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EXISTENCE OF CRITICAL ELLIPTIC SYSTEMS
WITH BOUNDARY SINGULARITIES

Jianfu Yang and Yimin Zhou

Communicated by Vicentiuv D. Radulescu

Abstract. In this paper, we are concerned with the existence of positive solutions of the
following nonlinear elliptic system involving critical Hardy-Sobolev exponent

2 a—1,3 .
—Au = affﬁu |zl§”1 — \uP in Q,
_ _ 2B uPTr p :
Av = i T Av in Q, (%)
u>0,v>0 in €,
u=v=0 on 0f),

where N >4 and Q is a C'' bounded domain in RY with 0 € 9Q. 0 < s < 2, a+ = 2*(s) =
2%\7:?, a,f>1, A>0and 1 <p< % The case when 0 belongs to the boundary of 2 is
closely related to the mean curvature at the origin on the boundary. We show in this paper

that problem (x) possesses at least a positive solution.
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1. INTRODUCTION

In this paper, we are concerned with the existence of positive solutions of the following
nonlinear elliptic system involving critical Hardy-Sobolev exponent

oz—l,UB

_ 20 u :
—Au = 042726 T, — Au? in €,
_ _ 28 u%w _ P :
Av = oth e Av in Q, (1.1)
u>0,v>0 in Q,
u=v=>0 on 09,

where N > 4 and Q is a C! bounded domain in RY with 0 € 9. We assume in this

paper that 0 < s <2, a+ f =2%(s) = 2%\[:28)»0l75> LA>0and 1 <p< %tg
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For the one equation case, the problem is related to the Caffarelli-Kohn-Nirenberg
inequalities. It was discussed in [3] the existence of a minimizer of the best constant
of the Caffarelli-Kohn-Nirenberg inequalities and related subject. In particular, it was
shown that if 0 € €2, the best Hardy-Sobolev constant

[ |Vu|?dz
Q

o= (s),s () = inf (1.2)

wEHG (0} ([ 00 gy 7
Q

is never attained unless Q = RY and o= (s),s(2) = MQ*(SLS(RN). If s =0, it is the
best Sobolev constant

[ |Vul?dz
S=S(Q)= inf s .
ueH ()\{0} (f |u 2% dx)T*
Q
where 2% = % is the critical Sobolev exponent and S is achieved if and only if

Q =RY, see [13].

In contrast with the case 0 € €, if 0 € 99 the problem is closely related to the
properties of the curvature of Q2 at 0. Ghoussoub and Kang showed in [5] that there
exists a solution of the problem

u2*(s)—1
—Auzﬁ—i—)\up7 u>0 in Q wu=0 on 99,
o

where A > 0,1 < p < %, 0 € 99 and the mean curvature of 99 at 0 is nega-

‘u|2*<s

)
tive. Since the quantities ||Vullp2ry) and [px dx are invariant under scaling

[a]*
u(x) — P u(rz), the limiting problem of this equation is equivalent to the attain-
ability of (1.2). The existence results of (1.3) were proved in [5] by the global com-
pactness method. Moreover, Ghoussonb and Robert in [6] have proved that jig-(4) s(€2)
is achieved if 0 € 9. In [9], Hsai et al. use the blow-up method to prove that the
following elliptic equation involving two critical exponents

u2*(s)—1 Ni2
—Auzﬁ—ﬁ—)\uNﬁ, u>0 in Q uwu=0 on 00 (1.3)
JuE

possesses at least a positive solution.

In this paper, we deal with the exsistence of positive solutions of system (1.1).
In [10], He and the first author have proved the existence of positive solutions of the
problem (1.1) in non-contractible domains if A = 0 and s = 0. In [14], the existence
of sign-changing solutions was obtained for (1.1) with s = 0. Further results for the
system we refer to the references in [10] and [14]. In (1.1), it involves the Hardy
potential, that is s # 0, and the lower order terms are negative, which will push the
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energy up. We will prove that problem (1.1) possesses at least a positive solution by
the blow up argument. The limiting problem after blowing up is as follows:

_ 2a u® NP : N
—Au = mw m R+,
_ 2B w*Pt : N
_A’U = m ‘le m R+7 (14)
u>0,v>0 in Rﬁ\_’,
_ _ N
u=v=0 on OJRY.
Denote
J(IVul* + |Vo|?)dz
Q
HQ,B,S(Q) = (15)

m 2 B P
(u,v)€(Hg (€2))2\{0} (gfl ulxr‘ dx)2 ©)
for a domain Q C RY. The solution of (1.4) will be obtained by showing that
Ma,ﬁ,s(Rf) is achieved. The minimizer of ,uaﬁ’s(Rf) is the least energy solution of
(1.4) up to a constant. It was observed in [1] that i, 5.s(2) and pe+s,s(€2) are closely
related. Precisely, we have

s () = [(g) ¥ (g)m}uw,xm

for oo + < 2*. Moreover, if wq realizes pio4,s(€2), then vy = Awy and vy = Buwy

realizes fq,5,5(2) for any real constants A and B such that 4 = \/%

In the case Q = Rf, it was proved in [6] that Mz*(s),s(Rf) is achieved by a function
u € H}(RY). This implies that ji,,5,,(RY) is achieved if o + 8 = 2*(s). Hence, there
exists a least energy entire solution of system (1.4).

To deal with (1.1), we consider a related subcritical problem, and obtain a sequence
of solutions of the subcritical problems. Then, we analyse the blow up behavior of the
approximating sequence. Since the coefficient of lower order terms are negative, the
energy of the corresponding functional becomes larger, it makes it difficult to find the
upper compact bound. Our main result is as follows.

Theorem 1.1. Suppose that the mean curvature of 92 at 0 is negative, then system
(1.1) has at least a positive solution.

In Section 2, we find a suitable upper bound for the mountain pass level, then
using this bound and the blow-up argument, we prove Theorem 1.1 in Section 3.

2. EXISTENCE OF POSITIVE SOLUTION IN 2

We establish the upper bound for the mountain pass level. We recall that by [6],
fio+(s),s(RY) is achieved by a function u € H§(RY). This implies that pq g,s(RY) is
achieved if oo+ 8 = 2*(s). Hence, there exists a least energy entire solution of system
(1.4). Furthermore, it was shown in [12] that the following result holds.
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Lemma 2.1. Let u € H&(Rf) be an entire solution of the equation

2%(s)—1 .
{—Auz“lys m Rf,

: N _ N
u>0 in RY, u=0 on JRY.

(2.1)

Then there is a constant C such that |u(y)] < C(1 + |[y)*=N and |Vu(y)| <
<O+

Therefore, each component of the least energy solution of (1.4) enjoys the same
properties in Lemma 2.1. It was proved in [5] that the following result holds.

Lemma 2.2. If N > 4, then we have

1< poe(),s(RY) < pige(s),s(RY).

We remark that Lemma 2.2 implies pq,g,s(RY) > 1. Indeed, since

_B_ —a
ﬂa,ﬁ,s(RJJ,\-’) = |:<g) B + (g) B:|,Ua+ﬁ,s(R.1~Y)

where «, 8 > 1, by Lemma 2.2 we have #a+B,s(Rf) > 1, and it is easily to verify that
8 —a
(8)7%7 +(5)7 > 1.
The energy functional for (1.1) is well defined on Hg(£2) by

+ Up+1+71}p+1
(s) [z[*  p+1 p+1

1 1
B = [ (3908 + 5100 -
Q

2 u*f A A ) .

It is well known that to find positive solutions of problem (1.1) is equivalent to find-
ing nonzero critical points of functional I in H{(Q2) x H}(Q). Now, we bound the
mountain pass level for the functional I.

Lemma 2.3. Suppose that  is a C* bounded domain in RN with 0 € 99, 0 is C?
at 0. If the mean curvature of 0 at 0 is negative and 1 < p < % Then there exist

nonnegative functions ug and vy in HL(Q) \ {0} such that I(ug,vo) < 0 and

Orgélgxl Altto, tYo 2 2*(8) Ha,B,s + .

Proof. Let (u,v) be the minimizer of iq,5,s(RY) such that
ay,B
/ VulPd + / VoPdr = o 5.0 (RY), / %dm _—y
’ €T S
REY RY RY
Then, there exist A, B € R such that © = Aw, v = Bw with % = ,/%, where w is
a minimizer of MQ*(S),S(Rf). Since

jw(z)| < CA+ )7, [Vw(@)| < CO+]a))™,
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we obtain
u(z)| <CA+|2))' N, |[Vu(z)] < OO+ [a)N (2.2)

and
o(z)] < C(L+ [z, V(@) <CO+ [2) 7. (2.3)

Moreover, (u,v) satisfies

~Au= e s RYES —Av = Eopa s RY)SE i RY.
(2.4)
Without loss of generality, we may assume that in a neighborhood of 0, the
boundary 92 can be represented by xy = ¢(a’), where 2/ = (21,...25_1),

»(0) = 0, V'p(0) =0, V' = (01,...,0ny—1) and the outward normal of 9 at 0
is —ey = (0,0,...,—1). Define

P(z) = (@', 28 — p(2')).

We choose a small positive number 7 so that there exist neighborhoods U and U of 0,

such that QZ}(U) = Bro(o)a ¢(U N Q) - B;T)(O)7 1/’(U) - B%’ (O)a 1/}(U N Q) - B:L(O)
2

For € > 0, we define

o) =P M) < oo = oo (M) <

g

where 1 € C§°(U) is a positive cut-off function with 7 = 1 in U. In what follows, we
estimate each term in I (¢, t0.). Apparently,

/ Vit | do = /(|V77|2u§ + 7% |Vue|? + 2VnVunu, ) dx.
Q Q

Since

/77u5V77Vu‘s dx = 7/\V7}|2u§ d:cf/Vm)Vusu5 dxf/n(An)\us\zdz,
Q Q Q Q

we obtain

/ Vii.? de = / 2|V ? de / n(An)|ue? d.

Q QU QU

By the change of the variable y = @ € B, (0) and (3.1), (3.2), we obtain

] [ naneal<c [ aw e @l dy =

) stl (0)\13% (0)

= 0(£?)




378 Jianfu Yang and Yimin Zhou

and

/ P Vue (@) dr = 2N [ P () Vauly) PV dy.

QU B

3T S~

Since
V() = 25 19,u0)? ~ 50xu(y) V)V [pley')] + 5 Oxuly)]* (V' [p(ey' ).
we deduce that

/ 2 (6 o) | Vau(y) 2 dy <

B,
= /|Vy“(y)|2dy—2 / (™ ey)Onuly) V'uly) (V') () dy+ 03
R

B,

€

+ [ P e owa) P ) e )P dy = o+ B+ o
54,

Using the facts
N—-1
Vo)l =0(y']), W)= awi+o1)(|y]*),
i=1

(2.2) and (2.3), we see that
B<C [+ )Ny dy = O,
RN
Integrating by parts, we infer that

h="> / (¥~ (ey) V(v () Onuly) V'uly) ey )dy+

N—-1

[ P Co)owats) Y duul)eler))dy = I + T + aa

i=1
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By (2.2) and (2.3),

|Io1| < Ce? / (1+ |y~ |yl? dy < CeV.

BQ(O)\B%(O)

In the same way, Ioo = O(¢V). By (2.4),

N-1 o N u P
Oi; =Au—0 = ——lags(RY)— — 0 .
; u(y) U NNu(y) aJrﬁM By +) PE Nnu(y)
Therefore,
2 a ue1yh
TI. “ 2 —1 R RN v v / dy—
= / (0 ) vu) g . B (e
Bm

=2 [ P enovuwdvx (e )y = Fi + P

Since u = Aw,

Ovw(y)*

o(ey’) dy,
lyl®

where Cy = (2*2(% fta,3,s(RY)A®BP . Integrating by parts, we obtain

R=2 / 20(Y " (ey))Own(v~" (ey)pley)
lyl®

w? ) dy+

L Co [ (7 ey)Ove(ey')

w? ) gy
€ lyl*
5,
2 —1 /
. % n W (€y))<ﬂ(5y )yN w2*(s) dy _ Fll 4 F12 + F13-
c |y|s+2
Bly

We may verify as above that

2 N_Ns 2_N_Ns
Fu = O™ R, = o )
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Now, we estimate F. Integrating by parts, we deduce

P = é / aN[772(1#71(ay))cp(ey’)](aNu)2 dy+
BT,

"“o

1 _
w1 [ P e ) O as, -
BJTLOOBJRf

/ (6~ (ey) O (6~ (ev))eo(ey’) (Onaw)? dy+

1
5

w1 [ R e Ov?as, =
BT, NORY

= Fo1 + Fop + Fos.
It can be shown that Fy; = O(eN 1), Fyy = O(eV~1). Hence,

Iy = Fi3 + Fa3 + O(eN 1),

Since 7("!(ey)) = 1 in BY,, we have
2e

Cos / n? (v~ ey))o(ey )yn W) dy—

Fis ===~ TR
Cos ey YN o)
T ) e v =Nt
5,
2e
We have
3 (1—=N)2*(s) .
I < Ce ly|°(1 + |yl) gy < O
' [y]*+2 =
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In the same way,
/
Ty = _Cos / (p(gy/)yNw2*(s) dy - Cos / oley )yn
€ ly[+2

2°(8) ) =
c |y‘s+2 U/(y) Y
RY Rf\BLo
COS (€y) 2 (s)
= | —/— dy+ O
£ [ e s 0
Y
N-1 2 2*(s)
: w N(N s)
_scoszai/%dy(u o(1)) +0(e =2 ) =
1=1

_ 5501 /|y |2yN'w 2

o = N —o)
|y|5+2 dy Z a;(1+0(1)) + Ofe

) =

- —C()KlH

<o><1 +o(1))e+ 0 777),

where

|y/|2yNw2*(s)
— L San my—s [ WP
N -1 pt

P

N
Ry

Similarly,

Fa=b [ T eneley)@vuy)) S+

(B \Bt0 JNORY

B, NORY
Lol

There holds

o Q

[ s 0Pletey)ay <

{2 <ley’|<ro}
< Ce ly| 2N T2 dy’ = O(e™).
{7 <ley’|<ro}

Using the fact

/ o(ey) (Onu(y))? dS, = O(N),
RNfl\(B*gi NoRY)
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one finds
b= é / wley')(Onu(y))® dS, — é / (ey) (Onu(y))® dS, =

RN-1 RN—l\(leﬂaRf)

= é / o(ey)(Onul(y))?dSy + 0N 1) =
RN—l
N—

P / [(Onu)(y', 0)2y2dy' (1 + 0(1)) + OV 1) =

RN—l

— KoH(0)(1 + o(1))e + O(eN ™),

where Ko = [ [(Onvu)(y',0)|?|y/|? dy’. Consequently,

RN-1

/ Va2 di = / IVl dy — (CoRy — FKa)H(O)(1 + o(1))e + O(2),

RN

and similarly,

/\VUE\ da:—/|Vv|2dy—(C’1K1 Ko)H(0)(1 + o(1))e + O(e%).

RN

where Cy = ﬁua,B,S(Rf)A“BB.
Next, let y = %I) We estimate

ago? agol [ ugel w W) 4
|| || || ‘MP ’
Qno Qno Bf €

ro/=

since n =1 in QN U. The facts

1 _ 1 (18yzvs0(sy’) s<,02(5y’)>Jr 1 O(<2yN<p(5y’)+<p2(5y’)>2)

=TT S ERE = RN e ENERIE

and

ayh (N-s)
Y

RV\BT,

2e
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enable us to show that

~a 0 a,, /N, o B
/ Ug Vg dr = / u| v dy _ S / yN‘p(Ey )u (y)v (y) dy + 0(82) _
Y

el |° ly[s*2
QnlU B, B,
2e 2e
«a, B JAVTIPNe]
u®v s yne(ey ) u®*v 5
= dy—f/—dy+0(e ).
/ ly|* £ ly|s+?
RY Bt
2e
Moreover,
s / ynp(eyJuv” dy = 540 pP / yneleyJw @
€ ly[s+2 € ly[s+2
Bl Bl
N-d yNy2w2*(S) N(N-—s)
— s Y 0 ABP / I dy(1 + o(1) + 0 ™) =
i=1 By
e aps [ ynlyPw*® e N(N—s)
B i=1
Hence,
el u®vf )
T dr = PE dy — KsH(0)(1 + o(1))e + O(e?),
Qno RY

where K3 = sA“B? [ 7%%%222 2 dy = A*BPK,.
=Y
Finally, let y = @ € B, (0). We deduce that

p+1
/ag{.’“ do = 23 / n*(x) {u(w(:)>} dx =
Q

QNU
2=N)(p£1)
= 2 +N / uPtl dy =

5%,

€

N+2 (N-—2)p N(p+1)
—c > /u”“derO(e 7).

N
R+

Similarly,
N+2 _ (N—=2)p N(p2+1)

Hldy =72 2 /v”Jrl dy+O(e ).

N
R+

2
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Since ¢ < 5, M2 — (N— 2)p>1 For t > 0, we have
212" (5) ay,B
I (ta., to.) = </|Vu|2dy+/|Vv|2dy> /%dy—i—
25(s) J vl
RY RY RY

+ @ [(m — CoKy — C1 K1)t (Ks+ o<1)>t2*<5’] e+ 0()=

4
2*(s)

H(0
= nw+ MW pm o),
where
t2 212" (%)
t) = —pia.p.s(RY) — .
fi1(t) 2:“ B,s(RY) 2+(s)
We may verify that
2 (L 1 Ny g2l
Olgfg(lfl( )= fito) =272 (2 - M)Na,ﬂ,s(RJr)Z (=2,
1
with to = (3 ta,8,s(RY)) =2, Since K; > 0,
falto) = (2K2 — CoKy — CLE1 )i + o (S) — Kytl ) =
(25, - 2 ABK, )2 L ABAR, ) =
2%(s) O 24(s) o
— 2,2+ — ACBPK, (1 S )ﬁ*(s).
2*(3) NQ,B,S(RQ) 0

f2(to) > 0 if and only if ,uaﬁ’s(Rf) > 1.
Since H(0) < 0, by choosing T large enough, we have I\(Tu., T0.) < 0 for t > T
and € > 0 small. Let ug = T., vo = Tv.. We obtain

—2 1 1 N 22
2¥(s)—2 | — — 2% (s)—
Jaax, Ix(tuo, tvo) <2 (2 > )>Ma,ﬁ s(RY) =702

and
I)\(U(), Uo) < 0.

This completes the proof of Lemma 2.1. O]

3. EXISTENCE OF POSITIVE SOLUTION IN

Now we will use the blow up argument to prove Theorem 1.1.
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For any € > 0, by applying Lemma 2.1 and the mountain pass theorem, we have
a positive solution pair (ue,v:) of the following subcritical system

a—1 B—e
o _ 200 U Ve _ p—e :
Au, = P e Fik Aub in €,
-~ _ 28wl oy e
A’UE = WT )\'UE m Q, (31)
u: > 0,0, >0 in
Ue = v =0 on Of.

The mountain pass level ¢, of (3.1) satisfies

—2 1 1 2% (s)
o= Bluere) <2 (5 - g o EOFE )

where

1 1 2 uvf—e
IE ey Veg) = 5 62 5 52_ £ d
(e, v2) /<2Vu| Vi - e ) ot
Q

— €
A A
_ aptl-e o optl—e dx.
+/<p+1—5u5 +p+1—51}5 ) T
Q

It can be easily shown that both [[u.|| ;o) and [|ve[| g1 () are uniformly bounded for
¢ > 0 small. Thus, there is a subsequence {(u;,v;)} of {(u.,v:)} such that

uj —u, v;j—=v in H}(Q),
uj —u, v; —v in LPTHQ), (3.3)
uj —u, vj—wv in L¥E(Q|z|"%dz),
with w,v > 0 and (u,v) is a solution of system (1.1). If (u,v) is a nontrivial solution,
by the strong maximum principle, u,v > 0, then we are done.

Now, we prove (u,v) is nontrivial. It will be shown by the blowing up argument.
Suppose on the contrary that w =v =0 in . Let

M; = uj(x;) = maxu;(z),  Nj = v;(y;) = maxv;(z).
Then, we have either m; — oo or n; — oo as j — oo. Indeed, on the contrary we
would have m; < C'and n; < C for a positive constant C. By the Sobolev embedding,
u‘?‘vg_sj u®
/idng/—]d:r%O
|z[® |z[*
Q Q
as j — oo. This implies

Bc;
ugv; : e
/(Vuj|2+|ij|2)dx—2/J|j|sdx)\/u§+1_6]dx)\/v§)+l “dr — 0,
x
o Q o) Q
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that is, u; — 0, v; — 0 strongly in Hg (). It yields

1
0= lim - /(|Vuj|2 + |Vv;|*)dz = ¢ > 0,
j—oo 2
Q

a contradiction.
We will show that M; = O(1)N;, and z; — 0, y; — 0 at the same time, which
implies that the origin is the only blow up point. Suppose N; < M; — oo and denote

u;(y) = Mjfluj(kjy +x;), U;(y) = M{lvj(kjy +xj), for yeQ,,
2*(5)*275]'

where k; = M; = Q;={z eR" :2; + kjz € Q}. Then (u;,9;) satisfies

—a—1-B—¢j

~ 2 k. u v 2 p—l—€; ~ p—g. .

—A’U,j = ﬁ(ﬁ)s% — )\k)ij ]’U,jp i in Qj,
—a~B 1 €5

~ _ 2(B—ej) [ kj U5 v, 2 p—l—€j ~p_g. .
_Avj - aJrﬁféj (\Th) \w]j\i\kj\m T /\ijj ]Ujp I in Qj? (34)
OS’[LJ',’LN)]' Sl, in Qj,
ﬂj:f)j:O on 3(2]

We claim that |z;| = O(k;) and z; — 0 as j — co. Suppose on the contrary that
limsup;_, li?' = 00. Since M; — oo, k; — 0 as j — oo. Furthermore, we have
J

@-5)(p=c;-1)
2*(5)72—57-

k?MJP_l_Ej:k, -0 as j— o0

J

due to the facts k; — 0 and 2 — %28”772%(;1) >0, i.e, p < ¥E2. Because (4;,7;) is
uniformly bounded in Cloc , we may assume that @; — u,0; — v in C} .
Suppose x; — xo € . There are two cases: (i) z9 € Q or 79 € 9Q and
%fam%oo and (ii) xoeﬁﬂandM%0>O
In the case (i), we have Q; — RY as j — oo and (u,v) satisfies
—Au=0 in RV,
—Av=0 in RV,
0<wu,v<1, u(0)=1

Furthermore, we have
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However, by the Liouville theorem, u = v = 1 for € RY. This is a contradiction.
In the case (ii), after an orthogonal transformation, we have Q; — RY = {z =

(z1,...,2N) |y > 0} as j — oo and 4;, ¥; converge to some u, v uniformly in every

compact subset of RY. Apparently, u(0) =1 and 0 < v(0) < 1. Hence, (u,v) satisfies

—Au=0 in Rﬁ

—Av=0 in Rf,

0<u,v<1 in RY,

u=v=0 on G]Rj\_/.
By the boundary condition and the maximum principle, u = v = 0 for z € Rf which
violates u(0) = 1. Consequently, limsup,_, ., ‘ﬁ—jl < 00. Since k; — 0, we have z; — 0
as j — o0.

Next, we show that liminf;_, I%\ > 0. Were it not the case, we would have, up
J

to a subsequence, that lim;_, % = 0. Then (7;,0;) satisfies

—a—1-B—¢&;
-~ _ 2« i Y _Np2NgPLE s e )
Al aTh—e; | 1ap )\ijj Uj in Qy,
kj
2(B—e;) W5T, T\ aqp-l-c
— A7 —&J J_J _ 2 P—1=&j >~ P—€j ; .
A, R s g Ak M; U; in €, (3.5)
2]
Ogﬂj,f}j Sl n Qj,
'L~Lj = ’ljj = 0 on an

Up to a rotation, we have Q; — Rf and 1, v; converge to some u, v uniformly in
compact subsets of RY respectively, where (u,v) satisfies

_ _ 2a u®hf : N
Au = aiB |y/|; 1 in RY,
“Ap = 28wt N
Av = otB TuF in RY,

0<u,v<1 in Rf, u=v=0 on aRf.

The boundary condition violates u(0) = 1. Hence, liminf;_, ‘,ﬁ—]‘ > 0.
J
Now, we complete the proof of Theorem 1.1 by showing that problem (1.1) has a
dvsf(]:j,aﬂ)
we find (@;,?;) converges to (u,v) uniformly in any compact subset of Rf and (u,v)

satisfies

nontrivial solution. We may assume — ¢ > 0. By an affine transformation,

_ _ 2a u®hP : N
Ay = Pl T in RY,
“Ap = 28wt N
Av =75 o in RY, (3.6)

u,v >0 in Rf, u=v=0 on 8Rf
with «(0,...,0) = 1. By the definition of 114, 5(€2), we have
J (Vi ? + [Vo;|?) da

Q
fa,B,5(€2) <

~a~B—¢ )
([
|[*

Q

da:) Bo]
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and then
J (IVul? +[Vol?) dy ) ()2
RY u®v 2% (s)
/ia,ﬁ,S(Rf) < — o5 3 :2</sdy> '
(] 2t ay) ™ o
S RY
R+
that is,
) ) u“v? -2 Ny 22e)
(IVul* + [Vol*) dy = 2 i dy > 27®=2p, 5 (RY)Z®=2.  (3.7)
RY RY
Furthermore, noting that
 (N-2)e
lim [ (|Vu;[* + Vo, *) de = Jim k; =5 / (V| + |Vy[*) dy >
Jj—o0 Jj—o0
Q Q;
>t [V, + Vo) dy = [Vl + (Vo) dy, (3.8)
Jj—oo
Qj ]Rf

we derive from (3.2), (3.7), (3.8) that

o*

1 1 1 1 —2 (2)
—(Z—— )} |2 A de > [ == 272 1y, 5 o (RY) T2
c <2 2*(S)>]ggo/(lvu’]| +|V’U7| ) €T =z 2 2*(8) H \B, ( +) ’
Q

which yields a contradiction to (3.2). Thus, (u,v) is a nontrivial solution of (1.1).
Now we show M; = O(Nj;). Indeed, since u is nontrivial, so is v. Otherwise, we
would have

Au=0 in RY,
0<u<lu(0,...,0)=1 in RY,
u=0 on 6Rf.

By the strong maximum principle, © would be a constant because it attains its max-

imum value inside RY. This yields a contradiction between u(0,...,0) = 1 and the

boundary condition. Therefore, there exists yo € ]Rf such that v(yg) # 0. Hence,
¥;(yo) = mj v (s + kjyo) — v(yo) > 0

implies

1>

ny > Uj(xj +k]y0) > v(yo) —e>0

m;j mj
for ¢ > 0 small and j large, namely, N, = O(1)M; as j — oo. Replacing M;
by Nj; in the above blow up process, we may deduce that |y;| = O(k;), where
B _2*(5)727%-
kj = N; *7® . So we also have y; — 0. Consequently, the origin is the only
blow up point and problem (1.1) has a positive nontrivial solution. The proof of

Theorem 1.1 is complete. O



Existence of critical elliptic systems with boundary singularities 389

Acknowledgments
This work is supported by NNSF of China, No:10961016 and 11271170; GAN PO 555
program of Jiangxi.

REFERENCES

[1] C.O. Alves, D.C. de Morais Filho, M.A.S. Souto, On systems of elliptic equations in-
volving subcritical and critical Sobolev exponents, Nonlinear Anal. 42 (2000), 771-787.

[2] H. Brézis, L. Nirenberg, Positive solutions of nonlinear elliptic equations involving
critical Sobolev exponents, Comm. Pure Appl. Math. 36 (1983), 437-477.

[3] L. Caffarelli, R. Kohn, L. Nirenberg, First order interpolation inequality with weights,
Compos. Math. 53 (1984), 259-275.

[4] H. Egnell, Positive solutions of semilinear equations in cones, Trans. Amer. Math. Soc.
11 (1992), 191-201.

[5] N. Ghoussoub, X.S. Kang, Hardy-Sobolev critical elliptic equations with boundary
singularities, Ann. Inst. H. Poincaré Anal. Non Linéaire 21 (2004), 769-793.

[6] N. Ghoussoub, F. Robert, The effect of curvature on the best constant in the
Hardy-Sobolev inequalities, Geom. Funct. Anal. 16 (2006), 1201-1245.

[7] N. Ghoussoub, F. Robert, Concentration estimates for Emden-Fowler equations with
boundary singularities and critical growth, IMRP Int. Math. Res. Pap. 21867 (2006),
1-85.

[8] N. Ghoussoub, F. Robert, Elliptic equations with critical growth and a large set of
boundary singularities, Trans. Amer. Math. Soc. 361 (2009), 4843-4870.

[9] C.H. Hsia, C.S. Lin, H. Wadade, Revisiting an idea of Brézis and Nirenberg, J. Funct.
Anal. 259 (2010), 1816-1849.

alyang e, Jianfu ang, ositive solutions for critical elliptic systems in

10] Hai He, Jianfu Y Positi luti f itical  ellipti j
non-contractible domain, Nonlinear Anal. 70 (2009), 952-973.

[11] P.L. Lions, The concentration-compactness principle in the calculus of variations. The
locally compact case, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), 109-145 and
223-283.

[12] C.S. Lin, H. Wadade, Minimizing problems for the Hardy-Sobolev type inequality with
the sigularity on the boundary, preprint 2011.

[13] G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. 110 (1976),
353-372.

[14] Zhongwei Tang, Sign-changing solutions of critical growth nonlinear elliptic systems,

Nonlinear Anal. 64 (2006), 2480-2491.



390

Jianfu Yang and Yimin Zhou

Jianfu Yang
jfyang 2000@yahoo.com

Jiangxi Normal University
Department of Mathematics
Nanchang, Jiangxi 330022, P.R. China

Yimin Zhou
zhouyimin8908@126.com

Jiangxi Normal University
Department of Mathematics
Nanchang, Jiangxi 330022, P.R. China

Received: July 11, 2012.
Accepted: November 15, 2012.



