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Abstract. In this paper we deal with the following problem

N
- Ka +b [ |OiulP dx) 8: (|0iuf” 2 0u) | = L2 + g(x)u?™ in Q,
1=1 Q
u >0 in Q,
u=0 on 0,

where Q is a bounded regular domain in RY. We will assume without loss of generality that
1<p1 <p2<...<pn and that f and g are non-negative functions belonging to a suitable
Lebesgue space L™ (), 1 < ¢<p*,a>0,b>0and 0 <~y < 1.
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1. INTRODUCTION

We consider in this paper the following problem

N ; 2

-2 {<a +b [ |0ul” d:l:> 0; (|8iu|p‘_ 8iu>} = féf) +g(z)u?t in Q,
i=1 Q

u=20 on 08,

where 2 is a bounded, open subset of RY (N > 2) and, without loss of generality,
1 <p; <ps <...<py. We will assume that f and g are non-negative functions
belonging to suitable Lebesgue spaces and 1 < ¢ < p*,a >0, b > 0,0 < v < 1.
In the whole paper we will denote 37“ = J;u.
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When b = 0, problems involving the anisotropic operator
N
Lu = Z 8i [‘8,‘11,‘1”_2 Olu}
i=1

are widely studied in the literature. We cite, for example, [10-12] and the references
therein. There is also a huge literature about elliptic problems with singular nonlinear-
ities, see for instance [6,18], when the considered differential operator is the Laplacian
operator, and we refer to [9], where the author deals with the p-Laplacian. In the
works [1,12,25] and [26], in addition to the Laplacian, an anisotropic operator and the
p-Laplacian, respectively, a first order term is considered. We also mention some very
recent works dealing with anisotropic operators of different kinds in [3,16,29, 30, 34].

Let us also turn the reader attention to the leading works [4,15,17] and the very
recent one [8], where the anisotropic operator is associated to a nonlinearity, and
existence, uniqueness, multiplicity and non-existence results are obtained by various
ways.

When a singular term is associated to the anisotropic operator L there are some
few recent results. For example in [20,27], the existence and regularity of solutions to

the equation
N
i=1

where ¢ presents a regular nonlinearity in u, are obtained for the case A = 0 by
approximation methods, while in [13], the authors obtained existence results for A # 0
by monotonicity methods.

Systems involving operator L are less studied. We cite in this direction the works
[13] and [7]. To the best of our knowledge, there are only two works in the literature
studying problems, where the anisotropic operator L is associated to nonlocal terms.
These are [14] and [5]. We also mention [21] and the reference therein for results about
variational techniques applied to the study of problems involving L.

There is a huge literature about the study of different types of Kirchhoff problems,
that are problems involving the nonlocal operator

Lyu=— (a—!— b/ |Vul? dsc) Apu,
Q

especially when p = 2. We limit our presentation to problems involving the operator
L, associated to singular nonlinearities. In the work [24], the authors obtained the
existence and uniqueness result for the solution to equation

Lou = —f(x) — it
uY

pi—2 Oiu| = f(l‘)
u’Y(w)

+ Ag(z,u)

associated to the Dirichlet boundary condition. In [22], the authors succeed in proving
a multiplicity result for the problem

A
Lou=— +u?
u”y
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The reader is referred, for instance, to [2,23,31,33] and the references therein, where
such kind of problems were considered.

Inspired by all these previous works, we propose to study a problem involving
a differential operator that combines in a particular way both operators L and L,
associated to singular terms, that is, (1.1).

The paper is organized as follows. After this brief introduction, we present some
preliminaries dealing with the functional setting associated to our problem. In the
third section we study the problem (1.1), where the regular nonlinearity is placed as
a reaction term. We also obtain a multiplicity result for some approximating problems.
In the last section we prove the existence of solution to the problem (1.1), but with the
regular nonlinearity placed as an absorption term. We also obtain a partial uniqueness
result for a particular range of parameters.

2. PRELIMINARIES

The natural function spaces associated to the problem (3.1) are the anisotropic Sobolev
spaces
W) (Q) = {ve W (Q): v € LP (Q)}

and
W P (@) = W) (@) n gt (@)

endowed by the usual norm

N
[0l 8.0y = D 10501l
=1

We will say that u € Wy " () is solution to (3.1) if and only if for all ¢ € Wy ) (Q)

<a+b/|8iup"'> /\3iu|pi_1 8%,0] :/Z—f Jr/guq*lgo.
Q

Q Q Q

N

>

i=1

We shall also often use the following indices

11 i 1
p N=pi
and
. Np
p - N _ §7
It will be assumed throughout this paper that p < N, so in this case we will have

Poc = max {pn,P"}.

Wo'?) () € L7(Q)  forall 7 € [1,7"].

This imbedding is compact whenever r < p*. Let us recall the following Sobolev type
inequalities. We refer to the early works [19,28] and [32].
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Theorem 2.1.
w73 @ = CZ [0l LPi(Q) » (2.1)

N
* *
loll ey < CTT 10w Ry for allr € [1.57] (2.2)

=1

and for all v € Wol"(pi) (Q)NL*(Q),p<N,

() =il

for every r and t; chosen such a way to have

Pi

1
|t ) , (2.3)

H(N-1)-14L
B ti+1 ’

3. THE REACTION CASE

We consider the following problem

% [(a+b [ 0wl d)o; (10wl 7 0) | = 22 + g(ayur! in @,
=! @ . (3.1)
U 2 0 in €,
u=20 on 012,

with f € L7 (Q) and g € L7 (). For u € Wy ") (Q), we define the energy

functional associated to (3.1) by

N 2
_ Z L‘j/alulm + i}(/lazu'm) ‘| _ ﬁ/f(u—&-)l—"/ - é/g(u-‘r)qa
i=1 L7, ‘\g Q Q

where ut = max {u,0}. We will use u instead of u™ to simplify the notation
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Lemma 3.1. The functional J is coercive.

Proof. Observe that

N ) .
— ;Dx 1—
=3 /|au _m/fu v_g/guq
- Q Q
N
b ) 1 1
> 2 |Pi _ /ful—'y - /guq
; 2pi ! 1-— Y q
- Q Q Q
2
b . , o
> S 2 / s — lullfon gl 7
i=1
2
b ). , px-a
2 o 2 / 9yul” ~ lhullfon Nl 7
i=1
where
/|3u|pj=max /|8u\pl = N
Q
Now putting
1 1
Pk I
/|[“)ku|p"' = max / ,i=1,...,N
Q Q
we have
1 1 1 Pj
Pj Pk Pl Pr
( / ajuV’f) < ( / |aku“'> <l < N( / |aku“> < N( / |aju|pf>
Q Q Q Q
(3.2)
so we obtain )
1 2 k
N2pk ||UH Pr < </|8ku|p ) .
Q
Returning to the energy functional we get
b 1 2 1 1— Ei:q
J(u) > Yo N ]| 7 — o S = llull - llgll 25
b 1 2 1-
> oo Il = ol = o )

Since pr > 1, the lemma is proved. O
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Lemma 3.2. There exist r > 0 and p > 0 such that J(u) > r for |lul| = p.

Proof. Let us note that
2
Pi _ 1 /fulfv _ l/guq.
L—x q
Q Q

N
a ) b
TOEDY l [ o+ ( J2
i 2p;
i— LP o P o

As ||lu|]| = p with p > 0, one can always assume without loss of generality that

|0l o, <1 foreveryi=1,...,N.

Using the Holder and Sobolev inequalities we obtain

N N
a b 2
J(u) > — o7y, + — Opul| 5N
2 S Il + 5 ol

¥ —
o
g”LE*’

1—
- Nl = lull -

__P
P+

1
i

N N
a b 2 1—
> — OV, + — Osul| 5N — Cq |lul|" ™7 — Cy [Jul|?
on ?:1 [|Ozull7 . ;:1 [|05ul| s [l [l

> ko PN + ko [[u] Y = Cy flul| Y = Co flull?
by the fact that 1 < ¢ < py and 0 < v < 1. The lemma is proved. O

Lemma 3.3. There exists ¢ € W(}’(m), @ > 0, ¢ not identically equal to zero, such
that J(ty) <0 fort > 0 small enough.

Proof. We have

N Pi
Jitg) =3 [; / 00

i=1

2
_ ti- 4
23 1—
@ — 1 fo ™7 —— [ gp?
- q
Q Q
2
v =
I fot
-

IA
ﬁ‘ﬁ
|'Mz
SN
)
=
_l’_
w‘c"
M=
=
5

N b
SM[GZ/8i¢p +2Z<

By choosing
t< Tm—(ll—’v)
with
1 _
= J fe'™
Q

0<T <min{ 1,

)

2

a

K2

2
Pi)

N
Q" + 5 2 (é |0

1Q| =1
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we obtain
J(tp) <0

which completes the proof. O
Theorem 3.4. Under the hypotheses that 1 < q < py and 0 <~ < 1, with positive

= 2 /
functions f € L* 77" (Q) and g € L™ (Q), and real positive numbers a, b, the energy
functional J reaches its global minimizer in Wol’(pi) Q).

Proof. Let
m=  min J(u).
uEW;'(m)(Q)

Observe that m is well-defined by the previous computations, and consider a minimizing
sequence {uy, }, such that

J(up) — m as n — +oo.

Obviously {uy}, is bounded in W()l’(pi) (Q). If not, this will be a contradiction to
the coercivity of J. As a consequence, (up to a subsequence) we have that

Uy, — u weakly in Wol’(pi) ),
un — u strongly in L" (@) for all 7 € [1,7"],

U, — u almost everywhere in (.
The weak convergence of {u,,}, associated with (3.2) implies that
|0iu|| o, <liminf||O;uy||;p, foreveryi=1,...,N.

Now if we note that
M(t)=a+bt fort>0

and
2

t
— t
M(t) = /M(s)ds =at + b§7
0
then M is an increasing function, and thus
M (|0yu)%,) < M ((liminf ||Qun|| p,)") for every i =1,...,N.
By a continuity argument of M , we have

)

= lim inf a / |8Zun Pi 4 i /|8Zun
Di 2p;
Q Q

M ((Hm inf |95t || o )P*) = liminf M (|| 05wy,

il
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2
— . . b .
M (||05u)|Fs,) < liminf g/ Oiun|Pt + — / Oitn P .
(l0sullZe. ) |}%’ / |0un| i\ J |Ojun|

Now we consider the term
[ rui.
Q

From one hand, by the Sobolev embedding we know that there exits a constant C'
such that

hence

unll 7+ < C.
On the other hand, we know that (by the absolute continuity) there exits ¢ such that

% B
/ff’ < 71 for every E C Q with meas(FE) < 6.
E

The Holder inequality gives

P41
o P*

[ <z | [ <ect.
E E
By Vitali’s theorem, we conclude that

/fu}f“Y — /fulfv as n —» +o0.
Q Q

For the last term in the energy we use the Lebesgue dominated convergence theorem
to deduce that

/gu%—)/guq as n —» +o0.
Q Q
As a conclusion, J is weakly lower semi-continuous, thus

m < J(u) < liminf J(u,) = m,
so J(u) = m. O

In what follows, u is a solution to (3.1).

3.1. A MULTIPLICITY RESULT

Let us consider the approximating problems
P2 ou)| = L8 + gt i,

- [fovs om0 -
w, >0 in €,

Un, =0 on Of).
(3.3)
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Once we have avoided the singularity, the associated energy functional is now regular
(that is, differentiable):

Ilun) = XN:[ /Iaunl””+</|aun|m”

i=1
1—v 1—v
1 1 1 1
() ) e
1—7v n n q
Q Q
where 4 = max {u,0}. We will use u instead of u™ to simplify the notation.

Lemma 3.5. There exist r > 0 and p > 0 such that J(u) > r for |lul| = p.

Proof. We have

N b 2
a
= - Diun|” + / Diun ™
> [pﬁ/| | 2pi< Drn|
Q Q

i=1
1 IS AA TS|
1 f((*) -(2) )i )
Q Q
As ||lu|]| = p with p > 0, one can always assume without loss of generality that

0l o, <1 foreveryi=1,...,N.

Using the Holder and Sobolev inequalities we obtain

a
p—ZHa un |73, + —Z 16; unlliﬁ?
T Hfllp lunll Tz llgll 2

fZ 110; Unwzf; + —Z 10; unni’;f:

_ 1
_ClHunH 7_02 ||Un||q—|—m||fHL1

=k

’6

- 1
> ket fJun |P 4 Ko llun [P = C1 || = Ce ||un||q+ﬁ||f\\u- -
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Lemma 3.6. There exists ¢ € Wl o(pe)
that J(te) < 0 fort >0 small enough.

Proof. Observe that

, © >0, ¢ not identically equal to zero, such

Pi

Jig) =3 |2 / 1010
Q

im | Pi

th

/fsol T —/gsa +— 17110 Nl e

2p
Py bt /|8

1—~
T [ £+ T 1 Dl
Q

XN:/I&QD

=

2

N N
<= GZ/WMI’“ *z; /I&«PI”
= Q

1= IQ

= 1y, t
- fe +j||f|\u llell e -

1—7v 1
Q

By choosing

t< Tmf(llf“/)
with

ffw1 T =415 1l el e

0 <T < min 1, 5 (s
o3 1ol + 4 3 ([0l
1=1Q Q

we obtain

J(ty) < 0. O

Lemma 3.7. J satisfies the Palais—Smale condition under the additional assumption
q<p1-

Proof. Fix n and let {uy}, be a Palais-Smale sequence of J, that is,
J(uk) <C

and
!

J'(uy,) — 0 in (Wol’(pi) (Q)) :
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We claim that {ug}x is bounded. Indeed, recall that

" [a , b . ’
T =2 Lw / '81“’“'191*2@(/ o p,) ]
Q Q
1 N 1) 7 1
S f((*) ‘() )‘q/Q“?
Q Q

3 <a+bﬂ/|8iukpi>9/|8iukpi19/f <uk+i)1yzgu2},

<J’(uk),uk> — 0.

Using the Holder and Sobolev inequalities we have

f: <a+b/|8¢Ukpi>/8iulcpi] :/f(uzc-ki)lw—/guz—ko(l)
i=1 o 2

By the fact that

(' (un), ur) = {

i=1

we get

Q Q
g/fukl_"’—/gui—l—o(l)

Q Q
S = A I
ML X = P P

< O [[ugl["™7 + Co JJug |
Assume by contradiction that
|lug|| — +o00 as k — +o0.

Necessarily there exists [ such that

/|5)luk\ — 400 as k — 400,
Q

2
b( / |azuk|’"> < el

Q

As ¢ < p1 < pi, we obtain a contradiction, and thus {u}, is bounded. Thus up to
a subsequence we get

so we asymptotically get

up — u, weakly in Wol’(p") (Q),
up — U, strongly in L™ (Q) for all r € [1,D"],
up — U, almost everywhere in (2.

We conclude the proof by using the same arguments as before. O
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As a direct consequence of the three previous lemmas, we have shown that problem
(3.3) possesses a solution u, such that J(u,) < 0.

Lemma 3.8. Problem (3.3) possesses a solution v, such that J(vy,) > 0.

Proof. From previous lemmas and applying the mountain-pass lemma, we deduce that
there exists a sequence {vi}, C w, 4 such that

Jwg) — C>r and J'(vg) — 0,
where

C = inf J(B(t
inf, max (B(t))

and

r={gec(o1,wy®):B0)=0,801)=p}.

By similar arguments as before and up to a subsequence, we deduce that {vg},

converges to v, in Wol’(pi) as k — 400, a solution to (3.3) such that
J(vp) > 1> 0. O

In conclusion, problem (3.3) possesses at least two solutions.

4. THE ABSORPTION CASE

We consider the following problem

N
-y {(a—i—bf |O;ul? dx) 0; (\&u
i=1 Q
u>0 in €,
u=20 on 0f),

ri? aﬂ)} +gl@us~t = L5 i@,
(4.1)

with f € L7 (Q) and g € LP"(Q). For u € Wol’(pi) (Q), we define the energy
functional associated to (4.1) by
2
pi >

Pi i / . 1/ +4_L/ 1=
+2pi |0;u +q g (u') T f(u®)
Q Q Q

where 4T = max {u,0}. We will use u instead of u™ to simplify the notation.

J(u) :gj L‘)‘ / 05

i=1 [
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Lemma 4.1. The functional J is coercive.

Proof. We use the same arguments as previously, that is,

N b 1 1
a . .
J(u)zZ[/@uM( ) o fgur— 2 [
perl L i\ J ) 1=/
N 2
b v 1
> L |Pi = 1—v
_;2201-(/'81“' ) 1—7/fu
= Q Q
N 2
Z(/mjuw)
=1 Q

/ |0jul?? = max {
Q Q

P i—l,...,N}.
2 1
PR P
</|8ku|p’“> :max{< pi) ,i:L...,N}
Q Q
1

€1 1 1 Pj
Pj Pr Pr Pi
( / ajuv”) < ( / |aku“> < lul sw( / |aku“> szv< / |aju|f’f> ,
Q Q Q Q
so we obtain
1 2 k
o Il ( [ 1o )

Returning to the energy functional we get

IV
w\
S8

=

where

Now putting

we have

b 1

2pk
J(u) = 3o N7 [l 7 — ||f|| 7 lull 77
b 1 2pk 1—v
Z o N7 [l = Cy fluf ™
As pi > 1, the lemma is proved. O

Theorem 4.2. Under the hypotheses 1 < q¢ < py and 0 < vy < 1, with positive

=% 2 /
functions f € L™ 77" (Q) and g € LP~(Q), and real positive numbers a, b, the energy
functional J reaches its global minimizer in Wol’(pi) Q).
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Proof. Let
m=  min J(u).
uew®) ()

Observe that m is well-defined by the previous computations, and consider a minimizing
sequence {u, }, such that

J(up) — m as n — +o0.

Obviously {u,},, is bounded in Wol’(pi) (Q). If not, this will be a contradiction to the
coercivity of J. As a consequence, (up to a subsequence) we get

Uy, — u weakly in Wy'®) (),
u, — w strongly in L" (Q2) for all r € [1,57],
u, — u almost everywhere in 2.

As a direct consequence of Vitali’s theorem, as done previously, we have

/fu}l_'y — /ful_'y as n — +0o.
Q Q
Using the Lebesgue dominated convergence theorem we obtain

/gui—>/guq as n — +00.
Q
Now, by Brezis-Lieb’s theorem and (3.2) we have

105t |5, = [10; (uy — 1) [, L+ o(1),
||aiun||i’zz=\|ai<un—u>||iﬁz+||aiu\|i’;z+2||ai<u )|, 9sull 75 + o(1),
so we obtain
m= lm J(uy,)

n—>-+oo

N a b

— 4 . . Pi

= Imriw(El lpi /\8lun| + 2pi<
= Q Q

2
Pi)

1 1
+*/QU%—7/fu3f”
q =7/

Q

i a
=, lm 3 [p— (101 (un = w) |5, + Osull75)
2 i 2 i 2 7
o / (105 G = w25, + 002 + 2104 (= w25, 0012, )
1 1-
Y fu -
q
Q
> J(u).
By the definition of m, the lemma is proved. O

In what follows, u is a solution to (4.1).
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4.1. A UNIQUENESS RESULT

Under the additional assumption p; = p2 = ... = py = 2 we have the following result.
Theorem 4.3. Problem (4.1) possesses a unique solution.

Proof. Assume that u; and ug are two solutions to (3.1). Then

<a+b/|8iu1|2> /|8iu1|8ig0
Q Q

N
i=1

f (i
+/QU§¢=/%O» pe Wy (),
Q Q !

and

N

i=1

<a+b/|8iu2|2> /|8Z’U,2|(r“)zg0
Q Q

Choosing ¢ = u; — uy we get

<a+b/|3¢U1|2> /|8¢u1|8i (up —ug)

Q Q

fe
+/gugap=/—7, gpewol(p)(ﬂ).
Q 0

—I-/gu‘f(m—w):/if(ulzw)

Ug
Q Q

N
i=1

and

N
=1

<a+b/8ﬂt2|2> /\6iu2|8i (ug —ug )
Q

Q

ud (ug —ug ) = 7f(u1—u2).
+/9 (ur —ug ) !

uy
Q
The difference between the last two equations gives

a/(|81u1| 81 (u1 — U2 ) — |(91U2‘ 31 (u1 — UQ))

1=1 Q

N
+Zb{/|8zu1|2/|8zu1|8z (’ul—UQ)—/‘82‘UQ|2/|(91‘U2‘82‘ (ul—u2)}
=1

Q Q Q Q

:/f(ul—uz)(ul_"’—ug_v)—/9(“1—102)(“?—“3)7

Q
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so it follows that

N
Za/ (‘3ZU1|2 + |8¢u2|2 — 2(91"11,181"[1,2)
Q

—1

2 2
S ((fnt) o (finr))
i=1 Q Q
_/|8iu1\2/|8¢u1|8iu2 —/|6ZU2|2/|81U2|62U1}
Q Q Q Q

:/f(ulfug)(u;'yfugfy)*/9(“171/'2)(”({7“3)'

Q Q

N

Noting

( / 52“2); = I,

Q

from one hand, using the Holder inequality in the general term in the second sum,
we have

llualll* + Mz I* - IHulle/IaimI@m - IHU2\H2/I@U2I@U1
Q Q

> [lluall* + Mezll* = Mo 1Pzl = el flezfl®

2
= (llwalll = Mu2liD (W I + e 1]z ]+ e 1)
> 0.

On the other hand, as 0 < v < 1 and g > 0, by the algebraic inequalities

(X7 =Y ) (X-Y)<0 and (X?—Y9) (X -Y)>0,

we have
/f(ul—ug)(uﬁ—uf)—/g(ul—uz)(u‘{—ug)go.
Q Q
As a > 0 and b > 0, we must have u; = us. O

5. GENERAL REMARKS

We give here some remarks and observations.

1. Observe that the energy functionals are such that J(X) = J(|X|), so one can
always assume that the considered minimizing sequences are positive, which leads to
a solution u > 0.
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2. To prove that the considered solutions are strictly positive u > 0 we usually use
a strong maximum principle. This can be done only for the case p; > 2. Indeed,
to the best of our knowledge such a maximum principle exits for the anisotropic
operator L only in this case.

3. Even if we did not succeed to prove the multiplicity result for problem (3.1), but
only for the approximating problems (3.3), we still believe that this result holds
also for (3.1), and this is left to some future works.

4. Even if we have proved the uniqueness result for problem (4.1) only in a particular
case and for particular values of p;, we still believe that this result still holds for
more general values and this is left to some future works.
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