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Abstract. A total labeling of a graph G = (V, E) is said to be local total antimagic if it
is a bijection f: VUE — {1,...,|V|+|E|} such that adjacent vertices, adjacent edges,
and pairs of an incident vertex and edge have distinct induced weights where the induced
weight of a vertex v is wy(v) = > f(e) with e ranging over all the edges incident to v,
and the induced weight of an edge wv is wy(uv) = f(u)+ f(v). The local total antimagic
chromatic number of G, denoted by x;;:(G), is the minimum number of distinct induced
vertex and edge weights over all local total antimagic labelings of G. In this paper,
we first obtain general lower and upper bounds for x;:(G) and sufficient conditions to
construct a graph H with k pendant edges and x;:(H) € {A(H) + 1,k + 1}. We then
completely characterize graphs G with x;:(G) = 3. Many families of (disconnected)
graphs H with k pendant edges and x;;(H) € {A(H) + 1,k + 1} are also obtained.
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1. INTRODUCTION

Let G = (V, E) be a simple and loopless graph of order p and size g. For integers
a < b,let [a,b] = {n € Z]|a<n <b}. If no adjacent vertices of G are assigned the
same color, then G has a proper (vertex) coloring. The smallest required number of
colors is the chromatic number of G, denoted x(G). The most famous problem on the
chromatic number is the 4-Color Conjecture which states that every planar graph G
has x(G) = 4. Interested readers may refer to [2] for the proof by Appel and Haken.
If no two adjacent edges of G are assigned the same color, then G has a proper edge
coloring. The smallest required number of colors is the chromatic index of G, denoted
X'(G). Interested readers may refer to [16] for an interesting brief history. A total
coloring of G is a coloring of the vertices and edges of G such that x and y are assigned
distinct colors whenever x and y are adjacent vertices or edges, or incident vertex and
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edge. The smallest number of colors required for a total coloring is the total chromatic
number of G, denoted x:(G). The conjecture that

A(G) +1<x:(G) < A(G) +2

remained unsolved (see [4, 6]) where A(G) is the maximum degree of G.

A bijection f: F — [1,q] is a local antimagic labeling if f*(u) # f*(v) for every
edge uv of G where fT(u) is the sum of all the incident edge label(s) of v under f. Let
fT(u) be the color of u. Clearly, fT is a proper vertex coloring of G induced by f.
The smallest number of vertex colors taken over all local antimagic labeling f is called
the local antimagic chromatic number of G, denoted x,(G) (see [3, 7-9, 11, 12] for
the many results available).

A bijection g : V' — [1,p] is a local edge antimagic labeling if g;.(e1) # gic(e2) for
every two adjacent edges e; and e of G where gj.(uv) = g(u) + g(v). Let gic(e) be the
induced edge color of e under g. Clearly, g;. is a proper edge coloring of G induced
by g. The smallest number of edge color(s) over all local edge antimagic labeling ¢ is
called the local edge antimagic chromatic number of G, denoted Xieq(G) [1].

A bijection f : VUE — [1, p+q]| is a local antimagic total labeling if w* (u) # w™ (v)
for every two adjacent vertices u and v where w™ (u) = f(u) + >_ f(e) over all edge(s)
e incident to u. Let w™ (u) be the induced vertex color of v under f. Clearly, w™ is
a proper vertex coloring of G induced by f. The smallest number of vertex colors
over all local antimagic total labeling f is called the local antimagic total chromatic
number of G, denoted x;4¢(G). In [10, 13], the authors proved that every graph is local
antimagic total and obtained the exact x;q:(G) for many families of graphs G.

Motivated by the concepts of local (edge) antimagic labeling and total labeling
of G, Sandhiya and Nalliah [14] defined the concept of local total antimagic labeling.
A bijection f: VUE — [1,p+ ¢] such that the weight of a vertex u is wy(u) = ) f(e)
over all edge(s) e incident to u, and the weight of an edge e = wv is w¢(e) = f(u)+ f(v),
is called a local total antimagic labeling if (i) every two adjacent vertices and adjacent
edges have distinct weights, and (ii) every vertex and its incident edge(s) have distinct
weights. The mapping wy (or w if no ambiguity) is called a local total antimagic
labeling of G induced by f, and the weights assigned to vertices and edges are called
induced total colors under f.

The local total color number of a local total antimagic labeling f is the number
of distinct induced total colors under f, denoted by w(f). Moreover, f is called
a local total antimagic w(f)-coloring and G is local total antimagic w(f)-colorable. The
local total antimagic chromatic number x;:(G) is defined to be the minimum number
of colors taken over all local total antimagic colorings of G induced by local total
antimagic labelings of G. Let G + H and mG denote the disjoint union of graphs G
and H, and m copies of G, respectively. By definition, any graph with an isolated
vertex or a Ko component does not admit a local total antimagic labeling. In this
paper, we only consider graph G of order p > 3 and size ¢ > 2. Thus, G contains
neither isolated vertex nor Ko component.

In Section 2, we obtained various sufficient conditions on bounds of x;:(G). In Sec-
tion 3, we give complete characterization of graphs G with x;;(G) = 3. In Section 4,
we first obtained various families of disconnected graph with k& pendant edges and
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Xi+(G) = k + 1. Using the results in Section 3, we then obtained various new families
of graphs H, constructed from G, having s pendant edges and x;:(G) = s + 1. Open
problems and conjectures are given in Section 5.

2. SUFFICIENT CONDITIONS

In [14], the authors proved that a graph G with k& > 1 pendant edge(s) has
xit(G) > k + 1. We now give a necessary condition and a proof for equality to hold.

Lemma 2.1. Suppose G has k > 1 pendant edges, then x;:(G) > k+1. If xiu(G) = k+1,
then p + q is assigned to a pendant vertex or a pendant edge.

Proof. For completeness, we only need to prove the second statement. Assume that
xit(G) = k+1. Suppose p+ q is assigned to a non-pendant vertex, say z. Now, all the k
pendant vertices have distinct weights at most p+ g — 1. Moreover, x is incident to two
edges, say e and €’. Clearly, w(e), w(e’) are distinct weights at least p+ ¢+ 1. Suppose
p + q is assigned to a non-pendant edge, say zy. Now, all the k& pendant vertices have
distinct weights at most p+ ¢ — 1 and w(z), w(y) are distinct weights at least p+ g+ 1.
In both cases, there are at least k + 2 distinct weight so that x;:(G) > k + 2. This
contradicts x;;(G) =k + 1. O

Corollary 2.2. Suppose G is a graph with k > 1 pendant edges, then
Xit(G) > max{A(G)+ 1,k +1} > 3.

Proof. By definition and Lemma 2.1, x;:(G) > max{A(G) + 1,k + 1}. Thus, if
Xit(G) =2, then A(G) = 1 or k = 1. If the former holds, G is a 1l-regular graph
that does not admit a local total antimagic labeling. If the latter holds, A(G) > 3
so that x;:(G) > xt(G) > 4, a contradiction. Consequently, x;:(G) > 3 if G admits
a local total antimagic labeling. O

In [14], the authors also proved that if G is an r-regular graph, r > 2, that admits
a Xia(G)-labeling and a x;.q(G)-labeling, then x;:(G) < X1a(G) + Xiea(G). We now

give a more general result.

Theorem 2.3. Suppose G admits a Xjeq(G)-labeling. If G has (i) §(G) > 2; or else
(if) 6(G) =1 so that G has k > 1 pendant vertices, v, non-pendant vertices and e,
non-pendant edges with e, > v, + k — 2 that admits a x14(G)-labeling that assigns the
non-pendant edges by integers in [1,e,], then G admits a local total antimagic labeling.
MO’I"@O’U@?", Xlt(G) < Xla(G) + Xlea(G)~

Proof. Suppose G has order p and size ¢q. By definition, G has no K components.
Let f: E — [1,q] (and h : V — [1,p]) be a x1a(G)- (and Xxjeqa(G)-) labeling of G.
Define a bijective total labeling g : VU E — [1,p + ¢] such that g(u) = h(u) for each
vertex u of G, and g(e) = f(e) 4+ p for each edge e of G. Therefore, {g(u)} = [1, p]
and {g(e)} = [p+1,p+ q]. Clearly, w,y(u) = wy(v) if and only if f*(u) = f*(v), and
wy(e1) = wy(ez) if and only if he(e1) = hie(ez) for all u,v € V(G) and eq,e2 € E(G).
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(i) 0 > 2. In this case, G has no pendant edges. Thus, every edge weight under g is
at most 2p — 1 and every vertex weight under g is at least 2p + 3. Therefore, every
edge weight is less than every vertex weight. Consequently, g is a local total antimagic
labeling that induces x;4(G) + Xiea(G) distinct weights.

(ii) 6 = 1. Thus, G has order p = v, + k and size ¢ = e, + k. By the given
assumption, the x;,(G)-labeling f of G assigns each non-pendant edge with an integer
in [1,ep]. In this case, under g, every vertex is assigned an integer in [1,v, + k|, every
non-pendant edge is assigned an integer in [v, + k + 1, v, + k + ¢,] while every pendant
edge is assigned an integer in [v, +k+e, + 1, v, +2k+e,]. Now, every edge weight is at
most 2(v,+k)— 1. Every pendant vertex weight is at least v, +k+e,+1 > 2(v, +k)—1
and every non pendant vertex weight is at least 2(v, + k) + 3. Therefore, every edge
weight is less than every vertex weight. Consequently, g is a local total antimagic
labeling that induces x;4(G) + Xiea(G) distinct weights. O

Suppose G is a graph with x;+(G) = A(G) + 1. We now give sufficient condition to
construct new graph H with k > 2 pendants edges from G to have x;;(H) = A(H) + 1.

Theorem 2.4. For k,s > 1,ks > 2, let G be a graph of order p and size ¢ with d > 0
pendant edges such that

(a) xi(G) =t = A(G) + 1 and the corresponding local total antimagic labeling f
assigns k to a mazximum degree vertex v of G;
(b) fork=>1,s>1,

s k
wy(v) + ZZ(p-i— qg+2jk+1—1) # ws(x),

j=1i=1

for each vertex x adjacent to v;
(c) v is the only element with weight wy(v), or else there is a non-pendant vertex
element in V(G)UE(G) with weight in {p+q+(2j—1)k+i|1 <j<s,1<i<k}

Suppose G, (k, s) is obtained from G by attaching ks > 2 pendant edges to v. If Condi-
tions (a), (b) are satisfied, then

A(Gy(k,s)) +1 < xu(Go(k,s)) < A(Gy(k,s)) + 2.

The lower bound holds if Condition (c) is also satisfied.

Proof. Let G be a graph satisfying Condition (a). Clearly, v is not a pendant vertex.
Lemma 2.1 implies that A(G) > d if d > 0. Note that G, (k,s) has ks + d pendant
edges. So,

A(Gy(k,8)) = A(G) + ks > ks + d.

By definition,
Xit(Gy(k,8)) > A(Gy(k,s)) +1=A(G) + ks + 1.

Let the ks > 2 pendant edges added to G to get H be e;; = vz, for 1 < j <,
1 < i < k. For simplicity, if k = 1, let e;; = e; and x;; = z;. Define a total
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labeling g : V(G,(k,s)) U E(G,(k,s)) — [1,p + g + 2ks] such that g(z) = f(z) for
each z € V(G) U E(G). For the remaining vertices and edges, we do as follows.

(i) For k=1,let g(x;) =p+q+2j—land g(e;) =p+q+2(s—j+1). If s >3 is
odd, then swap the edge labels of e(,y1)/2 and e(s_1)/2.

(ii) For k > 2, let g(xj;) =p+q+2(j —1)k+14, and g(e;;) =p+q+2jk+1—1i for
1<j<s1<i<k Ifk>3isodd, then swap the edge labels of €j,(k+1)/2 and
€j,(k—1)/2 for each 1 < j <'s.

Clearly, for distinct z,y € (V(G) U E(G)) \ {v}, wy(z) =w,(y) if and only if
wy(z) = wy(y). Observe that

{g(eji) [1<j<s1<i<k} p+q+ (25 — Dk +1,p+q+ 25k

I
C-

1
wgleji) | 1<j<s,1<i<k}
wy(xji) [ 1<) <s1<i<k},

<.
Il

I
—~—

denoted W. Clearly, all the elements in W are distinct. Moreover, every edge e of G
that is incident to v has weight

wg(e) =wyr(e) <2p+2¢—1
s k

<wr)+ 3 Y (p+a+ (25 — Dk +1i) = wy(v).

j=1i=1

So, Condition (b) implies that g is a local total antimagic labeling of H with weights
set Wy =W U (Wi \ {wyr(v)}) U{wy(v)} that has size at most

ks+t+1=A(G)+ks+2=A(G,(k,s))+2.

Thus,
A(Gy(k,s)) + 1 < xiu(Gu(k,s)) < A(Gy(k,s)) + 2.

Consider Condition (c). Suppose v is the only element with weight wy(v). Now ¢
induces ¢t — 1 distinct weights among the elements in (V(G) U E(G)) \ {v}. Therefore,
Wy has size

ks+(t—1)+1=ks+t=A(Gy(k,s)) + 1.

Otherwise, since there is a non-pendant vertex element in (V(G) U E(G)) \ {v} with
weight in {p+ ¢+ (2j —Dk+¢|1 < j <s,1 < i<k}, we also have W, has size
A(Gy(k, s)) + 1. This completes the proof. O

Suppose G has dg > 1 pendant edges and x;:(G) =dg +1 > A(G) + 1. Let H be
obtained from G by attaching pendant edges to a vertex of G such that H has dg
pendant edges. We now give sufficient condition for x;:(H) = dg + 1. Let degq(v) be
the degree of vertex v in G.
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Theorem 2.5. Fork,s > 1, ks > 2, let G be a graph of order p and size q with dg
pendant edges such that

(i) xi(G) =dg +1 > A(G) +1 > 3 and the corresponding local total antimagic
labeling f assigns k to a vertex v of G,
(ii) if © is a vertex adjacent to v, then

wy(x) # wys(v +ZZp+q—|— (25 — Dk +1),

j=11i=1

(ili) if v is not the only element with weight w(v), then w or else wi(v) € {g(e;:) |
1<j<s,1<i<k}, where w is the only weight under f which is not a pendant
edge label.

Suppose G, (k, s) is obtained from G by attaching ks pendant edges to v.

(a) If v is a pendant vertez, then
dg +1=ks+dg let(Gv(k,s)) <ks+dg+1=dy+2.

The lower bound holds if (i) there is a weight of G under f equal to p+q+(2j—1)k+i
for1 < j <s,1<1i<k;orelse (ii) v is the only element with weight w;(v)
under f.

(b) If v is not a pendant vertex, then x1:(Gy(k,s)) = ks +dg + 1.

Proof. Let the ks vertices added to G to get H = G,(k,s) be z;; for 1 < j < s,
1 <4 <k and let vz;; be e;;. Since H has order p + ks and size ¢ + ks, we define
a total labeling g : V(H) U E(H) — [1,p 4+ ¢ + 2ks] such that g is as defined in the
proof of Theorem 2.4. Obviously, every edge incident to v has weight less than wg(e; ;).
Moreover, all but one of the weights of G under f, say w, must be an edge label of G
under f. Moreover,

s k
we(v) =ws(v)+ Y Y (p+q+ (25— Dk +1).

j=1i=1

By definition and Lemma 2.1, we know dg > A(G) > 2.

(a) If v is a pendant vertex, then H has dy = ks +dg — 1 > ks + 1 pendant edges
with degy (v) = ks + 1. Since ks > 2, we also have ks +dg — 1 > dg + 1 > A(G)
so that ks + dg — 1 > max{ks + 1,A(G)} = A(H). By Lemma 2.1, x;(H) >
ks +de = dug + 1. Note that wy(z) = wy(y) if and only if wy(z) = wy(y) for
each z,y € (V(G) U E(G)) \ {v}. Clearly, ws(v) is unique. If w does not equal to
p+qg+ (2 —Dk+iforl <j<s,1<i<Ek, then Condition (ii) implies that g
is a local total antimagic labeling that induces dg + ks + 1 distinct weights so that
dg + ks < xu(H) < dg + ks + 1. Otherwise, g induces dg + ks distinct weights and
the lower bound holds.

(b) If v is not a pendant vertex, then A(G) > deg(v) =r > 2 and H has ks + dg
pendant edges with degy (v) = ks + r so that ks + dg > max{ks +r, A(G)} = A(H).
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By Lemma 2.1, xi#(H) > ks + dg + 1. Note that wgy(z) = wy(y) if and only if
wy(x) = wy(y) for each z,y € (V(G) U E(G)) \ {v}. If v is the only element with
weight wy(v), then Condition (ii) implies that g is a local total antimagic labeling
that induces ks + dg + 1 distinct weights. Otherwise, Condition (iii) implies that g is
a local total antimagic chromatic labeling that induces ks + dg + 1 distinct weights.
Thus, xiu(H) = ks + dg + 1.

This completes the proof. O

Theorem 2.6. Suppose G is a graph of order p and size q with exactly one vertex
of maximum degree A > 3 which is not adjacent to any pendant vertex and all other
vertices of G has degree at most m < A. Moreover, G has k > A > 2 pendant edges
such that

A(A+1) > max{m[2(p + q) —m +1],4(p+ q) — 2}.
If G admits a local total antimagic labeling, then xi:(G) > k + 2.

Proof. Let f be alocal total antimagic labeling of G. If p+q is assigned to a non-pendant
vertex or edge, by Lemma 2.1, x;:(G) > k+2. Suppose p—+q is assigned to a pendant edge
that has a non-pendant end-vertex x. Now, all the k£ induced pendant vertex labels
are distinct and at most p + ¢q. Suppose u is the vertex of maximum degree A, then
w(u) > AA+1)/2and p+ ¢+ 1 < w(z) < m[2(p+ ¢q) —m + 1]/2. By the given
hypothesis, w(u) > w(x) > w(y) for every pendant vertex y. Thus, f induces at least
k 4 2 distinct vertex weights.

Suppose p + g is assigned to a pendant vertex, then the adjacent pendant edge,
say e, has p+ ¢+ 1 < w(e) < 2(p + q) — 1. Moreover, all the k induced pendant
vertex labels are distinct and at most p + ¢ — 1. By the given hypothesis, w(u) >
A(A+1)/2 > 2(p+q) — 1 > w(e). Thus, f induces at least k + 2 distinct vertex
weights. O

Let f, be the friendship graph obtained from n > 2 copies of K3 with a common
vertex c. Let f,(k),k < 2n — 3, be obtained from f,, by attaching exactly k& pendant
edges to every degree 2 vertex of f,. Now, f, (k) has order p = n(2k +2) + 1 and
size ¢ = n(2k + 3) with exactly one vertex ¢ with maximum degree A = 2n with
is not adjacent to any pendant vertex and all other vertices has degree at most
m=k+2<2n—1<A. Thus,

max{m[(2(p +q) —m+1],4(p + q) — 2} = m[2(p + q) — m + 1]
= 2n(k +2)(4k +5) — (k +2)(k — 1).

Thus,
A(A+1) > m2(p+q) —m+1]

implies that

2n(2n+1) —2n(k +2)(4k +5) + (k+2)(k—1) > 0.
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By Lemma 2.1 and Theorem 2.6, we have the following.

Corollary 2.7. For2n > k+3 > 4, and 2n(2n+1)—2n(k+2)(4k+5)+(k+2)(k—1) > 0,
xit(fn(k)) > 2nk + 2.

Note that the above corollary is always attainable. For example, take k£ = 1,
we have n > 13.

3. GRAPHS WITH x;: =3

By Corollary 2.2, x;:(G) = 3 only if A(G) = 2 possibly with exactly one path
component of order at least 3. Let P,, = ujus...u, be the path of order n > 3 with
e; = ujujy1 for 1 < i < n — 1. The authors in [14] also obtained x;;(P,) = 3 for
n = 3,6 and x;1(P,) = 4 for n = 4 and odd n > 5. Moreover, 3 < x;:(P,,) < 5 for even
n > 8. We first improve the lower bound of the last statement in the following lemma.

Lemma 3.1. Forn = 3,6, xi:(P,) = 3. If n =4 orn > 5 is odd, xiu(P,) = 4.
Otherwise, 4 < x11(P,) <5 for even n > 8.

Proof. From the proofs in [14, Theorems 2.3 and 2.5], we only need to show that
Xit(Py) > 4 for n > 7. Suppose x;:(P,) = 3 and f is a corresponding local total
antimagic 3-coloring. Without loss of generality, we may assume the 3 distinct weights
are a, b, c such that

Thus, we have

= f(e1) = f(e3) + f(ea)
b= f(e2) + f(es) = f(es) + f(es)
c= fle1) + f(e2) = f(ea) + fles

Thus, from a + b — ¢, we get f(es) = f(es) + f(es), a contradiction. Therefore,
Xit(Prn) > 4. The lemma holds. O

By Corollary 2.2, the proofs in [14, Theorems 2.3 and 2.5] and the argument of
Lemma 3.1, we have the following.

Corollary 3.2. If xi:(G) = 3, then G is a 2-regular graph or a path P,,n = 3,6, or
H + P; or H + Ps, where H is a 2-regular graph.

In what follows, if a 2-regular graph has i-th component of order n > 3, then
the consecutive vertices and edges are u; 1, €;,1,%i 2,€;2,--.,Uin, € n. In particular,
a cycle of order n has consecutive vertices and edges u1,e1, us, €2, ..., Uy, €,. We first
give a family of 2-regular graphs G with x;;(G) = 3.
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Theorem 3.3. For m > 1, x;:(mCs) = 3.

Proof. Since mCg has 6m vertices and 6m edges, we define a bijection f : V(mCs) U
E(mCs) — [1,12m] such that for 1 <14 < m,

(i) fuin) =3i—2, f(uiz) =3i—1, f(uis) = 3i,
(ll) f(ULQ) =12m + 3— 31, f(ui,4) =12m+1- 31, f(uiﬁ) =12m + 2— 32,
(111) f(em) = 6m — 1 + 32, f(6i73) = 6m + 31, f(61'75) = 6m — 2 + 32,
(IV) f(ei,g) =6m+1— 3’&, f(6i74) =6m+ 2 — 32, f(eiﬁ) =6m + 3 — 3i.
Clearly, the weights of Ui 1, €415 U2, €42, Ui 3, €43, Ui4, €14, Ui5, €5, Ui6, €i6

are 12m + 2, 12m + 1, 12m repeatedly for 1 < i < m. Thus, x;:(mCs) < 3. Since
Xi1t(mCs) > xt(mCs) = 3, the theorem holds. O

Example 3.4. Figure 1 gives the local total antimagic 3-coloring of 2C as defined
above with induced weights 24, 25, 26.

2313 3 20_ 16 6
12 11 9 8
1 22 4 19
14 15 17 18
24 10 2 2177 75

Fig. 1. 2Cs with local total antimagic 3-coloring

Theorem 3.5. Suppose G is a 2-reqular graph or else the disjoint union of a 2-reqular
graph and a path of order at least 3. If G has a C,, component, n # 6, then x;:(G) > 4.
Moreover, for m > 1, xi:(C3) = xit(mC4) = x1t(Cs) = 4, and x1:(Cs) < 5.

Proof. By definition, x;:(G) > 3. If n = 1,2 (mod 3), then x;:(G) > x:(G) > 4.
Suppose n =0 (mod 3) and that x;:(G) = x¢(G) = 3. Let f be a required local total
antimagic 3-coloring of G. Suppose n = 3. Without loss of generality, we may assume
the 3 distinct weights are a, b, ¢ such that a = w(u;) = w(ea), b = w(e;) = w(ug) and
¢ = w(ug) = w(es). Thus, we have

a= fler1)+ f(es) = f(u2) + f(us)

b= f(ea) + fles) = f(ur) + f(uz2)
c=f(

(9N
—
_|_
=
)
no
~—
|
\
—~
<
_
~—
+
=
<
N

Now, a + b — ¢ gives f(e3) = f(uz), a contradiction.
Suppose n > 9. Similarly, we may assume a = w(u;),j =1 (mod 3), b = w(y;),
j =0 (mod 3), ¢ =w(uy;), j =2 (mod 3). Thus, we have

= f(es (ea) = f(es) + f(er),

a= Y+ f
b= f(e2) + f(es) = fles) + f(es),
c= f(e1) + flea) = flea) + fles).
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From a—b+c, we get f(eq)+f(e1) = f(er)+f(eq) sothat f(e1) = f(e7), a contradiction.
Thus, x;:(G) > 4 if G has a component of order n # 6.

Consider Cs, label the vertices and edges w11, €11, u1,2, €1,2, U1,3, €1,3 by
1,3,5,4,6,2 bijectively so that the corresponding weights are 5,6,7,11,6,7. Thus,
xit(Cs) = 4.

Consider mCy. Since mCy has 4m vertices and 4m edges, we define a bijection
f:V(mCy) U E(mCy4) — [1,8m] such that for 1 <i < m,

(1) fluin) =1, f(uia) = T™m+1—14, f(u;3) =3m+i, f(uis) =6m+1—1,
(if) fesi1) =m+i, fles2) =dm+1—14, fe;3) =2m—+1, f(e;q) =8m+1—1i.

Clearly, the weights of w; 1, €; 1, Ui 2, €2, Ui 3, €3, U4, €54 are IM + 1, TMm + 1,
6m+1, 10m+1, 7m+ 1, 9m + 1, 10m + 1, 6m + 1 respectively. Thus, x;:(mCy) = 4.

For 05, label the vertices and edges U1,1, €1,1, 41,2, €1,2,...,U1,5, €15 by 1, 2, 7, 8, 5,
6, 3, 4, 9, 10 bijectively so that the corresponding weights are 12, 8, 10, 12, 14, 8, 10, 12,
14, 10. Thus, x;:(Cy) = 4 for n = 4, 5. For Cs, label the vertices and edges uy 1, €11, U1 2,
ei2,...,U18, 1,8 by 1, 10, 16, 5, 2, 11, 13, 6, 3, 12, 14, 7, 4, 9, 15, 8 bijectively so that
the corresponding weights are 18, 17, 15, 18, 16, 15, 19, 16, 18, 17, 19, 18, 16, 19, 17, 16.
Thus, x;:(Cs) < 5. O

Theorem 3.6. Form > 1, x;:(G) = 3 if and only if G = P,,n = 3,6 or G = mC;s
or G =mCs + Ps, (m > 0).

Proof. Necessity: Suppose x;:(G) = 3. By Corollary 3.2, Theorem 3.3 and the proof of
Theorem 3.5, we know G = P,,,n = 3,6 or G = mCgs, G = mCg+ P3 or G = mCg+ Ps
for m > 1. We shall prove that x;:(mCs + P3) # 3. Suppose equality holds and the
P3 component has vertices and edges vy, h1, v2, ha, v3 consecutively. Let f be a local
total antimagic 3-coloring of mCg 4+ Ps with induced weights a, b, c. Without loss of
generality, we may assume the weights of u;1,€;1,...,us6, €56 of the i-th Cs are
a, b, ¢ repeatedly, and the weights of vy, hy1,ve, ho,v3 are a, b, ¢, a, b respectively. Thus,
we have

a= f(eis)+ fleir) = f(h),
b= f(eiz2) + f(eis) = f(h2),
c= f(ei)1) + f(ei,2) = f(hl) + f(h2)'

The right hand side above gives a+b—c = 0 so that f(e; 6)+ f(es,3) = 0, a contradiction.
Thus, x;:(mCs + P3) > 4. Therefore, G = P,,,n = 3,6 or G = mCs or G = mCgs + Fs
for m > 1.

Sufficiency: By Lemma 3.1 and Theorem 3.3, we only need to show that
xit(mCs + Pg) = 3 for m > 1. Suppose the Ps component has vertices and edges
v1, h1,...,0s, hs, v consecutively. Since G has 6m + 6 vertices and 6m + 5 edges,
we define a bijection f: V(G)U E(G) — [1,12m + 11] such that for 1 <i < m,

(i) f(v1) =6m+7, f(v2) = 6m+3, f(vz) = 6m+8, f(va) = 6m+4, f(vs) = 6m+6,
f(vg) =6m+5,
(i) (1) = 12m + 11, f(ha) = 1, f(hg) = 12m + 9, f(ha) = 2, f(hs) = 12m + 10,
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(iil) f(uin) =34, fuis) =30+ 1, flu;s) = 3i+ 2,
(iv) flui2) = 12m +11 =34, f(usa) =12m+9 — 3i, f(ui6) = 12m + 10 — 34,
(V) f(6171) =6m+T7+ 3Z f(6i73) =6m+ 8+ 3i, f(€i75) =6m+ 6+ 3i,

(vi) f(es2) =6m+3—3i, f(e;4) =6m+4—3i, fe;6) =6m—+5— 3i.
Clearly, the weights of w; 1, €;1,...,ui¢6, €6 are 12m + 12, 12m + 11, 12m + 10

repeatedly for 1 < i < m whereas the weights of wvy,hi,...,vs, hs,vs are
12m + 11,12m + 10,12m + 12, 12m + 11,12m + 10, 12m + 12, 12m + 11, 12m + 10,
respectively. Thus, f is a local total antimagic labeling and x;:(G) = 3. O

Example 3.7. Figure 2 gives the local total antimagic 3-coloring of 2Cg + Py as
defined above with induced weights 34, 35, 36.

21 g5 284 24 28
1! 0 19 15 20 16 17
V. 35 e 1 r334 2 %3 34.
\ v v

w

5

32

Fig. 2. 2C¢ + Fs with local total antimagic 3-coloring

Corollary 3.8. Suppose m > 1 is odd and s > % If G, (s) is obtained from mCy
by attaching s > 2 pendant edges to a single vertex of mCy, then

A(Gy(3) +1=54+3<xu(Gy(9)) < s+4=A(Gy(s)) +2.

Proof. Let f be the local total antimagic labeling of mCy as defined in the proof
of Theorem 3.5. Without loss of generality, assume the s edges are attached to uy ;.
Define a labeling g of G, (s) such that g(x) = f(x) if x € V(G) U E(G), and label
the vertices and edges of the s added pendant edges as in the proof of Theorem 2.4
for k = 1. Now, ¢ is a local total antimagic labeling that induces weights 9m + 1,
Tm+1,6m+1,10m+1,8m+2i, 1 <i<s, > .  (8m+2i)=8ms+ s(s+1). Since
s > m;-17 O9m+ 1€ {8n+2i|1 <i < s}, there are exactly s + 4 distinct weight
so that x;:(Gy(s)) < s+ 4. Since A(G,(s)) = s+ 2 and G,(s) has s pendant edges,
by Corollary 2.2, x;:(G4(s)) > s + 3. This completes the proof. O

4. x;: = NUMBER OF PENDANT EDGES + 1
We first note that applying Theorem 2.4 to the vertex of mCgs, m > 1 with label 1 as
in Theorem 3.3, we get the following corollary.

Corollary 4.1. Suppose m > 1. If G,(s) is obtained from mCg by attaching s > 2
pendant edges to a single vertex of mCg, then x1t(Gy(s)) = A(Gy(s)) +1 = s+ 3.

n [15], the authors proved that x;:(nP3) = 2n + 1 for n > 1. We can now extend
the obtained labeling to the following theorem.
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Theorem 4.2. For m > 1,n > 2, x;:(mCs + P3) =4 and x;:(mCs + nPs) = 2n + 1.

Proof. Consider G = mCg + P3. From the proof of Theorem 3.6, we know that
xi1t(G) > 4. Since G has 6m + 3 vertices and 6m + 2 edges, we define a bijection
f:V(G)UE(G) — [1,12m + 5] such that for 1 <4 <m,

() for) = 1, f(hn) = 12+ 5, f(v2) = 12+ 3, f(ha) = 12m +4, f(us) =2,
(i) f(uin) =34, fuis) =3i+1, f(uis) = 3i+2,

(iii) f(ul72)—12m+5 3, f(usa) =12m + 3 — 34, f(ui6) = 12m + 4 — 34,

(iv) f(es1) =6m+1+ 34, f(ezg) = 6m + 2+ 31, f(ez5) = 6m + 31,

(v) flei2) =6m+3—3i, f(e;a) =6m+4—3i, feig) =6m+5— 3¢

Clearly, the weights of w; 1, €1, Uiz2, €2, Ui,3, €3, Uid, €idy Ui, €55 Ui, Ci6
are 12m 4+ 6, 12m + 5, 12m + 4 repeatedly for 1 < i < m whereas the weights of
v1, h1, V2, ho,vg are 12m + 5,12m + 4,24m + 9,12m + 5, 12m + 4 respectively. Thus,
Xi(G) < 4. Consequently, x;:(G) = 4.

Consider n > 2. Now, G = mCs + nP3 has 2n pendant vertices and maximum
degree 3. By Corollary 2.2, we have x;:(G) > 2n + 1. Suppose the nPs has vertex set
{v;.1,v;2,v;3} and edge set {v;1vj2,vj20;3} for 1 < j < n. Define a total labeling
f:V(G)UE(G) — [1,12m + 5n] such that for 1 <i<m,1 < j <n,

(a) f(vj1) = 4, f(vjivj2) = dn+12m + 1 — 4, f(vj2) = 3n+ 12m + 1 — j,
f(vj2v53) = 3n +12m +j, f(vj3) =n + j,

(b) f(um) =2n+ 3t — 2, f(ui,g) =2n+ 3t —1, f(ui,5) = 2n + 31,

(¢) fluiz) =2n+12m+3—34, f(uj4) = 2n+12m+1-34, f(u;¢) = 2n+12m+2—3i,

(d) flein) =2n+6m—1+3i, fleis) =2n+6m+ 37, fe;5) =2n+ 6m — 2+ 34,

(e) flei2) =2n+6m+1—3i, f(e;a) =2n+6m+2—3i, fleis) =2n+6m+3— 3i.

We now have w(v;1) = 5n+12m+ 1 — j, w(vj3) = 3n+12m +j for 1 < j < n,
w(vj2) =8n+24dm+1, w(v;1v;2) = 3n+12m+1, w(v,2vj3) = 4n+ 12m +1 so that
the n.P; components have 2n 4 1 distinct weights. Moreover, the weights of u; 1, €; 1,
U;,2, €4,2, Us 3, €43, Ui 4, €4, Ui 5, €5, Ui 6, €6 ArC 4n—|—12m+2,4n—|—12m—|— 1,4n—|—12m
(that are the w(vp—1,1), w(vn 1), w(vp,3)) repeatedly for 1 < i < m. Thus, f is a local
total antimagic labeling that induces 2n + 1 distinct weights so that x;:(G) < 2n + 1.
Consequently, xi:(G) = 2n + 1. O

Example 4.3. Figure 3 gives the local total antimagic 5-coloring of 2Cg + 2P3 with
induced weights 31, 32, 33, 34, 65 as defined above.

2717 o7 24 20 10

16 15 13 2 |

5 26 8 3 eMgille eBPng
18 19 21 22 Voo Ve Vs Vo Van Va3
289779 25917 9

Fig. 3. 2Cs + 2P5 with local total antimagic 5-coloring
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In [14], the authors also proved that
Xit(mPs) =2m+1

for m > 2, and that
Xlt(mpﬁ + ’I”LP3) =2m+2n+1

for m > 1,n > 2. We can now prove the following theorems.
Theorem 4.4. For m,n > 1, x;:(mCs + nPs) = 2n+ 1.

Proof. Let G = mCg + nPs. By Theorem 3.6, we only need to consider m > 1,n > 2.
Since G has 2n pendant edges and A(G) = 2, by Corollary 2.2, x;:(G) > 2n + 1. We
shall show that x;:(G) < 2n+1. Keep the notations for the mCg, m > 1. For 1 <t < n,
let the vertex and edge sets of the ¢-th component of the nPs be {y:, | 1 < a < 6}
and {20 = Yr.a¥ta+1 | 1 < a < B} respectively. Since G has order 6m + 6n and
size 6m + 5n, we define a bijection f : V(G) U E(G) — [1,12m + 11n] such that for
1<:1<m,1<t<n,

(a) f(us

ui1) =2n+3i—2, f(u;3) =2n+3i — 1, f(up) = 2n + 34,
(b) fluiz2) =8n+12m—3i+3, f(ui4) =8n+12m—3i+1, f(u;6) = 8n+12m—3i+2,
(c) flei1) =8n+6m+3i—1, f(e;3) =8n+6m+3i, fle;5) =8n+6m+ 3i + 1,
(d) f(ezg) =2n4+6m—3i+1, f(e;a) =2n+6m—3i+2, f(e;6) =2n+6m —3i+3,
(e) fly1) =8n+6m—3t+2, f(yr3) =8n+6m—3t+3, f(y5) =8n+6m—3t+1,
() fly2) =2n+6m+3t—2, f(ya) =2n+6m+3t—1, f(y6) = 2n + 6m + 3t,
(8) flze1) =1n+12m+1—t, f(z3) =In+12m+1—t, f(z5) = 10n+12m+1—¢,

(h) f(ze2) =t, f(zea) =n+t.

One can check that the induced weights of each component of the mCy, starting from
w(u; 1) and w(e; 1), are 10n + 12m + 2,10n + 12m + 1,10n + 12m repeatedly and
the induced non-pendant vertex weights of each component of the nPg, starting from
w(ze,1), are 10n+ 12m, 1ln+12m + 1, 10n 4+ 12m + 1, 9n + 12m + 1, 10n + 12m + 2,
10n 4+ 12m + 1, 10n + 12m, 11n 4+ 12m + 1, 10n + 12m 4+ 1 consecutively, while
w(yin) =1In+12m+1—t and w(ye) = 10n +12m + 1 — ¢ for 1 < ¢ < n. Thus,
f is a local total antimagic labeling that induces 2n + 1 distinct weights so that
Xit(G) < 2n + 1. This completes the proof. O

Example 4.5. Figure 4 gives the local total antimagic 5-coloring of 2Cy + 2P5 as
defined above with induced weights 43,44, 45, 46, 47.

39 29 7 36 32 al0
27
16 s 5 12 o6 1.7 1 2.8 42 1'8 3 26 4419
5 388 35 1 e s
30 31 33 34 2.4 45 2.0 2% 41 2.1 4 23 43 2|2
407 14 T6 370 1179 Yo Va3 Vs

Fig. 4. 2C¢ + 2P, with local total antimagic 5-coloring
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Theorem 4.6. For m,n > 1,a > 2,if n > 2a + 2 or else a > 2n, then
Xit(mCs + nPs + aP3) = 2n + 2a + 1.
Otherwise,
(i) ifn=2a+1 orelses € [n+1,2n—1], then
2n+2a 4+ 1 < x1:(mCs + nPs + aP3) < 2n + 2a + 2.
(ii) if n = 2a or else a = n, then
2n+2a+ 1 < x;:(mCs + nPs + aP3) < 2n + 2a + 3.
(iii) if n € [a+1,2a — 1] or else a =n — 1, then
2n+2a+ 1 < x;:(mCs + nPs + aP3) < 2n + 2a + 4.
(iv) if n <a orelse a <n —2, then
2n+2a+ 1 < x;:(mCs + nPs + aPs) < 2n + 2a + 5.
Proof. Let G = mCg + nPs + aP3 for m,n > 1,a > 2. Since G has 2n + 2a pendant
edges and A(G) = 2, by Corollary 2.2, x;:(G) > 2n + 2a + 1. We shall show that
Xit(G) has the given upper bound under the given conditions. Keep the notations
of mCs + nPs as defined in the proof of Theorem 4.4. Let f be the total labeling as
defined in the proof of Theorem 4.4. For 1 < r < a, let the vertex and edge sets of the
r-th component of the aPs be {v,, | 1 < b <3} and {hyp = vy pvrps1 | 1 < b < 2}
respectively.
Since G has order 6m + 6n + 3a and size 6m + 5n + 2a, we define a bijection

g:V(G)UE(G) — [1,12m + 11n + 5a] such that for 1 <i<m,1 <t <n,1 <r <a,
g(x) = f(z) + 2a for x € V(mCs + nPs) U E(mCgs + nPs). Moreover,

g(vp1) =,

glhr1) =12m+1In+5a+ 1 —r,
g(vr2) =12m+1ln+3a+1—r,
g(hr2) =12m + 11n + 3a +r,
9(vr3) =a+

Similar to the proof of Theorem 4.4, one can check that the induced weights of each
component of the mCy are 10n 4+ 12m + 4a + 2, 10n + 12m + 4a + 1, 10n + 12m + 4a
repeatedly, the induced non-pendant vertex weights of each component of the nPs
are 10n 4+ 12m + 4a, 11n+ 12m +4a + 1, 10n + 12m + 4a + 1, 9n + 12m + 4a + 1,
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10n + 12m + 4a + 2, 10n 4+ 12m + 4a + 1, 10n + 12m + 4a, 11n + 12m + 4a + 1,
10n 4+ 12m + 4a + 1, while

g

g

g(ye1) = 1ln+12m+2a+ 1 — ¢,
(

go(ye5) =10n+12m+2a+ 1 — ¢,

g

vp1) =1ln+12m+5a+1—r,
g(hr1) = 11ln+12m + 3a + 1,

o
(

g(Ur2) = 22n + 24m + 8a + 1,
(
(

g

g

g

g(hr2) =11n+12m +4a + 1,
g(vr3) = 1ln+12m + 3a +r

g

for 1 <t <n,1 <r <a. Clearly, wy(vy2) = 22n + 24m + 8a + 1 is not in the pendant
vertex weights set

W =1[9n+12m+ 2a+ 1,11n+ 12m + 2a] U [11n + 12m + 3a + 1, 11n + 12m + 5a].

Note that this labeling is local total antimagic. Moreover, there are exactly 2n + 2a + 1
distinct weights if and only if all the induced weights set of the non-pendant vertices
of mCgs + nPs components, namely {9n + 12m + 4a + 1, 10n + 12m + 4a, 10n + 12m +
4a +1,10n + 12m + 4a + 2,11n + 12m + 4a + 1} is a subset of W. This implies that

(a) 2n>2a+ 1, or else a > 2n for In + 12m+4a+1 € W,
(b) n > 2a, orelse a > n+1 for 10n + 12m + 4a € W,

(c) n>2a+1,orelse a >n for 10n+ 12m+4a+1€ W,
(d) n>2a+2,o0relsea>n—1for 10n+12m +4a+2 € W.

Therefore, if n > 2a + 2 or else a > 2n, then
Xit(mCs + nPs + aP3) < 2n + 2a + 1.

Otherwise,

(i) if n =2a+1orelse a € [n+1,2n — 1], then there are 2n + 2a + 2 distinct weights
so that
2n+2a+1 < x(mCs + nPs + aPs) < 2n+ 2a + 2.

(ii) if » = 2a or else a = n, then there are 2n + 2a + 3 distinct weights so that
2n+2a+1 < x;t(mCs +nPs + sP3) < 2n+ 2a + 3.

(iii) if n € [a+1,2a — 1] or else a = n — 1, then there are 2n + 2a + 4 distinct weights
so that
2n+2a+1< x(mCs +nPs + aPs) < 2n+ 2s + 4.

(iv) if n < a or else a < n — 2, then there are 2n + 2a + 5 distinct weights so that
2n+2a+ 1 < x;:(mCs + nPs + aPs) < 2n + 2a + 5.

This completes the proof. O
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Example 4.7. Figures 5 and 6 give the local total antimagic 11-coloring of Cs+4Ps+ Ps
with n =4, a = 1 and induced weights 51,52, ...,58,60,61,121, as well as local total
antimagic 9-coloring of Cg + Ps + 3P3 with n = 1, a = 3 and induced weights
28,29,33,34,...,38,71 as defined above.

3958 17 340 5018 738 5419 33 5623 534 4824 9 32 5225 1 6159 60 2
—0 -0 —0—9—90 o090 0 90 ¢ lg Vg
r V13 Yis Vs Yia Y35 Viio Vi Vs

305720 437 4921 g 35 5322 30 5526 ¢ 31 4727 10 29 51 28
—0—0—0—9—0 o020 0 '9o- 9
V2 BER! Va5 Yaa Vas Vas

Fig. 5. Cg + 4Ps + Ps with local total antimagic 13-coloring

25 2] I 1929 15 720 2716 g 182817 2 373134 5
—e—0—0—o—0 O6—9o—9

13
Y, y y v v, v
9 24 L1 13 1,5 2.1 22 23
12 710 Vi Vi Vi3 Vir Vi Va3

Fig. 6. Cs + Ps + 3P3 with local total antimagic 9-coloring

Theorem 4.8. For m > 1,n > 2, let G = mC¢ + nPs with a local total antimagic
labeling as defined in the proof of Theorem 4.2. Suppose s >1,1<j <s,1<4 <k,
1<i<m,1<j<mn,ks>2 and the following ten conditions:

(a) v=wv11, k=1, nis odd and s > (3n+ 24m + 1)/2,
(b) v=w,1 forje(2,n], k=jand 2(j' —1)j +1 < 3n+12m+1 < 25y,
(c) v=w,3 forje[l,n], k=n+j and

(2 —D(n+j)+1<3n+12m+1<25'(n+j),
(d) v=wvj2, k=3n+12m+1—j,s>1,
() v=wu;1, k=2n+3i—2, and
8n+24m—+1 € U [Bn+12m+ (25 —1)(2n+3i—2)+1, 5n+12m+25' (2n+3i—2)],
j=1
(f) v=u;3, k=2n+3i—1, and
8n+24m+1 € | J [bnt+12m+(2j'—1)(2n+3i—1)+1,5n+12m+25'(2n+3i—1))],
=1
(g) v=1ui5, k=2n+3i, and

Sn+24m+1¢€ U [5n+12m+ (25" — 1)(2n + 3i) + 1,5n + 12m + 25'(2n + 31)],
=1
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(h) v=1u;92, k=2n+12m+3—3i,s > 1,

(i) v=wja, k=2n+12m+1—-3i,s > 1,

(j) v=u6, k=2n+12m+2 —3i,s > 1.

Each of Conditions (a) to (c) implies that x1:(Gy(k,s)) = ks + 2n, whereas each of
Conditions (d) to (j) implies that xi1:(Gy(k,s)) = ks + 2n + 1.

Proof. Let f be the local total antimagic labeling of G as defined in the proof of
Theorem 4.2. Clearly, if v is a pendant vertex, then v € {v;1,v;3 |1 < j < n} and
f(v) =k =jforv=uw;, and k =n+ j for v = v; 3. Moreover, A(Gy(k,s)) =ks+1
and G, (k, s) has ks + 2n — 1 pendant edges. By Corollary 2.2, x;:(G,(k,s)) > ks + 2n.
If v is not a pendant vertex, then

ve{ui, .. uis 2|1 <i<m,1<j<n}

and

flv)=ke{2n+3i—2,2n+3i —1,2n+ 3i,2n + 12m + 3 — 34,2n + 12m + 2 — 3i,
2n+12m+1-3i,3n+12m+1—j|1<i<m,1 <j<n}.

Moreover, A(G,(k,s)) = ks + 2 and G, (k, s) has ks + 2n pendant edges. Suppose the
added ks pendant edges incident to v are ey ;s and the corresponding pendant vertices
are ;s ;v for 1 < j' < s,1 <3¢ < k. By Corollary 2.2, x;:(G,(k,s)) > ks + 2n + 1.

Since G, (k, s) has 3n + 6m + ks vertices and 2n + 6m + ks edges, we define a total
labeling g : V(G,(k, s)) U E(Gy(k,s)) — [1,5n + 12m + 2ks] such that g(z) = f(2)
for z € V(G)U E(G). Otherwise, g(z) is as defined in the proof of Theorems 2.4 or 2.5.
One can check that

s k
wy(v) = wy(v) + Z Z(lZm +5n+ (25 — Dk +1'),

j'=1i'=1
and

w(z) € [3n+12m + 1,5n + 12m] U {8n + 24m + 1}
U{sn+12m+ (2 — Dk +i' |1 <j <s,1<4 <k}

for z € (V(Gy(k, s))UE(G,(k,s)))\{v}. Moreover, g is a local total antimagic labeling.
Thus, xit(Gy(k, s)) < ks+ 2n+ 2 if all the weights are distinct. We shall need to check
the conditions under Theorem 2.5 in the following 10 cases.

(a) Suppose v = vy 3 so that k = 1. Thus,
{wglejra)} ={Bn+12m+25 |1 <j <s,s> 2}
Therefore, 8n + 24m + 1 € {wgy(ejr 1)} so that n is odd and

s> (Bn+24m+1)/2.
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(b)

Suppose v = v;,1,2 < j < n so that k = j > 2. Therefore,

8n +24m + 1 € {wy(ejr i)}
= (Jbn+12m+ (2§’ — 1)j + 1,50 + 12m + 255,
j'=1

2 < j <n, so that
2(5' = 1)j+1<3n+12m + 1 < 255
As an example, take n = 3,m = 1, we can choose j = 3,5 > j' = 4 to get
8n +24m+1 =49 € [49,51] = [bn+ 12m + (25’ — 1)j + 1,5n + 12m + 25'5]

as required.
Suppose v = v;3,1 < 7 < n so that kK = n 4+ j. Therefore,

8n+24m + 1 € {wy(ejr i)}
= U Bn+12m+ (24 = 1)(n + ) + 1,50+ 12m + 25 (n + )],
=1

1 < j <n, so that
2/ —1)(n+j)+1<3n+12m+1<2j5'(n+ 7).
As an example, take n = m = 3, we can choose j = 1,5 > j' = 6 to get
8n + 24m + 1 =97 € [96, 99]
=[Bn+12m+ (25 — 1)(n+j) + 1,5n + 12m + 25'(n + j)]

as required.
Suppose v = v;2 so that k = 3n 4+ 12m + 1 — j. Thus,

{wglejrin)}
={n+12m+ (2 —1)Bn+12m+1—-j)+i |1 < <k 1<j <s}

= J Brn+12m+ (25 = )Bn+12m +1—j) +1,
i'=1

5n+12m+25'(3n+ 12m + 1 — j)].
If 7/ =1, then
8n+24m+1 € [8n+ 24m + 2 — j, 11n + 36m + 2 — 2j]

since 7 < mn. Thus, g induces ks 4+ 2n + 1 distinct weights. Therefore, if
G = mCg + nP3, then

Xit(Go, ,(3n+12m +1—j4,8)) = Bn+12m+1—j)s +2n+1

for s > 1.
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(e)

Suppose v = u; 1 so that k = 2n + 3¢ — 2. Thus,

{wy(ejri)} = {bn+12m+ (25’ — Dk +14' |1 <@’ <k,1<j <s}
= |J [n+12m+ (25’ — 1)(2n + 3i — 2) + 1,50 + 12m + 25/ (2n + 3i — 2)],
=1

denoted U, for 1 <i < m,1 < j' < s Thus, if 8n + 24m + 1 € U, then ¢ induces
ks+2n+ 1 distinct weights. As an example, takem =1,n=3,i=1,k=7,7' =2,
we get 8n + 24m + 1 = 49 and

[5n+ 12m + (2§’ — 1)(2n + 3i — 2) + 1, 5n + 12m + 25 (2n + 3i — 2)] = [49, 55].
Thus, for G = Cg + 3P3,
Xit(Guy 1 (7,8) =Ts+ 7

for s > 2.
Suppose v = u; 3 so that k = 2n + 3i — 1. By a similar argument, we get g induces
ks 4 2n + 1 distinct weights if

8n+24m+1¢€

S

U [Br+12m + (25 — 1)(2n + 3i — 1) + 1, 5n + 12m + 25/ (2n + 3i — 1)]
3'=1

for 1 <¢<m,1<j <s. As an example: take m =2,n=3,1=2,k=11,5' =2,
we get 8n 4+ 24m + 1 =73 and

[Bn + 12m + (25 — 1)(2n +3i — 1) + 1,50 + 12m + 25" (2n + 3i — 1)] = [73,83].
Thus, for G = 2Cs + 3P,
Xit (Gug 5 (11,8)) = 115+ 7

for s > 2.
Suppose v = u; 5 so that k = 2n + 3i. By a similar argument, we get g induces
ks + 2n + 1 distinct weights if

8n+24m+1€ | [Bn+12m+ (25 — 1)(2n+ 3i) + 1, 5n + 12m + 25 (2n + 3i)].
i'=1
As an example: take m =n=1¢=3,k =15, j/ = 2, we get 8n +24m + 1 = 97 and
[5n + 12m + (25" — 1)(2n + 3i) + 1, 5n + 12m + 25’ (2n + 3i)] = [97, 111].
Thus, for G = 3Cs + 3P5,
Xtt(Gus 5(15,5)) = 155 + 7

for s > 2.
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(h) Suppose v = u; 2 so that k = 2n + 12m + 3 — 3i. We get g induces ks + 2n + 1
distinct weights if

8n+24m+1€ | [Bn+12m+ (25 — 1)(2n+12m + 3 — 3i) + 1,
3'=1

5n + 12m + 25'(2n + 12m + 3 — 3i)].
For j/ =1, we get
8n+24m+ 1€ [Tn+ 12m+4 — 3i,9n + 36m + 6 — 64
since i < m. Thus, for G = mCg + nPs,
X1t (Gu, » (20 +12m + 3 — 3i,5)) = (2n + 12m + 3 — 3i)s +2n + 1

for s > 1.
(i) Suppose v = ;4 so that k = 2n 4+ 12m + 1 — 3i. We get ¢ induces ks +2n + 1
distinct weights if

8n+24m+ 1€ | [Bn+12m+ (25 — 1)(2n+12m + 1 - 3i) + 1,
j'=1

5n+ 12m + 25'(2n + 12m + 1 — 34)].
For j' =1, we get
8n+24m +1 € [Tn+ 24m + 2 — 3i,9n + 36m + 3 — 64
since i < m. Thus, for G = mCg + nPs,
Xit(Gu, . (2n+12m 41— 3i,s)) = (2n+12m +1—3i)s +2n + 1

for s > 1.
(j) Suppose v = u; 6 so that k = 2n + 12m + 2 — 3i. We get ¢ induces ks +2n + 1
distinct weights if

S
8n+24m+ 1€ | [Bn+12m+ (25 — 1)(2n +12m +2 - 3i) + 1,
j'=1

5n + 12m + 25'(2n + 12m + 2 — 34)].
For j' =1, we get
8n+24m +1 € [Tn + 24m + 3 — 3i,9n + 36m + 4 — 64
since 7 < m. Thus, for G = mCg + nPs,
Xit(Gu, s (2n+12m +2 = 3i,8)) = (2n+12m + 2 — 3i)s + 2n + 1

for s > 1.
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For (a) to (c¢), Theorem 2.5(a)(i) implies that x;:(G,(k, s)) = ks + 2n. For (d) to (j),
Theorem 2.5(b) implies that x;:(G,(k, s)) = ks+ 2n+ 1. This completes the proof. [

Example 4.9. Figure 7 gives the local total antimagic 65-coloring of G, (k, s) for
G =2Cs+2P3,v = v1 2,k = 30, s = 2 with induced weights 31, 32, 33, 34, 65, 66, . . . , 94,
125,126, ..., 154 and 6635 being the weight of vy 5 in G, (k, s) as defined above.

16
2 33V, 32 4
18 Var o 29 Va3

Fig. 7. G,(k,s), v =112, k = 30, s = 2 with local total antimagic 65-coloring

Note that Theorem 2.5 is not applicable to mCs + nPs for m,n > 1. Let
G = mCg+nPs+ aPs with vertex and edge sets as defined in the proof of Theorem 4.6.
We now have the following theorem.

Theorem 4.10. Form,n > 1, a > 2 and G = mCg +nPs + aP5 such that n > 2a + 2
or else a > 2n with the following 15 conditions:

D) v=y1,k=8n+6m—3t+2a+2,t<(5n+3)/6,
(2) v=16, k=2n+6m+ 3t + 2a and
(a) s> 1,t € [l,n],a > 2n only, or else
(b) s>2,3n—12m —5a+1)/12 <t < (bn —6m — 3a + 1)/9, or else
(¢) s>3,t<(n—18m —"Ta+1)/15.
(3) v=w,1,7 € [Lyal,k =7, (2 — 1)r <1ln+12m+3a+1 < 25'r,
(4) v=v,3,7 € [l,al,k=a+r,
(27" —1)(a+7r)<1ln+12m+3a+1<25'(a+7),
(5) v="wu;1,i € [1,m],k =2n+2a+3i — 2,
(27 —1)(2n+2a+3i—2) <1ln+12m+3a+1 < 25'(2n + 2a + 3i — 2),
(6) v=u;3,1€[l,m,k=2n+2a+3i—1
(27 = 1)(2n+2a+3i—1) < 1ln+12m+3a + 1 < 25 (2n + 2a + 3i — 1),
(7) v=u5,1 € [I,m],k =2n+ 2a + 31,
(25 = 1)(2n + 2a + 3i) < 11n+ 12m + 3a + 1 < 2 (2n + 2a + 3i),
(8) v=wui2,i€[l,ml,k=8n+12m+2a—3i+3,s > 1,

(9) v=ujq,t€[l,m,k=8n+12m+2a—3i+1,s > 1,
(10) v=wu;6,i € [I,m|,k=8n+12m+2a—3i+2,s > 1,
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(1) v=y3,k=8n+6m+2a—3t+3,t< (bn+a+5)/6,n>a+5 fora=1,2
and n > 2a + 2 otherwise,
(12) v=y5,k=8n+6m+2a—3t+1,t < (5n+a+1)/6 and n > 2a + 2 only,
(13) v=1y 2,k =2n+6m+2a+ 3t —2 and
(a) s>1,te[l,nl,a>n+5 fora=1,2,3,4 and a > 2n otherwise, or else
(b) s>2,3n—12m —5a+9)/12 <t < (bn —6m —a +7)/3, or else
(¢) s>3,t<(n—18m —Ta+ 13)/15,
(14) v=1y4, k=2n+6m+2a+ 3t — 1, and
(a) s> 1,te[l,n]l,a>n+3 fora=1,2 and a > 2n otherwise, or else
(b) s>2,3n—12m —5+5)/12 <t < (5n— 6m — 3a +4)/9, or else
(¢) s>3,t<(n—18m —Ta+ 6)/15.
(15) v="2v,9,7 € [L,a], k=12m+1ln+3a+1—7r,s > 1.

Each of Conditions (1) to (4) implies that x1:(Gy(k, s)) = 2n + 2a + ks, whereas each
of Conditions (5) to (15) implies that x11(Gy(k,s)) = 2n+ 2a + ks + 1.

Proof. Let g be the local total antimagic labeling of G as defined in the proof of
Theorem 4.6. By an argument similar to the proof of Theorem 4.8 and Theorem 2.5(iii),
we shall show that the only weight wg (v, 2) = 22n+24m+8a+1 which is not a pendant
edge label under g must be in

{wylejr )} = |J [11n+12m +5a+ (2§’ — Dk + 1, 11n + 12m + 5a + 25k).
j'=1

We also check the conditions under Theorem 2.5. We have the following first four cases
for v being a pendant vertex and next 11 cases for v not a pendant vertex.

(1) Suppose v = y;1,t € [1,n] with & = 8n + 6m — 3t + 2a + 2. Therefore,
22n+24m + 8a + 1 € {wy(ejr ;) } means

(25" =1)(8n+6m—3t+2a+2)+1 < 11n+12m+3a+1 < 25’ (8n+6m—3t+2a+2).
Thus, 5/ = 1 so that
qn+6m—3t+2a+3<1In+12m+3a+1 < 16n+ 12m — 6t + 4a + 4.

Consequently, ¢ < (5n + 3)/6.
(2) Suppose v =y 6,t € [1,n] with k = 2n + 6m + 3t + 2a. Therefore, we must have

(27" —1)(2n + 6m + 3t + 2a) < 11n + 12m + 3a + 1 < 25'(2n + 6m + 3t + 2a).
Thus, j' < 3. If j/ = 1, then
n+6m+3t+2a<1ln+12m+3a+1<4n+ 12m + 6t + 4a

so that
(Thn—a+1)/6<t<9n+6m+a+1)/3.
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Since t < n, we then have a > n + 1. The conditions n > 2a + 2 or else a > 2n
further implies that we must have a > 2n for this case. If s > j' = 2, then

n+18m+9t+6a < 1lln+12m+3a+ 1 < 8n + 24m + 12t + 8a

so that
(Bn—12m —5a+1)/12 <t < (bn —6m — 3a + 1)/9.

If s > j/ = 3, then
10n 4+ 30m + 15t 4+ 10a < 1In+ 12m + 3a + 1 < 12n + 36m + 18t + 12a

so that
t<(n—18m —Ta+1)/15.

(3) Suppose v = v,.1,7 € [1,a] with k = r. Therefore, we must have
(27 —1)r <1ln+12m +3a+ 1 < 2j5'r.

Note that s > 2 if r = 1, and s > 1 otherwise.
(4) Suppose v = v, 3 with k = a + r. Therefore, we must have

(27" —1)(a+7r)<1In+12m+3a+1 <25 (a+ 7).
(5) Suppose v = u; 1, i € [1,m] with k = 2n + 2a + 3i — 2. Therefore, we must have
(27 —1)2n+2a+3i —2) < 1ln+12m+3a + 1 < 25'(2n + 3a + 3i — 2).
(6) Suppose v = u; 3 with k = 2n + 2a + 3i — 1. Therefore, we must have
(27 = 1)(2n+2a+3i —1) < 11n+ 12m+3a + 1 < 2§'(2n + 3a + 3i — 1).
(7) Suppose v = u; 5 with k = 2n + 2a + 3i. Therefore, we must have
(25" = 1D)(2n + 2a + 3i) < 11ln+12m + 3a + 1 < 25’ (2n + 3a + 3d).
(8) Suppose v = u; 2 with k = 8n + 12m + 2a — 3i + 3. Therefore, we must have
(27" =1)(8n+12m+2a—3i+3) < 11ln+12m+3a+1 < 25’ (8n+12m+2a—3i+3).

Since 7 < m, we must have j* = 1 and the equality always holds.
(9) Suppose v = u; 4 with k = 8n + 12m + 2a — 3i + 1. Therefore, we must have

(27" =1)(8n+12m+2a—3i+1) < 11ln+12m+3a+1 < 25 (8n+12m+2a—3i+1).

Similar to (8), the equality always hold.
(10) Suppose v = u; ¢ with k = 8n + 12m + 2a — 3i + 2. Therefore, we must have

(2§’ —1)(8n+12m+2a—3i+2) < 11n+12m~+3a+1 < 25’ (8n+12m~+2a—3i+2).

Similar to (8), the equality always hold.
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(1)

(12)

Suppose v = y; 3,t € [1,n] with k = 8n + 6m + 2a — 3t + 3. Therefore, we must
have

(25’ —1)(8n+6m+2a—3t+3) < 11n+12m+3a+1 < 25 (8n+6m+2a—3t+3).

Thus, j* = 1 so that ¢t < (5n 4+ a + 5)/6. Since t < n, we have a + 5 < n. The
conditions n > 2a + 2 or else a > 2n further implies that we must have n > a4+ 5
for a = 1,2, and n > 2a + 2 otherwise.

Suppose v = y; 5 with k = 8n + 6m + 2a — 3t + 1. Therefore, we must have

(25— 1)(8n+6m—+2a—3t+1) < 1ln+12m+3a+1 < 25/ (8n+6m+2a—3t+1).

Thus, j/ = 1 so that t < (5n+ a + 1)/6. Since ¢ < n, we must have a + 1 < n.
Similar to (11), we must have n > 2a + 2 for this case.
Suppose v = y; 2 with k = 2n + 6m + 2a + 3t — 2. Therefore, we must have

(2j'=1)(2n+6m+2a+3t—2) < 1ln+12m+3a+1 < 2§’ (2n+6m+2a+3t—2).
Thus, j' < 3. If j/ = 1, then
n+om+2a+3t—2<1ln+12m—+3a+1<4n+12m +4a+ 6t — 4

so that
(Thn—a+5)/6<t<(9In+6m+a+3)/3.

Since t < n, we then have a > n + 5. The conditions n > 2a + 2 or else a > 2n
further implies that we must have a > n+5 for a = 1,2, 3,4 and a > 2n otherwise.
If s > j' = 2, then

n+18m+6a+9t—6<1ln+12m+3a+1<8n+24m+8a+ 12t —8

so that
(B3n—12m —5a+9)/12 <t < (5n —6m — 3a + 7)/9.

If s > j/ = 3, then
10n+30m+10a+ 15t — 10 < 11In+12m+3a+1 < 12n+ 36m + 12a + 18t — 12

so that
t < (n—18m —Ta+ 13)/15.

Suppose v = y; 4 with k = 2n + 6m + 2a 4 3t — 1. Therefore, we must have

(2j'=1)(2n+6m+2a+3t—1) < 1ln+12m+3a+1 < 2§ (2n+6m+2a+3t—1).

Thus, j' < 3. If j/ = 1, then
2n+6m+2a+3t—1<1ln+12m+3a+1<4n+ 12m + 4a + 6t — 2

so that
(Thn—a+3)/6<t<(9n+6m+a+2)/3.
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Since t < n, we then have a > n + 3. The conditions n > 2a + 2 or else a > 2n
further implies that we must have a > n + 3 for a = 1,2 and a > 2n otherwise.
If s > j' =2, then

n+18m+6a+9t—3<1ln+12m+3a+1<8n+24m+8a+ 12t — 4

so that
(3n—12m —5a+5)/12 <t < (bn —6m —3a +4)/9.

If s > j/ = 3, then
10n +30m + 10a + 15t — 5 < 1ln+ 12m+3a+1 < 12n + 36m + 12a + 18t — 6

so that
t < (n—18m —Ta+ 6)/15.

(15) Suppose v = vy 9,7 € [1,a] with k = 12m + 11n + 3a + 1 — r. Therefore, we must
have

(2j'=1)(12m+11n+3a+1—7) < 1ln+12m+3a+1 < 25/ (12m+11n+3a+1—7r).

Since r < a, we must have j° = 1 and the equality always holds.

For (1) to (4), Theorem 2.5(a)(i) implies that x;:(Gy(k,s)) = 2n + 2a + ks. For
(5) to (15), By Theorem 2.5(b), we have x;:(G,(k,s)) = 2n + 2a + ks + 1. This
completes the proof. O

Example 4.11. Figure 8 gives the local total antimagic 39-coloring of G,(k, s) for
G = Cs+ Ps+3P3, v = v30, k = 30, s = 1 with induced weights 28, 29, 33, 34, 35, 36,
37, 38, 69,70,...,98 and 2576 being the weight of vs 2 in G, (k, s) as defined above.

19 99 15 7 20 27 16 17 2
02X o 19U g8 lsasly 2373154 3

Y Yis Yis Vo Voo Va3
vl,l v],z v1,3 v , 32 V3,3

39 68

Fig. 8. G,(k,s), v =132, k = 30,s = 1 with local total antimagic 39-coloring

5. CONCLUSIONS

In this paper, we successfully characterize graphs with x;;(G) = 3. Moreover, we obtain
a sufficient condition for a graph G with k& > 2 pendant edges such that x;;(G) > k+2.
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A family of graphs G with x;:(G) > k + 2 is given. We then obtain several families of
graphs with (i) A(G) = k+2 and x;:(G) = k+3, or (ii) £ > A(G) and x:(G) = k+ 1.
The following problems arise naturally.

Problem 5.1. For 2n > k+3 > 4 and 2n(2n+1)—2n(k+2)(5k+5)+(k+2)(k—1) > 0,
show that ;. (fn(k)) = 2nk + 2. Otherwise, xut(fn(k)) = 2nk + 1.

Problem 5.2. Determine x;;:(G) for G & P, C,, for n > 3 completely.
Problem 5.3. Determine x;:(Gy(k, s)) for G = mCs + nPs, m > 1,n > 1.
Problem 5.4. Determine x;:(mCs +nPs + aPs) for m,a > 1,(a+1)/2 <n < 2a+1.

We note that P,,n > 3 is the only graph with A(P,,) = 2 = the number of pendant
edges. Thus, we also pose the following problem.

Problem 5.5. Determine y;:(G) for G with & > 3 pendant edges and A(G) = k.

In all the known results on graphs G with k > A(G) pendant edges, we have
kE+1 < xi(G) < k4 2. Similar to the conjecture of A(G) +1 < x+(G) < A(G) + 2,
we end the paper with the following conjectures.

Conjecture 5.6. If G has k < A(G) pendant edges, then

AG) +1 < xul(G) < AG) +2.

Conjecture 5.7. If G has k > A(G) pendant edges, then
k+1<xu(G)<k+2.
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