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Abstract. The paper surveys the results achieved in representing solutions of linear
non-homogeneous discrete systems with constant coefficients and with delays and
their fractional variants by using special matrices called discrete delayed-type matrices.
These are used to express solutions of initial problems in a closed and often simple
form. Then, results are briefly discussed achieved by such representations of solutions
in stability, controllability and other fields. In addition, a similar topic is dealt with
concerning linear non-homogeneous differential equations with delays and their variants.
Moreover, some comments are given to this parallel direction pointing some important
moments in the developing this theory. An outline of future perspectives in this
direction is discussed as well.
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1. THE PROBLEM AND INTRODUCTION

The paper’s primary aim is to survey the results achieved in representing solutions of
linear non-homogeneous discrete systems with constant coefficients and with delays
and their fractional variants, by special matrices called discrete delayed-type matrices.
These are used to express the solutions of initial problems in a closed and often
simple form. The results mentioned in the paper have been motivated by four papers
introducing discrete special matrix functions. While two of such papers, highly cited,
written by Diblík and Khusainov [17, 18] at Oberwolfach, Germany (Mathematisches
Forschungsinstitut Oberwolfach) during the RiP (research in pair) stay at April 2005,
consider linear discrete systems with the first-order difference of the unknown variable
and with a single delay, the papers by Diblík and Mencáková [11, 14], published
recently, consider such systems but with the second-order difference of the unknown
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variable. These motivating papers have found numerous followers and the present
paper tries to map their achievements.

Then, we briefly refer to results in stability, controllability and in other fields
achieved by such representations of solutions. In addition to this survey, a similar topic
is dealt with concerning linear non-homogeneous differential equations with delays and
their fractional variants. Moreover, we give some comments to this parallel direction
pointing out some important moments in developing this theory. An outline of future
perspectives in this direction is discussed as well.

Let us recall some customary notations used throughout the paper. For integers
s and q such that s ≤ q, we define a set Zq

s := {s, s + 1, . . . , q}, where the case
of s = −∞ or q = ∞ is admitted, too. Using the notation Zq

s we assume s ≤ q. The
values of an empty sum and empty product are defined by formulas

k∑

i=k+s

. . . := 0,
k∏

i=k+s

. . . := 1,

whenever s is a positive integer and dots “. . .” are replaced by the expression considered
in a given computation. If operations with matrices are considered, we denote the zero
matrix by Θ and the unit matrix by I rather than 0 and 1 in the right-hand sides of
formulas. The binomial coefficients used are defined as

(
p

q

)
:=





p!
q! · (p− q)! if p ≥ q ≥ 0,

0 otherwise,

where p, q are integers and 0! := 1. If a vector-function ϕ, where

ϕ = (ϕ1, . . . , ϕn)T : Z∞
ℓ → Rn

and ℓ is an integer, is given, then its first-order forward difference ∆ϕ(k), k ∈ Z∞
ℓ , and

its forward differences of order greater than the first one ∆iϕ(k), i ≥ 2, are defined as

∆ϕ(k) = ϕ(k + 1) − ϕ(k), ∆iϕ(k) = ∆(∆i−1ϕ(k)).

For t ∈ R, the function ⌊t⌋ denotes the floor integer function while the notation ⌈t⌉ is
used for the ceiling integer function. For other definitions and notations we will refer
when these are used.

In the paper, we consider equations with first-order or second-order differences
as well as their variants appearing in the literature. Below, the description of basic
equations is given with some of their modifications being described when particular
cases are dealt with.

1.1. SYSTEMS WITH FIRST-ORDER DIFFERENCES

Let Bi, i = 1, . . . , p, be n× n real matrices, let mi, i = 1, . . . , p, be integers satisfying
0 ≤ m1 < m2 < . . . < mp, and let x = (x1, . . . , xn)T be a vector. In the paper,
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we consider a system of equations (or its particular cases or variants) with the
first-order difference

∆x(k) =
p∑

i=1
Bix(k −mi) + f(k), (1.1)

where k is the independent variable varying in the domain Z∞
0 and

f = (f1, . . . , fn)T : Z∞
0 → Rn

is a given discrete function (the superscript T denotes the transpose of a given vector or
a matrix). The variable x : Z∞

0 → Rn is dependent (unknown function). The constants
mi, i = 1, . . . , p, are often called delays (except for m1 if it equals zero). If a function
x = ψ, where

ψ = (ψ1, . . . , ψn)T : Z∞
−mp

→ Rn

satisfies equation (1.1) for all k ∈ Z∞
0 , we say that it is a solution to (1.1) on Z∞

0 . It is
easy to prove that the initial problem (1.1), (1.2), where

x(k) = φ(k), k ∈ Z0
−mp

, (1.2)

and φ : Z0
−mp

→ Rn, defines a unique solution to system (1.1). Since a similar statement
is valid for various restrictions or extensions of this system, we will not mention it
further.

1.2. SYSTEMS WITH SECOND-ORDER DIFFERENCES

We will also focus our attention to problems of representing solutions of systems (or its
particular cases or variants) with the second-order forward difference

∆2x(k) +
p∑

i=1
Bix(k −mi) = f(k), k ∈ Z∞

0 , (1.3)

where Bi, mi, p and f are described in part 1.1. In much the same way is defined
a solution to (1.3) and the existence of a unique solution of initial problem.

1.3. THE STRUCTURE OF THE PAPER

The survey deals, as explained in parts 1.1, 1.2 with systems (1.1), (1.3) and with their
variants. The formulas expressing solutions of initial problems use matrix functions
called discrete “delayed” matrices. The structure of the paper is the following. Part 2
surveys the relevant results concerning the systems (1.1) and their variants while
Part 3 deals with the progress achieved for systems (1.3) and their modifications. The
formulas derived are expressed, in accordance with the theory of linear equations, as
the sum of the solution of the adjoint homogeneous problem and a particular solution
of a non-homogeneous system. Formulation of the problems, etc. will be repeated
whenever it is reasonable as the authors often use different notations. In Part 4 some
applications of the results are mentioned and in Part 5 some results concerning parallel
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investigation of continuous variants of the problem of representations of solutions are
referred to. The paper closes with Part 6 listing the advantages of the representations
derived and formulating some problems still unsolved.

2. SYSTEMS WITH FIRST-ORDER DIFFERENCES

2.1. TWO STARTING PAPERS – THE SIMPLEST CASES – SINGLE DELAY

In 2006, two papers by Diblík and Khusainov [17, 18] were published, presenting
results that became the starting point for various generalizations and modifications.
In these papers, a so-called discrete delayed matrix exponential is used. Below, we
provide its definition.

The discrete matrix delayed exponential of an n×n constant matrix B is a discrete
matrix function expm(Bk) such that

eBk
m :=





Θ if k ∈ Z−m−1
−∞ ,

I if k ∈ Z0
−m,

I +B ·
(

k
1
)

if k ∈ Zm+1
1 ,

I +B ·
(

k
1
)

+B2 ·
(

k−m
2

)
if k ∈ Z2(m+1)

(m+1)+1,

. . .

I +B ·
(

k
1
)

+B2 ·
(

k−m
2

)
+ . . .+Bℓ ·

(
k−(ℓ−1)m

ℓ

)

if k ∈ Zℓ(m+1)
(ℓ−1)(m+1)+1, ℓ = 0, 1, 2, . . .

(2.1)

The above definition can be shortened to

eBk
m := I +

ℓ∑

j=1
Bj ·

(
k − (j − 1)m

j

)
(2.2)

for k = (ℓ− 1)(m+ 1) + 1, . . . , ℓ(m+ 1) and ℓ = 0, 1, . . .
The basic property of the discrete matrix exponential expm(Bk) can be formulated

as follows (we refer to Theorem 2.1 in [18]):

Theorem 2.1. For k ∈ Z∞
−m, we have

∆ eBk
m = B eB(k−m)

m . (2.3)

The proof in [18] uses computations with binomial numbers being based, in principle,
on repeated application of the well-known method of steps. The formula (2.3) states
that the matrix X(k) = expm(Bk), k ∈ Z∞

−m, is the unique matrix solution of the
initial problem to the matrix equation:

∆X(k) = BX(k −m), k ∈ Z∞
0 ,

X(k) = I, k ∈ Z0
−m.
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The delayed matrix exponential is used in the formula describing the solution of the
initial problem:

∆x(k) = Bx(k −m) + f(k), k ∈ Z∞
0 , (2.4)

x(k) = φ(k), k ∈ Z0
−m, (2.5)

where f : Z∞
0 → Rn is a given function and φ : Z0

−m → Rn is the initial function. The
solution of the problem (2.4), (2.5) is expressed by a formula in the following theorem
(Theorem 3.6 in [18]).

Theorem 2.2. On Z∞
−m, the solution x = x(k) of the initial Cauchy problem (2.4),

(2.5) can be represented in the form

x(k) = eBk
m φ(−m) +

0∑

j=−m+1
eB(k−m−j)

m ∆φ(j − 1) +
k∑

j=1
eB(k−m−j)

m f(j − 1). (2.6)

The paper [17] considers a system

x(k + 1) = Ax(k) +Bx(k −m) + f(k), (2.7)

more general than the system (2.4). Assume that m ≥ 1 is a fixed integer, k ∈ Z∞
0 ,

A and B are constant n× n matrices admitting commutative property

AB = BA, (2.8)

and detA ̸= 0. The choice A = I changes (2.7) to (2.4). The following transformation
of (2.7) transforms this system into a system of the type (2.4) as well. Substituting

x(k) = Aky(k)

with k ∈ Z∞
−m into (2.7), we get

y(k + 1) = y(k) +B1y(k −m) +A−k−1f(k) (2.9)

with the variable matrix B1 = A−k−1BAk−m. Due to property (2.8), we obtain

B1 = A−1BA−m

and the matrix B1 becomes constant. Using the difference operator, an equivalent
form to (2.7) is

∆y(k) = B1y(k −m) +A−k−1f(k), k ∈ Z∞
0 .

Together with equation (2.7), consider the initial problem (2.5). Then, the correspond-
ing equivalent initial data for system (2.9) are

y(k) = A−kφ(k), k ∈ Z0
−m.
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Before giving a formula for a representation of solution to problem (2.7), (2.5), consider
an initial problem for the homogeneous linear matrix equation:

X(k + 1) = AX(k) +BX(k −m), k ∈ Z∞
0 , (2.10)

X(k) = Ak, k ∈ Z0
−m. (2.11)

Here X : Z∞
−m → Rn×n is an unknown matrix.

Theorem 2.3 ([17, Theorem 2.2]). The matrix
X = X0(k) := Ak eB1k

m , k ∈ Z∞
−m,

solves the problem (2.10), (2.11).
Now it is possible to give a formula solving the problem (2.7), (2.5) (we refer

to [17, Theorem 3.5]).
Theorem 2.4. On Z∞

−m, the solution x = x(k) of the initial problem (2.7), (2.5) can
be represented as

x(k) = X0(k)A−mφ(−m) +Am
0∑

j=−m+1
X0(k −m− j) [φ(j) −Aφ(j − 1)]

+Am
k∑

j=1
X0(k −m− j)f(j − 1).

Results of [17] are used in [53], where the problem
x(k + 1) = Ax(k) +Bx(k −m) + f(k), k ∈ Z∞

0 , (2.12)
x(k) = φ(k), k ∈ Z0

−m (2.13)
with impulses

x(k + 1) = Cx(k + 1 − 0) + Jk+1, k ∈ Z∞
0 , (2.14)

is studied. In (2.12)–(2.14), A, B and C are regular n×n matrices, f(k), k ∈ Z∞
0 , φ(k),

k ∈ Z0
−m and Jk+1 are n-dimensional column vectors, m > 0 is an integer and x is an

unknown n-dimensional column vector. By x(k+1−0) is denoted the value of x at the
point k + 1 − 0 (i.e. the limit on the left) which is immediately switched to the value
x(k+ 1) by (2.14). The following formula for the solutions of the problem (2.12)–(2.14)
is derived ([53, Theorem 1]).
Theorem 2.5. Let A, B, C be constant regular n×n matrices satisfying ACB = BCA,
let m be a fixed positive integer, and let Ji ∈ Rn, i ∈ Z∞

1 . Then, the solution of the
problem (2.12)–(2.14) can be expressed as

x(k) = X0(k)(CA)mφ(−m) + (CA)m
0∑

j=−m+1
X0(k −m− j) [φ(j) − CAφ(j − 1)]

+ (CA)m
k∑

i=1
X0(k −m− i) [Cf(i− 1) + Ji] ,

where k ∈ Z∞
−m, X0(k) = (CA)keB1k

m , B1 = (CA)−1CB(CA)−m.
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2.2. TWO DELAYS AND COMMUTATIVE MATRICES

The paper by Diblík and Morávková [15] provides a definition of the discrete matrix
function expm(Bk), given by formulas (2.1), (2.2), extended to two matrices and two
delays. Two variants of this generalization are presented.

Define a discrete n× n matrix function eBCk
mr , k ∈ Z+∞

−∞, called the discrete matrix
delayed exponential for two delays m, r ∈ N, m ̸= r and for two n × n commuting
constant matrices B, C as follows. Set

p(k) :=
⌊
k +m

m+ 1

⌋
and q(k) :=

⌊
k + r

r + 1

⌋
.

Definition 2.6 ([15, Definition 2]). Let B, C be constant n × n matrices with
BC = CB and let m, r ∈ N, m < r be fixed integers. We define a discrete n×n matrix
function eBCk

mr called the discrete matrix delayed exponential for two delays m, r and
for two n× n constant matrices B, C by the formula

eBCk
mr :=





Θ if k ∈ Z− max{m,r}−1
−∞ ,

I if k ∈ Z0
− max{m,r},

I + (B + C)
p(k)−1,q(k)−1∑

i=0,j=0
BiCj

(
i+j

i

)(
k−mi−rj

i+j+1
)

if k ∈ Z∞
1 .

(2.15)
The main property of eBCk

mr is given by the following theorem.
Theorem 2.7 ([15, Theorem 2]). Let B, C be constant n×n matrices with BC = CB
and let m, r ∈ N, where m ̸= r, be fixed integers. Then,

∆ eBCk
mr = B eBC(k−m)

mr +C eBC(k−r)
mr (2.16)

holds for k ∈ Z∞
0 .

Another form of a discrete matrix delayed exponential ẽBCk
mr can be found in the

paper by Diblík and Morávková [16].
Definition 2.8 ([16, Definition 6]). Let B, C be constant n × n matrices with
BC = CB and let m, r ∈ N, where m < r, be fixed integers. We define a discrete
n × n matrix function ẽBCk

mr called the discrete matrix delayed exponential for two
delays m, r and for two n× n constant matrices B, C as follows:

ẽBCk
mr :=





Θ if k ∈ Z−1
−∞,

I if k ∈ Zm
0 ,

I +B
∑p(k)−1,q(k)−1

i=0,j=0 BiCj
(

i+j
i

)(
k−m−mi−rj

i+j+1
)

+ C
∑p(k)−1,q(k)−1

i=0,j=0 BiCj
(

i+j
i

)(
k−r−mi−rj

i+j+1
)

if k ∈ Z∞
m+1.

(2.17)

Remark 2.9. For k ∈ Zr
0, it is easy to deduce that ẽBCk

mr = eB(k−m)
m .

The main property of ẽBCk
mn copies Theorem 2.7 and is given by following theorem.
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Theorem 2.10 ([16, Theorem 9]). Let B, C be constant n×n matrices with BC = CB
and let m, r ∈ N, where m < r, be fixed integers. Then

∆ẽBCk
mr = BẽBC(k−m)

mr + C ẽBC(k−r)
mr (2.18)

for k ∈ Z∞
0 .

Both Theorem 2.7 and Theorem 2.10 were proved by direct analogy with the proof
of Theorem 2.1 in [18], using properties of binomial numbers and the method of steps.

Consider the discrete system

∆x(k) = Bx(k −m) + Cx(k − r) + f(k), (2.19)

where m, r ∈ N, m ̸= r, are fixed, k ∈ Z∞
0 , B and C are constant n × n matrices,

f : Z∞
0 → Rn is a given n× 1 vector, and x : Z∞

0 → Rn is an n× 1 unknown vector.
Together with equation (2.19), we consider the initial problem

x(k) = φ(k), k ∈ Z0
−r. (2.20)

With the aid of both discrete matrix delayed exponentials, formulas for the solution
to the initial problem (2.19), (2.20) are given.

Theorem 2.11 ([16, Theorem 14]). Let B, C be constant n × n matrices with
BC = CB, det(B + C) ̸= 0, and let m, r ∈ N, where m < r, be fixed integers. Then,
the solution of the initial problem (2.19), (2.20) can be expressed in the form

x(k) =
r∑

j=0
eBC(k+j)

mr vj +
k∑

ℓ=1
ẽBC(k−ℓ)

mr f(ℓ− 1),

where k ∈ Z∞
−r and

v0 = φ(−r) −
r∑

s=1
vs,

vℓ = (B + C)−1

[
∆φ(−ℓ) −

r−ℓ∑

t=1
∆ eBCt

mr vt+ℓ

]
, ℓ ∈ Zr

1.

Theorem 2.12 ([16, Theorem 15]). Let B, C be constant n × n matrices with
BC = CB and let m, r ∈ N, where m < r, be fixed integers. Then, the solution of the
initial problem (2.19), (2.20) can be expressed in the form

x(k) =
r∑

j=0
ẽBC(k+j)

mr wj +
k∑

ℓ=1
ẽBC(k−ℓ)

mr f(ℓ− 1),

where k ∈ Z∞
−r and
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wℓ = ∆φ(−ℓ− 1) − ∆ẽBC(−ℓ+r−1)
mr φ(−r)

−
−ℓ−m−2∑

s=−r

∆ẽBC(−ℓ−s−2)
mr ∆φ(s), ℓ ∈ Zr−m−1

0 ,

wℓ = ∆φ(−ℓ− 1), ℓ ∈ Zr−1
r−m,

wr = φ(−r).

In the paper [49] by Medved’and Pospíšil, the homogeneous problem is considered.
However, their approach employs a different construction of the delayed matrix
exponential. We will illustrate this using the case of two matrices. Consider the
matrix equation

∆Y (k) = B1Y (k −m1) +B2Y (k −m2), k ∈ Z∞
0 (2.21)

with the initial problem

Y (k) =
{

Θ, k ∈ Z−1
−∞,

I, k = 0.
(2.22)

Set
X(k) = eB(k−m1)

m1 . (2.23)
This matrix function solves (by Theorem 2.1) the matrix equation

∆X(k) = B1X(k −m1)

and satisfies the same initial data (2.22), that is,

X(k) =
{

Θ, k ∈ Z−1
−∞,

I, k = 0.

Define a matrix exponential for two matrices (which differs from definitions given
by (2.15) and (2.17))

êB1B2k
m1,m2 =





Θ if k ∈ Z−m2−1
−∞ ,

X(k +m2) +B2
∑k

j1=1 X(k − j1)X(j1 − 1) + . . .

+Bl
2

∑k
j1=(l−1)(m2+1)+1

∑j1
j2=(l−1)(m2+1)+1 . . .

∑jl−1
jl=(l−1)(m2+1)+1X(k−j1)

× ∏l−1
i=1 X(ji − ji+1)X(jl − (l − 1)(m2 + 1) − 1)

if k ∈ Zl(m2+1)
(l−1)(m2+1)+1, l ∈ Z∞

0 .

Then, (we refer to Theorem 2.2 in [49]) the below theorem can be proved (the proof is
based on the method of induction).
Theorem 2.13. Let m1,m2 ≥ 1 and B1, B2 be n×n matrices such that B1B2 = B2B1.
Then, the matrix solution of equation (2.21) satisfying (2.22) has the form

Y (k) = êB1B2(k−m2)
m1,m2 .
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Consider an equation

∆x(k) = B1x(k −m1) +B2x(k −m2), k ∈ Z∞
0 (2.24)

with the initial problem
x(k) = φ(k), k ∈ Z0

−m, (2.25)
where m is fixed below. The solution formula of the problem (2.24), (2.25) is given
below (we refer to Theorem 2.6 in [49]).
Theorem 2.14. Let 1 ≤ m1 ≤ m := m2, φ : Z0

−m → Rn be a given function and
B1, B2 be n× n permutable matrices. Then, the solution of the problem (2.24), (2.25)
has the form

x(k) = Y (k +m)φ(−m) +
0∑

j=−m+1
Y (k − j)∆φ(j − 1)

−B1

−1−m1∑

j=−m

Y (k − 1 −m1 − j)φ(j), ∀ k ∈ Z∞
−m.

2.3. MULTIPLE DELAYS AND COMMUTATIVE MATRICES

Theorems 2.13, 2.14 are generalized in the same paper [49] to the case of an arbitrary
number of delays. The authors consider the matrix equation

∆Y (k) = B1Y (k −m1) + . . .+BpY (k −mp), k ∈ Z∞
0 (2.26)

and initial problem (2.22). It is assumed that p > 1, mi ≥ 1, i = 1, . . . , p, with
B1, . . . , Bp being pairwise permutable matrices, i.e., BiBj = BjBi for each i, j ∈
{1, . . . , p}. In accordance with Definition 3.1 in [49], for each j = 2, . . . , p, define
a discrete multi-delayed matrix exponential corresponding to delaysmi ≥ 1, i = 1, . . . , j
and to matrices B1, . . . , Bj as follows:

êB1,...,Bjk
m1,...,mj

=





Θ if k ∈ Z−mj−1
−∞ ,

Xj−1(k +mj) +Bj

∑k
i1=1 Xj−1(k − i1)Xj−1(i1 − 1) + . . .

+Bl
j

∑k
i1=(l−1)(mj+1)+1

∑i1
i2=(l−1)(mj+1)+1

. . .
∑il−1

il=(l−1)(mj+1)+1 Xj−1(k − i1)
× ∏l−1

s=1 Xj−1(is − is+1)Xj−1(il − (l − 1)(mj + 1) − 1)

if k ∈ Zl(mj+1)
(l−1)(mj+1)+1, l ∈ Z∞

0 ,

where
Xj−1(k) = êB1,...,Bj−1(k−mj−1)

m1,...,mj−1 ,

and, if j = 2, by formula (2.23),

X1(k) = êB1(k−m1)
m1 := X(k) = eB(k−m1)

m1 .

The following theorem is Theorem 3.2 in [49].
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Theorem 2.15. Let p ≥ 1, mi ≥ 1, i = 1, . . . , p, and B1, . . . , Bp be pairwise
permutable matrices. Then, the matrix solution of equation (2.26) satisfying con-
dition (2.22) has the form

Y (k) =
{

êB1(k−m1)
m1 if p = 1,

êB1,...,Bp(k−mp)
m1,...,mp

if p > 1.

Consider a problem

∆x(k) =
p∑

i=1
Bix(k −mi) + f(k), k ∈ Z∞

0 , (2.27)

x(k) = ψ(k), k ∈ Z0
−m, (2.28)

where m = max{m1, . . . ,mp}. By Theorem 2.15, the following formula is derived
for the solution of nonhomogeneous linear difference initial problem with multiple
delays (2.27), (2.28) ([49, Theorem 3.6]).
Theorem 2.16. Let p > 1, m1, . . . ,mp ≥ 1, B1, . . . , Bp be n× n pairwise permutable
matrices, f : Z∞

0 → Rn, and ψ : Z0
−m → Rn. Then, the solution x = x(k) of the initial

value problem (2.27), (2.28) is on Z∞
−m represented by the formula

x(k) = Y (k +m)ψ(−m) +
0∑

j=−m+1
Y (k − j)∆ψ(j − 1)

−
p∑

i=1
Bi

−1−mi∑

j=−m

Y (k − 1 −mi − j)ψ(j) +
k∑

j=1
Y (k − j)f(j − 1),

where
Y (k) = êB1,...,Bp(k−mp)

m1,...,mp
.

If in (2.27), a non-delayed term appears, i.e., if the problem (2.27), (2.28) is
interchanged with a problem (2.29), (2.28), where

x(k + 1) = Ax(k) +
p∑

i=1
Bix(k −mi) + f(k), k ∈ Z∞

0 , (2.29)

then, in accordance with the Corollary 3.7 in [49], we obtain the following result.
Theorem 2.17. Let p > 1, m1, . . . ,mp ≥ 1, A,B1, . . . , Bp be n×n pairwise permutable
matrices, detA ̸= 0, f : Z∞

0 → Rn, and ψ : Z0
−m,→ Rn. Then, the solution x = x(k)

of the initial value problem (2.29), (2.28) is on Z∞
−m represented by the formula

x(k) = Y ∗(k +m)ψ(−m) +
0∑

j=−m+1
Y ∗(k − j)[ψ(j) −Aψ(j − 1)]

−
p∑

i=1
Bi

−1−mi∑

j=−m

Y ∗(k − 1 −mi − j)ψ(j) +
k∑

j=1
Y ∗(k − j)f(j − 1),
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where

Y ∗(k) = Ak êB∗
1 ,...,B∗

p(k−mp)
m1,...,mp , and B∗

i = BiA−1−mi , i = 1, . . . , p.

Although the latter results formulated in Theorems 2.15, 2.16, and 2.17 were success-
fully applied in the same paper to prove results on exponential stability, nevertheless,
for practical computations, they are not very suitable. The paper by Pospíšil [56]
provides a representation of a solution of a nonhomogeneous linear difference equation
with multiple delays in a closed form, and directly generalizes the results given
in [16, 18]. The main results are proved by using the Z-transform provided that the
nonhomogeneous vector is exponentially bounded. Then, this assumption may be
omitted because the formulas derived hold without such a restriction.

In [56] the following problem is treated. Let us consider the system (1.1), i.e.,

∆x(k) =
p∑

i=1
Bix(k −mi) + f(k), (2.30)

where matrices B1, B2, . . . , Bp are pairwise permutable, f : Z∞
0 → Rn, and the initial

problem (1.2), i.e.,
x(k) = φ(k), k ∈ Z0

−m, (2.31)

where φ : Z0
−m → Rn and m = max{m1, . . . ,mp}. The proof of the results on a rep-

resentation of a solution to the problem (2.30), (2.31) is performed via Z transform.
The paper [56] derives an alternative formula to formula (2.6) solving the ini-

tial problem (2.4), (2.5). Let us use the notation A(k) = eBk
m for delayed matrix

exponential eBk
m , where formula

A(k) =
⌊ k+m

m+1 ⌋∑

i=0
Bi

(
k −m(i− 1)

i

)

holds. Theorem 3.1 and Corollary 3.3 in [56] imply the following theorem.

Theorem 2.18. On Z∞
1 , the solution x = x(k) of the initial value problem (2.4), (2.5)

can be represented in the form

x(k) = A(k −m)φ(0) +B
−1∑

j=−m

A(k − 1 − 2m− j)φ(j)

+
k∑

j=1
A(k −m− j)f(j − 1).

(2.32)

To generalize Theorem 2.18 to the problem with multiple delays, we use a multino-
mial coefficient (

a

b1 . . . bm

)
= a!
b1! . . . bm! ,
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for an integer m > 0 and a, b1, . . . , bm ∈ Z∞
0 , and the matrix

B(k) =
∑

i1,...,ip≥0,∑p

j
(mj+1)ij≤k

(
k − ∑p

j=1 mjij

i1, . . . , ip, k − ∑p
j=1(mj + 1)ij

) p∏

j=1
B

ij

j .

Theorem 3.4 and Corollary 3.6 in [56] give the following representation of solution.

Theorem 2.19. Let p > 1, mi ≥ 1, i = 1, . . . , p, B1, . . . , Bp be pairwise permutable
n× n matrices, f : Z∞

0 → Rn, and φ : Z0
−m,→ Rn. On Z∞

0 , the solution x = x(k) of
the initial value problem (2.30), (2.31) can be represented in the form

x(k) = B(k)φ(0) +
p∑

j=1
Bj

−1∑

i=−mj

B(k − i−mj − 1)φ(i)

+
k∑

j=1
B(k − j)f(j − 1).

(2.33)

Let us remark that there is a formal analogy between formulas (2.32) and (2.33).
If p = 1, the matrix function B becomes the matrix function A(· −m), where B = B1,
m = m1. Moreover, the matrix function B solves the matrix equation

∆X(k) =
mp∑

i=1
BiX(k −mi), k ∈ Z∞

0

with initial problem

X(k) =
{

Θ, k ∈ Z−1
−∞,

I, k = 0.

Then one can see, by analogy with (2.2) and Definitions 2.6, 2.8, that

X(k) = B(k) = eB1...Bp(k−mp)
m1...mp

, k ∈ Z∞
−∞

and, for p = 2 (we refer to formula (2.17)),

B(k) = ẽB1B2k
m1m2 , k ∈ Z∞

−∞.

2.3.1. Formula solving the problem with a nondelayed term
Consider a system with nondelayed linear term

x(k + 1) = Ax(k) +
p∑

i=1
Bix(k −mi) + f(k), k ∈ Z∞

0 , (2.34)

where detA ̸= 0, matrices A,B1, B2, . . . , Bp are pairwise permutable, with the initial
problem being

x(k) = φ(k), k ∈ Z0
−mp

. (2.35)
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Set

B̃(k) = Ak
∑

i1,...,ip≥0,∑p

j
(mj+1)ij≤k

(
k − ∑p

j=1 mjij

i1, . . . , ip, k − ∑p
j=1(mj + 1)ij

) p∏

j=1
B̃

ij

j

and
B̃i = BiA

−1−mi , i = 1, . . . , p.

The following result reproduces Theorem 3.7 in [56].

Theorem 2.20. Let p > 1, mi ≥ 1, i = 1, . . . , p, A,B1, . . . , Bp be pairwise permutable
n × n matrices, detA ≠ 0, f : Z∞

0 → Rn, and φ : Z0
−m,→ Rn. On Z∞

1 , the solution
x = x(k) of the initial value problem (2.34), (2.35) can be represented in the form

x(k) = B̃(k)φ(0) +
p∑

j=1
Bj

−1∑

i=−mj

B̃(k − i−mj − 1)φ(i) +
k∑

j=1
B̃(k − j)f(j − 1).

2.4. NONCOMMUTATIVE MATRICES

Obviously, the assumption of pairwise commutativity of the matrices of linear terms is
very restrictive. Therefore, further efforts were made to dispense with this assumption
and to derive formulas representing solutions in such a case. The non-commutativity
of matrices does not make it possible to change the order when multiplying matrices
so that the problem to get formulas for solutions becomes much more difficult. The
paper by Mahmudov [42] is pioneering in this direction overcoming the restriction
of commutativity. Another novelty is that the matrices of the delayed parts are
non-constant. Below we list the principal achievements of this paper. Consider a discrete
system

x(k + 1) = Ax(k) +Bkx(k −m) + f(k), k ∈ Z∞
0 , (2.36)

where m ≥ 1 is a fixed integer, A and Bk are n× n matrices (their commutativity is
not assumed), detA ̸= 0, f : Z∞

0 → Rn, and the initial problem

x(k) = ψ(k), k ∈ Z0
−m, (2.37)

ψ : Z0
−m → Rn. Substituting in (2.36), (2.37)

z(k) := A−kx(k), Dk := A−k−1BkA
k−m, k ∈ Z∞

0 ,

we get an equivalent linear system of the form

z(k + 1) = z(k) +Dkz(k −m) +A−k−1f(k), k ∈ Z∞
0 ,

z(k) = A−kψ(k), k ∈ Z0
−m.
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Below a discrete delayed matrix exponential is introduced depending on the sequence
of matrices D = {D1, D2, . . .}. The following matrix is introduced:

PD(k, d) =





I if l = d = 0,
k−1∑

j1=(d−1)(m+1)
Dj1

j1∑
j2=(d−1)(m+1)

Dj2−m−1

. . .
jd−1∑

jd=(d−1)(m+1)
Djd−(d−1)(m+1),

if k ∈ Zl(m+1)
(d−1)(m+1)+1 and l ∈ Z∞

1 , 1 ≤ d ≤ l.

Applying PD(k, d), the delayed exponential depending on the sequence of matrices is
defined as

eD
m(k) =





Θ if k ∈ Z−(m+1)
−∞ ,

I if k ∈ Z0
−m,

I +
l∑

d=1
PD(k, d) if k ∈ Zl(m+1)

(l−1)(m+1)+1 and l ∈ Z∞
1 .

By such a matrix delayed exponential, it is possible to solve the following linear matrix
equation:

Φ(k + 1) = AΦ(k) +DkΦ(k −m), k ∈ Z∞
0 , (2.38)

Φ(k) = Ak, k ∈ Z0
−m. (2.39)

Theorem 2.21 ([42, Theorem 3]). The matrix

Φ(k) = Ψ(k) := AkeD
m(k), k ∈ Z∞

−m,

solves the problem (2.38), (2.39).

Using Ψ(k), the representation of the solution to the nonhomogeneous delay
problem (2.36), (2.37) (we refer to Corollary 6 in [42]) is the following.

Theorem 2.22. On Z∞
−m, the solution x = x(k) of the problem (2.36), (2.37) can be

represented in the form

x(k) = Ψ(k)A−mψ(−m) +Am
0∑

j=−m+1
AjΨ(k −m− j)A−j [ψ(j) −Aψ(j − 1)]

+Am
k∑

j=1
AjΨ(k −m− j)A−jf(j − 1).

For the case of two matrices, the paper by Mahmudov [45] gives a partial answer
to an open problem from the paper by Diblík and Mencáková [14] related to the
applicability of Z transform to systems with non-permutable matrices. The problem
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considered is not as general as (2.36), (2.37) and concerns the following system with
constant matrices

x(k + 1) = Ax(k) +Bx(k −m) + f(k), k ∈ Z∞
0 , (2.40)

where m ≥ 1 is a fixed integer, A and B are constant non-permutable n× n matrices
and, unlike of the system (2.36), the regularity of A is not required, f : Z∞

0 → Rn, and
the initial value problem is

x(k) = φ(k), k ∈ Z0
−m, (2.41)

φ : Z0
−m → Rn. The substantial novelty here is a modified approach – for the represen-

tation of solutions, a delayed perturbation of discrete matrix exponential is defined
and used. For the given matrices A, B and delay m ≥ 1, a delayed perturbation of
discrete matrix exponential XA,B

m (k) : Z∞
0 → Rn×n is defined by the formula

XA,B
m (k) =

⌊ k+m
m+1 ⌋∑

j=0
Q(k +m−mj; j),

where

Q(k; j) =





Θ if j ∈ Z−1
−∞,

Akσ(k) if j = 0,
k∑

l=j

Ak−lBQ(l − 1; j − 1)σ(k − j) if j ∈ Z∞
1

and σ is the Heaviside step function defined as

σ(t) =
{

0, t < 0,
1, t ≥ 0.

(2.42)

The following theorem is proved (Theorem 3.6 in [45]).

Theorem 2.23. Let m ≥ 1, A, B be constant n × n matrices, φ : Z0
−m → Rn.

The solution x = x(k) of the problem (2.40), (2.41) has the following form

x(k) = XA,B
m (k −m)φ(0) +

−1∑

i=−m

XA,B
m (k − 1 − 2m− i)Bφ(i)

+
k∑

i=1
XA,B

m (k −m− i)f(i− 1)

for k ∈ Z∞
0 .

A variant of this theorem is proved in [45], Theorem 3.1, assuming that f : Z∞
0 → Rn

is exponentially bounded, by applying the Z-transform. Then, the result is verified
without this restriction.
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A representation of solutions of a discrete problem with impulses is considered by
Jin, Wang and Shen in [29]. Consider a system

x(t+ 1) = Ax(t) +A1x(t−m) + f(t), t ∈ Z∞
0 , (2.43)

together with the initial problem

x(t) = φ(t), t ∈ Z0
−m (2.44)

and an impulse requirement

x(t+ 1) = A2x(t+ 1 − 0) + Jt+1, t ∈ Z∞
0 , (2.45)

where A, A1, A2 are n×n matrices (their commutativity is not assumed and the invert-
ibility of the matrix A is dropped), the delay m ≥ 1 is a given integer, x : Z∞

−m → Rn,
f : Z∞

0 → Rn, φ : Z0
−m → Rn, and Jt+1 ∈ Rn are impulses. Among others, the paper

brings an explicit form of the solutions to (2.43)–(2.45) derived with the aid of
a modified discrete delay matrix exponential (with its definition inspired by [45])

XA2A,A2A1
m (t) :=





Θ if t ∈ Z−(m+1)
−∞ ,

(A2A)t+m if t ∈ Z0
−m,

l∑
j=0

Q(t+m−mj; j) if t ∈ Zl(m+1)
(l−1)(m+1)+1 and l ∈ Z∞

1 ,

where l =
⌊

t+m
m+1

⌋
,

Q(t; j) :=





Θ if j ∈ Z−1
−∞,

(A2A)tσ(t) if j = 0,
t∑

i=j

(A2A)t−iA2A1Q(i− 1; j − 1)σ(t− j) if j ∈ Z∞
1 ,

and σ is the Heaviside step function defined by (2.42). Note that XA2A,A2A1
m (t) satisfies

for t ∈ Z∞
−∞, t ̸= −m− 1, the matrix equation (we refer to [29, Lemma 3.2])

XA2A,A2A1
m (t+ 1) = A2AX

A2A,A2A1
m (t) +A2A1X

A2A,A2A1
m (t−m).

The main result, generalizing some results in [52] (we also refer to [53]) is shown
below (we refer to Theorem 3.1 and Theorem 3.3 in [29]).
Theorem 2.24. The solution to problem (2.43)–(2.45) is given by the formula

x(t) :=





φ(t), t ∈ Z0
−m,

XA2A,A2A1
m (t−m)φ(0) +

−1∑
i=−m

XA2A,A2A1
m (t− 1 − 2m− i)A2A1φ(0)

+
t∑

i=1
XA2A,A2A1

m (t−m− i)[A2f(i− 1) + Ji], t ∈ Z∞
0 .
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In the proof, the Z transform is used. At first, it is assumed that the function f is
exponentially bounded, then this assumption is dropped.

The next step was recently made by Mahmudov in the paper [48], where the
non-reduced problem (1.1), (1.2) is considered with non-commutative matrices. Let us
show the problem in its original notation used in [48]. Consider a system

x(k + 1) = Ax(k) +
d∑

j=1
Ajx(k − λj) + f(k), k ∈ Z∞

0 (2.46)

and initial problem
x(k) = φ(k), k ∈ Z0

−λmax , (2.47)
where λj ∈ Z∞

1 , λmax = max{λ1, . . . , λd}, x : Z∞
−λmax

→ Rn, f : Z∞
0 → Rn, and

φ : Z0
−λmax

→ Rn. The regularity of A is not assumed. Results are described in terms
of so-called multi-delayed discrete matrix exponential and this notion is explained
below.

Let A = (A,A1, . . . , Ad). Define d-dimensional vectors i = (i1, . . . , id),
1 = (1, . . . , 1) and Λ = (λ1, . . . , λd). Moreover, let e be a canonical basis of Rd

defined by unit vectors ei, i = 1, . . . , d. We begin by establishing a recursive definition
for the determining matrix function QA(k; i) playing a crucial role in the definition of
multi-delayed discrete matrix exponential.

The determination of the matrix function QA(k; i) ∈ Mn×n, where Mn×n is the
set of n× n matrices with coefficients in R, is given inductively:

QA(k + 1; i) = AQA(k; i) +
d∑

j=1
AjQ

A(k; i − ej) if i ∈ (Z∞
0 )d, k ∈ Z∞

1 ,

QA(0; i) = Θ, QA(1; 0) = I,

and

QA(k; −1, i2, . . . , id) = QA(k; i1,−1, . . . , id) = . . . = QA(k; i1, i2, . . . ,−1) = Θ,

where k ∈ Z∞
1 . The multi-delayed discrete matrix exponential XA

Λ : Z∞
0 → Mn×n is

defined as follows:
XA

Λ (k) =
∑

i·(Λ+1)≤k,

i1,...,id≥0

QA(k + 1 − i · Λ; i),

where i · Λ and i · (Λ + 1) are scalar products. The main result of the paper [48], i.e.,
Theorem 4.2 follows.
Theorem 2.25. Let A = (A,A1, . . . , Ad) and let φ be as above. The solution x = x(k)
of the problem (2.46), (2.47) has the following explicit form

x(k) = XA
Λ (k)φ(0) +

d∑

j=1

−1∑

r=−λj

XA
Λ (k − 1 − λj − r)Ajφ(r) +

k∑

l=1
XA

Λ (k − l)f(l − 1)

for k ∈ Z∞
0 .
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2.5. FRACTIONAL DISCRETE EQUATIONS

For the rudiments of discrete fractional calculus used in this part, we refer to [26]. The
initial idea used in the papers [17, 18] of constructing the delayed matrix exponential
has been transfered to some classes of fractional difference equations as well. In the
paper by Du and Lu [23] (we refer as well to the paper [22] by Du and Jia) this idea
is applied to the Riemann–Liouville fractional-order delay difference system

∇γ
−ξx(t) = Ax(t− ξ) + f(t), t ∈ Z∞

1 , (2.48)
x(t) = φ(t), t ∈ Z0

1−ξ, (2.49)
where ξ ∈ Z∞

2 is a fixed delay, ∇γ
−ξ is the Riemann–Liouville fractional-order difference

of order γ ∈ (0, 1), x : Z∞
1 → Rn, f : Z∞

1 → Rn, A is a real n×n constant matrix, and
φ : Z0

1−ξ → Rn is an initial function. From the point of view of solution representation,
the main result of the paper is following. A discrete delayed Mittag–Leffler matrix
function is introduced and the general solution of non-homogeneous Riemann–Liouville
fractional-order delay difference problem (2.48), (2.49) is derived.

Define the discrete delayed Mittag–Leffler-type matrix function FAtγ

ξ as follows:

FAtγ

ξ =





Θ if t ∈ Z−ξ
−∞,

I (t+ξ)γ−1

Γ(γ) if t ∈ Z0
1−ξ,

I (t+ξ)γ−1

Γ(γ) +
∑m

j=0 A
j (t−(j−1)ξ)(j+1)γ−1

Γ((j+1)γ) if t ∈ Zmξ
(m−1)ξ+1,

wherem ∈ Z∞
1 and yw := Γ(y + w)/Γ(y). Define also, for γ /∈ Z−1

−∞, the fractional-order
Taylor monomial hγ(t, a) with fractional-order γ as follows:

hγ(t, a) = (t− a)γ

Γ(γ + 1) .

The below theorem reproduces Theorem 1 of [23].
Theorem 2.26. Assume that 0 < γ < 1. Then, the discrete Mittag–Leffler-type
matrix FAtγ

ξ is a solution of the matrix initial value problem
∇γ

−ξX(t) = AX(t− ξ), t ∈ Z∞
1 ,

X(t) = Ihγ−1(t,−ξ), t ∈ Z0
1−ξ.

The main result on the representation of the solution of problem (2.48), (2.49) is
given in [23, Theorem 4] and here we reproduce its content.
Theorem 2.27. The solution x = x(t) of the problem (2.48), (2.49) can be written as

x(t) = FAtγ

ξ φ(1 − ξ) +
0∫

1−ξ

FA(t−ξ−ρ(s))γ

ξ ∇γ
−ξφ(s)∇s

+
t∫

0

FA(t−ξ−ρ(s))γ

ξ f(s)∇s, t ∈ Z∞
1−ξ,

(2.50)

where ρ(s) = s− 1.
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Let us remark that, in the paper by Yuting Chen [7], Theorem 5.2 uses an alternative
formula differing from the formula (2.50). A particular solution is expressed in terms of
a two-parameter discrete delayed Mittag–Leffler matrix function (formula (22) in [7]).

Now describe the results achieved by Awadalla, Mahmudov and Alahmadi presented
in [2]. In this paper a new discrete delayed Mittag–Leffler matrix function generated
by two noncommutative matrices is introduced. An explicit formula for the solution
of homogeneous (and nonhomogeneous) nabla fractional delay difference systems is
derived using a discrete delayed Mittag–Leffler matrix function.

Consider the following linear retarded Riemann–Liouville fractional difference
system,

∇γ
−1z(ξ) = Az(ξ) + Bz(ξ − r) + f(ξ), ξ ∈ Z∞

1 (2.51)

and initial problem
z(ξ) = ψ(ξ), ξ ∈ Z0

1−r, (2.52)

where r ∈ Z∞
2 is a fixed delay, ∇γ

−1 is the Riemann–Liouville fractional difference of
order γ, 0 < γ < 1, z : Z∞

1 → Rn, f : Z∞
1 → Rn, A,B are real constant n× n matrices

(their commutativity is not assumed), and ψ : Z0
1−r → Rn is an initial function.

Let us introduce some auxiliary notions. For some of them, we refer to [26, 44]. For
a matrix A = {aij}n

i,j=1 define ∥A∥ = max1≤j≤n

∑n
i=1 |aij |. Assume ∥A∥ ≤ 1, γ > 0,

µ ∈ R and define the delayed nabla Mittag–Leffler matrix function DA,B
γ,µ,r generated

by A, B, as follows:

DA,B
γ,µ,r(ξ) :=





Θ if ξ ∈ Z−1
−∞,

∞∑
i=0

Ai (ξ)iγ+µ−1
+

Γ(iγ+µ) +
∞∑

i=1
Q(i+ 1, 1) (ξ−r)iγ+µ−1

+
Γ(iγ+µ)

+ . . .+
∞∑

i=p

Q(i+ 1, p) (ξ−pr)iγ+µ−1
+

Γ(iγ+µ) if ξ ∈ Z(p+1)r
pr and p ∈ Z∞

0 ,

where, for q, s ∈ Z∞
0 , Q(q, s) are matrices defined by the recursive form

Q(q + 1, s) = AQ(q, s) + BQ(q, s− 1), Q(q,−1) = Θ, Q(1, 0) = I.

The below Theorem 32 in [2] gives, in a sense, an analogy of the properties (2.3),
(2.16), and (2.18).

Theorem 2.28. The nabla Mittag–Leffler matrix function DA,B
γ,γ,r satisfies homogeneous

matrix system

∇γ
−1Z(ξ) = AZ(ξ) + BZ(ξ − r), ξ ∈ Z∞

1 ,

Z(ξ) = Θ, ξ ∈ Z0
1−r,

that is,
∇γ

−1D
A,B
γ,γ,r(ξ) = ADA,B

γ,γ,r(ξ) + BDA,B
γ,γ,r(ξ − r), ξ ∈ Z∞

1 .

The following theorem on representation of solution of problem (2.51), (2.52) is
given in [2, Theorem 34]. Its proof uses Theorem 2.28.
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Theorem 2.29. Assume f : Z∞
1 → Rn, ∥U∥ ≤ 1 and 0 < γ < 1. Then the unique

solution of the fractional problem (2.51), (2.52) is given by

z(ξ) = DA,B
γ,γ,r(ξ + 1) [(I − A)ϕ(0) − f(0)] − DA,B

γ,γ,r(ξ + 1 − r)Bϕ(0)

+
0∫

−r

DA,B
γ,γ,r(ξ − ρ(m) − r)Bϕ(m)∇m+

ξ∫

−1

DA,B
γ,γ,r(ξ − ρ(s))f(s)∇s, ξ ∈ Z∞

1 ,

where ρ(m) = m− 1.

3. SYSTEMS WITH SECOND-ORDER DIFFERENCES

The investigation of a representation of solutions of equations with second-order
difference of the form given below was initiated in papers by Diblík and Mencáková
(let us refer to [11–14]). First, equations with the second-power of the matrix of linear
terms

∆2x(k) +A2x(k −m) = f(k), k ∈ Z∞
0 (3.1)

were considered. In the literature, such an equation (or its analogies) is often called
an oscillating equation referring to an ordinary differential equation of second-order
describing a harmonic oscillator. If φ : Z1

−m → Rn is a given function, let

x(k) = φ(k) = (φ1(k), . . . , φn(k))T , k ∈ Z1
−m. (3.2)

Assuming that A is a regular matrix, two auxiliary matrix functions

Cosm Ak : Z → Rn×n, Sinm Ak : Z → Rn×n

called delayed discrete cosine and delayed discrete sine were defined as follows:

Cosm Ak :=





Θ if k ∈ Z−m−1
−∞ ,

I if k ∈ Z1
−m,

. . .

I −A2(
k
2
)

+A4(
k−m

4
)

+ . . .+ (−1)ℓA2ℓ
(

k−(ℓ−1)m
2ℓ

)
if k ∈ Zℓ(m+2)+1

(ℓ−1)(m+2)+2, ℓ = 0, 1, 2, . . . ,

and

Sinm Ak :=





Θ if k ∈ Z−m
−∞,

A
(

k+m
1

)
if k ∈ Z2

−m+1,

. . .

A
(

k+m
1

)
−A3(

k
3
)

+A5(
k−m

5
)

+ . . .+ (−1)ℓA2ℓ+1(
k−(ℓ−1)m

2ℓ+1
)

if k ∈ Zℓ(m+2)+2
(ℓ−1)(m+2)+3, ℓ = 0, 1, 2, . . .



166 Josef Diblík

They have the following short forms (for k ∈ Z):

Cosm Ak :=
⌈ k−1

m+2 ⌉∑

j=0
(−1)jA2j

(
k − (j − 1)m

2j

)
,

Sinm Ak :=
⌈ k−2

m+2 ⌉∑

j=0
(−1)jA2j+1

(
k − (j − 1)m

2j + 1

)
.

Let us explain why the square A2 is used in (1.3) rather than A. The definition of
Sinm Ak uses odd powers of A. If in (1.3), matrix A is considered (rather than A2),
then the definition of Sinm Ak must be corrected. The square root

√
A should be used

instead of A. But the square root of a matrix may not exist or may be not unique.
Functions Cosm Ak, Sinm Ak satisfy

∆2 Cosm Ak +A2 Cosm A(k −m) = Θ, k ∈ Z \ {−m− 2,−m− 1}, (3.3)

and

∆2 Sinm Ak +A2 Sinm A(k −m) = Θ, k ∈ Z \ {−m− 1}, (3.4)

i.e., they solve the matrix equation

∆2X(k) +A2X(k −m) = Θ,

for the domains indicated in (3.3) and (3.4). The main result on a representation of the
solution of the problem (3.1), published in [11] and repeated in [13], is shown below.

Theorem 3.1. The solution x = xφ(k), k ∈ Z∞
−m of initial problem (3.1), (3.2) is

xφ(k) = (Cosm Ak)φ(−m)

+A−1
[

(Sinm Ak) ∆φ(−m) +
0∑

j=−m+1
Sinm A(k −m− j) · ∆2φ(j − 1)

]

+A−1 ·
k−2∑

j=0
Sinm A(k − 1 −m− j) · f(j).

(3.5)

Unfortunately, Theorem 3.1 covers only a narrow class of systems because the
system (3.1) uses squared matrix A2 such that detA ̸= 0 (the matrix A−1 is used in
the formula (3.5)). In the paper [14] an improvement is given without this requirement
and with an equation

∆2x(k) +A x(k −m) = f(k), k ∈ Z∞
0 (3.6)

considered in which, unlike in system (3.1), the matrix A is arbitrary. The progress
has been achieved by employing two special discrete delayed matrices defined in
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a way different from the above matrix functions Cosm Ak and Sinm Ak. For a given
matrix A and delay m, define two delayed discrete matrix functions Mc(k,A,m) and
Ms(k,A,m) by the following formulas. The delayed discrete matrix Mc(k,A,m) is
defined as:

Mc(k,A,m) :=





Θ if k ∈ Z−m−1
−∞ ,

I if k ∈ Z1
−m,

. . .

I −A
(

k
2
)

+A2(
k−m

4
)

+ . . .+ (−1)ℓAℓ
(

k−(ℓ−1)m
2ℓ

)
if k ∈ Zℓ(m+2)+1

(ℓ−1)(m+2)+2, ℓ = 0, 1, 2, . . .

The delayed discrete matrix Ms(k,A,m) is defined as:

Ms(k,A,m) :=





Θ if k ∈ Z−m
−∞,

I
(

k+m
1

)
if k ∈ Z2

−m+1,

. . .

I
(

k+m
1

)
−A

(
k
3
)

+ . . .+ (−1)ℓAℓ
(

k−(ℓ−1)m
2ℓ+1

)
if k ∈ Zℓ(m+2)+2

(ℓ−1)(m+2)+3,

ℓ = 0, 1, 2, . . .

We will reduce the notation of Mc(k,B,m), Ms(k,B,m) to a mere Mc(k) and Ms(k)
since there is no danger of ambiguity in the sequel. The main property of Mc(k) and
Ms(k) is described below (we refer to Corollary 1 in [14]).

Theorem 3.2. Functions Mc(k) and Ms(k) satisfy

∆2Mc(k) +AMc(k −m) = Θ, k ∈ Z \ {−m− 2,−m− 1},

and

∆2Ms(k) +AMs(k −m) = Θ, k ∈ Z \ {−m− 1}.

Using these properties, the main result of the paper [14, Theorem 2] giving a formula
for a solution to problem (3.6), (3.2) is proved. Here is how it is formulated.

Theorem 3.3. The solution of initial problem (3.6), (3.2) can be expressed in the form

x(k) = Mc(k)φ(−m) + Ms(k)∆φ(−m)

+
0∑

j=−m+1
Ms(k −m− j)∆2φ(j − 1) +

k−2∑

j=0
Ms(k − 1 −m− j)f(j),

where k ∈ Z∞
−m.
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3.1. OSCILLATING EQUATION – THE CASE OF MULTIPLE DELAYS

In [14], Diblík and Mencáková formulated an open problem to generalize the results of
this paper to the case of linear discrete systems with multiple delays and permutable
or nonpermutable matrices. The paper by Elshenhab and Wang [25] solves this prob-
lem positively. Motivated by [14], an explicit representation of solutions of the problem

∆2x(k) = −A1x(k −m1) − . . .−Apx(k −mp) + f(k), k ∈ Z∞
0 , (3.7)

x(k) = ψ(k) = (ψ1(k), . . . , ψn(k))T , k ∈ Z1
−m (3.8)

is given. Let us describe this approach. In (3.7), (3.8), mq ∈ Z∞
1 , q = 1, . . . , p, are delays,

m = max{m1, . . . ,mp}, x = (x1, . . . , xn)T : Z∞
−m → Rn is a solution satisfying (3.7),

(3.8) for every k ∈ Z∞
0 , A1, . . . , Ap are arbitrary n× n constant real nonzero matrices

(their permutability is not assumed), f : Z∞
0 → Rn, and ψ : Z1

−m → Rn.
Define, for k ∈ Z∞

0 , functions H,M : Z∞
0 → Rn×n as follows:

H(k) :=
∑

β1,...,βp≥0,∑p

q=1
(mq+2)βq≤k

(−1)|β|
(
k − ∑p

q=1 mqβq

2|β|

)
PA

β , (3.9)

M(k) :=
∑

β1,...,βp≥0,∑p

q=1
(mq+2)βq≤k−1

(−1)|β|
(
k − ∑p

q=1 mqβq

1 + 2|β|

)
PA

β , (3.10)

where β = (β1, . . . , βp), |β| =
∑p

i=1 βi, A = (A1, . . . , Ap),

PA
β :=

∑

σ∈SRβ

|β|

|β|∏

i=1
ARβ

σ(i)
if |β| > 0 and PA

(0,...,0) := I,

the symbol SRβ

|β| denotes all permutations of the set {1, . . . , |β|},

Rβ := (1, . . . , 1︸ ︷︷ ︸
β1

, 2, . . . , 2︸ ︷︷ ︸
β2

, . . . , p, . . . , p︸ ︷︷ ︸
βp

) ∈ (Z∞
1 )|β|,

and Rβ
i is the i-th coordinate of the vector Rβ . The main result, formulated below, is

given in Theorem 1 and Corollary 1 in [25]. It is first proved (in Theorem 1) by using
the Z-transform assuming that f is exponentially bounded. This assumption is then
omitted (in Corollary 1).
Theorem 3.4. Let p ≥ 1, m1, . . . ,mp ≥ 1. The solution x(k), k ∈ Z∞

−m of initial
problem (3.7), (3.8) is given by the formula

x(k) =





ψ(k) if k ∈ Z1
−m,

H(k)ψ(0) + M(k)∆ψ(0) − ∑p
q=1 Aq

∑−1
i=−mq

M(k −mq − i− 1)ψ(i)
+

∑k−2
q=0 M(k − q − 1)f(q) if k ∈ Z∞

0 .

(3.11)
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If matrices A1, . . . , Ap are permutable, i.e., if AiAj = AjAi for each i, j = i, . . . , p,
then the representation (3.11) can be reduced, we refer to Corollary 2 in [25]. Below we
formulate this result. Define, for k ∈ Z∞

0 , the functions X ,Y : Z∞
0 → Rn×n as follows:

X (k) :=
∑

β1,...,βp≥0,∑p

q=1
(mq+2)βq≤k

(−1)|β|
( |β|
β1 . . . , βp

)(
k − ∑p

q=1 mqβq

2|β|

) p∏

q=1
Aβq

q , (3.12)

Y(k) :=
∑

β1,...,βp≥0,∑p

q=1
(mq+2)βq≤k−1

(−1)|β|
( |β|
β1 . . . , βp

)(
k − ∑p

q=1 mqβq

1 + 2|β|

) p∏

q=1
Aβq

q . (3.13)

Theorem 3.5. Let p ≥ 1, m1, . . . ,mp ≥ 1. Let matrices A1, . . . , Ap be permutable.
Then, the solution x(k), k ∈ Z∞

−m of initial problem (3.7), (3.8) is given by the formula

x(k) =





ψ(k) if k ∈ Z1
−m,

X (k)ψ(0) + Y(k)∆ψ(0) − ∑p
q=1 Aq

∑−1
i=−mq

Y(k −mq − i− 1)ψ(i)
+

∑k−2
q=0 Y(k − q − 1)f(q) if k ∈ Z∞

0 .

3.2. FRACTIONAL DELAY OSCILLATION DIFFERENCE EQUATIONS

As in part 2.5, for the rudiments of discrete fractional calculus used in this part, we
refer to [26]. Among other things, the paper by Yuting Chen [7] gives an explicit
solution of the homogeneous fractional delay oscillation difference equation of order
1 < ı < 2. The progress is achieved by constructing discrete sine-type and cosine-type
delayed Mittag–Leffler functions. Then, the discrete Laplace transform technique is
used to solve the equation with a nonhomogeneous term. Consider the problem

C∇ı
0w(x) = −Qw(x− σ) + z(x), x ∈ Z∞

1 , 1 < ı < 2, (3.14)

w(x) = ψ(x), ∇w(x) = ∇ψ(x), x ∈ Z0
1−σ, (3.15)

where w : Z∞
1−σ → Rn, σ ∈ Z∞

2 is a fixed delay time, Q ∈ R is an n × n constant
matrix, ψ : Z0

1−σ → Rn is the initial function, and z : Z∞
1 → Rm is a given function.

Define discrete cosine-type delayed Mittag–Leffler function Cı(x) as

Cı(x) =





Θ if x ∈ Z−σ
−∞,

I if x ∈ Z0
1−σ,

I −Q xı

Γ(ı+1) +Q2 (x−σ)2ı

Γ(2ı+1)

+ . . .+ (−1)iQi (x−(i−1)σ)iı

Γ(iı+1) if x ∈ Ziσ
(i−1)σ+1 and i ∈ Z∞

1 ,
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and discrete sine-type delayed Mittag–Leffler function Sı(x) as

Sı(x) =





Θ if x ∈ Z−σ
−∞,

(x+ σ)I if x ∈ Z0
1−σ,

(x+ σ)I −Q xı+1

Γ(ı+2) +Q2 (x−σ)2ı+1

Γ(2ı+2)

+ . . .+ (−1)iQi (x−(i−1)σ)iı+1

Γ(iı+2) if x ∈ Ziσ
(i−1)σ+1 and i ∈ Z∞

1 ,

where xı := Γ(x+ ı)/Γ(x) and 0ı := 0. We list the properties of Cı(x) and Sı(x) (these
are given in Theorem 3.1 in [7]).

Theorem 3.6. For Cı(x) and Sı(x), we have:

(i) ∆Sı(x) = Cı(x), for all x ∈ Z∞
−∞,

(ii) Cı(x) solves the matrix problem

C∇ı
0W (x) = −QW (x− σ), x ∈ Z∞

1 , 1 < ı < 2,
W (x) = I, ∇W (x) = Θ, t ∈ Z0

1−σ,

(iii) Sı(x) solves the matrix problem

C∇ı
0W (x) = −QW (x− σ), x ∈ Z∞

1 , 1 < ı < 2,
W (x) = (x+ σ)I, ∇W (x) = I, t ∈ Z0

1−σ.

The main result of the paper in [7] (Theorem 3.5) related to the formula solving
the problem (3.14), (3.15) is the following.

Theorem 3.7. An exact solution of the initial problem (3.14), (3.15) can be expressed
in the form

w(x) = Cı(x)[ψ(1 − σ) − ∇ψ(1 − σ)] + Sı(x)∇ψ(1 − σ)

+
0∫

1−σ

Sı(x− σ − ρ(ϑ))∇2ψ(ϑ)∇ϑ+ C∇2−ı
0 Sı(x− σ) ∗ z(x), x ∈ Z∞

1−σ,

where ρ(ϑ) = ϑ− 1.

4. APPLICATIONS

In the papers [17, 18] we ventured a prognosis that the formulas representing the so-
lutions of initial problems can be used in investigating the asymptotic properties of
solutions. This has been confirmed and, in addition, the formulas and their numerous
generalizations have found many applications in numerous fields, such as in control
theory, iterative learning control, and stability analysis. Let us look at some of them.



Representation of solutions of linear discrete systems with constant coefficients. . . 171

Problems of relative controllability are solved in papers by Diblík, Khusainov, and
Růžičková [19], by Diblík in [9], by Diblík and Mencáková in [13, 51], by Pospíšil,
Diblík and Fečkan in [57, 58], by Diblík, Fečkan and Pospíšil in [21], by Pospíšil in [55].
The papers by Jin and Wang [27], by Liang, Wang, and Shen [39], by Jin, Wang, and
Shen [28], by Liang, Wang, and Fečkan [38], by Yang, Fečkan, and Wang [65], and by
Luo, Wang and Shen [41], apply special matrix functions to problems of iterative
learning control and learning ability analysis. Paper by Jin, Fečkan, and Wang [30]
studies the relative controllability of impulsive linear discrete delay systems with
constant coefficients and a pure delay. Relative controllability for delayed linear discrete
system with second-order differences is studied by Yang, Fečkan, and Wang in [64].

Exponential stability of systems is studied by Medved’ and Pospíšil in [49], by
Medved’ and Škripková in [50], and by Jin, Wang and Shen in [29]. Yang, Fečkan, and
Wang study in [66] Ulam’s type stability of delayed discrete system with second-order
differences. Ulam–Hyers stability of nabla fractional delay difference systems is estab-
lished in [2] by Awadalla, Mahmudov, and Alahmadi. Finite time stability is studied
by Du and Lu in [23], and in the paper [22] by Du and Jia.

5. REMARK ON THE CONTINUOUS CASE

The initial papers mentioned in the Introduction are discrete analogues of continuous
variants published in two papers [31, 32]. These papers served as starting points for
similar studies in the field of delayed differential equations, fractional differential
equations, and differential equations with quaternions. Let us mention some papers
related to this branch of development.

The paper by Li and Wang [35] considers conformable fractional oscillating delay
systems. The relative controllability of semilinear delay differential systems with linear
parts defined by permutable matrices is studied by Wang, Luo, and Fečkan in [61].

Liang, Wang, and O’Regan in [40] and Mahmudov in [43, 46] introduce fractional
delayed matrices cosine and sine. These are fractional analogues of the delayed matrix
sine and cosine functions defined in the paper by Khusainov, Diblík, Růžičková, and
Lukáčová [32]. Mahmudov also considers multi-delayed perturbation of Mittag–Leffler
type matrix functions in [47].

Diblík, Khusainov, Lukáčová, and Růžičková [20] use delayed matrix sine and
delayed matrix cosine to develop the conditions of relative controllability for oscillating
second-order systems of differential equations with a single delay. Cao and Wang [6]
study the finite-time stability of a class of oscillating systems with two delays, using
delayed matrix polynomials.

Svoboda [60] studies the asymptotic properties of delayed matrix sine and delayed
matrix cosine. The controllability of nonlinear delay oscillating systems is examined in
the paper [37] by Liang, Wang, and O’Regan. Zhou in [69] investigates exponential
stability and relative controllability of nonsingular conformable delay systems using
the delayed matrix exponential. Hyers–Ulam stability of fractional equations with
double delays is studied by Liang, Shi, and Fan in [36].
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The convergence of iterative learning control for linear delay systems with deter-
ministic and random impulses, through the representation of solutions involving the
concept of the delayed exponential matrix, is studied by Wang, Luo, and Shen in [62].
Applications of delayed matrix exponential to Fredholm’s boundary-value problems are
given by Boichuk, Diblík, Khusainov, and Růžičková in [5]. M. Pospíšil develops, among
others, representations of systems of functional differential equations with multiple
variable delays in [54]. Sathiyaraj and Wang construct representations of solutions
suitable for non-instantaneous impulsive stochastic multiple delays system in [59].

The present paper only mentions several papers related to the continuous case.
A more comprehensive survey of the progress made from the initial papers [31, 32]
to the present is suggested as a topic for a future survey. In this context, we would
like to mention the recent book [63] by Wang, Fečkan, and Li, which contains results
related to stability and control for delay (and also discrete) systems. Finally, it is
worth noting that the book by Khusainov, Diblík, and Růžičková [33] lists, among
others, some results related with the continuous case.

6. CONCLUDING REMARKS

This survey paper is concerned with the development of a simple initial idea of utilizing
a step method in constructing representations of solutions of linear delayed discrete
equations with the first-order and second-order forward differences. The progress has
been achieved by involving some special discrete delayed matrix functions, which
enable the representations to be written in a simple form. In the literature, general
theoretical formulas can be found (e.g., for discrete case of initial systems being moved
to non-delayed systems in [1, 24, 34], for functional differential equations in [4] as
well as for equations with aftereffect in [3]). The formulas described in the paper are,
among others, suitable for computational purposes. In particular, these can be used
to design algorithms suitable for numerical computations. We refer, e.g., to paper by
Pospíšil [56], where the sum in B(k), used in formula (2.33), is rewritten in the form
of iterated sums, i.e.,

∑

i1,...,ip≥0,∑p

j=1
(mj+1)ij≤k

. . . =

⌊
k

m1+1

⌋
∑

i1=0

⌊
k−(m1+1)i1)

m2+1

⌋
∑

i2=0
. . .

⌊
k−

∑p

j=1
(mj +1)ij )

mp+1

⌋

∑

ip=0
. . . ,

or to the paper by Elsenhab and Wang [25], where, in formulas (3.9), (3.10), (3.12)
and (3.13) iterated sums can be used as well, i.e.,

∑

β1,...,βp≥0,∑p

q=1
(mq+2)βq≤k−r

. . . =

⌊
k−r

m1+2

⌋
∑

β1=0

⌊
k−r−(m1+2)β1)

m2+2

⌋
∑

β2=0
. . .

⌊
k−r−

∑p−1
q=1

(mq+2)βq)

mp+2

⌋

∑

βp=0
. . . ,
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and r = 0, 1. The method of representation of solutions summarized in the paper can
also be used in examining some boundary value problems for linear discrete systems
with constant coefficients on finite intervals. Moreover, the results obtained are useful
in investigating such asymptotic problems as describing the asymptotic behavior of
solutions concerning boundedness, convergence or stability of solutions.

Based on the survey presented in the paper, several problems awaiting solutions
can be listed (the author is aware that the list reflects the situation current at the
period of preparing the paper).

(1) Generalize the results of the paper by Yuting Chen [7] described in part 3.2 to the
case of multiple delays with mutually commuting matrices and non-commuting
matrices.

(2) Generalize the results of the paper by Jin, Wang and Shen [29] described in part 2.4
to the case of discrete equations with second-order differences and multiple delays
with mutually commuting or non-commuting matrices.

(3) Find the classes of Volterra discrete systems (we refer to [10] and to the references
therein) such that simple formulas for their solutions can be derived.

(4) Construct formulas for discrete equations with third-order forward differences and
multiple delays with mutually commuting or non-commuting matrices.

(5) An important challenge is the application of methods of spectral analysis to
find the representation of solutions in various spaces (e.g.in spaces lp(Z,Cd),
1 ≤ p < ∞, l∞(Z,Cd)). This approach should give, in addition to various formulas
representing solutions, an insight into the properties of solutions such as their
stability or convergence to zero. For some aspects of this approach we refer, e.g.,
to [8, 67, 68].
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