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Abstract. In this paper, we prove the existence of a unique weak solution for a class of
fractional systems of Schrédinger equations by using the Minty—Browder theorem in the
Cartesian space. To this aim, we need to impose some growth conditions to control the source
functions with respect to dependent variables.
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1. INTRODUCTION AND PRELIMINARIES

Fractional differential equations (FDEs) are used in the study of fluid flow, dif-
fusive transport akin to diffusion, rheology, probability, electrical networks, etc.
[1,8,14,15,17-23]. There is a wide range of works deal with fractional equations with
fractional Laplacian, for example, readers are encouraged to study [5,7,10,16,25,28].
Recently, the existence of solutions for Schrédinger—-Hardy systems, p-fractional
Hardy—-Schrodinger—Kirchhoff systems as well as a class of systems involving fractional
(p, ¢)-Laplacian operators (see [11-13]) are studied.
Here, we consider the following fractional Schréodinger coupled system

{(—As)u +Vi(@)u+ f(z,u,v) = Au for all z € RV, (1.1)

(=A%) v+ Va(z)v + g(x,u,v) = v for all z € RV,

where N > 2, s € (0,1), (—A®) denotes the fractional Laplacian and f,g €
C(RY x R x R,R). The fractional Laplacian (—A®) with s € (0,1) of a function
@ € p is defined by (see [2,27])

A(~A")9)(k) = [FZ*A(9)(k) for all s € (0,1),
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where ¢ denotes the Schwartz space consisting of rapidly decreasing C'°°-functions
in RY and A is the Fourier transform, i.e.

A(9) (k) = %ﬂ /exp{fQWik:E}(j)(x)dx.

(2)
RN

Another definition of the fractional Laplacian of a smooth enough function ¢ can be
given by the following singular integral

Ao e o(x) - o(0)
(—A%)(x) N,SP.VRK e

where P.V. is the principal value and

4°T(N/2 + s)

ST NP (=)

Recently, much attention have been given to the investigation of fractional local
problems such as some new contributions on the study of the existence of positive
solutions to the critical fractional Laplacian elliptic Dirichlet equations in a bounded
domain [3].

An important class of these types of problems is the wave solutions of fractional
Schrodinger equations. We refer the reader to [9,24,26].

Xu et al. proved in [27] the existence of a unique nontrivial solution for the following
problem

(=A% u+V(x)u+ f(r,u) = M for all z € RY, (1.2)
where N > 2, s € (0,1), A € R and f € C(RY x R,R). With this motivation, we
extend the above Sturm—Liouville problem to a coupled system with two different
potential known energy functions and two different unknown wave functions. To this
aim, we restrict ourselves to some new suppositions by defining some new convenient
spaces.

In the last part of this section, we present some definitions and notations that
we need throughout the paper.

Here, we assume that the following conditions hold:

(i) V € C(RM,R), V =inf,cgn V(z) > 0,
(i) Iro > O0VM > 0 : meas{z € B(y;r0) : V(z) < M} — 0 (Jy| — o0).

Definition 1.1. The space H*(RY) is defined by

H*(RN) = {u € L*(RY) : /(\gﬁ%? +4%)d¢ < oo},
RN

where 4 = A(u) with respect to the norm

[[ull g rry = ( /(|§I25ﬁ2 +ﬂ2)d€> :

RN
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Due to the appearance of potential energies V;(x) and V5(z) in the system of equations
(1.1), we introduce the subspace

E= {u € H5(RN) : /V(m)uzdx < oo}, (1.3)

RN

and the norm

lullz = ( /(|€|28ﬁ2+ﬁ2)d£+ /V(w)uzd:v> ,

RN RN

Notice that E is an inner product space by introducing the Sobolev inner product
< +,- >=p which is defined by

< U,V -p= / ((fA)%u(x)(fA)%v(x) + V(x)u(:c)v(x))dx,

RN

for all u,v € E.
By Plancherel’s theorem and condition (i), it is easily seen that |- || g is equivalent to

2

[Jull = ( /(I(—A)5u2+V(x)u2)dx> : (1.4)

RN

Let X be the Cartesian product X = FE x E. This is a Hilbert space with the
corresponding product norm ||(u, v)||x = (|[u]|? + ||v]|?)z.

Lemma 1.2 ([6]). The space E defined by (1.3) is continuously embedded into LP(R™)

for p € [2,2%] and compactly embedded into LY, (RN) for p € [2,27), where 25 = 225,

that is, there exists a positive constant c, such that

lully < cp lwll for all p € [2,27]. (1.5)
Remark 1.3. One can extend the preceding lemma for the general space X as
2
lully + llolly < Sl w i + [T v %) = Sl (w,0)] % (1.6)

where S is the maximum of Sobolev constants ¢, for u and v.

Lemma 1.4 ([27]). The space E defined by (1.3) is compactly embedded into LP(R™N)
for p e [2,2%).

Remark 1.5. According to Lemma 1.4, one can show that X is compactly embedded
into (L”(RN))2 for p € [2,2%).
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Definition 1.6. We say that (u,v) € X is a weak solution of the system of equations
(1.1) if

/((—A)gu(—ﬁ)%%+V1(a:)u¢1)da7+/f(x,u,v)¢1dac

RN RN
+/((—A)%v(—A)%qﬁz+V2(:r)v¢2)dx+/g(%um)gbgdx
RN RN
“A drdz + [ vénd ) —0
(R[u da R[v o

for all ¢ = ((,231,(]52) € X.

The next result, that is due to Minity and Browder, is useful for reaching our
purpose.

Theorem 1.7 ([4]). Let E be a reflexive Banach space and A: X — X* be a contin-
wous nonlinear map such that

(i) < Auy — Aug,uy —ug => 0 for all uy,us € E, uy # us,
(ii) A is coercive.

Then for every F in E*, there exists unique u € E such that Au = F.

2. THE MAIN RESULT

Here, we prove the existence of a unique nontrivial weak solution of problem (1.1).
Theorem 2.1. Assume that the following conditions hold:

(Hy) There exist c1,ca,dy,ds > 0 and P € [2,2%) such that for all (z,s,t) € RN xRxR
we have
|f(z,5,8)] < ar(z) + cas|P~ + da[t]P

and
|9(x, 5,1)| < aa(x) + cols[PF + daftP,
where a; € LI(RN), with i = 1,2, and q € (Na]_\;s, |. Further, f(x,0,v),
g(z,u,0) € LYRY x R).
(Hs) For all z € RN and sy, s9,t1,t2 € R such that sy # sa,t; # ta, we have

f(x781’t1) - f<x7527t2)
S1 — 82

>u*

and

g(z,s1,t1) — g(x, s2,t2) >
t1 —to

Then problem (1.1) has a unique nontrivial weak solution (u,v) € X for A = p*.



A unique weak solution for a kind of coupled system. . . 317

Proof. Take the operator A : X — X* as follows:

< A(u,0), (9, ¢2) = = / (~A)Fu(~A) iy + Vi(2)udy) da

RN

+ / ((—2)20(=L)2 ¢y + Va(z)ves) dz

RN

+ f(fE,’LL,U)¢1dCC + g(l’,u, ’U)¢2d$
l [

RN

—A( /u¢1dx+/v¢2dx>,

RN RN

for all u, v, ¢1,¢2 € E. Notice that

/f(x,u,v)qﬁldx

RN

< /(al(x) + crulPt +di|oPTY)| ¢y |d
RN
< lallglidrlly + el llpllulz= + dall¢a[lpllvln~

< 0

for all u,v, 1, P2 € E. In a similar way, we get

< 00.

/ o, 1, 0)bada

RN

On the other hand,

/ uprdx

RN

< [lull2l[¢1]l2 < oo,

and

/ viadz| < [oll2]d2ll2 < oo.

RN
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Thus, < A(u,v),¢ =€ X*, that is, A is well-defined. It is sufficient to investigate that
A satisfies Theorem 1.7. We have

=< A(Ul,'l}l) — A('LLQ,’UQ), (U1 — U2,V — ’02) -

== A(ul,vl), (ul — U2, V] — UQ) - =< A(UQ,"UQ), (ul — Ug,V1 — ’Ug) -

NI

- [(-o)tu(-5)

(ur — u2) + Vi(x)us(ur — ug))de

RN

+ /(((—A)gvl(—A)%(vl —v2)) + Va(2)v1(v1 — v2))dz
RN

+ /f(as,ul,vl)(ul — ug)dx + /g(a:,ul,vl)(vl — v9)dx
RN RN

—u* ( /(ul(ul —ug) +v1(vy — vg))das>

RN

- /(((*A)gw(*ﬂ)%(ul —u2)) + Vi(z)uz(ur — u2))dx
RN

- /(((*A)%Uz(*ﬁ)%(vl —v2)) + Va(2)v2(v1 — v2))dz
RN

— / flz,ug,v2)(u1 — ug)dx — /g(x,ug,vg)(vl — v9)dzx
RN RN

+ ,LL* ( /(U2(U1 — ’U,Q) + 1)2(’[]1 — ’UQ))dl')

RN

- /(|(—A)%(u1 — ug) > + Vi(z)|ug — ug|?)dx

RN

* /(|(*A)%(U1 —v2) > + Va(z)|v1 — v|*)dz
RN

+ /(f(x,ul,vl) — f(z,uz,v2))(uy — ug)dz
RN

+ /(g(x,ul,vl) — g(z,uz,v2))(v1 — va)dx
RN

- u*< /(|u1 —uzl* + Jor — 02|2)d$>-

RN
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By (Hs), since uj # us and vy # ve, this implies that
< A(ug,v1) — A(ug,v2), (U1 — ug, vy — ve) => 0.

To complete the proof, it suffices to show that A is coercive. By definition

< A(u,v), (u,v) > = / (|(=2)2uf? + Vi(2)u?) do

RN

+ / (|(=2) 2] + Va(z)v?) da:+/f(x,u,v)udx
RN RN

+ /g(x,uw)vdx - ,u*( /(|u|2 + |v|2)dac>.

Setting s; = 5,52 = 0 and ¢; = ¢,t2 = 0 in condition (Hs), we get
$F(,5,1) > 5f(2,0,6) + 17l tg(w,5,0) > tg(r,5,0) + 7.
Hence

< A, v), () = > [Jull? + o] + /(uf(:c,O,v) ot uf?)da

RN
+ / (vg(z, 0, 0) +u*vl2)dxu*< / (luf? + [of?)de
RN RN

By the Holder inequality, we obtain

Q=

< A(u,v), (u,0) = > [[(u,0)[[% — ||up< / If(ffyoav)lq@)

RN
1

— [[oll, ( / l9(z, u, O)qux>
]RN

> () 1% —cp||u|< / |f<x,o,v>|qu)

RN

—c;,nv( / |g<x,u,o>|qu> ,
RN

Q=

where ¢, and c;, are Sobolev constants corresponding to u and v, respectively. But we

know that the other norm, which is equivalent to the product norm, is

[[(w, )l x = max{]lul], [[o]}-
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So inequality (1.6) implies

< A(u,v), (u,v) >

> [I(u, )% = Sli(u, v)]x </f(x,0,v)|qd$> + (/Ig(wau,o)lqdw> ;
RN RN

where S is the maximum of Sobolev constants ¢, and c;,. Therefore,

- < A(u,v), (u,v) =
Il (u,v) | —00 [l (u, V)l

> |<u,v>x—s<< /|f<x,o,v>de>q + ( /|g<x,u,o>|wx>q>.
RN RN

It is clear that the right-hand side of the preceding inequality tends to infinity and so
does the left-hand side. Then we get the desired result and the proof is complete. [
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