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Abstract. In this paper, we establish the existence of at least three solutions of the
multi-point boundary value system

1=1,...,n.

{_(¢Pi (U;))/ = Ay, (J,’, Uty .- 7un)7 le (07 1),
ui(0) = 370, ajui(z;), wi(l) = 3270, bjui(x;),
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1. INTRODUCTION

In this paper, we study the existence of multiple solutions to the multi-point boundary
value system

_((bpl(u;))/ = )‘Fui(x7UIa . 'aun)a te (05 1)7

i=1,...,n, (1.1)
m m
ui(0) = 3270 ajui(w;), ui(1) = 3200, bjui(zy),
where p; > 1 and ¢, (t) = [t|Pi~2t fori = 1,...,n, A is a positive parameter, m, n > 1
are integers, a;, b; € Rfor j =1,....m,and 0 < z1 < 22 < 23 < ... < Ty, < 1.

Here, F' : [0,1] x R® — R is a function such that the mapping (t1,t2,...,t,) —
F(z,ty,ta,...,t,) is in C1 in R™ for all z € [0,1], F}, is continuous in [0, 1] x R™ for
i = 1,...,n, where F}, denotes the partial derivative of F' with respect to ¢;, and
F(z,0,...,0) =0 for all x € [0, 1].
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Throughout this paper, we let X be the Cartesian product of n spaces

Xi=&eW([0,1]) : €0) = a;é(x;), &(1) = bi&(x;) p,i=1,...,n,
- =~

ie., X = X; x...x X,, endowed with the norm

l(w, ... )| = for u = (uy,...,u,) € X,

where
1 / pi

/|u )|Pida , i=1,...,n.

Clearly, X is a reflexive Banach space. Here, X* denoted the dual space of X.

‘uz

By a classical solution of the system (1.1), we mean a function u = (ug,...,u,)
such that, for i = 1,...,n, u; € C1[0,1], ¢p, (u}) € C*[0,1], and u;(z) satisfies (1.1).
We say that a function u = (uq,...,u,) € X is a weak solution of (1.1) if

1 n 1 n
/Z‘bm x)dx — )‘/ZF‘“ T, ur(x), .. un(x))vi(z)de =0
o =1 o =1

for any v = (vy,...,v,) € WP ([0,1]) x WyP>([0,1]) x ... x WgP™(]0,1]). We will
show that a weak solution of (1.1) is indeed a classical solution (see Lemma 1.3 below).
Multi-point boundary value problems appear in a number of applications and
have been studied by many researchers in recent years; see, for example, [4,7-21] for
some recent results on this topic. Our goal in this paper is to obtain some sufficient
conditions for system (1.1) to have at least three classical solutions. Our analysis is
mainly based on two recent critical points theorems; see Lemmas 1.1 and 1.2 below.
Lemmas 1.1 and 1.2 are essential to the proofs of our main results, and while they
appeared in [2] and [1], respectively, we recall them as they are given in [6]. Other
contributions related to the method and results here can be found in [3,5,22,23].

Lemma 1.1 (|6, Theorem 3.2]). Let X be a reflexive real Banach space, ® : X — R be
a coercive and continuously Gateaux differentiable functional whose derivative admits
a continuous inverse on X*, U : X — R be a continuously Gdteaux differentiable
functional whose derivative is compact, and

inf & = &(0) = ¥(0) = 0.

Assume that there is a positive constant r and v € X, with 2r < ®(v), such that:

SUP,cqp—1(—oo,my Y (W) 2 W@
(Cl) == ('r' : <3 (@)~

(C2) for all X € (% (@) o ), the functional ® — AV is coercive.

v(w)’ SUP e —1(—0o,r) W (u)

A
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Then, for each A € <% igg, SUPueq,—urfx_T) \I,(u)>, the functional ® — AV has at least

three distinct critical points in X.

Lemma 1.2 (|6, Theorem 3.3]). Let X be a reflexive real Banach space, ® : X — R be
a convex, coercive, and continuously Gateauz differentiable functional whose derivative
admits a continuous inverse on X*, W : X — R be a continuously Gateauz differen-
tiable functional whose derivative is compact,

(D1) infx ® = ®(0) = ¥(0) =0,
(D2) for each A > 0 and for every uy, ug that are local minima for the functional
O — AV and are such that U(uy) > 0 and U(uz) > 0, we have

inf W(suj + (1 —s)uz) > 0.
s€(0,1]

Assume further that there exist v € X and positive constants ri and ra,

with 2ry < ®(v) < %, such that:

(D3) SUP,cap—1(—o0,r) U (u) < gggfg
T1 v)’

SUP  cp—1(—oo,r U (u) v (v
(D4) cd (T2 2) < %@E?g .

Then, for each

AE 32@) min n 2
2 \II(E) ’ SUPyed—1(—oc,r;) \Ij(u) ’ QSupuei’*l(foo,rg) \I/(’U,) ’

the functional ® — AV has at least three distinct critical points that lie in ®~!(—o0, rs).

Note that the coercivity of the functional ® — AV is required in Lemma 1.1 and
a suitable sign hypothesis on ¥ is assumed in Lemma 1.2.
We also need the following lemma in this paper.

Lemma 1.3 (|11, Lemma 2.5]). A weak solution of (1.1) coincides with a classical
solution of (1.1).

In this paper, we assume throughout, and without further mention,
that the following condition holds:

(H1) Either p > 2 or p < 2, where p = min{py,...,p,} and p = max{pi,...,pn}.
(H2) S, a; £ Land S0, b; £ 1

In Section 2, we present our main results and their proofs.

2. MAIN RESULTS

Let

max,, u;(x)|P )
¢ = max sup vel0.1] |pi @) ci=1,...,np. (2.1)
w €X:\ {0} [[willp:
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Since p; > 1 for i = 1,...,n, the embedding X = X; x ... x X,, < (C°([0,1]))" is
compact, and so ¢ < +o0. In addition, if (H2) holds, then from [7, Lemma 3.1],

maxeefo1) [v(@)] _ 1 - >oiey lagl N >iey 1bg] fori 1
T2 1370 a1 =300, by T

For any v > 0, we define the set K () by

R (T o e

sup
veX;\{0} ||UHp¢

- Pi
We will use this set in some of our hypotheses with appropriate choices of ~.

Here is our first existence result.
Theorem 2.1. Assume that there exist a function w = (wq,...,w,) € X and a
positive constant r such that:

(A1) Yoy, Tles s oy,

2 fol F(z,wi(z),...,w,(z))dz

1 o
(AQ) Jo 8Py ey (ery F(@te,.tn)da <

r 3 o lwillp? ’
i=1 " p;
1
. F(a,t1,tn) _ Jo SUPGy Lty ek(er) F(@t1, t0)de
(A3) hmsup|t1|ﬁoo,...,\tn|%oo o [¢4173 cr :
i=1  p;
Then, for each
Zn ”UHHZ:
i=1" p r

AE

) )

| o

1 1
E{F(J}, wi(x),...,wy(x))dx JSUp(tl,..i,tn)eK(cr) F(x,t1,... ty)dz

the system (1.1) has at least three classical solutions.

Proof. We wish to apply Lemma 1.1 to our problem. To this end, for each u =

(ug,...,un) € X we introduce the functionals ®, ¥ : X — R as follows:
P(u) = i Ll (2.2)
i1 D
and

1

U(u) = /F(x, ur (), ... un(x))de. (2.3)

0
It is well known that ® and ¥ are well defined and continuously differentiable func-
tionals and their derivatives at the point uw = (uq,...,u,) € X are the functionals

D' (u), U'(u) € X* given by

P = [ Y i)

0

P2y ()vi(w)dx
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and
1 n
:/}ﬁwmm@ww%ummwx
o i=1
for every v = (v1,...,v,) € X. Moreover, ® is coercive, ®" admits a continuous inverse

on X* (see [11, Lemma 2.6]), and since ®’ is monotone, ® is sequentially weakly lower
semicontinuous (see [24, Proposition 25.20]). Furthermore, ¥’ : X — X* is a compact
operator and

inf & = $(0) = ¥(0) = 0.

From (A1), we see that ®(w) > 2r. For each (uy,...,u,) € X, note from (2.1) that

Pi S C||U7

sup |u;(x) bi fori=1,...,n.

z€][0,1]

Then, we have

|u1 ;||
Sup Z %pl, (2.4)

O (—o0,r) = {u=(ur,ug,...,up) €X : ®(u) <r}=

|U1le
=qu= (Ul,Ug, e X Z =
1=1

Pi

WAL < o for each a € [0,1]}.

Thus,

1
sup U(u) = sup /F xyur(x), ... up(z))de <

(U1 yeesti ) EP 1 (—00,7) (U1t ) ED— O

-

< / sup F(x,ty,...,t,)dz.
(t1,..,tn)EK (cr)
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Therefore, in view of (A2), it follows that

SUP (uy ... ) €B—1 (—00,r) F(z,uy(z), ..., up(z))de

Ot —

SUPyed—1(—oo,r) \I/(’LL)

= <
T r
1
f SUP(4y ... ta)EK (cr) F‘(JC li, ... atn)dx
= 0 <
r
1
F(z,w(x , W (x))dx

B T

no lwil; - 30(w)’

s, el (w)
i.e., (C1) of Lemma 1.1 holds with 7 = w.
From (A3), there exist two constants 7, ¥ € R with
1
Isupe,eyeriery Flo,te, .o tn)d
n<?®
,
such that
Nt
cF(x,ty, ... ty) < nz | ) [0,1] and (t1,...,t,) € R™.

Let (uq,...,u,) € X be fixed. Then

F(z,ui(x),...,up(z)) < % < Z i > for all z € [0, 1]. (2.5)

Now, in order to prove the coercivity of the functional ® — AW, first we assume that
7 > 0. Then, for any fixed

n o lwillpi
§ Zi i T
2

) 1 )

A€

1
of xywi(x), ..., wy(2))d {Sup(tl,...,tn)EK(cr) F(z,ty,...,t,)dx
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from (2.4) and (2.5), we have

1
2|2
O(u) — AU (u) = ZHZJ —/\/F(x,ul(m),...,un(aﬁ))daj >
- P A
>ZH:HWH§; A Zn: ! /1| (z)[P*d >
>y = — | ui(z)|Prde | —— >
i1 Pi ¢ \i= b
= =170
n n
luill: ( luille A0
EZ Pi - CZ Pi _— =
- P ¢ - P ¢
n ||pi n Di
-yl 20
-1 P iz P ¢
r w771 /S
= 1= 27*7-

Ofsup(tlw._’tn)eK(cr) F(Z’,tl,...,tn)dﬂf =1

Thus,
lim (®(u) — A¥(u)) = co.
llull—oo

On the other hand, if < 0, then it is clear that limj, | o0 (®(u) =AW (u)) = oo. Then,
both cases lead to the coercivity of functional ® — AU, i.e., (C2) of Lemma 1.1 holds
with 7 = w. Hence, by Lemma 1.1, ®(u) — AV (u) has at least three distinct critical
points. Then, taking into account the fact that the weak solutions of the system (1.1)
are exactly critical points of ®(u) — A¥(u) and applying Lemma 1.3, we obtain the
conclusion of the theorem. O

Our next result considers the existence of three nonnegative solutions of the sys-
tem (1.1).

Theorem 2.2. Assume that:

(B1) aj,b; €[0,1) for j =1,...,m with 377", a; € [0,1) and 37", b; € [0, 1),
(B2) Fy,(x,t1,...,t,) >0 for all (z,t1,...,t,) €[0,1] x [0,00)" andi=1,...,n,

and there exist a function w = (w1, ..., w,) € X and two positive constants r1 and ro

1P
with 2r; < Z?:l “w’”“ < 3 such that:

Pi

1 1
(B3) Jo SUP(¢, . tp)eK (ery) £ (@5t1,tn)de < 2 Jo Fz,wi(z),...,wn (z))da

r1 3 n lwillp! ’
1 o

(B4) Jo SUPGy Lty eK (erg) B (@1, st )da <1 Jo Flzwi(2),...,wn (z))d
P 3 n lwilip

i=1" p;
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Then, for each

n Jlwillp:
\ e 3 Zz 1 pip /e
) 1],
2 fo (r,wi(),. .., wy(x))dx

where

©1=ming — n y =T 2 ,

g‘sup(tl ,,,,, tn)EK(cry) F(xvtlv"'vtn)dx 2‘0fsup(t1 ,,,,, tn)EK (cra) F(xvtla"'7tn)dm

the system (1.1) has at least three nonnegative classical solutions vi = (vi,... vi),

Jj=1,2,3 such that
n j Di
Z M <cry foreach x €[0,1] and j =1,2,3.
— Di

We need the following comparison principle in the proof of Theorem 2.2.

Lemma 2.3 (|20, Lemma 2.1]). Let (B1) hold. Assume that y € C1[0,1] satisfies
op(y') € AC[0,1] with p > 1 and

—(6p(y')) 20, te(0,1),
y(0) =300 ajy(xy), y(1) =370, bjy(x)).
Then, y(t) > 0 fort € [0,1].

Proof of Theorem 2.2. Our aim is to apply Lemma 1.2 to our problem. To this end,
let ® and ¥ be defined by (2.2) and (2.3), respectively. Clearly, ® and ¥ satisfy (Dl)
of Lemma 1 2. To show that (D2) of Lemma 1.2 holds, let u* = (ul, coour) and wt*
(ur*,...,ur*) be two local minima for ® — A\¥. Then, u* and «** are critical pomts
of ® — AU, and so they are weak solutions for the system (1.1). Thus, by Lemma 1.3,
u* and u** are classical solutions of (1.1). Note that the fact F(x,0,...,0) = 0 and
(B2) imply that F(x,t1,...,t,) >0 for all (z,t1,...,t,) € [0,1] x [0,00)™. Then, for
i =1,...,n, from (Bl) and Lemma 2.3, we see that u}(z) > 0 and u*(x) > 0 on
[0,1], which imply that su}+ (1 —s)u* > 0 on [0, 1]. Thus, F(z, su*+ (1 —s)u**) > 0,
and consequently, U(su* + (1 — s)u**) > 0 for all s € [0, 1], i.e., (D2) holds.

pPj
wi .
I ;““ < %, we observe that
k2

Now, from the condition 2r; < Y0,
2r; < ®(w) < %. Next, note that (2.4) holds, so

O (—o0,m1) = {u= (u,uz,...,u,) € X: ®(u )<7’1}:
u=(uy,us,...,uy) € X: Z

g{u:(ul,ug,... ye X: Z'uz

I
—

<mjc

)|
z)| < cry for each z € [0, 1]}
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Thus,

1
sup U(u) = sup /F x,up (), ... up(x))de <
0

(U1, U ) EP L (—00,71) (Uiyeeyun) €@~ (—00,r1)

1
< / sup F(z,t1,...,t,)dx.
0 (t1,.stn)EK (cr1)

Therefore, from (B3), it follows that

1
SUPyed—1(—co,r) \Il(u) _ SUP(yy,...,u, ) €®—1 (—o00,r1) fo F(I7 U1($), ceey un(x))dx

<
1 T1
1
_ Jo SUPG . yer (o) F(@, 1,0 tn)d _
< o
2f0 (2, w1 (), ..., wp(x))dr 2 U (w)
0wl T 30(w)’
s n . 3 B(w)
i.e., (D3) of Lemma 1.2 holds with 7 = w.
Using (B4) and arguing as above, we have
1
SUPyed—1(—o0,rs) \I/(U) - SUP (uy,...,up)€P—1(—o00,ra) f() F(SU, Ul(.’ﬂ), R Un(l'))dl' <
T2 B T2 N
1
_ Jo SUPG .ty eK (ere) F (@1, tn)da _
< 1"2
1f01 F(z,wi(z),...,w,(z))dz 1 T(w)
<3 w ol ~ 3%(w)’
dlim1 it

i.e., (D4) of Lemma 1.2 holds with 7 = w.

Therefore, by Lemma 1.2, ®(u) — AP (u) has at least three distinct critical points,
which are all nonnegative by Lemma 2.3. Then, taking into account the fact that
the weak solutions of (1.1) are exactly critical points of ®(u) — A¥(u) and applying
Lemma 1.3 and (2.4), we finish the proof of the theorem. O

Now, we present some fairly easily verifiable consequences of the main results
where the test function w is specified. Let
pn>

1/pn

+ (1 — ) P

— 1—p,
op = | 2P 1( b

j=1

-yl

Define
(2370 a2, if 30T ay < 1,

[x,xzjzl a;]™, if E;”Zl a; > 1,

B1 n(.]?) =

)
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and
[ by, 2], i YT by < 1
Bz’n(m): j=1"J g=1"J
[x,mzjzl bj}n, if Zj:l bj > 1,
where [-,-]" =[-,-] x ... x [, -]
Corollary 2.4. Assume that there exist two positive constants 0 and T such that

n 29Pn
(B1) (our)r > 225,

L
(E2) F(z,t1,...,tn) > 0 for each x € [0,21/2] U [(1 + x,)/2,1] and (t1,...,t,) €
Bl,n(T) U B2,n(7-)7
B sup F(z,ty,...,t,)dz
0 1+zm
. (t1,0rtn)EK ,?:Tw ) 3 P J
( 3) 0rn < 3c(onT)Pn 1—[;:11 Py i (ZL’, Oa R Oa T) €,
2
n X 1
(E4) lim sup F, tl’l't';"i?) < Hg:p}lpl i sup F(x,ty,...,ty)dx.
|t1] =00, tn|—v00 2i=1 Thi 0 (tr,enstn) €K (fE2o)

Then, for each

\e 3 ] (opT)Pn ’ grn |
97 m W1
DPn f F(.’E,O,...,O,T>d$ C_l:llpif sup F(x7t1a"'7tn)dm
3 =t (tl,...,tn,)eK(#)
iglpi

the system (1.1) has at least three classical solutions.

Proof. Under the conditions (E1)—(E4), the assumptions (A1)—(A3) of Theorem 2.1
are satisfied by choosing w = (0,...,0,w,(z)) with

(S o+ 2EE), it @ e [0, %),
wp(x) =< T, if zelg, =], (26)
. (2*2_{:1 I;J:wfi;n Zj'zl b, - 2(1;?;;1 bj)x) , if x¢€ (1“‘%’ 1]’
and r = CHQLP Tt is easy to see that w = (0,...,0,w,) € X and, in particular, that
i=1 Pi
lwallzs = (ur)

Thus,
p’ﬂ

Bw) =3 lwillp; _ (on7)

=1 Pi Pn




Multiple solutions for systems of multi-point boundary value problems 303

Then, (E1) implies (A1). On the other hand, since

TZajgwn ) <7 foreach z€0,z1/2] if Zaj<1
j=1

T < wy(z) < TZaj for each x € [0,21/2] if Zaj > 1,
j=1 :

TZb <wp(z) <7 foreach ze€[(1+zy,)/2,1] if ij<17

and

Tgwn(x)gTij for each z € [(1+2,,)/2,1] if Zbﬂ'>17

condition (E2) ensures that

and so,
1 e
/F (x,wi(x),...,w,(z))de > / F(z,0,...,0,7)dx
0 E5Y
2

Now, from this inequality and (E3), it is easy to see that (A2) holds. Finally, note
that (E4) implies (A3). The conclusion then follows from Theorem 2.1. O

Corollary 2.5. Assume that (B1) and (B2) hold and there exist three positive
constants 01, 05, and T with

n—1 epn

200" < (op,7)Pre H pi <

such that:
1
bf sup( o )F(z,tl,...,tﬂ)dx .
Tm,
[ tn)EK | =t 2
71 pi 2
(F1) G < Setonrn TI=T 7, mf1 F(z,0,...,0,7)dz,
5
1
J sup F(x,ty,...tn)dz
pn 1tem
rvenemren () 1 2
(F2) orT < Sl T 7, l{ F(z,0,...,0,7)dx
>
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Then, for each

3 onT)P
>\ < 5 1tzm ( - ) ’ 62 ’
P for 2 F(2,0,...,0,7)dx
2
where
HPn
@2 = Hlln{ n 1 1 s
ellizapils Sup(tl,...,tn)eK<ng€n ) B h,... tn)do
i=1Pi
05 }
n 1 )
eIlimpi )y SuP(tl,...,tn)eK(H_Zgnp.) Fl@ ... ta)de
=117
the system (1.1) has at least three nonnegative classical solutions vi = (vi,..., vi),

J=1,2,3 such that

n J Pi HPn

Z [v: (2) < =2 for each x € [0,1] and j =1,2,3.

i—1 Pi Hi:l Di
Proof. Let w = (0,...,0,w,(x)) with w,(z) defined by (2.6), 11 = 7f+—, and

“lli=1 Pi

ro = % Then, under the conditions (F1) and (F2), it is easy to verify that (B3)
and (B4) of Theorem 2.2 hold. The conclusion then follows from Theorem 2.2. The
details are omitted here. O
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