Opuscula Math. 45, no. 5 (2025), 665-684
https: //doi.org/10.7494/OpMath.2025.45.5.665 OPUSCULA MATHEMATICA

SYSTEMS OF DIFFERENTIAL INCLUSIONS
WITH COMPETING OPERATORS
AND VARIABLE EXPONENTS

Francesca Vetro and Rakib Efendiev
Communicated by Vicentiu D. Rdadulescu

Abstract. In this paper, we study a system of differential inclusions with Dirichlet
boundary condition, involving competing operators and variable exponents. More
precisely, we investigate the existence of both generalized solutions and weak solutions
to the problem under consideration. In order to archive our results, we make use of
approximation through finite dimensional subspaces via a Galerkin basis along with
minimization and nonsmooth analysis.
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1. INTRODUCTION

Let @ ¢ RY with N > 2 be a bounded domain whose boundary 9 is Lipschitz.
For m € C(§2) with m(z) > 1 for all z € ), we put

m~ =minm(z) and m’ = maxm(z).
zeQ zeQ

Let now p; and ¢; with ¢« = 1,2 be functions satisfying the following assumptions:
(HO) p;,q; € C(Q) are such that
1<g; <qi(e) <qf <p; <pi(x) <pf < +oo

forallz € Qandi=1,2.

In the present paper, we focus on the following problem of differential inclusions with
Dirichlet boundary condition

{(—Apl(.)ul + M1Aq1(.)u17 —APQ(.)UQ + MquQ(.)UQ) S 8F(u1,u2) in Q, (1.1)

up =us =0 on 0,
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where ji1, 2 € R are parameters and —A,, () and Ay, (), for i = 1,2, denote the
negative p;(-)-Laplace operator and the positive ¢;(-)-Laplace operator, respectively. In
the right-hand side of problem (1.1), we find the generalized gradient OF of a locally
Lipschitz function F : R? — R. We stress that pointwise OF (uy, us) is a subset of R
Therefore, (1.1) is a system of two differential inclusions, which are said hemivariational
inclusions because they involve generalized gradients. Further, we point out that,
according to the Clarke’s subdifferentiation theory (see [2]), corresponding to (1.1) we
have the following hemivariational inequality

(=Api(yur, ha) + pa Qg (yur, ha) + (= Ap,yuz, he)

+ p2({Bgy(yuz; h2) < /FO(U17U2;h1,h2)dJU (12)
Q

for all (hy, ho) € Wol’pl(')(Q) X Wol’pQ(')(Q), with F° being the generalized directional
derivative of F'. We mention that hemivariational inequalities have relevant appli-
cations, for example, in the context of mechanics, as one can see by Chang [1] and
Panagiotopoulos [12] where the study of such a type of inequalities was developed. We
also cite the recent paper of Jleli et al. [7] (hyperbolic differential inequality).

The driven operators involved in (1.1) are sum of a negative p;(-)-Laplace operator
and a positive ¢;(-)-Laplace operator weighted by the parameter p; € R. When p; > 0
such operators do not satisfy the ellipticity condition and they become competing
operators. We recall that problems involving competing operators with constant
exponents were first considered in Liu et al. [8] and then in Motreanu [9, 10], Galewski
et al. [4] and Gambera et al. [5], see also their references. For the case of variable
exponents, we instead mention the recent works of Ghasemi et al. [6] (competing
operator), Moussaoui et al. [11] and Vetro [14] (p(-)-Laplace operator).

Taking into account the possible loss of ellipticity for system (1.1) due to the
presence of parameters p; for i = 1,2, as explored in [9] we need to consider a new
type of solution, called generalized solution.

Definition 1.1. We say that (uq,uz2) € Wol’pl(')(Q) X Wol’m(‘)(Q) is a generalized
solution to problem (1.1) if there exists a sequence

{(uams 2 bmers © WEPO(Q) x W20 ()

such that

(i) win —> u; in Wol’pi(')(ﬂ), as n — +oo for i = 1,2,
(i) —Ap, () tin + g, () Uin — Gin ~ 0 in (WgP (@), as n — oo, with
Cin € (WP Q) and (i, € OF (U, ny) ace. in Q for i = 1,2,
(iii) (—Ap,()Uin + 1iDg, () Win, Uin — ui) — 0, as n — 400 for i = 1,2.

In addition, using the hemivariational inequality given in (1.2), we can provide
a notion of weak solution to problem (1.1) as follows.
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Definition 1.2. We say that (u1,us2) € Wol’pl(')(Q) X Wol’pZ(')(Q) is a weak solution
to problem (1.1) if it solves the inequality (1.2). This means that there exists (¢1,¢2) €

(WP O (@) x (W2 (Q))* satisfying (¢1, () € OF (ug,us) ae. on Q such that

<—Apl(.)u1, h1> + w1 <Aq1(.)u1, h1>

+ (= Dpy(yuz, ha) + p2(Ag,(yu2, ha) = /(C1h1 + (oha)dz.
Q

Remark 1.3. We point out that any weak solution to problem (1.1) is also a gener-
alized solution. In fact, if (uy,us) € Wol’pl(')(Q) X Wol’p?(')(ﬂ) is a weak solution to
problem (1.1), then it is sufficient to take

Uip :=u; and (= foralln e Nandi=1,2

in Definition 1.1, in order to conclude that (uj,us) is a generalized solution to
problem (1.1).

Thus, our first aim is in exploring the link between weak solutions and generalized
solutions to problem (1.1). As above mentioned, any weak solution to problem under
consideration is in addition a generalized solution. We here show that the reverse
implication holds, under very general assumptions on F' (see hypothesis (Hg)), if driven
operators in (1.1) are both elliptic, which means to claim that p; < 0 as well as s < 0
(see Theorem 4.1). Then, we establish the existence, for any p1, us € R, of at least
a generalized solution to problem (1.1), supposed again that hypothesis (Hg) holds
(see Theorem 5.1). Finally, combining the results in Theorems 4.1 and 5.1, we achieve
the existence of at least a weak solution to problem (1.1), supposed 1, o < 0 (see
Theorem 5.2). We point out that in order to obtain our results, we make use of
approximation through finite dimensional subspaces via a Galerkin basis along with
minimization and nonsmooth analysis. In this way, we are able to derive some a priori
estimates, which are of independent interest in the context of competing operators
(see Propositions 3.3 and 3.4).

We emphasize that the results of the present paper extend ones in Motreanu [10]
to the case of variable exponents and ones in Ghasemi et al. [6] to the case of systems.

2. PRELIMINARIES

In this section, we collect some notions and results which we need for our study. More
precisely, we first give any remarks on variable exponent Lebesgue and Sobolev spaces,
and then we recall some basic elements of nonsmooth analysis. We refer the reader
to books of Diening et al. [3] and R&dulescu et al. [13] for more details on variable
exponent Lebesgue and Sobolev spaces. A detailed treatment on nonsmooth analysis
can be find in Clarke [2].
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Let QfRN with N > 2 be a bounded domain whose boundary is Lipschitz. Also,
let m € C(Q) such that m(x) > 1 for all x € ). We here use m’ in order to denote
the conjugate variable exponent of m, that is, we have that

=1 forallze .

m(x)  m(z
By Lm(')(ﬂ) we denote the variable exponent Lebesgue space, that is,
L™O(Q) = {u € M(Q) : pp(y(u) < +00}

where M(Q) stands for the set of all measurable functions u: Q — R, while p,,(.)
denotes the modular given by

Py (u) == / lu[™®) dz for all u € M(Q). (2.1)
Q

As usual, we consider on L™()(Q) the Luxemburg norm, that is,
. u
1|l m(y == 1nf{)\ >0 P (X) < 1}

for all uw € L™ (). With such norm L™) () becomes a separable, uniformly convex
and hence reflexive Banach space whose dual space is given by Lm/(')(Q). We point
out that the modular p,,(.) and the norm || - |[,,,(.) are strictly related, like one can see
from the following result.

Proposition 2.1. Let m € C(Q) be such that m(x) > 1 for all z € Q. Then
the following hold:

(1) [lullmcy <1 (resp. > 1,=1) if and only if ppm(y(u) < 1 (resp. > 1,=1),
e . + m—

(i) if [[ullmy <1 then [[ull7 ) < pmey (@) < llulli iy

oy e m(

(ili) of [[ullm(y > 1 then ull 7y < pmey (w) < flullf -

We note that Proposition 2.1 in particular assures that the following inequality
m- mt
[ulley =1 < pmey (w) < lulley +1 (22)

is verified for all u € L™()(Q). Also, we recall that the Holder-type inequality

1 1
[ wvtae < [ = Wby T
Q

holds for all u € L™)(Q) and all v € L™ )(Q). Moreover, for my,my € C(9) such
that 1 < my(x) < ma(x) for all € Q, we have the continuous embedding

Lm20)(Q) — L™ O(Q).
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Using L™()(Q) we introduce the variable exponent Sobolev space W™()(Q) by
whmO(@) = {ue L"O©) « |vul € L"0(@) }
equipped with the norm
el mey = l[ellmey + [Vullmcy,

where [ Vully = || [Vl () for all w € WHmO(Q). We write Wy ™) () by the
closure of C§°(£2) with respect to the norm || - [|; (). We point out that W1m()(Q)
and VVO1 ’m(')(Q) are uniformly convex, separable and reflexive Banach spaces. Further,

we stress that the Poincaré inequality is valid for I/VO1 ’m(')(Q). Therefore, there exists
a constant ¢, > 0 such that the following inequality

[ellmy < em VUl

holds for all u € Wol’m(')(Q). Taking this into account, we can consider on Wol’m(')(Q)
the equivalent norm given by

[ull == |Vt ) for all u € Wy ™ (9).

Finally, we have the following Sobolev embedding result.

Proposition 2.2. Let m € C(Q) be such that 1 < m(z) < p}(z) := ]\lef’;(g) for all

x € Q and i =1,2. Then, we have the continuous embedding
Wy P (Q) < LmO(Q).

If 1 < m(x) < pi(z) for all x € Q, then the above embedding is compact.

We emphasize that, according to Proposition 2.2, if m(x) < pf(z) for all z € Q,
we can find a constant ¢; > 0 such that

lullm(y < € l|[Vullp, ) forallue Wol’pi(')(Q) and i =1,2. (2.3)
Next, we recall that the negative m(-)-Laplace operator
Ay s Wy " (Q) — (W™ ()

is defined by
(A yu, h) = / |Vu| ™) =2y - Vhda
Q

for all u,h € T/Vol’m(')(ﬂ)7 while the positive m(-)-Laplace operator A,,.y is given by

(—=Apyu,h) = 7/|Vu|m(x)72Vu-Vhd:c
Q



670 Francesca Vetro and Rakib Efendiev

for all u, h € VVO1 () (). Such operators have several notable properties. In particular,
both —A,,y and A,y are bounded (that is, they map bounded sets to bounded
sets) and continuous. In addition, —A,, is strictly monotone and satisfies the
(S) +-properties, which means that

Uy — win Wol’m(')(Q) and  limsup(— A, tp, Uy —u) <0
n—-+oo

imply
Up — u in V[/Ol’m(‘)(Q).

We conclude this section with some basic fact from the theory of nonsmooth
analysis. Let X be a Banach space with topological dual X*. Also, let (-,-) be the
duality pairing between X and X*. A function ¢ : X — R is called locally Lipschitz if
for every u € X there are an open neighborhood U of u and a constant ¢y > 0 such
that the following inequality

[¥(x) = ()| < cullz -yl

is verified for all z,y € U. The generalized directional derivative of ¢ at u € X in the
direction h € X is defined by

¥°(u; h) = limsup Yo+ th) — P(2)

)
z—u,t]0 t

while the generalized gradient of ¢ at u € X is given by
OY(u) ={u" € X*: (u*,h) <¢°(u;h), forall h e X}.

The multifunction v — 9y (u) is called the Clarke subdifferential of . We remark
that such subdifferential has several interesting properties. In particular, we recall the
following.

Proposition 2.3. Let ¢ : X — R be a locally Lipschitz function at u € X.

(P1) If ¢ has a local minimum or mazimum at u € X, then 0 € Oy (u).

(P2) The Clarke subdifferential ¢ (u) is a nonempty, convex, weak™*-compact subset
of X*.
(P3) If {un}tnen C X and {Cu}nen C X* are two sequences such that

Cn € OV(up), up w>uinX and ¢, v, ¢,
then ¢ € 0¢(u).

(P4) (Mean-value theorem) If 1 is locally Lipschitz on an open neighborhood containing
the segment [u,v], then there exists w € (u,v) and ¢ € OY(w) satisfying

P(v) = ¥(u) = ((,v —w).
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We point out that if ¢ € C*(X), then ¢ is locally Lipschitz with d¢(u) = {¢'(u)}
for all u € X.

Finally, as we will make use of the Galerkin basis of W, 7" (), for the sake of
reader convenience, we here recall such notion.

Definition 2.4. A sequence {X,, },en of vector subspaces of VVO1 pi(@) () is a Galerkin
basis of W,"* "(x)(Q) if the following conditions hold:

(i) dim(X,) < +oo for all n € N,
(ii) X, C Xpqq foralln € N,
(iit) UnZy Xo = Wo ™ (@).

3. ASSOCIATED ENERGY FUNCTIONAL

In this section, we introduce the energy functional J associated to problem (1.1) and
examine its properties. More precisely, we here show that such functional is locally
Lipschitz and coercive. Then, we explore some usefull properties of the local minimizers
of J. We stress that in order to archive such results we make use of embedding results
along with the theory of nonsmooth analysis.

First, we are going to formulate the precise assumptions on F'.

(Hp) F : R?> — R is a locally Lipschitz function satisfying the following
growth condition: there exist positive constants ag, a1, as, bg, b1, b2, a1, as with
<o <py, 1 <o <py, alpfAl < pj and bgp;Bl < pg , such that

|z1] < ap + aq|t| -1y as|s| 1
and
Py _
|za] < bo + by|t| 2 + by|s|Pz 71
for all ¢t,s € R and (21, 22) € OF(t, s), where A; and B are the best constants
such that
/|u1|pfdx < MVl for all uy € WP O (@), (3.1)
Q
/ [l do < By [Vl for all u € W09, (3.2)
Q

respectively (see (2.3)).
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We point out that, according to (2.3), as 1 < o; < p; due to hypothesis (Hp), from
now on we will denote by As, A3, B, B3 constants satisfying the following estimates

/|u1|dz AoV ||p, (), /|u1|°‘1dx < Ag||Vug 27, for all uy € Wy 0(@),
Q Q

IN

(3.3)

/|u2|da? < Bl Vusllp,. /|u2|02 dz < Bo|[Vus||%2,, for all uy € W0 (@),
Q Q
(3.4)
Let now ¥ : Wol’pl(')(Q) X I/Vol’pz(')(ﬂ) — R be the functional given by
U(ug,ug) = /F(uhug)dac (3.5)
Q

for all (uy, up) € Wy P (Q) x W2 (Q). We stress that, as (Hp) holds, we have that

V¥ is Lipschitz continuous on the bounded subsets of Wol’pl(')(ﬂ) X Wol’m(')(Q). This
in particular guarantees that U has everywhere a well-defined Clarke subdifferential

o - Wol-,pl(')(Q) < W&”’Q(')(Q) _y oW P @) s (wy P2 ())"

Using ¥, we define the functional J : Wy ") (Q) x W P> (Q) — R corresponding
to problem (1.1) by

2

1 . 1 .
J(ulqu) = Z /p(x)|Vuz pi( )dZL' — ,Uq/ q(.]j) |V’LLZ a:( )d.’E — \I/(Ul,UQ) (36)
i=1 \ " a

for all (uy,us) € Wol’pl(')(Q) X Wol’pz(')(Q).
Now, our first aim is in showing that J is locally Lipschitz and coercive, which
means that J(up,us) = 400 as |[(ur,u2)|| = ||ur]| + ||uz|| = +oo.
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Proposition 3.1. Let hypotheses (HO) and (Hp) be satisfied. Also, let J be the
functional defined in (3.6). Then, J is locally Lipschitz and

2
0T (u1,uz) =y /\Vui|p”(””)_2Vui-Vhidx—ui/\Vqu'i(‘”)_ZVui-Vhidx
=1\ Q
— G\Il(ul, UQ)

(3.7)

for all (uy,us), (h1,hs) € W&’pl(')(Q) X W()l’m(')(ﬂ). Furthermore, J is coercive on
WOLZH(')(Q) % Wol’m(.)(Q).

Proof. First, we note that as (Hp) holds, the functional ¥ given in (3.5) is locally
Lipschitz. This, with a view to (3.6), permits us to we affirm that J is locally Lipschitz
as well. Thus, in order to achieve (3.7) we have just to derive the Clarke subdifferential
of ¥ and then of J.

Therefore, we are going to show that J is a coercive functional. To this end,
we point out that using (2.2) and the continuous embedding W(Jl’pi(')(Q) — Wol’qi+ Q)
for i = 1,2, we get that

+
q;
syt

/|Vui|‘“(“')dx < |IVu;
(3.8)
< Cil|Vuil|,

& )—i—l

for some C; > 0, for all u; € Wol’pi(')(Q) and i =1,2.
Also, from hypothesis (Hr) and mean-value theorem (see (P4) of Proposition 2.3),
we derive that

b
|F'(t,8)] < [F(0, 0)|+CL0|75\+50|5|JF*W’1 +p |s|P=
2
asa 0%7 by osh oy
+71\f|\ | 772,|t\ 2 |s]
py Py +ay
ba
< [F(0,0)] + aolt| + bols |+*\t|p1 + = |sfP
Do (3.9)

a(e)[t|*r +¢e|s|P2 + e|t|Pr +b(e)|s|*2 (by Young’s inequality with )

a —
< |F(0,0)] + ag|t| + bo|s| + (i +e) It|Pr
P

b _
b (2 e) I+t + ool
2
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for all ¢,s € R, where we have ¢, a(e),b(¢) > 0. Thus, using (2.2) along with the
estimates (3.9), (3.1), (3.2), (3.3), (3.4) and (3.8), from (3.6) we see that

V]

1 i
I, uz) > ‘f;]/|Vu|P*“%i ‘”'t/WV7 S @z | — |F(0,0)|9]
im1 \ P

_ b _
(ao\ul\ + bo|U2| + (1 —|—€) |U1|p1 + <2 + 6) |u2|p2
P p

2

{O\

(@) ur | + () g )

(2

2
i
XX:VMPU - e vull, + 1) - P00l
— ao Az [[Vur [, () = boBal|Vuzllp, ) — ale)As|[Vua ]

b —
- o) BTl — (2 +§Auwmmu (52 +2) Baawuly,

1 a 1 ba pi
> — (1 — 1p1 A — 5A1p1> HVulH + (1 — 2122 B, —€Blp2+>
P j2y P2 by
g | + |M2| T
S %wwm(%@w%%

— ag A2||Vuilp, ) — boBa[[Vuz|lp, ()
— a(e) Asl|Vur |22, — b(e) Bl Vual|2,,
for all (uy,uz) € Wol’pl(')(Q) X Wol’m(')(Q), with || being the Lebesgue measure of
in RY. Now, we recall that a; pj A; < p; and by py By < p, from hypothesis (Hr).
According to this, for € > 0 small we have that

+ by p3
1—%A1—5A1p1+>0 as well as 1 — 2232 By —eBipj > 0.

D1 2

Taking this into account, as from hypothesis (H0) for i = 1,2 we have that p; > ¢;",
we conclude that the functional J is coercive. This proves the claim. O

Let now {X,} and {Y,} be a Galerkin basis of Wol’pl(')(Q) and Wol’m(')(Q),
respectively. We stress that {X, x Y,} is a Galerkin basis of the product space

Wol’pl(')(Q) X Wol’pz(')(Q). Using such Galerkin basis, we are going to state and prove
the following result for local minimizers of the functional J.

Proposition 3.2. Let hypotheses (HO) and (Hp) be satisfied. Also, let J be the
functional given in (3.6). Then, for any n € N we have that

J(U1p, ugp) = inf{J(vy,v9) : (v1,v2) € X;, x Yy }
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for some (u1n,u2n) € Xpn X Ys and ((in, Con) € (Wol’pl(')(ﬂ))* X (Wol’m(')(Q))* with
(Cin,Can) € OF (U1n, Uap) a.e. on §) satisfying

/ |Vu1n|p1(f”)*2Vu1n . Vhldl‘ — M1 / |Vu1n|‘“(m)*2Vu1n . Vhldl‘ — /Clnhl dl‘ = O7
Q

Q Q
(3.10)

/|Vu2n\p2(x)_2Vu2n - Vhodz — / |Vgn |2 @ =2V uy,, - Vhy dz — /@nh2 dx =0,
Q Q Q

(3.11)
for all hy € X, and all hy €Y.

Proof. First, we point out that as {X,, x ¥;,} is a Galerkin basis of the product space
WP O(Q) x WP (), we have that

dim(X,, xY,) < +oo forallneN.

Also, from Proposition 3.1 we know that J is locally Lipschitz and coercive. For way
of this, we can find (u1,,u2,) € X, x Y, such that

J(u1n7u2n) = inf{J(UlaUQ) : (Ul,UQ) € X, X }/n}
Thus, from (P;) of Proposition 2.3 we deduce that
(070) € 8J|Xn><Yn(uln7’U42n)~ (312)

Now, according to (3.12), we have that there exists (z1n, 22n) € O¥(Uin, uay) such
that
(—Apl()um + NiAqi(juin — Zin, hl> =0 fori=1,2. (313)

Then, using Theorem 2.7.5 and Remark 2.7.6 of Clarke [2], we can affirm that

OV (U1, u2yn) C /8F(u1mu2n) dzx.
Q

This assures that, corresponding to (z1p, 22n) € OV (U1p, Uan), we can find (Cin, (2n) €
OF (u1n, u2y,) a.e. on €2 such that

<Zin7 hl> = /Cznhz dzr for i = 1, 2. (314)
Q

Using (3.14) in (3.13), we derive that both (3.10) and (3.11) hold. Therefore, the as-
sertion of proposition is proved. O]

Next, we focus on the minimizer sequence {(u1, U2, )}nen Obtained in Proposi-
tion 3.2. We are in the position to produce the following result.
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Proposition 3.3. Let hypotheses (H0) and (Hp) be satisfied. Also, let
{(u1n, uzn) bnen € Wy (0) x Wy 20(@)
be a sequence as given in Proposition 3.2. Then, the following a priori estimate
[Vl + [ Vtza gy < K (3.15)
holds, for some K >0 and alln € N

Proof. We note that choosing as test function h; = uy,, € X, in (3.10) and then using
(3.1), (3.3), (3.8), hypothesis (Hp) and Young’s inequality with e, we derive that

/|Vu1n|p1(:”)dx:M1/|Vu1n|q1("”)dx—|—/Clnulndﬂc
Q Q

< |U1|(Cl||vuln||ql( g T 1)+ aoA2l|VU1an1 ()T CL1A1||Vu1n||p1( )
+ aza(e)As||Vuq, nHal + aq2e By ||Vu2n||

Analogously, choosing as test function he = ug, € Y,, in (3.11) and using (3.2), (3.4),
(3.8), hypothesis (Hr) and the Young inequality with e, we see that

/WMW@MZW/WWWWM+/%WME
Q

< |/¢2|(C'2Hvuzn||q2 + 1) + bo Bz || Vugn ||p, ) + b2Bl||VU2n||

+ b1b(e) B3

The previous inequalities along with (2.2) yield that

|a2( ) + b1€A1||V’LL1an

(1— Ay + Ebl))HVulan ) + (L= By (b + £02)) [ Vuza 2,
< |ml|Ci[[ Va3t ) + |M2\Cz||vu2n||q12() + ag Az [|Vuinllp, )

pi) + 01b(E) Bs|[ Vuz 32 ) + €

p1(
—+ boBQ”VUganz(.) + CI,QCL(€)A3

for all n € N and some C > 0. Now, we recall that 1 — Aja; > 0 and 1 — B1by >0
from hypothesis (Hp). According to this, for € > 0 small we have that

1—Ai(a; +eby) >0 aswellas 1— By(bs+eaz) > 0.

This, along with the fact that p; > qj > 1 for i = 1,2 due to hypothesis (H0), permits
us to conclude that the sequence

{IVurnllp ) + 1Vuznllpa() dnen

is bounded by a constant in Wol’pl(')(Q) X Wol’m(')(ﬂ). This means that the a priori
estimate (3.15) holds and hence the proof is concluded. O

Our next result gives indications about the boundedness of the operators involved
n (3.10) and (3.11).
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Proposition 3.4. Let hypotheses (H0) and (Hp) be satisfied. Also, let

{(ul'rL;UZn)}neN C Wol’pl(')(Q) % W017P2(')(Q)

and
(Grns Gan) € (W™ (Q))* x (Wo 20 ()"
be as given in Proposition 3.2. Then, there exists a positive constant K > 0 such that
the following inequality
= Apiytin + 1iBg;(ytin = Ginll e gy < K (3.16)
holds for allm € N and i =1, 2.
Proof. In order to prove the claim, we point out that the following inequality

[(=Ap, () Uin + il g, (YUin = Cin, 1)l

= / |Vaain [P Vi, - Vhide — g / Vi |2 Vi - Vhida - / Cinhida
Q Q Q

§/|Vum|p'i(’”)_1\Vhi\d:c+|ui|/\Vum|qi(1')_1|Vhi|dx+/\Cm\|hi|dx
Q Q Q
(3.17)

holds for any h; € W()l’pi(')(Q) and ¢ = 1,2. Also, we note that according to (2.1)
we have that

pp/i(z)(\VumW(x)_l) = Ppi(2)(|Vin]) fori=1,2.
This in particular guarantees that for ¢ = 1,2 there exists ; > 0 satisfying

IVtin

Now, using the previous inequality along with (3.15) and the Holder inequality, we
can estimate the first two terms in the right-hand side of (3.17). Thus, we see that
[ 19Vl < 20T [Vl

Q < 2HVUin”;Z(.)HVhi |p: () (3.18)

pi(z)—1

< Mil|Vhillp, )
for some ]\Z > 0, and

Q

pi)=1) |V, |da

@@=, |dr < /(1 + Vi,
Q
< ClIVhillpiy + 20 Vuinll: ) IV Rillp, )

< Mi||Vhillp, ()

(3.19)

for some C , ]\Z > 0, with C being an embedding constant.
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Next, in according to hypothesis (Hr) and (3.15), we have that

/|C1n||h1\d93 < /(ao + at|unnPT 1 + aslusn] 0 )| |da
Q

Q
— ;-1
< apAo|[Vhillpy ) + a1 ClIVunnl: 5 I VR llney— (3.20)
+as D ||Vu2n||p21(.) IVhallp, )

< My [[Vha |y,

for some M; > 0, with C, D being embedding constants. We stress that, in a similar
way, we can also see that

/ (Canl iz dz < Ny [Vl (3.21)
Q

for some My > 0.
Now, using (3.17), (3.18), (3.19) and (3.20) we arrive to the following inequality

(=2, (yutn + 118, () = Ciny )| < (My + My + M)V, ),
while from (3.17), (3.18), (3.19) and (3.21) we derive that

(=D py(ytizn + 128 gy () — Cony ha)| < (My + My + M) |[Vhal|p, .-

On the base of the previous inequalities, we are able to conclude that (3.16) holds
for some positive constant K. O]

4. WEAK SOLUTIONS VIA GENERALIZED SOLUTIONS

In this section, we focus on link between weak solutions and generalized solutions
to problem (1.1). As previous mentioned, any weak solution to problem (1.1) is in
addition a generalized solution (see Remark 1.3). We here show that the reverse
implication holds if driven operators in (1.1) are both elliptic, which means to claim
that py <0 as well as pus < 0.

Theorem 4.1. Let hypotheses (HO) and (Hp) be satisfied. If py < 0 and s < 0,
then any generalized solution to problem (1.1) is in addition a weak solution.

Proof. In order to produce the claim, we suppose that p1 < 0 and ps < 0 (that
is, we assume that the driven operators in (1.1) are elliptic). Also, let (u,us) €
Wy O(Q) x W2 (Q) be a generalized solution to problem (1.1). Now, our aim
is in showing that (u1,us) is in addition a weak solution to (1.1). To this purpose,
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we remark that, as (u1,us) is a generalized solution to problem (1.1), we can find
a sequence
{(urn, u2n)nen € Wo ™ O(@) x o0 ()

and
Gin € (Wol’pi(')(ﬂ))* with (i, € OF (u1p, u2,) a.e. in Q fori = 1,2,

satisfying all the conditions in Definition 1.1. Furthermore, we recall that the negative
gi-Laplacian operator, —A,, (), for i = 1,2 is monotone. Hence, we know that

(=Ag(yu+ Agy(yv,u—v) 20

for all u,v € W()l’q’i(')(Q) and 7 = 1,2. This, along with the fact that p; < 0, assures
that the following inequality

Hi{—Bg; () in + By () iy in — i) <0

holds for n € N and ¢ = 1,2. Keeping this and Definition 1.1 (i), (iii) in mind,
for i = 1,2 we can write that

lim sup(—A,, () Win, Uin — Uq)
n——+oo

= lim sup [(—Api(_)um F WiD g, (Y Wins Win — Uq) + il —Lg, () Uin + Dg, () Wis Win — Us)

n—-+00
+ (=D () Uiy Uin, — Us)]
< limsup(—Api(.)um + ,uiAqi(,)um,um — ul> + p; lim (—Aqi(.)ui,um — u1> =0.

n—-+00 n—-+o0o

From the previous inequality, as the operator —A,, ) is of (S) -type and continuous,
we deduce for i = 1,2 that

Wip — U; iD Wol’p"'(')(Q) asn — 400
and further
—Ap, (Y Uin = —Ap,(yu; in (Wol’pi(')(ﬂ))* asn — 4oo.

Moreover, as u;, — u; in Wol’p"’(')(Q) and the operator —A,, (. is continuous, for i = 1,2
we have also that

. . 1,q: (- *
lim Aqi(.)um = Aqi(.)ui m (WO 1 ()(Q)> .

n—+4oo
At this point, we stress that from Propositions 3.2 and 3.4 we know that

{Cintnen C (Wol’pi(')(Q))* is bounded for i = 1, 2.
Therefore, for ¢ = 1,2 we can assume that

Cin = ¢ in (Wol’p"(')(Q))* as n — +oo.
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Thus, according to (P3) of Proposition 2.3, we have that ((1,(2) € IF (u1,us) a.e.
on . Then, using Definition 1.1 (ii) along with the fact that w;, — w; in W&’pi(')(ﬂ)
and (Cin, Con) € OF (1, uzn) C (Wa P (Q))* x (W P21 (Q))*, we derive for i = 1,2
that

—Api(i)ui + MiAqi(-)ui —¢ =0 in (W&’pi(')(Q))*,

where (¢1,¢2) € OF (u1,u2) C (Wol’p(‘)(Q))* X (Wol’pZ(')(Q))* a.e. on Q. With a view
to Definition 1.2, this assures that the generalized solution (uj,us) to problem (1.1) is
in addition a weak solution. Therefore, the claim is now proved. O

5. EXISTENCE RESULT

In this section, we are ready finally to state and prove the main result of the present
paper. Precisely, we here show that problem (1.1) admits for any w1, us € R at least

a generalized solution in Wol’pl(‘)(Q) X Wol’m(')(Q), supposed that hypotheses (HO0)
and (Hp) hold. We stress that, according to Theorem 4.1, we have that such solution
is in addition a weak solution to problem (1.1) whenever p; < 0 and ps < 0.

Now, our main result reads as follows.

Theorem 5.1. Let hypotheses (HO) and (Hp) be satisfied. Then, for any u1,ue € R
we have that problem (1.1) admits at least a generalized solution (uy,us) in

Wolvpl(')(Q) « Wol’m(')(Q).

Proof. In order to prove the claim, we have to show that there exists (uy,us) €
WP O(Q) x WP (Q) such that all the assumptions in Definition 1.1 are satisfied.
To this end, we consider a Galerkin basis {X,,} of Wol’pl(')(Q) and a Galerkin basis
{Y,.} of Wol’m(')(ﬂ). Also, as hypotheses (H0) and (Hp) hold, let

{1 uzn) e € Wo ™ (@) x w70 ()

and
(Cins Con) € (W PP (Q))* % (W20 ()"

with (C1p, Con) € OF (u1p, u2,) a.e. in £, as given in Proposition 3.2. Now, according
to Propositions 3.2 and 3.3, we have that

{(tin, u2n) frnen C Wol’pl(‘)(Q) X Wol’pQ(')(Q) is bounded.
For way of this, we can suppose that
Uin —> u; in Wol’p"’(')(Q) and  ug, — u; in LPO(Q)

as n — +oo, for some u; € Wol’p'i(')(Q) and i = 1,2. Consequently, we have that
condition (i) of Definition 1.1 is verified.
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Next, we point out that Proposition 3.2 along with Proposition 3.4 assures that

(=2, tin + 13D g, (Y tin — Cintnen € (WO ()

is bounded for ¢ = 1, 2. Therefore, we can suppose that
— A (ttin + B g,y tin = Gin > yi i (Wy ™ ()" (5.1)

as n — +oo, for some y; € (Wol’p"(‘)(Q))* and i =1,2.

Now, we take hy € U2 X,, in (3.10) and he € UF2Y,, in (3.11). We remark that
according to Definition 2.4 we have that (hq,ha) € X, x Y, for all n > ng for some
ng € N. Then, as

(=Ap, (Y Win, hi) + (i D g, () Uin, hi) — /thidx =0
)

for all n > ng and ¢ = 1,2 from (3.10) and (3.11), passing to the limit as n — 400
and using (5.1), we deduce that the following equality

lim (—A,, () Uin + 1iDq, () Uin — Cin, hi) =0

n—4oo
holds for ¢ = 1,2. This in particular guarantees that
(yi,hi) =0 fori=1,2.
Consequently, on the base of Definition 2.4 (iii), we can affirm that
y; =0 fori=1,2.
Thus, we have that
— A, (Yt + g (Y thin — Cin 0 in (Wy PO (Q))* (5.2)

Pi

as n — 400 and ¢ = 1, 2. Therefore, Definition 1.1 (ii) is satisfied as well.

Next, we point out that if in (3.10) we choose h; = u;, — u; € Wol’pi(')(Q) for
i =1,2, pass to the limit as n — 400 and use (5.2), then according to the properties
of the sequences {u;p fnen and {(in }nen, we get that

n—-+o0o

lim /Czn (um — ui) dz = 0.
Q
Taking this into account, from

n—-+oo

lim | (=Ay, () Win, Uin — i) + Ll g, () Wins Uin — i) — /Cm(um - uz)d% =0,
Q
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we derive that

Hm  [(—Ap, () Uin, Win — i) + 115 (Dg; () Uin, Uin — ui)] = 0.

n—-+oo

This means that Definition 1.1 (iii) is true too.

Finally, as all the assumptions in Definition 1.1 are satisfied, we conclude that
(u1,ug) € Wol’pl(')(Q) X Wol’m(‘)(Q) is a generalized solution to problem (1.1). Taking
into account that uq, pus € R are arbitrary, this produces the claim. O

We emphasize that as immediate consequence of Theorems 4.1 and 5.1 we have
the following result.

Theorem 5.2. Let hypotheses (HO) and (Hp) be satisfied. Also, let 11 < 0 and pa < 0.
Then, problem (1.1) admits at least a weak solution in Wol’pl(')(Q) X W()l’m(')(Q).

For the sake of reader convenience, an example illustrating how our results can be
applied is provided next.

Example 5.3. Let f; : R — R be the function so defined

2 cos & ift£0
t) = ¢ ’
() {0 if £ = 0.

We stress that fi is a locally Lipschitz function with Clarke subdifferential given by

2t cos: +sind ift#0
D) _ t t )
hi®) {[—1,1] if t = 0.

Next, we consider the function f5 : R — R defined by
fa(t) =|t| for allt € R.

Such function has instead Clarke subdifferential given by

~1 ift <0,
Ofs = [-1,1] ift=0,
1 if t > 0.

Using f; and fo, we introduce the function F : R? — R defined by
F(t,s) = fi(t) +1t fa(s) + s (5.3)

for all t,s € R. We point out that F' is a locally Lipschitz function. Further, we can
easily see that the Clarke subdifferential of F' is given by

OF (t,s) = (0f1(t) + fa(s), t O fa(s) + 29)



Systems of differential inclusions with competing operators and variable exponents 683

for all ¢, s € R. Taking this into account, for any ((1,(2) € IF(t,s) we have that the
following inequalities

Gl <1+20t|+s| and |G| <[t +2[s|

are verified for all (¢, s) € R?.

Now, we assume o; = 2 and p; > 2 for 4 = 1,2. Such choice of o; and p; permits
us to affirm that hypothesis (H) is satisfied by the function F introduced in (5.3).
Thus, we are going to consider the following problem

(5.4)
u; =ug =0 on 0f),

{(—Apl(.)ul + ,ulAql(.)ul, —Ap2(.)u2 + MQAq2(.)u2) € OF (u1,u2) in Q,
where Q is a bounded domain of RY (N > 2), F is from (5.3), and we suppose p; > 2
for i = 1,2, with p;, ¢; satisfying hypothesis (H0). As hypothesis (Hr) holds as well,
we are in the position to apply both Theorem 5.1 and Theorem 5.2. Consequently,
according to Theorem 5.1, we have that for any pi,pus € R the problem under
consideration admits at least a generalized solution. From Theorem 5.2 we instead
derive the existence of a weak solution to the problem whenever u; < 0 and ps < 0.
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