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Abstract

At present, the theory that correctly describes the behaviour of elementary particles
is quantum field theory. This theory allows us to predict the effects of particle colli-
sions and the probability amplitudes associated with certain events. In high-energy
physics, we are dealing with collisions that produce large numbers of particles, so
amplitudes involving many particles are important. Specifically, in this work we
are interested in gluons. To calculate scattering amplitudes in any field theory, we
use the formalism of Feynman diagrams, which are nothing more than a pictorial
representation of the field theory equations. However, as the number of particles
increases, the number of diagrams grows enormously. This requires a more efficient
way of calculating the scattering amplitudes.

In recent years several alternative methods have been developed. In this thesis we are
interested in two such methods. One is the so-called Cachzo-Svrcek-Witten (CSW)
method [1] called also the "MHV theory", where the name comes from the helic-
ity configuration of the vertices that maximally violate the helicity conservation.
Another is the so-called Z-field theory [2], which further reduces the number of di-
agrams. For example, while in the Z-field theory the number of diagrams is in the
tens or hundreds, for the same number of particles involved in a collision in Yang-
Mills theory the number of diagrams can exceed a million. In the first case, it is
possible to find the diagrams directly on a piece of paper, although it is tedious; in
the second case, it is not possible. In this thesis I will perform calculations in both
MHYV and Z-field theory. First, I will prove some theorems related to the symbols
v and 0%, which appear in the formulas for vertices in both theories above. These
theorems help in the calculation of scattering amplitudes, which I will demonstrate
by calculating the amplitude with four gluons and comparing the result obtained
with the previously known one. In the second part of the paper I will calculate the
amplitude for 9 gluons in the Z-field theory. I will present a universal algorithm for
an ordered search of Feynman diagrams and present all diagrams for the amplitude
under consideration. This will allow us to check the validity of the theorem pre-
dicting the number of diagrams. Finally, I will perform numerical calculations to

compare the results derived from Z-field theory with the standard ones.
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1 Introduction

The following subsections discuss the theoretical introduction necessary to understand
and calculate gluonic scattering amplitudes. The subsections "Classical field theory",
"Quantum field theory" and "Feynman diagrams" were written based on lecture notes [3].
The subsection "Yang-Mills Theory" was written based on the chapters on gauge fields
in textbook [4]. The subsections "MHV Theory" and "Z-field Theory" were written based
on the original paper on Z-field theory [2].

1.1 Classical field theory

To discuss a quantum field theory, we must first establish fundamental concepts of clas-
sical field theory. We define a classical field as a function ¢,(x), which assigns an object
to each point in spacetime. The type of the field is determined by the attribute it assigns
to each point. For instance if field assigns a scalar quantity it is a scalar field, if it assigns
a vector it is a vector field and so on. The index a refers to different types of fields as
we can have a system consisting of several of them. We could treat a field at each space
time point as an individual degree of freedom, similarly to degrees of freedom ¢, (t) in
classical mechanics. It means that we have to consider an infinite number of degrees of
freedom, at least one in every spacetime point. Analogously to classical mechanics we
could define the Lagrangian L(t). However, for our theory to be visibly relativistic, we
should place space & and time ¢ on equal footing. This can be accomplished by defining

a function called the Lagrangian density £ as
Llt) = [ 5 £(0u(0),0,0u(0)) (1)

where x = z# = (ct,x,y, 2) is the position fourvector, and 0, = % We are using
convention that ¢ = 1. Thanks to this we can introduce action as an integral of the

Lagrangian density over spacetime, rather than just time

S = /dt L(t) = /d4x L(¢a,Ouda) - (2)

Now we must consider the dynamics of our fields. Based on experience from classical
mechanics, we assume that the fields evolve over time such that the functional S is
minimal. This implies that the variation of action equals zero. Using definition of an

action, the Taylor expansion, and integration by parts we can write down the variation



of action as
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This integral is zero for every non-zero d¢, only if the function under it is also zero. This

leads to the Euler-Lagrange formula for field theory

oL oL
(%)a_a“<8(8“¢a)>:0' (4)

Finally, following the same method as in classical mechanics, the Hamilton approach can

be introduced. The conjugate momentum density can be defined as

a oL
(z) = — . (5)
Da
Then the Hamiltonian density and the Hamiltonian are defined successively as
H = n%()da(z) — L(2) , (6)
H:/ﬁx%. (7)

To understand all of the above, it helps to look at one particular theory. For a single
scalar field ¢(z) the Lagrangian is
1 1
L= -0,00"p— ~m*¢” (8)
2 2
and is called the Klein-Gordon Lagrangian. This theory belongs to the group of theories
called free field theories because it is quadratic in ¢. This means that the equation of
motion is linear in ¢
"¢ +m?p =0, (9)
and we know how to solve it explicitly. To do this, we should perform a Fourier transform

of ¢

o= [ 22 o (10)
) (27_[_)3 ) )
and plug it into Eq. (9). After the calculations, we get
0 .y 2 -
@‘*‘(P +m?)| o(p,t) =0. (11)

The equation we got is a harmonic oscillator equation with frequency

wy=\Vp2+m?. (12)

As expected for a free field, all degrees of freedom are decoupled and we can treat the

field ¢ as an infinite number of harmonic oscillators.



1.2 Quantum field theory

When quantizing a field, it is helpful to follow an analogous approach to quantum me-
chanics. This involves taking generalized coordinates g, and associated momenta p® and

upgrading them into operators that obey commutation relations

[Qa7pb] = iéz’ [Qa7Qb] = [pavpb] =0. (13)

Therefore, it is justifiable to upgrade our current degrees of freedom, fields ¢, and con-
jugate momenta 7%, to operators. An important fact to note is that we are now in the
Schrédinger picture, which means that all operators should be independent of time, and
any time dependence is hidden in the quantum state |¢). This implies that ¢, = ¢4 (%)
and 7, = 7,(Z), so the operators are functions over space, not space-time. They obey

commutation relations

[6a(@), 7" ()] = i626°1(F — ), [¢a(), ()] = [r"(@). 7" @] =0,  (14)
while the states obey the Schrodinger equation

dly)
i =HW) (15)

where [1)) is now a wave functional, rather than a wave function, indicating the proba-
bility that the field will assume a certain configuration. As with the speed of light, we
follow the convention where i = 1.

In the previous section, it was noted that only free field theories have explicit solutions,
so now we will quantize the free theory. These solutions allow us to treat a field as an
infinite number of harmonic oscillators. It is important to recall that in the case of a

quantum harmonic oscillator, we can write

1 w
0= ——(ata) pz\/;a—a*), (16)

where a and af are called annihilation and creation operators. With this information,

we can proceed to write

T dgp 1 iPpT —ipz
P
" dp | [wp ipE _ifE
W(aj):/(ZW)S‘(_Z) f(aﬁep —a;e P ) . (18)

T

We can treat these equations as the definitions of creation and annihilation operators ay

and az. When we insert Eq. (17) and (18) to the commutation relations Eq. (14) we get

lag,al] = (2m)%6P) (5 - @), lap ag = [a),al] =0 (19)
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For the Klein-Gordon theory, we can construct the Hamiltonian using the Lagrangian
density Eq. (8) and formulas (6) and (7)

1
H= /d% (7% + (Vo)* + m*¢?) . (20)
We will now rewrite this Hamiltonian in terms of annihilation and creation operators,
using definitions (17) and (18). The procedure is similar to quantizing a single harmonic

oscillator. The resulting Hamiltonian takes the form

3
H= / (‘;ﬁf)’gwﬁ (a;aﬁ+;(2ﬁ)35(3)(0)> , (21)

and have one subtlety. We can see that it includes the delta function of 0, which can be
interpreted as infinity. Furthermore, it is integrated over whole momentum space. This
is the artefact associated with the fact that we have an infinite number of degrees of
freedom and it is the energy of the vacuum. It can suggest that all states have infinite
energy, but this is irrelevant since in our applications we are only interested in energy

differences. So we can simply skip this term

7= [ s i) @

As we now have the formula for the Hamiltonian, it is important to verify the commuta-
tion relations between the Hamiltonian and the ladder operators. After a straightforward
calculation, we obtain

[H,al) =al, [H ag=az. (23)

In quantum mechanics, the Hamiltonian serves as the energy operator. When applied to
an energy eigenstate, it yields the corresponding energy value. Therefore, if | E) represents

a quantum field state with energy F, it follows that
H|E)=FE|E) . (24)

Now let’s reflect on the energy of an eigenstate when we act upon it with a creation or

annihilation operator. Using the commutation relations Eq. (23), we can calculate that

H (a;|E>) = (E +wp) (a;|E>) : (25)

H (az|E)) = (E — wp) (a5 |E)) (26)

This means that the creation operator a;; increases the energy of the field by w; and the

annihilation operator ay reduces the energy of the field by wz. But reducing the energy

infinitely is not physical, because we want the energy to be bounded from below. This



means that there is a state of the field whose energy cannot be reduced any further. We

call it vacuum and it is defined by
az|0) =0. (27)

Now, let us consider the properties of the simplest non-vacuum state, which is created

by applying a creation operator to the vacuum.
7 = all0) . (28)
To determine the energy of this state, we use Hamiltonian (22)
H|p) = wplp) , (29)

which means that energy of the state |p) is wy. Consider now the momentum of this
state. The momentum operator is derived from Noether’s theorem and is associated

with spatial translations. It is given by the formula
Pl = / 3z T | (30)

where T"” is momentum-energy tensor. In particular for the Klein-Gordon theory the

momentum operator is

. . 3
P / B 7(7)Vo(F) = / (gﬂz;gﬁa;aﬁ. (31)

Since we have momentum operator expressed in ladder operators we can calculate mo-

mentum of the state |p) once again using the commutation relations. It turns out that

Pp) = 7p) (32)

so the state |p) has momentum p. These two results provide information on interpreting
the state under investigation. Referring back to the definition of wy from Eq. (11) and

comparing it with the relativistic energy of a particle with momentum p and mass m
Wi=ptem?, Bi=p?em?, (33)

it can be concluded that the quantum state of the field |p) represents a particle with
momentum p and mass m.
Another point of interest is the particle count in the system. The operator that counts

particles has a form similar to that of the quantum harmonic oscillator

N = / (;?))3 (a;aﬁ) . (34)




It is evident that this operator commutes with the Hamiltonian, implying that the num-
ber of particles is conserved. However, this is not the case in the real world. This result
was obtained because we considered free field theory, which means that particles cannot
interact with each other. To resolve the issue, additional terms must be added to the
Lagrangian.

Before we proceed, let us restore Lorentz invariant notation. This means changing the
form of the operator ¢ to be dependent not only on space but also on time. Initially,
the Schrédinger picture was utilised. The issue will be resolved upon transitioning to
the Heisenberg picture. It is important to note that in the Heisenberg picture, quantum
states are independent of time and all time dependence is in the operators. The operators
in the Schrédinger picture Og can be transformed into the operators in the Heisenberg

picture Op using the formula
Op(t) = eftoge Ht (35)
also we have to transform states as

W)y =e " y)g (36)

By using this definition and the Schrédinger equation, we can construct the Heisenberg
equation, which describes the time evolution of operators in the Heisenberg picture

dOn

L — i [H,0n] . (37)

The formalism can be applied to the previously defined field operator ¢(Z) to obtain

3
o) = o)t = [ EE (af e age ) | (33)

(271.)3 \/ﬂﬁ p

With this knowledge of free fields, we can construct a new theory that includes particle
interactions. The interactions are represented by new terms in the Lagrangian, and as
a result the Lagrangian can be split into two parts. This means that the Hamiltonian
according to Eq. (6), also can be divided into two parts: one corresponding to a free field

and the other corresponding to interactions
H = Hy+ Hjy - (39)

For the previously discussed example, Hy is equal to the Hamiltonian provided in
Eq. (20). To solve the problem of a theory with interactions, it is necessary to intro-
duce a new picture of quantum mechanics called the interaction picture. This picture
is, in some sense, a combination of the last two pictures. In the interaction picture, the

time dependence of operators is governed by the free field Hamiltonian Hy, while the



time dependence of states is governed by the interaction Hamiltonian Hj,. These re-
quirements are fulfilled by the following transformations from the Schrédinger picture

to the interaction picture

) = el ) g (40)

O (t) = ettt ge~tHot (41)
It turns out that for interaction Hamiltonian in the interaction picture it is true that

L () 1), (12)

1

The equation can be solved by introducing an evolution operator, which is defined as

[¥(8)); = Ult, to) [¢(t0)) s (43)

so it changes a state at time t( into a state at time ¢. If we plug this definition to Eq. (42),

we obtain the operator equation

A0
dt

To solve this equation, it is necessary to introduce the operation called time ordering. If

= (Hint)1U . (44)

operators 01 and Os are time ordered it basically means that

O1(x)02(y), if 2° > yo,
Os(y)O1(x), if y° > xo.

T(01(x)02(y)) =

With this tool the solution to the Eq. (44) takes the form

LOH )t

Ult,to) = Te o (45)

The solution can be easily verified by plugging it into the solved equation. The time
ordering can be understood by realizing that the exponential function of the operator is
implemented by its Taylor expansion. This allows us to exclude from time ordering op-

erator the Hamiltonian that depends on time ¢, which is our latest time by definition (43).

To calculate a scattering amplitude, perturbation techniques are used. This is based on
the assumption that the terms responsible for interactions in Eq. (39) are much smaller
than the free field terms. This assumption is valid for many theories, as our experiments
are conducted at low energies, even in large accelerators such as the LHC, compared to
the Planck energy scale.

To begin, we assume that the initial and final states of the scattering experiment, as



t - —oo and t — +o0o respectively, consist of non-interacting particles. This implies
that they are eigenstates of the free Hamiltonian. Although we are now in the inter-
action picture, the states in the interaction picture for ¢ — £oo are equivalent to the
states in the Schrodinger picture according to Eq. (40). Suppose that we want to know
the scattering amplitude of two particles ¢1 and ¢ with momenta p; and py at the be-
ginning and two particles ¢3 and ¢4 with momenta ¢; and ¢s at the end. The normalized

initial state in this case takes the form

= \2E5,\/2Eg,al, al, |0) (46)

and the normalized final state

V2Eg \/ 2Eq2a aﬁ (47)

Scattering amplitude is simply a probability amplitude that at ¢ = —oco we have the
state |7) , then our system evolve from ¢t = —co to t = 400, and in t = +00 we have the

state |f). So we can conclude that the scattering amplitude is given by the formula

A(P1+ @2 = b3+ ¢a) = (fIU(t = —00,t = +00) [i) . (48)

Operator U(t = —oo,t = +00) is denoted as S and called the scattering matrix. To
compute expression (48), we expand the evolution operator in a Taylor series and consider
only the necessary terms. For instance, if we neglect cubic terms, the evolution operator
takes form

t
Ulto,t) =1—1i [ Hy(t)dt'+

(/ dt’ dt” H;(t")Hy(t / dt/ dt” Hp(t H[(L‘”)) . (49)
to t to to

Using a specific form of Hj,, we can plug it into the expansion of the evolution operator
and utilize the mode expansion of the field (17). By commuting the annihilation and
creation operators to move all annihilation operators to the right, the expression can be
simplified since an annihilation operator acting on a vacuum gives 0. The same applies
for creation operators and (0|. This process can be tedious and it should be noted that
our example is rather easy problem with a small number of particles and a trivial scalar

field. Fortunately, there is a more efficient way to compute scattering amplitudes.

1.3 Feynman diagrams

To introduce the Feynman diagram method, we will focus on a specific theory: the ¢/

theory, which is represented by the Lagrangian



)\2
]sb‘* : (50)

The theory is named after the powers of fields in the Lagrangian. Feynman diagrams are

1 1 A
_ = w242 N3
L 23u¢5)¢ 2m¢ 3!¢)

used to represent the expression for scattering amplitude through a series of drawings,
each corresponding to a particular term. When we sum up these graphs, we obtain the
amplitude, as described by Eq. (50). The rules we follow while constructing diagrams
are called Feynman rules, which are hidden in the Lagrangian. Usually we transform
the Lagrangian to momentum space. In general, Feynman diagrams are made up of
three types of parts, as explained below. The first type is called the external leg and is
associated with the initial or final state. It is denoted graphically as a line with a dot at

one end.

_ e

Figure 1: External leg.

The second type is known as an internal leg or propagator, which is interpreted as a
virtual particle. It is graphically represented as a line with dots on both ends.

o— 0

Figure 2: Internal leg.

The third type is called a vertex, which is where legs come together. It is denoted graph-
ically as a dot with more than two lines coming together. In more complicated theories,
various subtleties can occur. More than one type of particles arising from different field
in system is denoted as different type of lines. Different theories may allow for a varying
number of legs in one vertex. Here, we present the Feynman rules for Lagrangian (50).
In ¢%/*, we observe the third and fourth powers of the field ¢. It is implied that there

will be two vertices, one with three legs and the other with four.

Figure 3: Vertices allowed in ¢?/* theory.

These vertices lead to the following factors

(—iX)(2m)*6W (Z k) , (51)
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(—iX2)(2m)*6@ (Z k) , (52)

where k; are momenta coming into a vertex. For each internal line, we associate momen-

tum k with a propagator that leads to a factor

d'k i
/ (2m)4 k2 —m?2 + e’ (53)

and it follows from free part of Lagrangian (50). When we calculate a particular prob-

lem, we have to draw all the possible diagrams for a given situation, assign the above
mathematical expressions to them and sum them up.

Consider the example we talked about earlier. We have two particles at the beginning
and two at the end, so we have a total of four external legs. If we assume that A2 is the
largest power taken into account we have 4 diagrams contributing to the amplitude. It
is crucial to note that we are solely considering tree-level diagrams in this context. This

means that diagrams must not contain any closed loops.

o1 G4 ®1 ¢3

®3 o)) ®2 ¢4
o1 ¢3 ®1 o

®2 ¢4 ®2 ¢3

Figure 4: Diagrams contributing to scattering amplitude A(¢1 + ¢2 — ¢3 + ¢4), which

are quadratic in A.

1.4 Yang-Mills Theory

For example, the previously introduced Lagrangian can be used as an effective La-
grangian for pions 7° because ¢ was a scalar field. If we want to describe gluons, a
different Lagrangian is needed. Before we introduce this Lagrangian, it is convenient to
recall the Maxwell Lagrangian which describes photons. These two theories are similar

because the fields they describe are gauge fields. A gauge field is a field that is a result

11



of demanding a symmetry under some local transformation. Maxwell’s action takes the

form

1
S=-1 / d*z F,,F" (54)

where [}, is the electromagnetic field tensor
F,ul/ = auAV - aVA,u ) (55)

with A* being a vector field. It is evident that the electromagnetic field tensor and,

consequently, action (54) remain invariant under gauge transformation
Ay — A, = A+ 0ua(x) (56)

where a(z) is any position dependent function. The Yang-Mills theory is a generalisation
of the Maxwell theory for non-Abelian transformations. In this case, the fields are no

longer ordinary functions, but matrices defined as

A~

A, =igAsT? (57)

where T are the generators of the SU(3) group. The indices a represent new degrees of

freedom known as color indices. This convention also applies to the field tensor

F;w = igFﬁuTa ) (58)
which is now defined as
By = 0,A, — 8,4, + [AM, Ay} . (59)

It can be observed that when A, is a function, the commutator equals to zero and we
obtain the same equation as in Maxwell’s formulation Eq. (55). In Yang-Mills theory, a

similar transformation to Eq. (56) is achieved using the following formula

~

A, = A =U(@)AU () — (0,U(x)U N (2) , (60)

where U(z) is the group element U(z) = e~ 9% (@T* for the transformation at point
z. Tt can be demonstrated that the field tensor F' is no longer invariant under this

transformation and instead transforms like
Fu —F,=UF, U . (61)

Using the properties of trace, we can define an action for Yang-Mills theory that is

invariant under gauge transformations (60)

1 A
S = 52 / d*r TvF),, F* . (62)
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This is the Lagrangian for the field, which, after quantization, can be interpreted as the
gluon field. By using Eq. (59), we can conclude that there are terms in the Lagrangian
that are cubic and quartic in the fields. Referring to the Feynman diagrams formalism
we can interpret this as trivalent and quadrivalent vertices. Graphically, for Yang-Mills
field, they are usually denoted as springs (Fig. 5). The important point is that although
the vertices in Yang-Mills theory and ¢3/4 theory are the same, the Feynman’s rules are
different. However, since we will not be using the action (62) to compute gluon scattering

amplitudes, but another theory, we will not list the Feynman rules here.

Figure 5: Permitted vertices in the Yang-Mills theory.

1.5 MHYV Theory

In calculations involving a larger number of particles, the number of diagrams contribut-
ing to the scattering amplitude increases drastically. This is because the building blocks
of the diagrams, the vertices, are small. It is clear that for bigger vertices, the num-
ber of diagrams contributing to the scattering amplitude should be smaller. The MHV
theory, which is based on this idea, is influenced by the Cachzo-Svrcek-Witten (CSW)
method [1]. The authors of the CSW method have observed that we can use ampli-
tudes with fewer legs to compute larger amplitudes. Name MHV comes from scattering
amplitudes of the form A(17,27,3%,...,n™), so-called "Maximally Helicity Violating"
amplitudes, and they play a significant role in this theory.

At this moment it is necessary to recall what particle helicity is. Helicity is the projection
of a particle’s spin along its momentum. As gluons are massless particles, their helicity
can be equal to h = 1, which we call a gluon with "+" helicity or h = —1, the corre-
sponding gluon is said to have "—" helicity. According to the CSW method, any diagram
contributing to the amplitude can be constructed using vertices with any number of legs,
as long as two of them have negative helicity. Another thing that we need to introduce
are double-null coordinates. We construct them using fourvectors

1 1

=2 V2

Coordinates of any fourvector v* in this basis are given by

1
(1,0,0,—1), i = —=(1,0,0,1), eT = —2(0,1,ii,0) . (63)

v =veog, v =0, v =v-el, v =v-e]. (64)
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In further considerations, the ¥ and ©* symbols will be very important. For any two

four-momenta p;, p; let us define:

+ %

- p; P;

bij = =% —pf (65)
P

+. 0

Ly,

v;kj: l+] —P; - (66)
pj

The first step in deriving the MHV Lagrangian involves rewriting the Yang-Mills La-

grangian in double-null coordinates and applying the light-cone gauge A+ = 0. Next we

integrate field A~ out. This results in the following action [2]

SYGu[A®, AY] = /dx+/d3x< — TrA®OA* — 2igTrd— 10, A* [8,/1*,/1'] —
2igTrd=19, A* [a_/r,/l*] 24Ty [a_fl',jl*] 52 [&A*,A'D . (67)

Only A® and A* are left in the Lagrangian. We can interpret the field A® as a gluon
with positive helicity and the field A* as a gluon with negative helicity. Analysing the
Lagrangian as in the case of Yang-Mills theory, we can see that vertices + + —, + — —
and + + —— are allowed. But relying on CSW method we want to get rid of + + —
vertex. We can do this by performing the appropriate canonical transformation, which

will change the old kinetic term and the 4+ + — vertex into a new kinetic term as follows
TrA®0A* + 2igTrd="9, A* [0,21*, A'] ~ TrB*OB* . (68)

As a result we obtain a new action [2]
SYS, [B*, BY] = / dzt <— / AxTeB*OB* + LY + ..+ LY, L+ ) . (69)

This new Lagrangian consists of interaction terms, which give rise to all vertices allowed

by the CSW method, i.e. having exactly two minus helicities. In momentum space it is

£, = /d3p1---d3pn5(3)(p1 +o PV Py Py)
By, (z*:p1) By, (a5 p2) By, (a5 p3).. By (275 p,,) (70)
where general vertices are defined as

Vo (prenpy) = Y Te(TLTPV(T,27, 30 et (71)

noncyclic
permutations

and the so-called color-ordered vertices are defined as
~x4

e 2
V(l_’Q_,3+,...,TL+) - M (pii_) S— ~v21 — . (72)
(n =2 \p3 /) 010501y 1) ()~ 051
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The idea of color-ordered vertices and amplitudes [5] allows to decouple the color in-
formation from the amplitude. The corresponding amplitudes or vertices contain only

planar diagrams and are called color-ordered amplitudes.

1.6 Z-field Theory

The concept of the so-called Z-field theory is to further remove vertices from the La-
grangian that do not themselves form physical amplitudes, that is we want to discard
the remaining trivalent vertex in the MHV theory, which is equivalent to performing

another canonical transformation
L_([B*B* |+ L__1[B*B"] = L_,[2° Z"] . (73)

The trivalent vertex do not occur in Nature as a scattering amplitude because of 3-
particle special kinematics [6], which forces such amplitude to vanish for real momenta.

As a result we obtain a new action [2]

U8, (2721 = / dat ( _ / BT 205+

LC LC
LY LM L

LC LC
LEC L L

TN Y G ) G > (74)

Again we can recognise vertices, which are now all vertices with minimum two negative
and two positive helicities. This coincides with the idea imposed earlier to construct
Lagrangian from vertices with the same helicity configuration as non-vanishing scattering

amplitudes. Interaction term in action (74) takes the form

EEC —.. +—/d3y1d3ynugl—b7—li-+(Y1vayn)H b; ayz H Zb 7yj ’ (75)

=1

where the formula for color ordered vertex in Z-field theory is given by

U=(17,27,.om™,(m+ 1), .. n Z i

V(p+1,...d g+ 1,..r] [r+1,..om+ 1", (m+2)",..,(n— 1), [n1, ...,p}‘*‘)
QT 17, p ) ((p+ 1), ey g )T (g + 1),y

{Ol
+
J:
vI
3
+
N
=
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Above, the square bracket notation means that this is a momentum constructed as a sum
of momenta inside the square bracket. We can see that it consists of the MHV vertex V

and the new kernels given by the formulas

5 - a.mi  —(=g)"!

U, = - R 42 : (77)
V1(1...n) V21V32---Un(n—1)
+ 2
Qn:n< b ) ¥, (78)
Pi.n
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2 MHYV theory amplitude

Before we go to the new Z-field theory, as an example we shall compute analytically
scattering amplitude in the MHV theory, focusing on the 4-leg amplitude. For this il-
lustration, we shall calculate a 4-leg amplitude with helicities of + — — —. It can be
shown that amplitudes with any number of gluons A(17,2%7,.n"), A(17,2%,....n"),
A(1+,27,...,n7) or A(17,27,...,n") are zero. Similar computation has been done int
the literature [1], but here we use the ¥ and ©* symbols instead of spinor products that
can be defined only for on-shell momenta and thus require a special treatment.

Prior to computation, it may be advantageous to establish certain theorems concerning
the symbols ¥ and ©*. As outlined in the introduction to the MHV theory, these sym-
bols are characterized by the components of the momentum four-vector in double-null
coordinates, denoted as p; = (p; , p; , p$, p}).

I 5

e (79)
i

+,0
Lo,
U;kj: Z+] —D; - (80)
Pj

We are considering gluons, therefore, we require that all on-shell momenta be p? = 0.
This condition, when taken together with the definition of the scalar product in double-

null coordinates,

pq=ptq +p ¢ —p'¢*—p¢" = pP=p-p=2p"p —2p"p*, (81)
gives
o, k
0=2"p —2p* = p =22 (82)
p

The usual convention is that in an amplitude all momenta p1, ps, ..., p, are outgoing, so

the momentum conservation gives:

n n n n n
D opi=0= > p =0, > p =0, Y p=0 Y p;=0. (83)
=1 i=1 =1 i=1 =1

The initial theorem we aim to present is that for every set of on-shell momenta p1, pa, ..., Pn,

the following holds true

n
Pr=—" b0 (84)
ij=1
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where P = )" | p;. To prove this theorem we can simply rewrite right hand side of the

equation

n n + % + .0
o P; P; pip;
- E VijVji = — E (” —pf) ( ;grl —Pj> = (85)

+
i,j=1 i,j=1 Py i
n + %@ + %,
S A N U 2 .
Z(p]*pi— LI ]il+p:pj>: (86)
ij=1 p; DP;
n
-y (p§p2 —p;pf —pip; +p?p3> = (87)
i,j=1
n n n n
=P+ > pii + Y pipy — Y pin) = (88)
i:jzl ivjzl ivjzl ’L’,jzl
n n n n n n n n
I AN IDI RS DD I DB (39)
j=1 =1 j=1 i=1 j=1 i=1 =1 j=1
—P*P*+ P*P~ + P PT — P*P*=2P"P~ —2P*P* = P*, (90)

where in the first line we used definitions of ¢ and ¢* symbols (Eq. (79) and Eq. (80)),
in the third line we used the formula for the "—" component for on-shell momentum
(Eq. (82)) and in the sixth line we used definition of scalar product in double-null coor-

dinates (Eq. (81)).

Second theorem is slightly similar. Now we want to show that, if pi,p2,...,p, is set

of all external on-shell momenta in the amplitude, it is true that

n

> byt =0. (91)
=1
i#5,k

To establish this, we will once again rewrite the equation’s left-hand side as

n n +x +..0

~ o~ p; p; b; P °
> Witk =— ) ( ’—p}) ( ;f—pi)— (92)
=1

_l’_
i=1 p; k
ik i#j.k
+ + +
z”: PiPiPy  PiPiP;  Pi PPk Lot = (93)
¥ ¥ + pjpi | =
i1 Py b; Dy,
i#j.k
+,0 n n ¥ @ n n
ppk _ ppk; °
P men Y - Y e Y = (99)
L i=1 T i=1
i,k ik ik i#j .k
+. e * @
P; Py _ — P;Px
;+ (—=pj — k) —p; (=p; — D) — ;T(—pj —p)+0i(=pf —pp) = (95)
k k
piptpS  pipp) pkpRp; DipRDS
L = i+ L+ L+l — i) —pipk =0,  (96)
Py Py, Py Dy
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where in the first line we used definitions of © and o* symbols(Eq. (79) and Eq. (80)), in
the third line we used definition of the "—" component for on-shell momentum(Eq. (82))

and in the fourth line we used convection that all external momenta are outgoing(Eq. (83)).

To operate on the symbols v and ©v* with ease, it is necessary to introduce some help-
ful properties. Firstly we want to find what happens when we consider ¢ or v* for two

identical momenta. It turns out that then occurs

Ui =0, 0;=0. (97)
Straight from the definitions
+, %
b= TPy =0, (98)
i
+..0
~ p p °
Vig = l+z—pz’:0' (99)
b;

Second let us consider what happens when we want to flip momenta under ¢ or v*

symbols. The answer is

—+ —+

~ pj ~ ~ % p] ~ %

b=~ = — P (100)
2

We can show this by rewriting definitions as

+ % + + % +
- b;p; . p; [ DP;D; . p;
Vjis =~ —Pj = ——F + D | = Vi, (101)
b; p; p; i
e + e +
o= PiPE e P (PP e} P e (102)
A N A 2 pi ¥

Last helpful property relates the v or ©* symbols when one of the momenta is the sum
of two other

Uik = Vik + Ujk Wij)k = Ujj, + Vg, - (103)
We can prove that using definitions ¥ or ©* symbols and property that particular com-

ponent of the sum of vectors is equal to the sum of the particular components

- o P
gk = i +p)) T — (pi +py)* = (0 +p]) — (0F +p)) = (104)
Py Dy
+ % + %
p; P P; Pk - -
==k pr L — ph =T + (105)
by yg»
G = it p) it p) = 0F +p0) -t = (106)
@k = \PitPj) = = Pi+tpj) =Py +P;)—¢ =P TPj)=
Py Dr
+.0 +,0
b p ° D; Dy, ° ~ ~ %
:%_pi_‘_ J+ —Pj = Vi TV - (107)
Dy, Py,
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Using these tools, we can now compute the four gluon scattering amplitude A(1%,27,37,47).
To begin, we draw all diagrams that correspond to the amplitude following the Feyn-
man rules from the MHV Lagrangian. Each vertex in the diagram must have exactly
two minus helicities, as given by Eq. (72). The propagator will be %, where P is the
momentum associated to the internal leg. Second rule is that the propagator must have
different helicities on the opposite ends and it follows from kinetic part of the MHV La-
grangian. We shall calculate the color ordered amplitude. This indicates that the color
is decoupled from the amplitude. To calculate the final amplitude, one must sum after
noncyclic permutations, like in the Eq. (71). Thus all diagrams should be planar i.e. we
can not permute external legs. With all the restrictions we can conclude that there are

only two corresponding diagrams D; and D2 shown in Fig. 6.

2- 3” 1+ 2-

1+ 4= 4= 3~
Figure 6: Diagrams D; and Dj contributing to A(17,27,37,47)

Now we want to evaluate values D1 and D,. Using expressions for vertex and prop-

agator we get

1
Dl :V(2_7(172)_7]—+) X PT X V(3_a4_7(172)+) = (108)
12
2 %3 2 -
lglz <p;'_> U(12)2 _1 lg@ (p;) 'U4g — (109)
3! e 03107 19y V12031 + 021075 3! Py 334y 0(_34)4
2

1 + ~%3 -1 + 2 ]
g (PQ> V12 <p3> V43 = (110)

312 . ~%2 P;r Pir 209107 N %2 p;)r P3
P12 05 (=% ) (— =+ 12 \P4 033 )

P2 P12
11 /4% ﬁ pitl 111
T 21 \P1a/ \ Py
where ¢’ is rescaled coupling constant ¢’ = %. In this calculation we used Eq. (84) to

rewrite propagator via ¥ or v* symbols. We frequently applied the properties of ¥ or v*
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symbols. We can compute the second diagram similarly

Dy =V((1,4)",47,17) x % xV(27,37,(1,4)T) =
Pry
~%3

2 2 ~
19/2 <p1+4> Y4(14) —1 lg/z <pz+> 33 _
317 \pi /) Oay 0a 010y + 001y 317 \p3 ) U5 o) 0 _g3)3
s (21 )°
2 —F 4 2 ~
L () (35) - G

79 — ~ ~
3!2 {]*2 _i 27}41”?4 p; ’[)*2 —L;r —ﬁ
14 T 32 3 3
J 2 Pas P3

o
gt (21 (25)
2 3!2 V41 pi"_4 p;’_

Finally we can sum up the diagrams and compute the scattering amplitude

A=D+ Dy =
—1 s P\ (P b Lt P (P _
23127 9oy pE pjl' 23127 o4 pitl pé"

()
2.3!.3! pg_ V91 V41
14 + /xS Sk~
g P1 [ V34041 + U39V21 —0
2-3-3Ipf V1041 ’

(112)

(113)

(114)

(115)

(116)

(117)
(118)

(119)

where we used convention of all outgoing momenta Eq. (83) in third line and theorem

Eq. (91) for the numerator in last line.

Concluding this section, with the help of several theorems we explicitly calculated

A(1%,27,37,47) scattering amplitude using MHV theory in © and o* symbols approach

and we got the correct result, because recall that tree level amplitude with all but one

same helicity gluons vanishes.
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3 Z-field theory amplitude

In this section we will compute 9-leg pure gluonic scattering amplitude in Z-field theory.
The original paper on Z-field theory [2] calculated amplitudes up to 8 gluons. Therefore,
calculating the amplitudes for 9 gluons could serve as a further evidence for the correct-
ness of the theory.

All possible configurations of helicities should be checked. The convention used is that
negative helicities always come first, as it is easy to rearrange helicities if necessary. As
stated in the previous section, amplitudes that have only positive or negative helicities or
have only one positive or negative helicity are zero, and therefore, these cases will not be
considered. Therefore, the cases we will consider are — —+++++++, ———++++++,
————+++++, ———— = ++++ === +++ === + +,
a total of 6 possibilities. The first amplitude is called the MHV amplitude because it
has two minus helicities, just like the MHV theory vertex. As the number of negative
helicities increases, we refer to the amplitudes as next-to-MHV, next-to-next-to-MHV,
and so on. We denote them in general as N¥MHV, up to the amplitude with only two
positive helicities, which is denoted as MHV. To calculate a specific amplitude, it is
necessary to identify and combine all contributing Feynman diagrams. As stated in the
introduction, Feynman’s rules can be derived from the Lagrangian. In the Z-field theory,
vertices require a minimum of two positive and two negative helicities. The kinetic term
indicates that helicity changes during propagation, resulting in different signs of helicity
at each end. The standard Feynman propagator % will be used as the expression for
the propagator.

In Z-field theory, there is a convenient theorem that allows us to determine the num-
ber of diagrams contributing to a particular amplitude [7]. If the amplitude contains
m + 2 negative helicity external gluons and n + 2 positive helicity external gluons, then

the number of diagrams D contributing to this amplitude can be calculated using the

D(m,n) = mhf’n) 9i <T> (7) . (120)

1=0

formula

The justification for this claim lies in the construction of amplitudes from smaller ones.
During the calculations, we can verify the accuracy of this theorem for a 9-leg amplitude.
While the number of diagrams in Z-field theory is significantly fewer than in Yang-Mills
theory, it can still be easy to become disoriented. Therefore, it is crucial to develop
an algorithm that enables us to search for diagrams in a structured manner. To begin,
we must determine the maximum number of vertices that can construct a diagram in
our case. As we are at the tree level, there are no loops in diagrams. This means that

if a diagram has v vertices, it must have p = v — 1 propagators. The reason for this
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occurrence is that all vertices must be connected by propagators in a chain. Therefore,
for n external particles, there are n + 2(v — 1) helicities that can enter the vertices. It
is important to note that propagators are double-counted because they have helicity at
both ends. The largest number of vertices is obtained when the diagram is constructed
from the smallest possible blocks. In the Z-field theory, the smallest possible block is a
4-leg vertex, which contains exactly two positive and two negative helicities. This leads
to the formula
n+2wv—1) oy U:n—2 .
4 2

If the expression n + 2(v — 1) is not divisible by 4, we can substitute a 4 leg vertex for a

(121)

5 leg vertex etc. and it will not affect the reasoning. Therefore, the general formula for

the maximum number of vertices in one diagram is:

v:{”QQJ. (122)

Now we can calculate that in case of n = 9

o= {9;2J _3. (123)

Therefore, the permissible number of vertices is limited to 1, 2, or 3. It is necessary to
consider all of these cases for all amplitudes. The easiest possibility is that a diagram

consists of just one vertex presented on Fig. 7 and we can calculate its value from

Eq. (76).

Figure 7: Diagram with one vertex in case of nine external legs.

When constructing a diagram with two vertices, it is necessary to find all possible pairs
of numbers that add up to 11. This is because we have two vertices and the sum must
be 11, as n+2(v—1) =9+ 2(2 — 1) = 11. It is important to note that vertices smaller
than 4 legs are not included in Z-field theory. The resulting options are a 4 leg vertex

and a 7 leg vertex or a 5 leg vertex and a 6 leg vertex, as shown in the Fig. 8.

J
|

Figure 8: Two different types of diagrams with two vertices in case of nine external legs.
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Finally, when the diagram is constructed with three vertices, we need to find all possible
sets of three numbers that add up to 13. We are looking for sets of three numbers
because we have three vertices, and the sum must be 13 because n +2(v — 1) = 9 +
2(3 — 1) = 13. The result yields only one option: a vertex with four legs, another vertex
with four legs, and a third vertex with five legs. However, this is where things become a
little complicated. A pair of vertices can only be connected in one way. However, with
three vertices, more configurations become possible. The Fig. 9 illustrates the various

configurations that can arise when three vertices are connected.

X
K

Figure 9: Five different types of diagrams with three vertices in case of nine external

legs.

Therefore, we have concluded that with 9 gluons, 8 diagram templates are possible.
The external legs of the selected diagram are labelled by momenta and helicities. It is
crucial not to reorder the external legs because the diagrams have to remain planar.
Helicity is then added to each end of the propagators, bearing in mind that it must
change during propagation. After labelling the legs, it is necessary to verify that the
Feynman rules are met. This means ensuring that the vertices have a minimum of two
positive and negative helicities. If this condition is satisfied, the diagram is added to the
set of diagrams contributing to the amplitude. If not, it is discarded. Next, we move all
external leg labels one leg further and repeat the Feynman rule check. This algorithm is
repeated until we have made 9 permutations. Following this, we can be certain that we

have not missed any diagrams for the given template. After handling all the templates,
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assign mathematical expressions to the diagrams and add them together. This algorithm

is applicable to any number of gluons. It is now time to address specific cases.

3.1 MHYV 9-leg amplitude

In MHV amplitude case the helicity configuration is — —+++++++. Using Eq. (120)

we can calculate anticipated number of diagrams, and it is

D(0,5) = 2° <8> (g) =1. (124)

Using the algorithm presented earlier we can conclude that there is only one diagram
contributing to this amplitude, showed on Fig. 10, so the prediction by the Eq. (120)

proved to be correct.

_ +
1*2 3 .
9+ o
£, 6"
8" 7+

Figure 10: Only diagram contributing to the MHV 9 leg amplitude.

To this diagram we can assign the expression Eq. (125)
Dy =iU(17,27,3", 47 57, 67,77,87,97) . (125)
Finally we can write that 9 leg MHV scattering amplitude is simply
A(17,27,3% 4% 57 67, 77 87 97) = D, . (126)

3.2 NMHYV amplitude

In NMHYV amplitude case the helicity configuration is — ——++++++. Using Eq. (120)

we can calculate anticipated number of diagrams, and it is
1
o=y 2(;) (1) =9 (127)
’ ; i) \i '
=0
Using the algorithm presented earlier we can conclude that there are nine diagrams

contributing to this amplitude, showed on Fig. 11, so the prediction by the Eq. (120)

proved to be correct.
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8T 7+

2= 37 4t 57T 1= 2= 37  47F
9t 8+ 7t 6T 8t 7+ 6t 57T
5+ 6+ 7+ 8+ 4+ 5+ 6+ 7+
3= 2= 1= 9*F 2= 1= 9t 8§f
- 2 37 47 9t 1~ P
r - 5+ - 4+
9t 8t 7t 6t 8t 7t 67 5t
57 6T 7Tt 8T 4T 5T 6 7T
_ ™ 9+ i _ 8+
4t 3~ 2= 1~ 37 27 1= 9*

Figure 11: All diagrams contributing to the NMHV 9 leg amplitude.

To this diagram we can assign the expressions from Eq. (128) to Eq. (136)

Dy =iU(17,27,37,47 57, 67,77,87,9T) (128)

Dy =iU(17,27,[3,4,5,6,7,8]7,9%) x —— xiU([1,2,9],37,47,5%, 67, 7F,8%) (129)
D129

Ds = iU(17,[2,3,4,5,6,7),87,9%) x —— xiU(27,37,47,5%,67,77,[1,9,8]") (130)
P1g9

Dy =iU([1,2,6,7,8,9]7,37,47,5%) x —— xiU(17,27,[3,4,57,6%,77,8%,97) (131)
P35
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Ds = iU(27,37,4%,[5,6,7,8,9,1]%) x —— xiU(17,[2,3,4],57,6+, 77,8+, 97) (132)
P33y

D¢ =iU(17,27,[3,4,5,6,7]7,8",97) x 22 xiU([1,2,8,9]7,37,4%,5%,6%,7") (133)
D12s9

i

D; =4iU(17,[2,3,4,5,6,]7,77,87,9%) x x iU(27,37,47 57 6%,[1,7,8,9]1)

(134)

Pi7s9

Dg =iU([7,8,9,1,2]7,37,47,57,67) x ZL xiU(17,27,[3,4,5,6)",71,8",9%) (135)
D3456

Dy = iU(27,37,4%,5%,[6,7,8,9,1] ") x —_

xiU(17,[2,3,4,5]7,67,77,8%,97) (136)
P3345

In this case, it turns out that we can not just add all diagrams. It is important that
amplitudes we calculating are color ordered amplitudes. The issue of color is ignored at
this point, but it should be considered when calculating the cross-section by including it
as a summation after noncyclic permutations. This is when some diagrams add up more
than once. We now need to take this into account and each diagram must be multiplied
by the corresponding symmetry factor to get the correct result. It can be seen that the
value of the symmetry factors depends on the number of propagators in a given diagram.
I have found a formula that works well in the cases so far. If the diagram contains p
propagators then the symmetry factor by which we finally have to multiply the diagram
is 2P. Since we calculate the amplitude with a constant we can use a convention where
instead of multiplying the selected diagram we divide the others so that the ratio of the

diagrams is appropriate. So we can write that 9-leg NMHV scattering amplitude as
1
A(17,27,37,4%, 5% 61, 7,8 9%) = 5D1 + Do+ D3+ Dy + D5+ Dg + D7+ Dg + Dy .
(137)
3.3 NNMHYV amplitude

In NNMHV amplitude case the helicity configuration is — — — — + + 4+ + +. Using

Eq. (120) we can calculate anticipated number of diagrams, and it is

D(2,3) = 22: 2! <f) (f) =25. (138)

1=0
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8+ 4~
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9t 5t
4~ 1~ 9t 6t
3~ 2~ 8+ e
2~ 3~ e 8+
1~ 4~ 6+ 9t
+ + 5t -
) - +[+ - 57 5 — +[- + 1
gt 7t 67F 4~ 3= 2
6t 7t 61 8+
5+ 8+ 5\ 7T /9t
— + —_ —
4 + =+ - A + - — + 1
3= 27 1™ 3~ 2~

Figure 12: All diagrams contributing to the NNMHV 9-leg amplitude.

Using the algorithm presented earlier we can conclude that there are twenty five diagrams
contributing to this amplitude, showed in Fig. 12, so the prediction by the Eq. (120)
proved to be correct. To this diagram we can assign the expressions from Eq. (139) to

Eq. (163)

Dy =iU(17,27,37,47,57,67,77,87,9T) (139)

Dy = iU(17,27,(3,4,5,6,7,8]7,9%) x —— xiU([1,2,9],37,47,5%,67,7F,8%) (140)
D129

D3 =iU(17,[2,3,4,5,6,7,8%,97) x p% xiU(27,37,47,5%,67,7F,[1,9,8]) (141)
189

Dy =iU([7,8,9,1,2,3]7,47,57,6%) x —— xiU(17,27,37, [4,5,6]*, 77, 8%,97) (142)
Pys6

Ds = iU(37,47,5%,[6,7,8,9,1,2,]7) x —— xiU(17,27,[3,4,5]7, 6%, 77, 8%,97) (143)
P35

29



D¢ =1iU(17,27,[3,4,5,6,7]",8",97) x —— xiU([1,2,8,9]7,37,47,57,6T,7%) (144)

P1ag9

7

D7 =iU(17,[2,3,4,5,6,]7,77,87,97) x xiU(27,37,47,57,6™,[1,7,8,9]T)

(145)

Pi789

Ds = iU([8,9,1,2,3]7,47,57, 67, 7%) x —-
Dys67

xiU(17,27,37,[4,5,6,7]",8",9") (146)

7
2
P3456

Dy =iU(37,47,5%,67,[7,8,9,1,2]7) x <iU(17,27,[3,4,5,6]7,77,8%,9%) (147)

7
2
P3345

Do =1iU(27,37,47,5%,[6,7,8,9,1]1) x x iU(17,[2,3,4,5]7,67,77,87,9T)

(148)

Dy =iU(17,27,37,[4,5,6,7,8]1,9%) x % x iU([9,1,2,3]7,47,57,67,77,8T)
P1239
(149)

7

D1y =iU(17,27,[3,4,5,6,7]7,8%,9%) x x iU(37,47,57,67,77,[8,9,1,2]T)

(150)

P12g9

l

D13 =1iU([7,8,9,1,2]7,37,47,5%,6") x x iU(17,27,(3,4,5,6]7,77,8%,9T)

(151)

P3456

Diy=iU(17,27,[3,4,5,6,7,8]7,9%) x —— x iU([1,2,9]737,[4,5,6,7]",8%)x
D129
‘ x iU([1,2,3,8,9]7,47,57,67,7") (152)

Pise7

Dy = iU(17,[2,3,4,5,6,7]7,8%,97) x —— x iU(27,[3,4,5,6], 7%, [1,8,9])x
P1s9

x iU(37,47,57,67,[7,8,9,1,2]T)
DP3456
(153)
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Dig = iU([1,2,3,7,8,9],47,57,6%) x —— x iU([1,2,8,9]7,37, [4,5,6]", 7)x
P56

x iU(17,27,1[3,4,5,6,7]7,87,9%)
P12g9
(154)

Dy = iU(37,47,5%,[1,2,6,7,8,9]7) x —— x iU(27,[3,4,5],67,[7,8,9,1]")x
P35

L iU(17,[2,3,4,5,6]7, 7+, 8T, 9%)

P17s9
(155)

Dis = iU(17,[2,3,4,5,6,7]7,8",9%) x —— x iU(27,37,[4,5,6,7]",[8,9, 1]7) x
P1s9

S XiU([1,2,3,8,9],47,57,6%,71)
D567
(156)

Dio = iU(37,47,5%,[1,2,6,7,8,9]%) x —— x iU([1,2,8,9],[3,4,5],6",77)x
P35

xiU(17,27,[3,4,5,6,7]7,8"7,9T)
P1289
(157)

Dao = iU([1,2,3,7,8,9],47,57,6%) x —— x iU/(27,37,[4,5,6]%,[1,7,8,9]7)x
P56

x iU(17,[2,3,4,5,6],77,87,9T)
D179
(158)

Doy = iU(17,27,[3,4,5,6,7,8]7,9%) x —— x iU([1,2,9]7,[3,4,5,6],7",8")x
Pi2g

xiU(37,47,57,6",[7,8,9,1,2]T)

2
P3456

(159)

Doy = iU(17,[2,3,4,5,6,7]7,8%,97) x —— x iU(27,37,[4,5,6]7, 7, [1,8,9]") x
P1go

—— % iU([1,2,3,7,8,9],47,5%,6%)
Diys6
(160)
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Das = iU([1,2,3,7,8,9],47,57,6%) x —— x iU([1,2,9]",37,[4,5,6]",7",8%)x
Dyse

X iU(17,27,[3,4,5,6,7,8]%,9%)
D129
(161)

Doy = iU(37,47,5%,[1,2,6,7,8,9]7) x —— x iU(27,[3,4,5], 67,7, [8,9,1]")
D345

—— xiU(17,[2,3,4,5,6,7]7,8%,9%)
D1gg
(162)

Dos = iU(37,47,5%,[1,2,6,7,8,9]") x —— x iU([1,2,9]",[3,4,5]7,6%,7",8")x
D345

—— X iU(17,27,[3,4,5,6,7,8],9%)
D129
(163)

Considering symmetry factors we can write that 9 leg NNMHV scattering amplitude is

1
A(17727’3774775+76+77+78+79+) = ZDl‘i‘
1
5(D2+ D3 + Di+ D5 + D + Dy + Ds + Do + Do + D11 + D1z + Dag)+
D14+ D15 + D16 + D17 + Dig + Dig + Dag + Dot + Doz + Dag + Dos + Das - (164)

3.4 N3MHV amplitude

In N®*MHV amplitude case the helicity configuration is — ———— ++++. Using Eq. (120)

we can calculate anticipated number of diagrams, and it is

D(3,2) = f: 2! <f) (f) =25. (165)

=0
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Figure 13: All diagrams contributing to the N®*MHYV 9-leg amplitude.

Using the algorithm presented earlier we can conclude that there is twenty five di-
agrams contributing to this amplitude, showed on Fig. 13, so the prediction by the
Eq. (120) proved to be correct. To this diagram we can assign the expressions from

Eq. (166) to Eq. (190)

Dy =iU(17,27,37,47,57,67,77,87,9T) (166)

Dy = iU(17,27,(3,4,5,6,7,87,9%) x —— xiU([1,2,9],37,47,57,67,7F,8%) (167)
D129

D3 =iU(17,[2,3,4,5,6,7,8%,97) x p% X iU(27,37,47,57,67,7,[1,9,8]F) (168)
189

Dy =iU([1,2,3,4,8,9]7,57,67, 7%, ) x —xiU(17,27,37,47,[5,6,7]",8%,9") (169)
D567
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Ds = iU(47,57,6%,[7,8,9,1,2,3]%) x —— xiU(17,27,37,[4,5,6]",7",8%,9%) (170)
Diyse

7
2
P12g9

Dg =iU(17,27,[3,4,5,6,7]",8",97) x <iU([1,2,8,9]7,37,47,57,6%,7%) (171)

1

D; =4iU(17,[2,3,4,5,6,]7,77,87,9%) x x iU(27,37,47,57,6%,[1,7,8,9]")

(172)

Pi789

1

Dg =iU([9,1,2,3,4]7,57,6%,77,87)x —

xiU(17,27,37,47,[5,6,7,8)",9") (173)
Pre7s

1

Dy = iU([8,9,1,2,3]7,47,5,67,7") x —

xiU(17,27,37,[4,5,6,7]",8",9") (174)
Pis67

7
2
P3456

Do =1iU(37,47,57,67,[7,8,9,1,2]") x x iU(17,27,(3,4,5,6]7,77,87,9T)

(175)

7

Dy =iU(17,27,37,[4,5,6,7,8)",97) x x iU([9,1,2,3]7,47,57,67,77,8T)

(176)

P1239

Dy =iU(17,27,[3,4,5,6,7)7,87,97) x ! x iU(37,47,57,67,7%,[8,9,1,2]")

(177)

Pi2g9

xiU(17,27,37,[4,5,6,7]7,8%,9T)
(178)

1
2
Pise7

D3 =iU(47,57,67,77,[8,9,1,2,3]") x

Dyy = iU(17,27,[3,4,5,6,7,8]7,9%) x —— x iU([1,2,9]737,[4,5,6,7]",8")x
Pi29
L xiU([1,2,3,8,9]7,47,57,6%,7F) (179)

Pise7
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Dis = iU(17,[2,3,4,5,6,7]7,8%,9%) x —— x iU(27,[3,4,5,6], 7", [1,8,9]")x

2
Pigg

xiU(37,47,57,6",[7,8,9,1,2]")
DP3456
(180)

Dyg = iU([1,2,3,4,8,9]7,57,6%,77) x —— x iU([9,1,2,3],47,[5,6,7]",8%)x

Dig =

Do

Pser

L iU(17,27,37,[4,5,6,7,8]7,9%)

P1239
(181)

—U(47,57,6%,[1,2,3,7,8,9]%) x —— xiU(37,[4,5,6]", 7, [1,2,8,9]7)x

2
Pis6

x iU(17,27,[3,4,5,6,7],8%,97)

P12g9
(182)

7
2
P1s9

% U([1,2,3,8,9],47,57,67,7)
Pys67

iU(17,[2,3,4,5,6,7)7,87,97) x xiU(27,37,[4,5,6,7]7,[8,9,1]7)x

(183)

—U(47,57,6%,[1,2,3,7,8,9]%) x —— x iU([1,2,3,9]", [4,5,6]",7%,87)x

2
Pis6

x iU(17,27,37,[4,5,6,7,8]7,97)
P1239
(184)

iU([1,2,3,4,8,9]7,57,6%,77) x —— x iU(37,47,[5,6,7]",[1,2,8,9]")
Pse7

xiU(17,27,[3,4,5,6,7]7,8",9™)

2
P12s9

(185)

iU(17,27,[3,4,5,6,7,8],9%) x —— x iU([1,2,9]7,[3,4,5,6], 7", 8")
P129

x iU(37,47,57,67,[7,8,9,1,2]T)
DP3456
(186)
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Doy = iU(17,[2,3,4,5,6,7)7,87,9%) x —— x iU(27,37,[4,5,6], 7", [1,8,9] ")
D1gg

—— xiU(4,57,6%,[1,2,3,7,8,9]7)
D56
(187)

D3 = iU(47,57,6T,[1,2,3,7,8,9]") x pQL x iU([1,2,9]7,37,[4,5,6],7F,87)x
456

o xiU(17,27,(3,4,5,6,7,8]7,97)
P129
(188)

Doy = iU(17,27,[3,4,5,6,7,8]%,97) x —— x iU([1,2,9]",37,47,[5,6,7]",8")x
Piog

—— % iU([1,2,3,4,8,9],57,6%,7")
D567
(189)

Dos = iU(17,[2,3,4,5,6,7]7,8",9%) x —— x iU(27,37,47,[5,6,7]", [1,8,9] ")
D1gg

—— xiU([1,2,3,4,8,9],57,6%,77)
D567

(190)
Considering symmetry factors we can write that 9 leg NNNMHYV scattering amplitude
is
A(17,27,37,47,57,6%, 77,87, 9%) = iDlJr
%(D2+D3+D4+D5+D6+D7+D8+D9+D10+D11+D12+D13)+

D14+ D15 + Dig + D17 + Dig + D19 + Dag + Da1 + Dag + Das + Doy + D5 (191)

3.5 N*MHYV amplitude

In N*MHV amplitude case the helicity configuration is —————— +++. Using Eq. (120)

we can calculate anticipated number of diagrams, and it is
L4 /1
D(4,1) = ;2 <Z> <Z> =9. (192)
Using the algorithm presented earlier we can conclude that there are nine diagrams

contributing to this amplitude, showed on Fig. 14, so the prediction by the Eq. (120)
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proved to be correct. To this diagram we can assign the expressions from Eq. (193) to

Eq. (201)

Dy =iU(17,27,37,47,57,67,7,8%,9%) (193)

Dy =iU(17,27,(3,4,5,6,7,8]1,9%) x

D3 =iU(17,[2,3,4,5,6,7],8",97) x

Dy =iU([1,2,3,4,5,9]7,6,7",8") x

Ds =iU(57,67,77,[1,2,3,4,8,9]") x

D¢ =iU(17,27,[3,4,5,6,7]7,8",97) x —

Dy =iU([1,2,3,4,9]7,57,6,77,8) x —

—— xiU([1,2,9]7,37,47,57,67,77,87) (194)
Piog

- xiU(27,37,47,57,67,77,[1,9,8]%) (195)
P1gog

S xiU(17,27,37,47,57,[6,7,8]7,9) (196)
Dgrs

- xiU(17,27,37,47,[5,6,7)7,8%,9%) (197)
Dxer

1

xiU(37,47,57,67,77,[1,2,8,9]") (198)
Pi2gg

7

xiU(17,2—37,47,[5,6,7,8]7,97) (199)
Pse7s

1

Dg=iU(47,57,67,7%,[8,9,1,2,3] ") x —— xiU(17,27,37,[4,5,6,7]7,8",9%) (200)

Dy =iU(17,27,37,[4,5,6,7,8]7,97) x —

Pyse7

1

xiU([9,1,2,3]7,47,57,67,71,8") (201)
Pi239
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Figure 14: All diagrams contributing to the N*MHYV 9-leg amplitude.

We can write that 9-leg N*MHYV scattering amplitude as

1
A(17,27,37,47,57,67,7F,87,9%) = 51)14-1)24-1)34-1)44-1)54-1)64-1)74-1)84-1)9.
(202)
3.6 MHYV amplitude

In MHV amplitude case the helicity configuration is — — — — — — — + +. Using Eq. (120)

we can calculate anticipated number of diagrams, and it is

5\ (0

D(5,0) = 2" =1. 203
5.0 =2(3)(3) (20)
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Using the algorithm presented earlier we can conclude that there is only one diagram
contributing to this amplitude, showed on Fig. 15, so the prediction by the Eq. (120)

proved to be correct.

Figure 15: Only diagram contributing to the MHV 9 leg amplitude.

To this diagram we can assign the expression Eq. (204)
Dy =iU(17,27,37,47,57,67,7,87,9T) (204)
We can write that 9 leg MHV scattering amplitude is simply

A(17,27,37,47,57,67,7,8",97) =Dy . (205)

3.7 Numerical calculation

Once we have all the diagrams for a given amplitude and have written down the corre-
sponding formulas, we can numerically verify the correctness of the results. To perform
this task, I used Wolfram Mathematica software and utilized the GGT (Gluon-Gluino-
Trees) [8] and S@QM (Spinors @ Mathematica) [9] packages. GGT was used to calculate
the amplitude values, while SQM provided the necessary numerical tools. To begin the
numerical calculation, we need to define the required functions. The symbols v and v*
are defined in Listing 1. For easy handling of momentum sums, most of the following

functions also take lists as arguments.

Listing 1: Code defining the v and ¥* symbols.

vt[11_List, 12_List] := Sum[Subscriptl[kp, il, {i, 11}]1*(Suml[
Subscript[kb, i], {i, 12}]/Sum[Subscript[kp, i], {i, 12}]
- Sum[Subscript[kb, i], {i, 11}]/Sum[Subscript[kp, i], {
i, 11}1);

vtgl[l1_List, 12_List] := Sum[Subscriptl[kp, il, {i, 11}]1*(Sum
[Subscript[ks, 1], {i, 12}]/Sum([Subscript[kp, i], {i, 12
}] - Sum[Subscriptlks, il], {i, 11}]/Sum[Subscript[kp, i],
{i, 11}1);
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To define the propagator, we can use the formula (81) and the ordinary Feynman propa-
gator. Listing 2 shows the function used. The functions kpsum, kmsum, kbsum and kssum

represent the sum of momentum components in double-null coordinates.

Listing 2: Code defining the propagator.

propagator [p_List] := -1/(2 (kpsum[p]l*kmsum[p] - kbsum[p]*
kssum[pl));

Next, we need to create the functions that will be responsible for the vertices. To define a
vertex with two negative helicities, i.e. an MHV vertex, we only need to use the Eq. (72).
The Listing 3 shows the MHV vertex used.

Listing 3: Code defining the MHV vertex.

MHV[k_List] :=
Module [{n = Length[k], x = 0},
x = (kpsum[k[[1]]]/kpsum[k[[2]]]) "2*(-1) "n*
vte[k[[2]], k[[111174/(vtclk[[1]1], k[[n]l1]=*
Product [vtc[k([[j1], k[[j - 1111, {j, n, 2, -1}1);
x]

However, other vertices also appear in the resulting diagrams. In order to obtain any
vertex from Z-field theory, one must iterate the Eq. (76). Prior to this, it is necessary
to define the functions ¥ and Q according to the Eq. (77) and Eq. (78). The resulting
function is displayed in Listing 4. It is designed to take two lists - one containing momenta

with negative helicities and the other with positive helicities.

Listing 4: Code defining the Z-field theory vertex.

\[CapitalPsilb[k_List] :=
Module [{n = Length[k], ktot = Flatten[k], x = 0},
x = vt[ktot, k[[1]1]1]1/vt[k[[1]], ktotl*-(-1)"(n - 1)/
Product [vt[k[[j1], k[[j - 1111, {j, n, 2, -1}]1; xI

\[CapitalOmegalbl[k_List]
Module [{n = Lengthl[k], x 0},
x = (kpsum[k[[1]]]/kpsuml[k]) "2*\[CapitalPsi]bl[k]; x]
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Ulminusy_List, plusy_List] :=
Module [{m = Length[minusy], n = Length[plusy] + Lengthl[
minusy],
x = 0},
For[p = 0, p <= m - 2, p++,
For[q = p + 1, g <= m - 1, g++, For[r = q + 1, r <= m, r
++,

tabl = Rangelp + 1, ql;
tab2 = Rangelq + 1, rl;
tab3 = Rangel[r + 1, m + 1];
tab4 = Range[m + 2, n - 1];
tab5 = Rangel[l, pl;

tab6 = {tabl, tab2, tab3};

For[i = m + 2, i <= n - 1, i++, AppendTo[tab6, {i}]];
tab7 = {n};
If[1 <= p, For[i = 1, i <= p, i++, AppendTo[tab7, i
1511

AppendTo [tab6, tab7];
X = x +
MHV [tab6]*\[CapitalOmegalb[tab7]*\[CapitalPsilbl[
tabl]*\[CapitalOmegalb[tab3]*\[CapitalPsilb[tab2];
1 11;%]

Using these functions, we can write down the equations for the corresponding Feynman
diagrams. In particular, we can look at the NNMHYV amplitude. For instance, Listing 5
shows the code for the second diagram of this amplitude, Eq. (140).

Listing 5: Example of diagram equation.

NNMHVOB =
MV [{{1}, {2}, {3, 4, 5, 6, 7, 8}, {9}}]*prop[{1, 2, 9}]x
Ul{{1, 2, 9}, {3}, {43}, {{5}, {6}, {7}, {8}}];

When writing diagrams in this manner, specifically using the equations from (139) to
(163), the amplitude required can be obtained from formula (164). It is important to

consider the symmetry factors to obtain the code as shown in Listing 6.

Listing 6: Code responsible for summing the diagrams.

NNMHVY = 1/4*NNMHV9A + 1/2*(NNMHV9B + NNMHVOC + NNMHVOD +
NNMHVOE + NNMHVOF + NNMHVOG + NNMHVOH + NNMHVOI + NNMHVOJ
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+ NNMHV9K + NNMHVOL + NNMHVO9M) + NNMHVON + NNMHV9O0 +
NNMHVO9P + NNMHVOQ + NNMHVO9R + NNMHV9S + NNMHVOT + NNMHVOU
+ NNMHVOV + NNMHVO9W + NNMHVO9X + NNMHVOY;

The S@M package provides a function to generate random momentum values for external
gluons. These values can be used as arguments for a function in the GGT package, which
calculates the amplitude value. The same values are also used to calculate the amplitude
in Z-field theory. To verify the consistency of the results, we divide one outcome by
the other and remove any small numerical residuals using the Chop function. Listing 7

illustrates this procedure.

Listing 7: Code responsible for comparison of results.

momenta9 = GenKinem[9];

GGTtoSpinors [GGTgluon[9, {5, 6, 7, 8, 9}11 // N
NNMHVY9/Sqrt [2] /. momenta9

%/%% // Chop

Calculations were performed for each previously discussed amplitude. The result ob-
tained each time was 1.0, indicating that amplitudes containing 9 gluons calculated from

Z-field theory produce the same results as those calculated by standard approaches.
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4 Summary

The main goal of this work was to find all diagrams for all configurations of the 9
gluon amplitude. The original work on Z-field theory [2] presented diagrams for all
configurations up to and including 8 gluons, so the 9 gluon amplitude is a natural next
step to verify the correctness of the theory. To do this, I have developed a procedure for
systematically finding diagrams. It allows us to search for diagrams with any number of
gluons. This algorithm can be used in the future to write a program that automatically
draws diagrams and counts amplitudes in Z-field theory. Using the diagrams found, we
can see that the theorem predicting the number of diagrams Eq. (120) for 9 gluons still
works correctly. The calculation of the 9-gluon amplitude also provided another test
for the equation on symmetry factors proposed in this paper, which works in the cases
counted in [2] as well as in the amplitude considered. An interesting test would be to
check it in the 10-leg case, since some diagrams would then already have 4 vertices and

thus 3 propagators - we would expect to see a symmetry factor of % for the first time.
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