > 0 such
that | f(t)] < M for t € [c—d,c+ d]. Let us denote

i:: 'iICLZ Z Z|b|

j=n i=j

By (h3) there exists an index n; such that for n > n; we have

d d
< — < —. .
A, < S and B, < 5 (2.8)

We define a subset G of BS by
G={zeBS:|lz—c<MA+ B and z, =cforn <ny}.

By Lemma 2.3, G is a convex and compact subset of BS. Moreover, by (2.8), we have
Ty € [c —d,c+d] for any z € G and any n. Now, we define a map T : G — BS
as follows:

c for n < nq,

T(x)(n) = L3 (aif (@imo) +bi) forn > my.

Note that

Z Z Z\az|<2 Zlazl, (2.9)

k=1 j= n+k7’ 1=7

>y ZIbI<Z Z|b| (2.10)

k=1j= n+k:7' i=j
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We will show that TG C G. If z € G, then |z, — ¢| < d for all n € N. Hence
|f(zn)| < M for every x € G, n € N. Therefore by (2.9) and (2.10), for n > ny, we get

IT(@)(n) — | = ZZLZ f @img) + i)

k=1 j=n+kr " i=j
<MZ Z|az|+z Z\b|—MA + B,.

This gives Tx € G for every x € G. Hence TG C G.

Similarly as in the proof of Theorem 2.9 we can show the continuity of 7. Hence,
by Schauder’s fixed point theorem there exists « € G such that Tax = z. For n > n,
we have

ZEn—C—FZ Z Zazf zza"'b)

k=1j= n+k‘r =7

Therefore
=Y S A )
k= lj n+k:‘r i=j
1
BB *Z aif (@i-) + bi)
k=1j=n+kr—7 T i=j
oo ntkr—1
= Z Z Z az.f Ti—o + b; )
k=1 j=n+kt—7 i=j
= Z Z aif (ri—y) + b;)
<1
i=j
and
1 o0
A (xn - m'nf‘r) = _7 Z (azf (wifa) + bz) :
n -
The rest of the proof is similar to that of Theorem 2.9 and is omitted. O
3. EXAMPLES

In this section we present two examples to illustrate the obtained results.

Example 3.1. Letr, = (n+ )n,p, =2, 7=1,0=0,5s=0, p* =0, f(t) =t

for any ¢,

n,

2n
Ap = _m and b'n, =
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Then equation (1.1) takes the form

NN S N R TR

We have
(e} 1 o0
ZE<OO’ Z|an|<oo.
n=1 n=1

By Theorem 2.5, for any ¢ € R there exists a solution z of the equation (3.1) such that
zn, = c+o(1). In fact, the sequence z,, = 1 — =+ is a solution of (3.1) with such property.

Example 3.2. Letr, =2" p, =8" 7=3,0=—1, f(t) =t for any ¢,

21 7419 3
4 py= 16T 227
32 ’ 28 10T ’

an =

and let s € (—o0,0] be arbitrary but fixed. Since

o0 An
Z)\k: 17/\forany)\e(—l,l)andanynEN,
k=n

and a, < 27" for any n, we have

e} 1 0o 0o j_s e} o'} j_s 9 [eS) j_s
. —i _ —_— =
strjzmz‘gz 2i ZQ =2 2]‘_2.2 b=
j=1 i=j j=1 i=j j=1 j=1
Analogously

Jj=1 i=j

=1 I 2

Hence, by Theorem 2.5, for any ¢ € R there exists a solution = of the equation

1 21 7419 3
A(2A (@04 — 2y ) ) = = A+ 167 4 Do 2
( (x AT 3)) g T g 16 g (32)

such that z,, = c+o(n®). In fact, for any ¢ € R the sequence z,, = c+4~" is a solution
of (3.2). Note that 4=" = o(n®).
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