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1. INTRODUCTION

In this paper we study global existence and asymptotic behavior for a degenerate
parabolic system of the form

Sy — Apg(S)=—T1(yS—9),
x,t) € 2 x (0,T) =Qr, 1.1
{It—A@(I):ImS—ax @) €@x 0T =Qr, (D)
in  x (0,00), subject to the initial conditions
S(x,0) =50 (x), I(z,0)=1Iy(z), x€, (1.2)
and to the Neumann boundary conditions
99s(5) _ 0¢:(1) _
on (z,t) = on (x,t) =0, (z,t) €0Qx(0,T). (1.3)

Herein,  is an open, bounded and connected domain in RY , N > 1, with a smooth
boundary 992, A is the Laplace operator in RY, Iy, Sy € C (Q), So, Ip > 0. Finally,
for k € {S, I}, ¢r € C%(R), ¢1(0) = ¢/.(0) = 0 and ¢y (s) > 0, ¢}.(s) > 0 for s > 0.
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This problem leads to the so-called (S — I — S) model: S, I represent respectively
the densities of susceptibles and infectives, ST is the force of infection or the incidence
term, it represents the number of susceptible individuals S infected by contact with
infective individuals I per time unit, finally 61 is the number of infectives who become
susceptibles after recovery.

System (1.1)—(1.3) is uniformly parabolic in the region D =[S # 0] N [I # 0] and
degenerate into first order equations on Qr \ D. Note that degenerate diffusion is a
good approach in modeling slow diffusion of individuals in the spatial spread of an
epidemic disease, see Okubo [14].

In the spatially homogeneous case we found one of the models of propagation of
an epidemic disease described in [6,11]. In fact that model deals with susceptibles,
infectives and removed, but if we eliminate the removed ones by adding them to
susceptibles we form the model below, without demography (no new borns or deaths)
and in that setting it is well known that when t — oo

S, I So + 1,0 if So+Ip<?
{(a)_>(0+ 0,0) 1 otlo= 3, (1.4)

(S, 1) — (%,50 + 1y — %) otherwise.

A comprehensive analysis of generic models with linear diffusion is initiated in Fitzgib-
bon and Langlais [8] and Fitzgibbon et al. [9]. These models include a logistic effect
on the demography, yielding L!(2) a priori estimates on solutions independent of
the initial data for large time; this allows to use a bootstrapping argument to show
global existence and exhibit a global attractor. Finally quasilinear but non degenerate
systems of the form (1.1) was investigated by Fitzgibbon et al. [10].

For degenerate reaction-diffusion equations, and in the case where ¢ (s) = s™,
m > 1 was studied by Aliziane and Moulay [5], Aliziane and Langlais [3,4] studied the
SEIR model. Finally Hadjadj et al. [2] studied the case where the source term depends
on the gradient of solution, they resolved the problem of existence of globally bounded
weak solutions or blow-up, depending on the relations between the parameters that
appear in the problem.

This paper is organized as follows. In Section 2 the notion of a weak solution is
introduced and we state our main results. In Section 3 we will construct our solution
as a limit of solutions of quasilinear and nondegenerate problems depending on a
parameter ¢, derive uniform a priori estimates on these solutions, and prove existence,
uniqueness and regularity results in Section 4. Finally, in the last section we prove
the large time behavior results which generalize (1.4).

2. MAIN RESULTS

2.1. BASIC ASSUMPTIONS AND NOTATIONS

Herein, (2 is an open, bounded and connected domain of the N-dimensional Euclidean
space RN, N > 1, with a smooth boundary 99, a (N — 1)-dimensional manifold so
that locally  lies on one side of 92, x = (1,...,2y) is the generic element of RY.
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The gradient with respect to = is V and the Laplace operator in RV is A, sign. is a
smooth approximation of the function signum, finally if  is a real number, then we
set r™ =sup(r,0), r~ = sup(—r,0).

Then we set Q x (0,7) = Qr and for 0 <7 < T, Q x (7,T) = Q, . The norm
in LP(Q2) is || - |p,o and the norm in LP(Qr 1) is || - [|p,q, for 1 < p < co. Finally

HYQ,7) = HY Q) x (1,7T).

2.2. MAIN RESULTS

It is well known that the general problem (1.1)—(1.3) has no classical solutions. A suit-
able notion of a generalized solution is required. We adopt the notion of a weak solution
introduced by Oleinik et al. [15].

Definition 2.1. A couple of nonnegative and continuous functions (S, ) is a solution
of system (1.1)—(1.3) in Qr, T > 0, for each ¢, € C'(Qr), such that 8“" = g:ﬁ =0
on 092 x (0,T).

1. Vs(S) , Vér(I) exist in a distributional sense and Vog(S) , Vor(I) € L?(Qr);
2. S and I verify the identities:

) [0, ) (0. T)do— [ [ (S~ Vos(5)Vp — 1,8 —8) o] dedt =
= S{S(Jc,O) ¢ (z,0)dz,

b) [I(2,T)¢ (2, T)dx — }:f [Ty — Vor(I)Vyp + I (S — )¢ dedt =
Q 0Q

= [I(x,0)% (z,0)dz.
O

We are now ready to state our results.

Theorem 2.2. For each initial non negative data (So,1Io) in C () x C (Q) there
exists a unique weak solution (S,I) of problem (1.1)~(1.3) on Q. Furthermore,

(i) S €C(Qu) NL™®(Quo),
(ii) I € C(Qwo); and if Sy < %, then I € C(Qoo) N L®(Quo)-

Remark 2.3. These results can be extended to the case Sy, Iy € L*™(Q) with
S,I € C([1,T]; L>°(Q)) in the definition of the weak solution and using results of
Di Benedetto [7] to get:

(1) S € C(Qr00) NL®(Qoo) for all 7 > 0,
(i) I € C(Qrr); and if Sy < 2, then I € C(Qr.00) N L®(Qoo) for all 7 > 0.

For the large time behavior of the weak solution, we obtain the following result.

Theorem 2 4. Assume 0 < Sy < é and let M = IQ\ f (So + Ip)(x)dz. Then:

M < 2 th
i “ lim S(t,")=M and lim I(t, )—O in C(Q);

t—o0 t—o0

2. if M > %, then 5 5

lim S(t,-) = - and lim I(t,) =M — 5 in C(Q).

t—o0 Y t—o00
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3. AUXILIARY PROBLEM AND A PRIORI ESTIMATES

In this section we consider in  x (0,00) the auxiliary quasilinear non-degenerate
system

{st “AWS) =TS -0 o0 =0r (1)

Iy = Ady(I) = (I =) (v(S —¢) = 9),
subject to the initial and boundary conditions

S(2,0) =S80 (x), I(x,0)=1Ip.(x), z€,

6déT(LS ) ad;ff) (z,t) =0, (z,t) € 09 x (0, 7). (3.2)

—~

x,t) =

di, dy : RY — (£, 00) are smooth and increasing functions with
di(S) = ¢s(S),e < S, and do(I)=¢;(I),e <I. (3.3)
If Uy, represents one of the smooth functions So . or Iy . over Q, then we require

Upe(z) >e,2€Q,0<e<1,

/ (Uoe(z) —e)dx :/ Up(x)dz, (3.4)
Q

Q
Up,e = Up in C(Q) as € — 0.

We refer to [1] for a construction of such a set of initial data. From standard results,
[12, Theorem 7.4], local existence and uniqueness of a classical solution (S, I.) of
(3.1)=(3.2) in some maximal interval [0, T, ) are guaranteed.

It is easy to check that [¢,00)? is an invariant region (see [16]), thus

0<e<8(x,t),0<e<I(xt), 2€Q 0<t<Thame- (3.5)

Then one can apply results in [10] to show global existence, i.e. Thgq.e = 00, of a
classical solution for (3.1)—(3.2). Using (3.3) and (3.5) we obtain global existence for

{St —Ads(S) =~ =) (7(S —¢) = 9), (z,t) € 2% (0,T) = Qr (3:6)

I — Ags (1) =(I - £) (1(S — ) = 6),

in 2 x (0,00), together with (3.2).
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We derive a priori estimates. First, adding the two equations in (3.1) and using a
straightforward integration one can derive the conservation of the total mass:

Se (z, T)dx+ [ I. (z,T)de = [ Soe(z)+ loe(x) de, T >0. (3.7)
[ e

Q

In what follows, T' is a positive number, M, ..., M, are positive constants indepen-
dent of T, £,0 < ¢ < 1, and F1y,..., F, are non decreasing functions of T" independent
of .

Lemma 3.1. There exist a constant My and a nondecreasing function Fy independent
of € € (0,1] such that
0<e<S(x,t) <M, e, t>0, (3.8)

0<e< (z,t) < FA(T), reQ, 0<t<T. (3.9)
If 0<Sy(x) < %, then Fy is a constant.

Proof. As |Soc|l Q—i—% is a supersolution of equation for S, in (3.1)—(3.2), estimation
(3.8) follows.
Multiplying the equation for I. by p(I. —&)P~!, p > 1 and integrating over ), we
obtain
d

T (I —&)P(z,t)dx < ]97/([E —e)P(S: — &) (x, t)dz, t>0.

Q Q

Estimation (3.8) and Gronwall’s inequality lead to estimate (3.9).

Now if 0 < Sy (x) < %, we can construct Sp . such that 0 < .Sp . (z) < % + ¢, then
by the maximum principle applied to the equation for S, we obtain
)
0 <S5 (x,t) —e < —, reQ, t>0. (3.10)

v
A second application of the maximum principle to the equation for I. gives
eglg(x,t)gHIOHoo’Q—i—l, ref, 0<t<T. O

Lemma 3.2. There exists a constant My independent of € € (0,1] such that

//(Ie — ) (6 = ¥(S: —€))* dadt < M. (3.11)

0
Proof. Let U; = (7(Se — €) — §). Then the equation for S, can be written as
U, — div(¢s(Se)VU) +v(I —e)U =0, (z,t) € Qx(0,T),

U (2,t) =0, (z,t) € 02 x (0,T), (3.12)
U(z,0) =7(S0,e —€) — 6, z € Q.
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We multiply (3.12) by U, and integrate over Qr to find

T T
%/Uf(x,T)dx+//¢g(SE)\VUE|2 (2, £)dadt +’y//(IE—e)dea:dt:
0 Q

Q 0 Q

— 5 [ (S0 =)= 9 @
Q

Then the estimate (3.11) follows by (3.4). O

Lemma 3.3. There exists a nondecreasing function Fy independent of € € (0,1] such
that
T

T
//|V¢S(S (x,t dxdt+//|V¢1 (z,t)dzdt < F5(T). (3.13)
0 Q

0
If0 < Sy (z) < % for each x € Q, then Fy is a constant.

Proof. The estimate on V¢;(I.) is obtained upon multiplying the equation for I. by
¢1(I:) and integrating over Qr = Q x (0,7):

/@,(1 (2, T))dm—i—/T/V(bI L)[? dedt =

Q

- (3.14)
/<I>I Ipe (z dx—l—//(b[ (I —€) (v(S: —¢) = 9) (x,t) dzdt,
0
where
I
I = /¢I(s)ds
0
By the Cauchy inequality and (3.9), one has
T
/@,(15 (;z:,T))da:+//|V¢1(IE)|2da;dt §/<I>I(IO,E (2))da—+
Q 0 Q Q , (3.15)
+T %mes%( 0) Fior(F (T (// I — &) (6 — (S — ) (x, t)dxdt)
. . . . J
Using Lemma 3.2 one obtains the desired estimate. If 0 < Sy () < — for each
Y

x € Q, putting (3.10) in (3.14) we obtain

/ / V0 (1) dadt = / 1(Io.. (x))dz. (3.16)
0 Q

Q
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Now to obtain an estimate on V.S, we multiply the equation for S. by S, integrate
over Q7 and use the Cauchy inequality and Lemma 3.1. We have

T

/@g m+//ﬁwg&WMﬁ:
Q 0O
; (3.17)
/@S&M dwb//ﬁs V(L — £) (6 — A(S. — &) (2,£) dadt <
00
< /@3(5’076 (l‘))dl‘+
Q
T N (3.18)
+ ¢s(My) Flmesé (// (I. — ) (6 — v(8: — £))* (, t)dwdt) .
0 Q
Then the estimate on V.S in (3.13) follows from (3.18) and (3.11).
If0 < S (z) < —, x € Q, by integrating equation in I. one gets
v
//(IE —€) (0 —y(Se —¢)) dadt < /ons(x)dx. (3.19)
0 Q Q
Then by (3.19) and (3.17), we have
r ]
// Vs (S:)|? dedt < /@S(SO,E (z))dz + ¢s (7) /IO,E(x)dx. O
0 Q Q Q

Lemma 3.4. There exist nondecreasing functions F3, Fy independent ofe, 0 < e <1
such that for all t >ty > 0,

/W@@Wuﬁm+/wwgmwﬂwg&@
Q Q

/t/(¢S(S€))t2dmd$+/t/|(¢1(1€))tQdmds§F4(t)_
fo O 24

If0 < Sy (z) < % for each © € Q, then F3 and Fy are constants.
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Proof. We multiply the equation for S. by (¢s(S:)), and integrate over Q x (7,t),
L <7 <t<T,to find

//% Se); (@, 8)drds + 5 /|V¢S O (z,t) de =

/ / 65(52)), (I — €)(6 — 1(S- — &) (. s)dds + / Vos(S2)[? (&, 7) de,

(3.20)
but
// (I — 2)(6 — 7(S. — ))(x, s)dads <
T Q
%//q&s (x,s)dxds+ (3.21)

t
1
451058 o I el [ [(1 =)0 = (S, ~ ) (v, 5)dods,
T Q
Putting this estimate in (3.20) one obtains

/‘V(bs (z,t)dx <

< /|w>s(s€)\2 (z,7) da+

Q
t
16505 lse.n el / / (I — £)(6 — (5. — £))2(z, s)duds.
T Q

Integrating this inequality in 7 over (£,¢) one finds

/\V%(SE)IQ(:B,:S) dx <

Q

t
2
< E//|v¢s(s€)|2 (z,7) dedr+
é Q

1055w 0 el o / / (I — )5 — (5. — €))%z, s)dads.
t Q
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The estimate for Vog(S:) follows by Lemmas 3.1, 3.2 and 3.3. In the same way one
can obtain the estimate for Vgr(I.).

The estimate for (¢g(S:)), is immediately deduced from (3.20), (3.21) and
Lemma 3.3 keeping in mind that

(@S2 = (@58 (SF < sw dlsls) ) s(S2) (507

0<5<152 | o 0

The estimate for (¢7(1:)), follows immediately. O

4. PROOFS FOR THE EXISTENCE AND UNIQUENESS

In this section we supply a quick proof of Theorem 2.2.

4.1. EXISTENCE

From estimates established in the previous section one has (S. — €)o<e<1 and

(Vs(Se))o<e<1 are respectively bounded in L?(Qr) and (Lz(QT))N for a fixed
T > 0. Then there exists two sequences which are still denoted (S — €)p<e<1 and
(Vps(Se))o<e<1 such that (S: — €)o<e<1 converges weakly to some function S in

L*(Qr) and (V¢s(S:))o<e<1 converges weakly to V in (LQ(QT))N. On the other
hand (S;)o<e<1 is bounded in L (Qr); using the weak formulation of the equation
for S. one can invoke the results in Di Benedetto [7] to get (S:)o<c<1 relatively com-
pact in C (Q x [0,77]). It follows that (S. — &)o<c<iconverges to S in C (€ x [0,T7])
and (¢s(S:))o<e<1 converges to ¢g(S) in C (€2 x [0,T7]). As a first consequence of
this, V' = V¢g(S). By the same way one can prove that there is a function I such
that (I.)o<c<1 converges to I in C (2 x [0,7]) and (V¢ (I))o<e<1 converges weakly
to V(1) in (L? (QT))N. Now let us multiply equation for S in (3.6) by ¢, equation
for 1. by 1, integrate by parts over Q x (0,T) and let € goes to zero, to conclude that
(S, 1) is the desired solution.

The regularity results for Vos(S), Vor(I), (¢s(S)): and (¢;(I)): follow from the
a priori estimates in Lemmas 3.1, 3.2 and 3.4.

4.2. UNIQUENESS

The uniqueness is obtained by choosing an adequate test function in the definition of
the weak solution as in [13].

Let (S1, 1) and (Ss, I2) be two weak solutions of problem (1.1)—(1.3). They verify
the integral identity

/(Sl - SQ)(QC,T)Qﬁl((E,T)dCC - /(¢S(Sl) - QSS(Sz))A(pl(xvt)dxdt =
Q Qr

_ / (01 (S1 — $2) = (F(S1, 11) — £(Sa, 12))pn] (&, D)t
Qr

(4.1)
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and
[ = B Deste iz~ [(1(1) = 61(1) Ao )dndt =
Q Qr

= /[(’Mpz(h — ) 4 (f(S1, 1) — f(S2, I2)) 2] (x, t)dxdt
Or

(4.2)

88% =0on 0 x (0,T) and ¢; > 0, where
n

f(S,I) =1I(~S —9). Let us introduce two functions ¢, ¢, as follows:
¢s(51) — ¢s(S,)

for every ; € C1(Q7), i = 1,2, such that

1/’1(117715) = Sl _ 5’2 (Iat)v if S # 52’
0, otherwise,
or(Ih) — or(1, '

Yo(x,t) = %(w,t% if I, # I,
0, otherwise.

Let us consider a sequence of smooth functions (¢ ¢)e>0 such that ;. > €, ¢; ¢ is
uniformly bounded in L*°(Qr) and

lim [($i.c = i)/ /i

For any 0 < € < 1, let us introduce the adjoint nondegenerate boundary value problem

0.

L2y =

Oepi + i Ap; =0 in Qx(0,T),
%“: (z,£) =0 on 9 x (0,T), (4.3)
wi(z,T) = xi in Q.

For any smooth y; with 0 < x;(z,t) <1,7i=1,...,4,and any 0 < € < 1, this problem
has a unique classical solution ¢; . such that (see [13])

0<ic(z,t) <1,

/1/’2',6(A<Pi,g)2dxdt < K;.
QT

If in (4.1)—(4.2) we replace ¢; by ¢;, where p; . is the solution of problem (4.3) with
X1(z) = x1.c(x) = signt (S1 — S2)(z,T) and x2(z) = x2..(z) = signt (I, — I2)(z,T),
then we obtain

/Xl,a(x)(sl - Sg)(l’,T)dl’ - /(1/11 - 1/)1,5)(51 - SQ)A§0175(ﬂf,t)dﬂCdt =
Q Qr

== /(f(slall) — f(S2,12))p1.e(z, t)dedt
Qr
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and
/XQ,E(x)<Il — L)(z,T)dx — /(1/)2 — o)y — I2)Apo o (x, t)dadt =
Q QT

= [((50.12) = F(S1. 1)) ac o, ).
Qr
Using the local Lipschitz continuity of f and the properties of v; . and ¢; -, we deduce,
by letting € — 0, that

/ ((Sl — SQ)Jr + (Il — 12)+) (:ZZ,T)d:L‘ S K / (|Sl - S2| + |I] — IQdedt,
Q Qr
where K is the Lipschitz constant of the vector field f. In a similar fashion we establish

an analogous inequality for (S7 — S3)~ and (I3 — I3)~ and deduce that

/(|Sl — SQ‘ + |Il — IQ|) (x,T)d:c < K/ (|Sl — SQ| + |Il — IQ|) (Z’,t)dl’dt.
Q Qr

We conclude by using Gronwall’s Lemma.

5. LARGE TIME BEHAVIOR: PROOFS

5.1. THE w-LIMIT SET
In this section we assume that 0 < .5y < % and set ¥y = ¢,;1 for k € {S,I}.
By Lemma 3.3, the set {(¢s(S) (-, t),6r(I) (-, 1))};y, is bounded in (H* (Q))2

hence precompact in (L2 (Q))2, and we conclude that the w-limit set
w(So,Iy) = {(U, V)e (H' QN L= Q) : 3ty — oo
(65(5),01(1)) () = (U V) () on (L2())*}

is well-defined. Now we give a characterization of w (Sp, Ip).

Proposition 5.1. Let (U,V) € w(So,1y). Then (U,V) is a solution of the homoge-
neous Neumann problem

—AU = =41 (V) (vs(U) = 6),
{AV — (V) (ys(U) —5), (5.1)
U = 8l =0 in 09 (5.2)

on  On
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Proof. Let (U, V) € w(Sp, Ip). Then there exists ¢t — oo such that

2

V) () = Jim (85(S),60(1) (. 1) in (L),
Let us consider two sequences Uy, Vj, in L2 (Q x (—1,1)) defined as

U (x,8) = S (x,tr + ),

Vi (2,5) = I (2, by + 5) reN, —1<s<1, k>0.

For each s € (—1,1),

/|¢S(Uk) (z,5) — ¢5(S) (2. t)[* do = / 65(S) (@, tx + 5) — 65(S) (. 1) |* dow =
O !

thts 2

/ (65(5)), dt

//Wﬁs |dxt2dt§

dr <

Hence

HQSS(Uk)_Q/)S(S) (~7tk)HL2(QX(_1’1)) < |:// | d$dt]

23

By Lemma 3.4, we get

hm //| os(S | dxdt = 0.

Q tg

Then for a subsequence still denoted Uy, Vi: ¢s(Ux) — U, ¢;(Vi) — V in
L? (2 x (—1,1)) and almost everywhere in  x (—1,1) as k — oo, and then by the
Lebesgue dominated convergence theorem we have

Ue = vs(U), Vi —=91(V), Vi(yUx —0) = 1 (V) (vs(U) = 9)

in L2(Q x (—1,1)).
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Next, let £ € C? (Q) be such that g—g = 0on 9N and p € C} ((-1,1)), p > 0,

f_ll p(s)ds = 1. We set p(x,t) = p(t —tx) & (x) and use ¢ as a test function in the
definition of S with T'=t; + 1 and ¢, > 1. We get

T
//[Spt (t— 1) € () + ds(S)p (¢t — 1) AE — T (xS — 8) p (¢ — t4) €] dardt = 0,
0 Q

i.e.

tr+1

| [1sma-te+ o551~ 1) A6~ 165 = 6) p (¢ — 1) ot = .
tr—1 Q

Setting s =t — tx, we get

1

/ / Uspe () € (2) + 65(Un)p (3) AE — Vie (YUx — 8) p (s) Edaeds = 0.

-1 Q

1

Passing to the limit as k — oo and since [ p’ (s)ds = 0 we obtain
S

1
( [e© ds> ( [ 0@ 86@ — i) ()~ ) am) 0.
—1 Q

We conclude that for any ¢ € C? (Q) , % =0 on 992. We have
Ui

[0 @ a¢— 6 (st~ 5) e =0

Q

Thus U is a weak solution of

In the same way, we prove that V is a weak solution of

0
A

—AV = (V) (7bs(U) = 8)  in
on If).

P
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5.2. PROOF OF THEOREM 2.4

The semi-orbits {(S(-,t),I(-,t)) : t > 0} are relatively compact in (C(Q2))2, because
they are bounded in (L*°(Qu))? by Lemma 3.1 and one may use results of Di
Benedetto [7].

Let (U,V) € w(So, Ip). Then (U, V) is a solution of (5.1)—(5.2). The function U+V
is a solution of

2(U—i—V)ZO on Of).

{ —AU+V)=0 1inQ,
on

Then U + V is constant.
Now multiply the equation for V' by V' and integrate over €2 to obtain

/ IVV|? da + / Vi (V) (6 — v (U)) da = 0. (5.3)
Q Q

Since 0 — yys(U) > 0, we conclude that V is constant, and then also U is constant.
Putting these conclusions in (5.3) one has

Vi (V) (5~ 1s(U) =0 5 V=0 or U:¢SCD.

Now using estimate (3.7), we get

Ys(U) +¢r(V) = ﬁ /So () + Ip (z) da.
Q

Keeping in mind S < %, ie. U< gi)s(%), then either

1 5
V=0 U=6s | o [ S0+ Do) ds S%()
Q K
and this is possible only if
| 5
— < 2
o Q/So(a:)—l—lo(x)d:v <2

or

U_d)s(j) %Tﬁ](V)_Slu/So(x)%‘Io(m)d:EjZO
Q

and this is possible only if

Q.\o)

1
— SO (.T) +Io (.CE) dx >
/
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