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Abstract. For a class of sub-elliptic equations on Heisenberg group HY with Hardy type
singularity and critical nonlinear growth, we prove the existence of least energy solutions
by developing new techniques based on the Nehari constraint. This result extends previous
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Math. 118 (2005), 235-252].
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1. INTRODUCTION

This paper is concerned with a class of sub-elliptic equations on the Heisenberg group
having a nonlinearity with critical nonlinear growth and a singularity of the form
z|P

|
—AHJ)’LL — /\ﬁ

|2°

e P(£)=2¢, in  HN\{0}. (1.1)

|u|P~2u = |u

We begin with some basic definitions and useful results. The Heisenberg group
HY, whose points will be denoted by & = (z,t) = (x,y,1), is identified with the Lie
group (R?N+1 o) with composition law defined by

§of = (242 t+t +2((2',y) — (x,9))), (1.2)

where (-, -) denotes the inner product in RY. And for £ € HY, the left translations on
HY are defined by
e HY - HY, 7 (¢)=¢o0&.
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For &,¢& € HY, the distance between ¢ and &' is defined by

[\

(¢, &) = ((Ix 2P ly =y ) (-t =2y - <w',y>)2)

For convenience, the distance of ¢ € HY to the origin is denoted by p. For u > 0,
a family of dilation on HY is defined by

S :HY — HY,  8,u(x,y,1) = (na, py, pt). (1.3)

The homogeneous dimension with respect to this dilation is Q = 2N + 2. Bases for the
corresponding Lie algebra of the Heisenberg group (R?*V*1 o) are the left invariant
vector fields of the form

0 0 0 0

Xi=—+4+2yi—, Y= — — 22, — =1,2,...,N. 1.4
j aa:j"‘ yjatv j 3yj xjata J 5 4y ) ( )

Denote the horizontal gradient by Vg = (X1,..., XN, Y1,...,Yy) and write

N
diVH(I/l, Vo, .un, I/gN) = Z(ijj + )/}VN+j)~
j=1

In this way, the sub-Laplacian A g is expressed by
N
Ay =divy(Vy) = Z (X2 +Y7).

And for p > 1, the sub-p-Laplacian Ay, is defined as
A pu = divy (|VgulP~2V gu).

The space Dy* (HY) is defined as the closure of C5°(HY) under the norm ||u||Dép =
(Jan |VHu|pd§)1/p. The Hardy inequality on Dy* (HY) is known as

p

P
where A, = (%) is the best constant in the above inequality for 1 < p < @,

see [12]. For 0 < s < p, the following Hardy-Sobolev inequality

EIT-NE) pe(s)
MO< / Z';;ds> < / VaulPde, e DLP(EY),
HN

HN
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holds for some positive constant My, see [12] for detailed proofs. In here,
pi(s) = % is called the critical exponent of the embedding Dy?(HN)

L= (N | Zdg). On DIP(HY), we define the functionals

p
! A [RPRP 1 ] )
L(u :f/ VyulPdé — = d¢ —
)= | Vmelde =2 | = %= 05 P2
HN HN HN
and -
|2[PlulP 2] |ufPt
I(u) = / <|VHu|pd§—/\ ) d

HN
Then from the Hardy inequality and the Hardy-Sobolev inequality, one knows that
both L and I are well defined. Denote the Nehari set by

N = {u e DEPHN)\{0}: I(u) = o}
and define
d=inf{L(u): ue N}. (1.5)
Definition 1.1. Let I be the set of solutions of (1.1). Namely,

r= {(;S € DYPHN): L'(¢) = 0 and ¢ # o} .
Let G be the set of least energy solutions of (1.1), that is,
G={uel : L(u) < L(v) for any v €T'}.

The following Theorem 1.2 is the main result of the present paper.

Theorem 1.2. If1 <p < Q, —00o < A< A, and 0 < s < p, then there is ¢ € N
such that L(¢) = d. Moreover, ¢ is a least energy solution of (1.1).

We recall that a counterpart of (1.1) on R¥ is of the form

A 1, .
—div(|VulP72Vu) — ——|u|P"2u = —|ul” ®) "2y, zin RV\{0}, (1.6)

[P |z[*

with1 <p < N, =00 < A < (N=p)/p)?, p*(s) = p(N—s)/(N —p) and u € Dy?(RV).
Here Dy?(RY) is defined as the closure of C5°(RY) under the norm Hu||D(1),p(RN) =
(Jan |Vu|Pdz)'/P. The existence and non-existence and multiplicity of solutions of
(1.6) have been studied in the past several years. For instance, in the case of p = 2,
A< ((N—2)/2)? and 0 < s < 2, these results can be found in [8,22]. While for the
case of 1 <p < N,0< X< ((N—p)/p)? and 0 < s < p, we refer the interested
readers to the papers of [1,2,20]. Related results can be found also in [18]. In the
setting of the Heisenberg group HY. Jerison et al. [15] firstly proved that

Q+2

~Apw=w?2, w>0, weDy*HY) (1.7)
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possesses a solution

Ky
WO(‘T7y7t) = Q-2

(2 4+ (L + [ + |y[*)?) 7=

where K is a suitable positive constant. Moreover, every solution to (1.7) takes the
form

Wpe = p%wo 0d, 0 Tgl
Since the famous paper [15], there are a lot of papers dealing with the semilinear
Dirichlet problem on the Heisenberg group. For instance, Citti [9] studies the equation

Q+2

—Agu+au=u?2 in Q uwu=0 on 09, (1.8)

where (2 is a smooth bounded domain in HY. Since (1.8) involves a nonlinearity of
critical growth, Citti [9] has proven a representation formula for the Palais-Smale
sequence and then proves the existence of positive solutions of (1.8) under suitable
conditions for a. Some results of Liouville type for semilinear equations on the Heisen-
berg group have been studied by Birindelli et al. [5,6]. Uguzzoni [23] has proven a
non-existence theorem for a semilinear Dirichlet problem involving critical nonlinear-
ity on the half space of the Heisenberg group. Very recently, Han et al. [12] have
proven a class of Hardy-Sobolev type inequalities on the H-type group and get the
existence of a nontrivial solution of (1.1) in the case of A = 0. We also refer the
interested readers to [7] for other related results.

The equation (1.1) can be looked as a generalized model on the Heisenberg group
and Theorem 1.2 generalizes partially the previous work in [12]. Theorem 1.2 seems
to be the first existence result for the problem with double singularity and critical
growth. The method of proving Theorem 1.2 is variational. Note that somehow we
are facing the double critical case, since, for a bounded domain Q Cc HY and 0 € Q,
neither Dy”(Q) < LP(Q, ELdg) nor Dy (Q) < L+()(Q, 2L dg) is compact. Hence
the standard variational argument can not be used directly. Our idea of proving
Theorem 1.2 is based on extending some techniques of the Nehari constraint used
in [19]. The detailed proof of Theorem 1.2 will be carried out in Section 2.

Throughout this paper all integrals are taken over H" unless stated otherwise.
(- '>»Dé,p denotes the dual product between Dy”(HY) and its dual space. The norm

in L*(HY) is denoted by || - [+ and we define Ex(-) = [yn (|Va - [P — AELLE |p )d€.
Positive constants are denoted by C or C; (j = 1,2, .. .)7 whose values may be dlfferent
at different places.

\Ip

2. EXISTENCE OF LEAST ENERGY SOLUTIONS OF (1.1)

This section is devoted to the proof of Theorem 1.2. We will always assume that the
assumptions of Theorem 1.2 hold. Keep the notation of F)(-) in mind. We firstly give
several lemmas which will be used in what follows.
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Lemma 2.1. For anyu € Dy?(HY)\{0}, there is a unique 6, > 0 such that 6,u € N
Moreover, if I(u) <0, then 0 < 6, < 1.

Proof. Since for 6 > 0,

gp gp*(S) |2|° |u|P+(®)

HN

one obtains from direct computation that there is a

|2[*|u

1 S|, |Px(8) 7W1)—p
0, = (E)\(u))p*(S)—p ( ,025d€>

such that 6,u € N. The structure of L(Au) implies that this 6, is unique for each
u € Dy?(HY)\{0}. From the expression

1) = ) - [ L

we know that if I(u) <0, i.e.,

p*(s

2|8 | |P*(9)
Ex(u) </%d57
p
then 0 < 6, < 1. ]

Lemma 2.2. The set N is a manifold and there exists co > 0 such that for allu € N,
E,\(u) > Co-

Proof. In the first place, we point out that N # ) follows from the previous lemma.
For any u € N,

f*fu- 0

<I/(u)7u>Dé‘p =pE\(u) — ps«(s) Tdf =

P (8)
~ - pto) [ e <o

which implies that A/ is a manifold. In the second place, from the Hardy-Sobolev
inequality, one obtains that

Px(s)

/|Z| |ulp*(s de < M p (/VHU|pd§)

/|VHu|pd§ S E)\(’U,)

[ IVaulrae < (1 - AA) Ea(u).

If A < 0, then

If 0 < A < Ap, then
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Therefore for —oo < A < A,, one obtains that
P (s)

_p=e) fOA A7 pa(s)
B () T )
Therefore we can deduce that there is a ¢g > 0 such that Ey(u) > co. O

Lemma 2.3. If v € N and d = L(v), then v is a least energy solution of the
equation (1.1).

Proof. Since v is a minimizer of the minimum d, we obtain from the Lagrange multi-
plier rule that there is # € R such that for any ¢ € ’Dé’p (HN),

(L (0),) gy = O (0), ) o
Note that

(I'(v),v >DlpprA — pu(s /| |u\p*(s

IZI
(p—ps(s ~lu

and <L/('U),U>Dé‘p = I(v) = 0. We get that 9 = 0. Hence L'(v) = 0. According to
Definition 1.1, one knows easily that v is a least energy solution of (1.1). O]

Lemma 2.4. If u € DYP(HY) and h € C3°(HY), then

/ EE et

P+(s)qe < 0

[ulPdg < My (%f”f) Ex(|lu)
-

px(s)—p

| | px(s)
% / |u|p*( )df )

supp(h)

Proof. Note that for A < A, one obtains from the Hardy inequality and an argument
similar to those in the proof of Lemma 2.2 that

/|VHu|pd§ < <2Ap —— ) B (u). (2.1)

Using the Holder inequality, one can obtain that

_pb
s s () z|*
/' PO hfrde < (/ et d&) / 'szw

supp(h)

SV D =

supp(h)

P (s )d§

Combining this with (2.1), one deduces the conclusion of Lemma 2.4. O
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Lemma 2.5 ([11]). For any smooth bounded domain Q@ C HY, the inclusion
DyP () < LP(Q) is compact.

Lemma 2.6. If h € C3°(HYN), then for any u € Dy?(HN), |h[Pu € Dy? (HN).

Proof. Since Cg°(HY) is dense i in DyP(HN), there is a sequence (1, )nen C C5°(HN)

such that 1,, — u strongly in D, VP(HN). Using Lemma 2.5 and the fact that supp(h)
is a compact subset of HY, one can get the conclusion by a direct calculation. O

Lemma 2.7. For every u € N, there is g > 0 and a differentiable functional p(w)
defined for w € DyP(HN) with ||w||Dé,p < gg such that 1(0) = 1, p(w)(u —w) € N
and for each v € DVP(HY),

*(s)=2
(B (w), ¥) gy = f‘ S “wdg
<N/(0)7¢>D1'P = > p*(s) (2'2)
° (p—l)EA(u)— 1)
Proof. For > 0 and w € Dé’p(HN), we define a function
_ o) 2|%|u — wP+(*)
F(p,w) = pP Ex(u—w) — pP+ ) 1/' il pz dé.
Since u € N, we have F'(1,0) = I(u) = 0 and
2 — [P+
Fu(1,0) = (p = 1) Ex(u) — (p«(s) — 1) Tdf =
2|%|u — wP+ ()
= (p = p«(s)) 2] pex d¢ < 0.

Applying the implicit function theorem at the point (1,0), we obtain a €9 > 0 and
a differentiable functional y = p(w) defined for w € DyP(HY) such that u(0) = 1,
w(w)(u —w) € N. Moreover, from F(u(w),w) = 0, we obtain from direct calculation
that (2.2) holds. O

Theorem 2.8. Under the assumptions of Theorem 1.2, there is ¢ € N such that
d=L(9).
Proof. The proof will be divided into several steps.

Step 1. Applying the Ekeland variational principle [3] (see also [21]), one has a se-
quence (uy)ney €N and u, satisfies the following properties:

1
L(uy,) < d+ - (2.3)

L(w) > L(uy) — %Hw — Uy || for any w € Dy* (HY). (2.4)

Since u, € N, we know from the Hardy-Sobolev inequality that there are positive
constants C', Cy such that
Cl S ||unHDé,P S 02~
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Applying Lemma 2.7 to each u,, we get a constant g, and a differentiable function
fin = pin(w) defined for w € DyP (HY) with Hw||Dé,p < €on, such that p,(0) =1 and

(W) (uy —w) € N. By Lemma 2.2, Lemma 2.7 and the fact that I(u,) = 0, one has
Cs

;L 0 LpmrNy)* S S C ?
[ ( )H(DO (HN)) (0= 1)Ex(un) — (pa(s) — 1) [ ‘z‘s‘g:*(s)dg 4

where (Dy? (HN))* is the dual space of Dy? (HN). Next, we prove that L' (u,) — 0 as
n — 0o0. Let 0 < € < ggp,. Set w. = ev with HU”Dé,p =1 and v. = pp(we)(un — we),
then v. € . Using Taylor expansion, we obtain that

= (1 = ptn(we) (L (n) un) oo + epin (we ) (L (un), v) prot (2:5)
+0([[un = vl i) =
= eptn (W) (L (), v) pi.o + 0([[un — vl ).
Since
ltn = vellppr < 11 = (o)l l[nllpp.o + Cselpn(we)|

and /1, (0) = 1, we obtain that

[t — vellpr»
lim — Do < Cg lim
e—0 £ e—0

< |(k (0, V)

(Mn(wg)g— 11 (0)] + C7|’un(w€)|) <

+ Cs < Cy.

Therefore dividing by e the inequality (2.5) and passing to the limit as ¢ — 0, we
deduce from the preceding inequality that there exists a positive constant Cy such

that o
10
<L’(Un)a”>1>3=? S T

Since v is arbitrary, one gets a sequence (u,)nen C N such that

L'(u,) =0, L(u,)—d as n— oo.

Step 2. From I(u,) = 0 and the Hardy inequality, one deduces from an argument
similar to those in the proof of Lemma 2.2 that there is a ¢y > 0 such that

|2I° s
Ex\(up) = / pez |un P2 de > cy. (2.6)
Denote ¢ = Mo(zlf::;‘) and choose Ry such that

px(s)

0 < Rp < min {co, (28) P=p=( }
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and
P+(8)d¢ > Ry.

-

im sup on [t
n—00 P

Let r, > 0 be such that

p*(s)df Ro.

B
B(0,r)
Defining
Up(€) = Tf’jp Up (Tr, Ty, T21),

|Z‘S R
RO = / 7|un
p25

B(0,1)

then there holds
P+ () q¢.

Moreover, by direct calculation, one has

P
/ Vst = / VP, 'Z' " i e = / = e

‘Z|S T p*(S)dgz E Uy, p*(S)d€
p25 p25

Therefore the functionals L and I are invariant under the above mentioned transfor-
mation, i.e.,

and

L(a,) = L(u,) and  I(a,) = I(uy,).
Note that if h € DyP(HY), then for any r > 0, one has

y ¢
b= 5" h(w v >6D’p(HN)

r T‘ 72

and ||fz||Dé,p = ||h||D[1),p. Hence for any ¢ € Dy* (HY), denoting

we have that v, € Dy?(HY) and \\z/?n||pé,p = ||1/1|\Dé,p. Moreover,

z|%
5 lin

Px(s)=27 WhdE =

|

(L)) = [
i
= <L Un),wn>pé=1’ = 0( )|W’n”pép = 0(1)||¢HD3*’“

(|vHan|p ViV st — A' - 2anw) de -
"(

This proves that L'(4,) — 0 as n — 0.
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Step 3. Since (U )nen is bounded in Dl P(HY™), we may assume that @, — ¢ weakly
in D, LP(HN). We claim that ¢ # 0. Argulng by contradiction, we assume that ¢ = 0.
Then we firstly point out that from Lemma 2.5, @, — ¢ strongly in L (HV).
Secondly, let h € C§°(HY) and supp(h) € B(0,1). Using the elementary inequality

[|[A+ B|P — |A]P| < C12 (JAP~Y|B| + |BJ?), for any A, B € R*Y,

we obtain that

[ (Tt = i) ae| <
<0 [ (AP s~ (9l + 9P ) d <

<c / IV b P i | + / i [Pdé <

supp(h) supp(h)
p—1 1
|V i, [PdE / O
sum?(h supp(h)

|t |Pdé =0 as n— oo,

sum)(h)

where we have used the assumption ¢ = 0, the fact that @, — ¢ strongly in L OC(]HIN )
and (@p)nen is bounded in Do’p(HN).
Therefore for n large enough, we proved that

[ Itz pds = [ BPI9ai, e + o). @)

Now using the fact that (L'(1,), w>D(1),p = 0(1)||¢||Dé,p and substituting ¢ by |h|Pt,,
we get that

(L (i), |17 g = / IV b1t [PV st (0 V 1 (1]7) + APV i ) dE—

P o
- [ e - [,

Pe(S)|p|Pde.
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Combining this with (2.7), Lemma 2.4 and the choice of Ry, we obtain that
Er((blin) = o(DI[bP ]l = [ (9202 V s, Vi (1)

s
p2s n

P<(S)|p|PdE + o(1) <

p—1

P P
< / |V bt [PdE / S
supp(h) supp(h)
px(s)—p
px(s)
~ N z|% . s
+ CEx(|hltn) /'pzslunp*ﬁdg +o(l) <
supp(h)

1
< 3EA(IAfin) + o(1),

where we have used again the fact that @, — ¢ = 0 strongly in L} (H) and

loc

(iin )nen is bounded in Dy? (HN). Tt follows that Ex (||, ) — 0 as n — co. Note that
for —oo < A < A,

2M, — A
[ wutnlaras < (225 ) Bvinn).
P

which implies that [ |V (|h|a,)|Pd§ — 0 as n — co. So from the Hardy-Sobolev

inequality, we deduce that [ ‘:% h|y, P+(s)d¢ — 0 as n — oo. From the choice of h,
one obtains that for each 0 < r < 1,

EO
/ e,

B(0,r)

P<()de 50 as n— oo.

Next, choosing a function h such that supp(h) C B(¢, %) with £ € 9B(0,1), then
similar to the previous computation, one deduces that

p—1 1
By(ila) < | [ [Vutalrde [ twpa|
supp(h) supp(h)
Px(s)—p
Px(s)
S 1
+ EEx(|h|in) / t;'smnp*(s)dg +o(1)<§E,\(|h|an)+o(1),

supp(h)

where we have used the fact that p.(s) < Qp/(Q — p) and the locally compact em-
bedding from DJ?(Q) < LP+()(Q). Combining this with the previous discussion,
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R, [P=(*)d¢ — 0 as n — oo. This is a contradiction.

one obtains that [5 ) %
Therefore ¢ # 0.

Step 4. In this step, we will prove that there are some finite points {1, ...,&n}, such
that

Uy, — ¢ strongly in DO ZOC(HN\{O,&, v &) (2.8)

The proof of (2.8) will be divided into several steps. In the first place, from @, — ¢
weakly in DyP(HY), one has that @, — ¢ a.e. in HY. Note that VHdn € (LP(HN))2N
and (|V g iip [P =2V iy, )nen is bounded in (L (HN))2N with p/ = —L-. We may assume

that there is T € (L* (HY))?N such that
|V s |P 2V iy, — T weakly in  (LP (HV))2N

By letting n — oo, one gets immediately that

Y -2 «(s)—2

holds for any ¢ € Dy (HY). Since (i, )nen is bounded in Dy (HY ), the concentration
compactness principle [16] (see also a refined version in [12]) implies that there is an
at most countable set J such that

(1) Ve, |P —=da > |VaolP + 32,5 aixe; + aoXo,

(2) %Wn Pels) ~ df = %W () 437 s Bixe; + Boxo,

(3) o 2 M 0377, (ccp)
@) Elja,Pp —dy= l 21617 + 70 x0,

(5) AP’YO S g,

where x¢ is the Dirac function at £. In the second place, we claim that J is a finite
set. Indeed, from (L/(1,,), (p)Dé,p = 0(1)||g0||Dé,p and choosing ¢ = 11, one gets that

IV s P+ aanan|P—2vHaanw) de —

NEL N (2:10)
= [ (Mo B, 0w )de o),
Tt is now deduced by letting n — oo that
/wda+/¢Tvad§ = /z/zdﬁ—k)\/wdv. (2.11)
On the other hand, substituting ¢ by ¥¢ in (2.9), we have that
/ (¢Tva + wwm) = / ( AEE plolry + o 'Z' —|g|" %) 3 (2.12)

Concentrating ¢ at §; (here and in the sequel, a function ¢ is called “concentrating

at &7 if ¥ € CGHY), ¥(§) = 1 for [§ — &] < 7, (€ = 0 for [€ —&| > 2,
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IVay| < 4@ and r small), we obtain from (2.11) and (2.12) that a; < 3;.
Combining this with (3) of (CCP) one can deduce that

Q—s
either B; =0 or B; > M/ ". (2.13)

Similarly, concentrating ¥ at g = 0 in (2.11) and (2.12), we have that
Qo — )\’)/0 < 60. (2.14)

On the other hand, from the Hardy inequality and the Hardy-Sobolev inequality, there
is a positive constant M) such that for any u € Dé’p(HN),

p s P*;ES)
/ <VHu|p - )\|22p|up) de > MA</ |Z2|S|u|p*(s)d§) .
p p

We have that
- z|P
[ (19atar A= )as = an
Therefore
|V iin|? P opae s an (T2 i e
WVt OVainl? ) > A [ e+ M ([ e

Note that for any A, B € R?V, there holds
|A+ BIP = |A[P| < K(JAP~YB| + [BI?).

D
zls s P ()
',025 [ty ]+ >d5> :

p
px(s)

Thus

/ (vamln + U, VY|P — |wvHan|P> de <

<& [ (19Vaaalr 3T + 1,901 ) de
Now, it is deduced from the Holder inequality that

/ WOV P | V 0| dE <

p—1

scl4< / |vaP|an|pd5)p( / |vHan|Pd£> =

r<|z|<2r r<|z|<2r
§014< / IVﬂn|pd§) " x
r<|z|<2r
5 Eoah b
x[( / |va|Qd£> ( /|anp*<0>df) }s

r<|z|<2r r<|z|<2r

<015( / |vHan|Pdf>p;1( [ 1

r<|z|<2r r<|e|<2r

G
p*m)) "



250 Jianqing Chen and Eugénio M. Rocha

Therefore
lim hmsup/ [UV g [P0,V rp|d€ = 0. (2.15)

Similarly, one can prove that

T
/WnVH(bV’ < 015( / un”*(o)> —0 as r—0.

r<|z|<or

This and (2.15) imply that

=0 nooo

lim hmsup/ (WVHﬂn + a, VlP — ¢VH1]n|p> d¢=0
and hence
ap — Ao > MySE/P ). (2.16)
Combining (2.16) with (2.14), we obtain that

either By =0 or pBy> M/gQ*S)/(pfs). (2.17)

Therefore J must be a finite set.
In the third place, for any bounded domain €2 C HY and J U {0} C Q, choosing
¥ € C1() such that ¢ > 0, 1(&;) = 0 for j € JU {0}, we have
/ i g / L ol (e + 3 B,um (&) + o) (0) =
et (2.18)

/ L g 1ae.

It follows from the uniform convexity of LP=(*) (HN ; ;2‘ df) that

Wiy — o in LP (HN 2I° dg) (2.19)
Similarly one can obtain that
Wiy — o in LP <]HIN 12" dg) (2.20)
From (L'(@y,), ga)Dé,p = 0(1)||<p||D(1).,p and choosing ¢ = (i, — ¢), we obtain that
/w(\vHﬂn\p_QvHﬂn —|VuolP*Vu¢)(Vutn — Vug) =

z/ (|u [P ()= 2~n+)\| 2 \un\p 20 n)(ﬂn—qb)dﬁ—l-o(l).
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It follows that

/z/; (|VHﬂn|p_2VHﬂn — \VH¢|p_2VHu) (Vyt, —Vgp)dé -0 as n— oo.

Therefore an elementary inequality implies (2.8) immediately.

Step 5. In this step, we prove that I(¢) = 0. We will prove that neither I(¢) < 0
nor I(¢) > 0 occurs. Indeed, if I(¢) < 0, we get from Lemma 2.1 that there is a
0 < 04 < 1 such that ,¢ € N. Therefore using the Fatou lemma and I(a,) = 0, we

get that
1 p*(é
d+o(1) = L(iy) = ( >/|z |u25 £>
p *

11 |2[*] o[- )
(p pa(s) ) %
< 1 ) g P=(s) |2]* |9¢¢

P pa(s) P>

= 0,7 L(049) + o(1).
It is deduced from 0 < 64 < 1 that d > L(0¢), which is a contradiction because of

9¢¢ eN.
If I(¢) > 0, then from Step 4 and the Brezis-Licb lemma [4], one obtains that

dé+o(1) =

P (

d§+ o(1) =

0= I(an) = I(¢) + I(Un) + 0(1)a
where v,, = @, — ¢. In this way I(¢) > 0 implies that

lim sup I(v,,) < 0. (2.21)

n—roo

According to Lemma 2.1, we have a sequence 6, such that 6, v, € N. In order
to simplify the notation, we denote 6,, := 0,, . Next we claim that limsup,,_, . 0, €
(0,1). In fact if limsup,, , ., 0, = 1, then there is a subsequence (0,,,);en such that
lim; o 0,,; = 1. Thus from 0,,,v,,, € N, one deduces that for j large ehough, I(v,,) =
I(0;vn;) + o(1) = o(1). This contradicts (2.21). Therefore limsup,, .., 0, € (0,1).
Since

d+o(t) =t = (1 ) [EIBE D e
<117 p*l(s > 2S @+ ( )
1
)

(1 _ —p*m/ [21°10n ”“'p*() ¢ +o(1) =
P D«(S

6)L(envn) o(1),

IZI [on [P~

Y
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one deduces from limsup,, . 0, € (0,1) that d > L(6,,v,), which is again a contra-
diction because of 0,,v,, € N.
In the sum we proved that I(¢) = 0.

Step 6. Concluding the proof. We claim that
P
/ <|Van|p — )\|§2|p|vn|p) d¢ —0 as n— oco.

Arguing by a contradiction. We assume that [ (|Van|p - )\I};lewn‘p) d¢ 4 0 as
n — co. Then we have two cases:
(i) if [ Lo, [P+)dg 4 0 as n — oo, we obtain from

|
025

0=1I(tn) = I(¢) + I(va) + o(1),
I(¢) = 0 and the Brezis-Lieb lemma that
d+ o(1) = L(ty,) = L(¢) + L(vy) + 0(1) > d+ d + o(1),

which is a contradiction because of d > 0;
(ii) if [ %\vn P+(8)d¢ — 0 as n — oo, we have that

217

= 1 P v p 15}
d o) = 1) = 20)+ 3 [ (IVoa = MEZ0) de o) > a

which is also a contradiction. Therefore we deduce that @, — ¢ in Dy?(HY). Thus ¢
is a minimizer of the minimum d. O

Proof of Theorem 1.2. The proof of Theorem 1.2 follows directly from Theorem 2.8
and Lemma 2.3. O
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