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A CHARACTERIZATION OF CONVEX ¢-FUNCTIONS

Bartosz Micherda

Abstract. The properties of four elements (LPFFE) and (UPFFE), introduced by Isac
and Persson, have been recently examined in Hilbert spaces, LP-spaces and modular spa-
ces. In this paper we prove a new theorem showing that a modular of form ps(f) =
Jo ®(t,|f(t)]) du(t) satisfies both (LPFE) and (UPFE) if and only if ® is convex with
respect to its second variable. A connection of this result with the study of projections and
antiprojections onto latticially closed subsets of the modular space L® is also discussed.
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1. INTRODUCTION

“The (lower) property of four elements” (LPFE) is a special inequality closely related
to the isotonicity of projection operators. It was introduced in 1995 by Isac in [1], and
later considered for Hilbert lattices, LP-spaces and modular spaces in [2—4,6].

In 1998, in [4] Isac and Persson began to examine another inequality, named
“the upper property of four elements” (UPFFE), which is important for the study of
antiprojection operators. This condition was also discussed in the paper [6].

In the present note we show that, under some not restrictive assumptions on
the p-function ®, the Orlicz-Musielak modular generated by & satisfies both the
properties of four elements if and only if the function @ is convex with respect to its
second variable (Theorem 3.5). This strengthens results from [2] and [6].

We also discuss a connection between our theorem and the study of projections
and antiprojections onto latticially closed subsets of Orlicz-Musielak spaces. In partic-
ular, we present, as an open problem, another possible characterization of convexity
(Problem 3.8).
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2. PRELIMINARIES

In this section we have compiled some basic facts about modular spaces. For more
details we refer the reader to [§].

From now on, R denotes the set of nonnegative real numbers and 4 stands for
the characteristic map of a set A.

Definition 2.1. Let X be a linear space over the field K. Then a function p: X —
Ry U{+oo} is called a modular iff the following properties are satisfied:

1. p(z) =0 if and only if z =0,
2. plaz) =p(z) if € K and || =1,
3. plax+ By) < p(z) +p(y) if o, 5> 0and a+ 5 =1.

The set X, = {;v €X: lirr%) plaz) = 0}, which is a linear subspace of X, will be
oa—
called the modular space given by p.

We will always assume that the space X, is ordered by some pointed convex cone
K C X, in the following way: x > y if and only if x —y € K. We will also suppose
that X, is a lattice, i.e. the vectors x Ay and x V y exist for any z,y € X,, where
x Ay =inf(z,y) and 2 V y = sup(z, y) (with respect to the ordering given by K).

Definition 2.2. A set D C X, will be called latticially closed iff x Ay € D and
xVyeDforall z,y € D.

Like in the theory of metric spaces, for any subset D of a modular space X, we
can define the projection and the antiprojection operators as below.

Definition 2.3. Choose any € X,. Then we denote by Pp(z) the set of all elements
y € D such that

p(z —y) = inf p(z —d),

and we use the symbol Pf(x) for the collection of all vectors z € D satisfying

p(z — z) = sup p(z — d).
deD
The sets Pp(z) and P§(z) are called the projection of x onto D and the antiprojection
of x onto D, respectively.

Definition 2.4. We say that the projection operator Pp is isotonic iff, for any x,y €
X, such that © > y and both Pp(z), Pp(y) are non-empty, there exist w € Pp(x)
and v € Pp(y) satisfying w > v.

The antiprojection operator Pp is antiisotonic iff, for any x,y € X, such that
x >y and both P§(x), P3(y) are non-empty, there exist w € Pf(x) and v € P& (y)
with v > w.

In this paper we restrict ourselves mainly to the case of Orlicz-Musielak spaces,
defined in the following way.
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Definition 2.5. Let (2, X, i) be a space with a positive measure. Then ® : Q xR, —
R, is a p-function with a parameter iff it satisfies the following properties:

1. for every t € Q, p1(-) = ®(¢,-) : Ry — Ry is a nondecreasing, continuous function
such that ¢;(0) = 0 and ¢¢(z) > 0 for x > 0,
2. for every x € Ry, ®(-,z) : Q — R, is a Y-measurable function.

Definition 2.6. Let us now denote by X the set of all real ¥-measurable functions
defined on 2, with equality p-almost everywhere. For f € X set

pa(f) = / (1, (1))) dpt).

Q

Then pe is a modular, which will be called the Orlicz-Musielak modular generated
by ®. The corresponding modular space L® = X po 18 the Orlicz-Musielak space. We
also define the space of finite elements of L®:

E* ={fcL?: ps(af) < +oo for all a > 0}.

If the function @ is independent of ¢, the modular pg is said to be the Orlicz modular.
Every Orlicz-Musielak space may be ordered by the cone K = { ferL®:f> O}.

Remark 2.7. Various examples of latticially closed subsets of Orlicz-Musielak spaces
are given in [6, Ex. 2.4] and [7, Ex. 1.4].

3. MAIN RESULTS

We now recall the definition of the properties (LPFFE) and (UPFE) in modular
spaces.

Definition 3.1. We say that a modular p satisfies the lower property of four elements
(LPFE) iff, for any x,y,w, z € X, such that x > y, we have
plx —w)+ply—2) = plz —wV2)+ply —wAz),

and that it satisfies the upper property of four elements (UPFFE) iff, for any
z,y,w, z € X, such that x > y, we have
p(x —w)+ply —2) < plx —wAz)+ply —wV2).
In [2] and [6], the following theorem for Orlicz-Musielak modulars has been proved.

Theorem 3.2. Suppose that @ is a p-function with a parameter which is convex with
respect to its second variable. Then pe has both the properties (LPFE) and (UPFE)
(with respect to the cone of nonnegative functions).

Let us now show two examples of non-convex Orlicz modulars which do not satisfy
any of the properties of four elements.
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Example 3.3. 1. Put Q = [0,1] and ®(¢t,z) = 2P with p € (0,1). Then, for z = Iq,
y =0, w=2Ig and z = 31, we have = > y, but

po(x—w)+pa(y—2) =143 <224+ 2P = pg(z —wV 2) + pa(y — wA 2).
If x =2Iq, y=Iq, w=4Ig and z = 3], then
po(r—w)+pa(y—2)=2P+2P > 143 =ps(zr —wAz2)+ps(ly—wV z2).

2. Let © = N with the counting measure and define ®(¢,2) = In(x 4+ 1). In this
case, for v = I1), y =0, w = Iy and 2z = 215y, we get

po(x —w)+pe(y—2)=In3<In2+1In2=pp(x—wVz)+ps(y—wA z).
Moreover, if x = 2I1y, y = I1y, w = 3I{1y and z = 21y, then
po(x —w)+pe(y—2)=In2+4+In2>3 =pge(x —wAz)+pe(y—wV z).

In fact, we will soon prove that Orlicz-Musielak modulars generated by a convex
function are the only ones which satisfy (LPFE) and (UPFE). We will need the
following additional assumption.

Assumption (x) For any y1,%2,y3,y4 € Ry, t € Q and € > 0, there exists A, € ¥
such that:

(1) p(Afe) >0,
(3) |®(t,y:) — ®(t,y:)| <eforte Al and 1 <i <4,

Remark 3.4. The condition (*) holds in many important cases, some of which are
listed below.

1. (the Orlicz case) Assume that ®(t,2) = ®(x) and there exists A € ¥ with 0 <
1(A) < 4o00. Then, for all y1,y2,ys,y4,t and €, we may put A/, = A.

2. (the sequence case) Let Q@ = N with the counting measure. Here we define
AY = {t}.

3. (the continuous atomless case) Suppose that Q C R™ is an open set with positive
Lebesgue measure and that, for each € R4, the function ®(-,z) is continuous.
Then there exist positive numbers §; satisfying

|®(t,y:i) — ®(t,yi)] <e for te€ B(td) and 1<i<4.
In this case, we set A}, = B(t,d) with § = min; ;, where B denotes the closed
ball in R"™.
We may now formulate our main result, which strengthens Theorem 3.2.

Theorem 3.5. Let &: Q x Ry — R be a p-function with a parameter such that (x)
1s satisfied. Then the following conditions are equivalent:
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i) For each t € Q, ¢; is a conver function.
¥
(ii) For each t € Q, @y satisfies the Lim inequality: if a,b > 0,¢ > a, then

pi(a) + pr(b+c) = pi(a+b) + ¢i(c).
(iii) For eacht € Q, if x1,x9, 23,24 € R and x1 > x3, then
ei(lrr — 2|) + pe(lzs — 24]) = ei|or — 22V 2a]) + @i(|zs — 22 A wy]).
(iv) For each t € Q, if x1,22,23,24 € R and x1 > x3, then
ei(lrr — 2|) + pe(lzs — 24]) < illor — 22 Aa]) + @i(lzs — 22V 24]).

(v) po satisfies (LPFE).
(vi) pg satisfies (UPFE).

Proof. (1)=(ii) see [5, p. 195] and [2, p. 296-297].

(ii)=>(iii) = (v) see [2, p. 297).
(if)=(iv)=-(vi) see [6, p. 602-603].

(v)=-(iil) Suppose, on the contrary, that (iii) does not hold. Then, for some ¢ € €2,
e>0and z1,x9, 23,24 € R with ;1 > 23,

=
=

oi(|z1 — z2]) + pe(|r3 — 24]) < pe(|v1 — 22 V 34]) + 1|73 — T2 A 24]) — 4e.

Applying (*) to y1 = |z1—22|, y2 = |23 —x4], y3 = |v1—22 V4| and ys = |3 —22AZ4],
we get

ei(lzr — 22|) + pi(lzs — 2a]) < @pler — 22 V 24]) + i(|lws — 22 A 24)
forallt € C = Ai’fa. Set t=x1-Ic,y=x3-Ic, w=1xs-Ic, z= x4 Ic. Integrating
the last inequality over C' and using (*) again, we obtain
pa(z —w) +pa(y —2) < pa(z —wV2)+pa(y —wAz),

which contradicts (v).

(vi)=(iv) This follows by the same method as in the previous part.

(iii)=(ii) Fix t € Q and a,b,c > 0 such that ¢ > a. Define 21 = b+ ¢, 2 = 0,
x3 = ¢, 4 = ¢ — a. Then 21 > x5 and, by (iii),

@i(b+c) + pi(a) = pi(lz1 — 22|) + @i(|rs — 24]) >
> pi(lrr — 22 Vaa|) + p(lzs — 22 Azg]) =
= pi(a+b) + (o).

(iv)=-(ii) Choose t,a, b, c as above and put 1 =b+¢, x0 =c—a, x3 = ¢, x4 = 0.
Then, according to (iv), we have

pula+ )+ ple) = piller = 2al) + pulls = mal) <
< @iz — 22 Awal) + pr(lzs — 22V za]) =
= p(b+¢) + pi(a).
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(i)=(1) Fix 0 <z < y and set a = x, b = L5, ¢ = 2% Then for all t € Q, by
the Lim inequality,

@A@+@AM=@A®+@AW+@2¢*w+M+@A@:2%<x;y>'

Consequently, ¢, is a continuous Jensen-convex function, so it is convex. O

It has been proved that (LPFFE) implies the isotonicity of every projection ope-
rator onto latticially closed set (see [2, Th. 2|), and (UPFE) gives the antiisotonicity
of all antiprojection operators onto such sets (see [6, Th. 3.10]). In consequence, by
Theorem 3.2 we have

Theorem 3.6. If ® is convex with respect to its second variable, then:

(a) For each latticially closed set D C L®, the projection operator Pp is isotonic.
(b) For each latticially closed set D C L*, the antiprojection operator P% is antiiso-
tonic.

Our last example shows that the conditions (a) and (b) may not be satisfied if we
drop the assumption of convexity (i.e. if the properties of four elements do not hold).

Example 3.7. 1. Let Q = [0,2] and ®(¢,z) = 2? with p € (0,1) such that 37 —27 < §.
Define the latticially closed set
3 @
D={alp:1za>t}CL

and put O =1[0,3), o =[3,2],e1 =1, e0 =2, 2, = Ig, +e;lq, fori=1,2.
Then, for d = alg € D, we get

palri —d) = 5(1—a)? + 3 (a— =) = gi(a)

1+¢-0
1 1 + /6
B = 37-1. Therefore Pp(x;) C {%Im IQ}. Moreover, by the choice of p,

BEFR NS NAATNE YL EE N A,
pa | X1 49 =5\1 5\ 3 5\1 = pa (21 Q

pPo <$2 - 2&2) = % (i)p < g (i)p = pa(r2 — Iq).
(

Hence Pp(z1) = {Iq} and Pp(xs) = {%IQ}. As x5 > x1, we see that Pp is not
isotonic.
2. Choose any p € (0,1) and define Q, Q4, £, ® as above. Fix two real numbers

E£9 — € _1
2 1 < B = 3771 and set z; = ¢;1o, + I,

It is easy to calculate that g; has its maximum at a; = € (%,1) with

and

€1,€2 such that 0 < g1 < g5 < 1,
i=1,2.

— €9
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Then z9 > 1, and for d € D = {alg : 1 > a > g5} we obtain
1 3
po(x; —d) = 5(oz —e)P + 5(1 —a)P.

Using the differential calculus again, we get

=

. € +
P? i) — 1I th i = ,1 .
2 (z;) = {ailq} with 155 € (g2,1)

Since oz > aq, the operator Pp is not antiisotonic.
Theorems 3.5, 3.6 and Example 3.7 suggest the following final question.

Problem 3.8. Is the convexity of ® not only a sufficient, but also the necessary
condition for (a) and (b)?7 In other words, do all Orlicz-Musielak modulars which do
not satisfy (LPFE) [resp. (UPFE)], also fail to have the property (a) [resp. (b)]?

If the answer was positive, we would get another interesting characterization of
convexity. For us, however, it is still an open problem.
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