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Abstract. Let V be a finite nonempty set. A transit function is a map R: V xV — 2V
such that R(u,u) = {u}, R(u,v) = R(v,u) and u € R(u,v) holds for every u,v € V.
A set K CV is R-convex if R(u,v) C K for every u,v € K and all R-convex subsets
of V form a convexity Cr. We consider the Minkowski—Krein—Milman property that
every R-convex set K in a convexity Cgr is the convex hull of the set of extreme
points of K from axiomatic point of view and present a characterization of it. Later
we consider several well-known transit functions on graphs and present the use of the
mentioned characterizations on them.
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1. INTRODUCTION AND PRELIMINARIES

The notion of convexity has been extended from Euclidean spaces to several different
mathematical structures, and in the last decades an abstract theory of convex structures
has been developed. It is based on natural conditions or axioms imposed on a family
of subsets C of a given set V. The two axioms are both ) and V belong to C and
C is closed under arbitrary intersections. In the infinite case, a nested sequence of
members of C should also belong to C. The elements in C are called the convex sets
of V. Given a convexity C on V, the convex hull of a subset A of V is the smallest
convex set containing A, denoted as (A)c. The theory is comprehensively surveyed in
van de Vel’s book [43], where the notion of interval convexity turns out to be one of
its universal concepts.

As shown by Calder in [6], the pertinent properties of a mapping R:V x V — 2V
that yields a convexity on a set V' are the symmetry law and the extensive law. These
two laws constitute all axioms for the formal interval convexity with R as the interval
operator [43]. By also adding the idempotent law, we get the concept of a transit
function as defined by Mulder [37]. His purpose was to generalize natural intervals
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and convex sets in several mathematical structures, including vector spaces, graphs,
posets, lattices, hypergraphs, etc.

We formally define a transit function on a finite non-empty set V as a map
R:V x V — 2V satisfying the following three axioms.

(t1) u € R(u,v), for every u,v € V.
(t2) R(u,v) = R(v,u), for every u,v € V.
(t3) R(u,u) = {u}, for every u € V.

The notation z € R(u,v) can be interpreted as x is between u and v, and so
an axiom on R is termed a betweenness axiom (also we sometimes use the term transit
axiom). We refer to sets R(u,v) as transit sets.

Given a transit function R on V a set S C V is said to be R-convez if R(u,v) C S
for every u,v € S. It can be easily seen that the family of all R convex sets of V,
known as R-convexity and denoted as Cg, forms a convexity on V', and we say that
the R-convexity is generated by the transit function R.

Furthermore, for a positive integer n, a convexity C on V' is of arity at most n, if

C={CCV:FCC,I|F|<n= (F) CC).

It follows that every convexity C is an n-ary convexity for some integer n > 2, see
van De Vel [43] and [11], for more discussion on n-ary convexities and the n-ary
transit function. Natural convexities C are interval convexities generated by a transit
function R; see [43], for a comprehensive axiomatic treatment of interval convexities.

Given a convex set K in a convexity C, a point k € K is called an extreme point,
if the set K \ {k} is also convex. An interesting property satisfied by the classical
Euclidean convexity in R? is the well-known Minkowski-Krein-Milman theorem, which
states that every compact convex set is the convex hull of its extreme points. This
classical theorem is generalized in the axiomatic convexity and framed as the axiom,
namely, “Fvery convex set K in a convexity C is the convex hull of the set of extreme
points of K”. The convexity C on V that satisfies this condition is termed a convez
geometry on V.

The theory of convex geometry, due to Edelman and Jamison [24], is developed as
an abstraction of standard convexity in Euclidean space R?. There are several other
equivalent formulations of convex geometries following the pioneering work of Edelman
and Jamison, for example, the surveys by Stern [42], Adaricheva and Czedli [2],
C7zedli [17], and Adaricheva and Nation [1]. There are many settings where convex
geometries naturally appear (under various names); see, for instance, Goecke, Korte
and Lovész [27], Korte, Lovdsz, and Schrader [30], Doignon and Falmagne [19], and
Falmagne and Doignon [25]. For nice historical overviews with reference to additional
settings, see Monjardet [32-34].

In [24], the anti-ezchange axiom is introduced as an equivalent condition for
a convex geometry. That is, a convexity C on V satisfies the anti-exchange axiom, if for
any convex set K € C, and two elements p,q ¢ K, p # ¢, then ¢ € (K U {p}) implies
that p ¢ (K U {q}). For convenience, we use the notation (KX U p) instead of (K U {p}).
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Edelman and Jamison in [24] have given several equivalent conditions for a convexity
C on V to be a convex geometry. We quote some of the equivalent conditions that
we use in this paper as the following theorem.

Theorem 1.1 ([24]). Let V be a set and C be a convexity on V. The following
conditions are equivalent.

(i) C is a convex geometry.
(ii) C satisfies the anti-exchange axiom.
(iii) For every convex set K, there exists a point p € V' \ K such that K U {p} is
convet.

In his work [37], Mulder introduced several natural betweenness axioms for a transit
function R. We require some of these axioms in our results in this paper, which are as
follows.

(b1) If v € R(u,v) and = # v, then v & R(u, z), for every u,v,z € V.
(03) If z € R(u,v) and y € R(u,x), then z € R(y,v), for every u,v,z,y € V.
(m) If 2,y € R(u,v), then R(z,y) C R(u,v), for every u,v,z,y € V.

It can be verified that, if R satisfies (b3), then it satisfies (b1), but not conversely.
The axiom (m) is known as the monotone axiom and if (m) holds, then R(u,v) is
R-convex for every u,v € V.

It may be noted that a transit function R can also be equivalently represented
as a ternary relation and that the transit axioms can be translated as axioms on the
ternary relation.

In 2009, Chvétal [16] defined convex geometries on V using the betweenness relation
B considered as ternary relations with more relaxed axioms and tried to characterize
some special classes of convex geometries using this approach.

The relation of betweenness of Chvatal can be translated as a function B from
V x V — 2V that satisfies u ¢ B(u,v) and B(u,v) = B(v,u), for all u,v € V.

Let X C V that is not necessarily convex and x € X. If © ¢ B(u,v) for every
points u,v € X — {x}, then x is an extreme point of X. The set of all extreme points
of X is denoted by exp(X). Using the idea of the set of extreme points, the results of
Chvétal in [16] can be stated as follows.

Theorem 1.2 ([16]). For every betweenness B on a finite V with x € B(u,v) and
pairwise distinct u,x,v € V, the following statements are equivalent.

(eB1) For any subset X of V' and every x1,x2,x3 € X such that xo € B(z1,x3) there
exists T1,Z3 € exp(X) such that o € B(T1,T3).

(eB2) For every x,y,u,v,w € V, if x € B(u,v) and y € B(z,w), then y € B(u,w)
ory € B(v,w) ory € B(u,v).

The implication of Theorem 1.2 is that the condition (eB2) implies that the
corresponding betweenness B will give rise to a convex geometry.

The work on convex geometries due to Chvatal through betweenness prompts one
to think about how far the idea of betweenness can capture abstract convex geometries.
Since the transit function is an important tool for studying betweenness, as evidenced
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by the vast references in discrete structures, [7—10, 12-15, 35, 38, 43], the following
problem becomes interesting.

Problem 1.3. Is it possible to characterize convex geometries arising from interval
convexities Cr using the betweenness axioms of the corresponding transit function R?

In this paper, we partially solve this problem and provide connections to the
well-known instances of convex geometries which are interval convexities.

We observe that condition (eB2) in Theorem 1.2 is crucial for a transit function R
to generate convex geometries. Therefore, we rename it to (Ch) after the author.

(Ch) For every u,v,w,z,y € V, if z € R(u,v) and y € R(z,w), then y € R(u,w) or
y € R(v,w) or y € R(u,v).

The axiom (J0), discussed in [8] and several other references, turns out to be
a necessary axiom for a transit function R to generate convexities that are convex
geometries. The axiom (J0) is the following.

(JO) For every distinct u,v,z,y € V, if x € R(u,y) and y € R(zx,v), then x € R(u,v).

In this paper, we consider only finite non-empty sets V. We organize the paper as
follows. In Section 2, we present our main results for an arbitrary transit function to
generate interval convexities that are convex geometries and provide characterization in
special cases. In Section 3, we provide examples of convexities in graphs, hypergraphs,
etc. generated by transit functions and analyze the status of the axioms presented
in Section 2 on these transit functions. In Section 4, we study convex geometries
from the point of view of set systems. We characterize transit functions that identify
convex geometries.

2. CONVEX GEOMETRY GENERATED BY AXIOMS
ON AN ARBITRARY TRANSIT FUNCTION R

In this section, we present the main results using axioms for an arbitrary transit
function R such that the corresponding R-convexity Cpr is a convex geometry. It can
be observed that (b1) forms a necessary axiom for a transit function R to generate Cr
a convex geometry. We have the following immediate theorem.

Theorem 2.1. Let R be a monotone transit function on a finite non-empty set V.
If Cr is a convex geometry, then R satisfies (b1) and (JO).

Proof. Assume that Cg is a convex geometry generated by a monotone transit func-
tion R. For a convex set K € Cr and two unequal points p and ¢ in V\ K, if ¢ € (K U p),
then it follows that p ¢ (K U q). First, we prove that R satisfies (bl). If not, then
x € R(u,v), z # v and v € R(u,z). For a convex set K = {u} we have z € (K Uv)
and v € (K Ux), a contradiction with the assumption that Cg is a convex geometry.

Now suppose that R does not satisfy (J0). That is, 2 € R(u,y), y € R(x,v) and
x ¢ R(u,v) for some different points w,z,y,v. If y € R(u,v), then = € R(u,y) C
R(u,v) since R is monotone, a contradiction. So, y ¢ R(u,v). Since R is monotone,
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R(u,v) is convex and let K = R(u,v). Then z € (K Uy) since z € R(u,y) and
y € (K Uxz) since y € R(x,v). That is, x € (K Uy) and y € (K U z), which contradicts
(ii) of Theorem 1.1 that Cg is a convex geometry. Therefore, we can conclude that R
satisfies (J0). O

It is clear from the proof of Theorem 2.1 that if a convexity generated by
a (not necessary monotone) transit function is a convex geometry, then R satisfies
(b1), but it does not need to satisfy (J0). As an illustration, consider Example 2.2,
where Cgr constitutes a convex geometry and R satisfy (b1) but not (J0) nor (m).

Example 2.2. Let V = {a,b,c,d,e} and R:V x V — 2" be defined symmetrically
by R(av C) = {av b, C}v R(aa d) = {aa b, d}? R(av 6) = {a’ b,d, 6}7 R(dv 6) = {da G 6}7
R(b,d) = {b, c,d} and in all other cases R(x,y) = {x,y}. Here Cg is a convex geometry
and R satisfies (b1). But R does not satisfy (J0) as ¢ € R(d,b), b € R(c,a) and
¢ ¢ R(d,a). Also, it is not monotone as b,d € R(a,e) but R(b,d) Z R(a,e).

Consider the following example in which R is a monotone transit function that
satisfies (b1) and (J0), but Cg is not a convex geometry.

Example 2.3. Let V = {a,b,c,d,e, f} and R: V x V — 2V be defined symmetrically
by R(a, f) = {a,c, f}, R(c,e) = {¢,b,e}, R(b,d) = {b,a,d} and in all other cases
R(z,y) = {x,y}. Then R is monotone and R satisfies (J0) and (b1). But Cg is not
a convex geometry by Theorem 1.1, as anti-exchange axiom does not hold, because
K ={d,e, f} is a convex set and ¢ € (K Ua) and a € (K Uc) (since b € R(c,e) and
a € R(b,d)).

Example 2.3 demonstrates that monotonicity, (J0) and (b1) are not sufficient for
a convexity generated by a transit function R to become a convex geometry. The
next theorem where we replace monotonicity by (Ch) gives a sufficient condition for
a convexity induced by a transit function to be a convex geometry. Before that we
show the following technical lemma.

Lemma 2.4. Let R be a transit function on a finite non-empty set V' that fulfills (Ch).
If K is an R-convex set, p,q ¢ K and p € (K Ugq), then p € R(q,x) for some x € K.

Proof. Let K be an R-convex set, p,q ¢ K and p € (K U ¢). This means that there
exists two sequences of points z1,...,2:-1 € K and y1,...,y: € V — K, such that
1 =4q, Y+ = pand y;41 € R(y;, z;) for every i € {1,...,t—1}. We will show that ¢t = 2
and with this p = yo € R(x1,y1) = R(z1,q) for some z; € K. We may choose
minimum ¢. If ¢ > 2, then yo € R(y1,21) and y3 € R(y2,x2) where z1,25 € K and
Y1,Y2,y3 € V— K. By (Ch) we have y3 € R(w1,22) or y3 € R(y1,21) or y3 € R(y1,2).
If y3 € R(x1,z2), then we have a contradiction because K is R-convex. If y3 € R(y1, 1),
then we have two shorter sequences by removing x5 and y, from original sequences,
which is in contradiction with the choice of ¢. Finally, if y3 € R(y1,x2), then we
have two shorter sequences by removing z; and y, from original sequences, the same
contradiction with the choice of t. Hence, ¢t = 2 and we are done. O

Theorem 2.5. Let R be a transit function on a finite non-empty set V. If R satisfies
(Ch), (b1) and (JO), then Cg is a convex geometry.
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Proof. Suppose that R is a transit function that satisfies (C'h), (b1) and (J0). To prove
that Cg is a convex geometry, it suffices to prove that the anti-exchange axiom holds
by Theorem 1.1. This means that p € (K U g) implies g ¢ (K U p) for any convex set
K € C and two different elements p,q ¢ K.

Let p € (K Ugq). By Lemma 2.4 we have p € R(q,z) for some x € K. Assume
conversely, that also ¢ € (K Up). By Lemma 2.4 again we have ¢ € R(p,y) for some
y € K. Since p € R(q,x), ¢ ¢ R(p,z) by (b1) soy # x. Now p € R(x,q) and g € R(p,y)
implies that p,q € R(z,y) by (J0), contradicting the assumption that K is a convex
set. So ¢ ¢ (K Up) and we are done. O

Examples 2.6, 2.7, and 2.8 illustrate the independence of (Ch), (b1), and (JO).
Also, the R-convexity of these three examples is not a convex geometry.

Example 2.6. (Ch) and (b1), but not (J0).

Let V = {a,b,c,d} and R : V xV — 2V be defined symmetrically by R(a,c) = {a,b,c},
R(b,d) = {b, ¢, d} and in all other cases R(z,y) = {x, y}. Then R satisfies (Ch) and (b1).
Here b € R(a,c) and ¢ € R(b,d) but b ¢ R(a,d) and so R do not satisfy (J0).

Example 2.7. (J0) and (b1), but not (Ch).

Let V = {a,b,c,d,e} and R : V x V — 2V be defined symmetrically by R(a,e) =
{a,c,d,e}, R(c,d) = {c,b,d}, R(a,b) = {a,e, b} and in all other cases R(z,y) = {z,y}.
Then R satisfies (J0) and (bl). Here ¢ € R(a,e) and b € R(c,d) but b ¢ R(a,d),
b¢ R(a,e) and b ¢ R(d,e) and so R does not satisfies (Ch).

Example 2.8. (J0) and (Ch), but not (b1).

Let V ={a,b,c} and R:V x V — 2V be defined symmetrically by R(a,c) = {a,b,c},
R(b,c) = {b,a,c} and R(a,b) = {a,b}. Then R satisfies (JO) and (Ch). But b € R(a,c)
and a € R(b,c¢) so R does not satisfy (b1).

Lemma 2.9. Let R be a transit function on a set V. If R satisfies (Ch), then R is
momnotone.

Proof. Let R be a transit function that satisfies (Ch). Assume z,y € R(u,v) and
z € R(z,y). Now x € R(u,v) and z € R(x,y) implies that z € R(u,y) or z € R(v,y)
or z € R(u,v). If 2z € R(u,v), then we are done. Otherwise, z € R(u,y) or
z € R(v,y). First consider z € R(u,y). Now, (Ch) together with y € R(u,v) imply
that z € R(u,u) = {u} C R(u,v) or z € R(u,v), and we are done. Let now z € R(v, y).
Again, (Ch) together with y € R(u,v) imply that z € R(v,v) = {v} C R(u,v) or
z € R(u,v), and we are done. O

By Theorems 2.1 and 2.5 and Lemma 2.9 we obtain the following result.

Theorem 2.10. Let R be a transit function on a finite nonempty set V. satisfying (Ch).
Then Cr is a convex geometry if and only if R satisfies (b1) and (JO0).

The Peano axiom (P) is adapted from the well-known geometric property in
Euclidean space. It was considered by van De Vel in [43], as well as many others,
see [9] for a flavor. It is defined as follows.
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(P) For every z,y,u,v,w € V, if z € R(u,v) and y € R(x,w), then there exists
z € R(u,w) such that y € R(z,v).

The next result shows that (Ch) is stronger than P, while the converse does not
hold in every case as shown later in Example 2.16.

Lemma 2.11. If a transit function R satisfies (Ch), then it satisfies (P).

Proof. Suppose that R satisfies (Ch). So, if z € R(u,v) and y € R(z,w), then
y € R(u,w) or y € R(v,w) or y € R(u,v). If y € R(u,w), then assume z = y
and soy € R(z,v). lf y € R(v,w), then set z = w and we get y € R(z,v). If y € R(u,v),
then for 2 = u we have y € R(z,v). O

In Theorem 2.5, we can substitute (Ch) with the weaker (P). For this, we
need the following propositions proved in [43]. A convexity is said to be join
hull commutative (JHC) if for any convex set K C V and for any point p in V|,
(KUp)=U{{kUp) : k € K}.If R is a transit function on V, then we call the transit
function R* : V x V — 2V defined by R*(u,v) = (R(u,v)), for u,v € V, the segment
transit function associated with R.

Proposition 2.12 ([43]). If R is a transit function, then R-convezity is JHC if and
only if R* satisfies (P).

Proposition 2.13 ([43]). If a transit function R satisfies (P), then R is monotone.

Theorem 2.14. If R is a transit function satisfying (P), (JO) and (bl), then Cg is
a convex geometry.

Proof. By Proposition 2.13, R is monotone since it satisfies (P). Since R is monotone,
we have R*(u,v) = R(u,v) and (P) holds for R*. By Proposition 2.12, Cg is JHC.
If Cr is JHC and R is monotone, then p € (K Ugq) implies p € R(q,z) for an
R-convex set K, p,q ¢ K and some z € K. Now we may assume that Cg is not a convex
geometry. That is, p € (K U q) and g € (K U p) for some R-convex set K. Since Cg is
JHC, p € (K Uq) implies that p € R(g, ) for some z € K. Furthermore, ¢ € (K U p)
implies that ¢ € R(p,y) for some y € K. If x = y, then we have a contradiction to (b1)
because p € R(q,z) and ¢ € R(p,x). Now p € R(q,x) and ¢ € R(p,y) and p, q,z,y are
different, which implies that p € R(x,y) by (J0), a contradiction to the assumption
that K is an R-convex set. So Cg is a convex geometry. O

Now, we can replace (Ch) with the weaker (P) in Theorem 2.10 to get more classes
of interval convex geometries, which can be obtained from axioms on the corresponding
transit functions.

Theorem 2.15. Let R be a transit function on a finite nonempty set V' satisfying (P).
Then Cr is a convex geometry if and only if R satisfies (b1) and (JO0).

We end this section by presenting an example of a transit function R whose
R-convexity is a convex geometry and R satisfies (P), (JO) and (b1), but not (Ch).
For clarity, the example is shown in Figure 1.
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Example 2.16. Let V = {u,z,v,y,w,s,t} and R : V x V — 2V be defined
symmetrically by R(u,v) = {u,z,v}, R(z,w) = {z,y,w}, R(u,w) = {u,s,w},
R(v,w) = {v,t,w}, R(u,t) = {u,y,t}, R(v,s) = {v,y,s} and in all other cases
R(a,b) = {a,b}. It is easy to check that R satisfies (P), (b1) and (J0). But R does not
satisfy (Ch) as ¢ € R(u,v), y € R(xz,w) but y ¢ R(u,v), y ¢ R(u,w) and y ¢ R(v,w).
Further, one can observe that every R(a,b), a,b € V, is convex. From this it is
straightforward to verify (iii) of Theorem 1.1 and Cg is a convex geometry.

Fig. 1. R satisfies (P), (J0) and (b1), but not (Ch)

3. INSTANCES OF CONVEX GEOMETRIES GENERATED
BY WELL-KNOWN TRANSIT FUNCTIONS

In this section, we analyze the known cases of interval convexities mostly in graphs
known to be convex geometries, and check the status of the axioms that we have
discussed in the previous sections. We provide each case in subsections.

We consider only undirected, finite, simple and connected graphs. Let G and
G1,...,Gy be connected graphs. We say that G is (G - - - G )-free graph if G has no
induced subgraph isomorphic to G; for every i € {1,...,k}. The forbidden subgraphs
that will be treated in this work are holes, denoted by H, which are all induced
cycles C,,, for n > 5. Other graphs are house H (left graph of Figure 2), domino D
(third graph of Figure 2), A-graph (last graph of Figure 2) and a 3-fan F5 that consists



Convex geometries yielded by transit functions 431

of a path on four vertices and additional vertex that is adjacent to all vertices of the
mentioned path. Notice that we denote both house and a hole by H. In particular,
always when they are both forbidden, we write H H-free graphs and there is no place
for confusion. Otherwise, if there is only H-free graph, we mean a house-free graphs.
For hole-free graphs we use the whole word: hole-free graphs.

3.1. GEODESIC CONVEXITY

One of the well-studied path transit functions on graphs is the interval function Ig
with respect to the standard shortest path distance d(u,v), u,v € V(G) in G. Here
d(u,v) is the minimum number of edges on a u, v-path and a u, v-path of length d(u,v)
is called a u, v-shortest path or a u, v-geodesic. The interval function Ig of a connected
graph G is defined as I : V x V — 2V where

I(u,v) = {w € V(G) : w lies on some u, v-geodesic in G},
which can also be expressed by the distances as
I (u,v) = {w € V(G) : d(u,w) + d(w,v) = d(u,v)}.

In [26], it was established that the geodesic convexity of a graph G is a convex geometry
if and only if G is a Ptolemaic graph. Ptolemaic graphs were introduced by Kay and
Chartrand in [29] as graphs in which the distances obey the Ptolemy inequality. That
is, for every four vertices u, v, w and z the inequality

d(u,v)d(w, x) + d(u, z)d(v, w) > d(u,w)d(v, x)

holds. Howorka in [28] proved that a graph is Ptolemaic if and only if it is chordal
and 3-fan-free. A graph is chordal if it has no induced cycles C,, for n > 4

Theorem 3.1 ([26]). The geodesic convexity of a graph G is a convex geometry if
and only if G is Ptolemaic.

An alternative proof of Theorem 3.1 follows from Theorem 2.10 if we are able to
show the desired relationships for geodesic convexity between (J0), (b1),(Ch) and
Ptolemaic graphs. This was proved for (J0) in [8] as follows.

Theorem 3.2 ([8]). Let G be a graph. The interval function I¢ satisfies (JO) if and
only if G is a Ptolemaic graph.

Further, Mulder’s work [36] has already confirmed that I satisfies (b1) on every
connected graph G. So, we only need to demonstrate that I satisfies (Ch) on Ptolemaic
graphs.

Proposition 3.3. The interval function I satisfies (Ch) on Ptolemaic graphs.

Proof. Let G be a Ptolemaic graph (chordal and 3-fan-free) and suppose that I does not
satisfy (Ch). That is, x € I(u,v), y € I(x,w), y ¢ I(u,v), y ¢ I(u,w) and y ¢ I(v,w).
We may choose vertices z,y, u, v, w in such a way that d(z,w) is minimal. Suppose
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P is a u,v-geodesic containing = and Q = zz;...x,w, p > 1, is an z, w-geodesic
containing y. Since y ¢ I(u,v), y is not on P. Similarly, y ¢ I(u,w) and y ¢ I(v,w)
imply the existence of a u, w-geodesic R which does not contain y and a v, w-geodesic
S that also avoids y. Let a be the vertex common to P and R and a’ be the vertex
common to @ and R. Clearly, a is different from x and o’ is different from y. Let
u’ and v’ be neighbors of 2 on P, where u’ is closer to w. If both v'zq,v'zy € E(G),
then x1 # y since we have a u,v-geodesic that contains 1. Moreover, this yields
a contradiction with the choice of d(z,w), since we can replace x by x1. So, we may
assume that at least one of u’ and v’ is not adjacent to z1, say v'z; ¢ E(G). If ' is

adjacent to any other vertex ¢ on @ (other than z), then zu'q % z form an induced
cycle (if ¢ is chosen to be closest to  among all such vertices) of length at least four,
a contradiction. Let R’ be a shortest path that starts in v’ and ends in a vertex ¢’
of @ that avoids z and let u; be a neighbor of «’ on R’. If u; belongs to P, then it is
not adjacent to z and uju’zz; form or are a part of an induced cycle of length at
least four, a contradiction. Otherwise, to avoid an induced cycle of length at least four,
we have ujz,u121 € E(G). Now, edge ujzs yields a 3-fan on wuy, v, 2, x1, 29, which is
not possible for Ptolemaic graphs (notice that x5 may be a’ or even w). Otherwise,
u1zs ¢ E(G) and wuy, 1,22, x3 form or are a part of an induced cycle of length at
least four, a final contradiction. Hence, (Ch) holds for I on Ptolemaic graphs. O

3.2. INDUCED PATH OR MONOPHONIC CONVEXITY

An induced path or a monophonic path is a chordless path, where a chord of a path is
an edge joining two non-consecutive vertices of that path. The induced path transit
function J(u,v) of graph G is a natural generalization of the interval function and is
defined as follows:

J(u,v) ={w € V(G) : w lies on an induced u, v-path}.

The induced path convexity (monophonic convexity) is a convex geometry precisely
for chordal graphs, see [26].

Theorem 3.4 ([26]). The monophonic convexity of a graph G is a convex geometry
if and only if G is a chordal graph.

In [8], a characterization of the induced path function of chordal graphs is provided.
Furthermore, in [35], the graphs for which J satisfies (b1) are identified as (H H D)-free
graphs where H-house, H-hole, and D-domino are depicted in Figure 2.

Theorem 3.5 ([8]). Let G be a graph. The induced path transit function Jg satisfies
the aziom (JO) if and only if G is a chordal graph.

Lemma 3.6 ([35]). The induced path transit function Jg on a graph G satisfies (b1)
if and only if G is (HHD)-free.

Since chordal graphs are also (H H D)-free graphs, it follows by Lemma 3.6 that
J satisfies (b1) on chordal graphs. Hence, to complete an alternative proof of Theo-
rem 3.4 we only need to show that J satisfies (Ch) on chordal graphs, and we are
done by Theorem 2.10.
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Proposition 3.7. The induced path function J satisfies (Ch) on chordal graphs.

Proof. If possible suppose that J does not satisfy (Ch) for chordal graphs. That is,
z € J(u,v), y € J(xz,w), y ¢ J(u,v), y ¢ J(u,w), and y ¢ J(v,w). Suppose P is an
induced u,v-path containing = and @) be an induced x,w-path containing y. Since
y ¢ J(u,v), y is not on P and y is not adjacent to both v and v. Now, y ¢ J(u,w)
and y ¢ J(v,w) implies that there is a chord from wu, z-subpath of P to y,w-subpath
of @ and a chord from v, z-subpath of P to y,w-subpath of Q. Let a be the vertex
closest to z in the u, z-subpath of P, which has a neighbor, denoted as a’, in the
y, w-subpath of (). Similarly, let b be the vertex closest to = in the v, xz-subpath of P,
which has a neighbor, denoted as ¥, in the y, w-subpath of Q. Clearly, a and b can be
chosen in such a way that a’ and b are different from y, and we may choose a’ and b’
to be as close as possible to y on Q. If ' = I/, then the vertices on the a, b-subpaths
of P, along with the vertex a’, induce a cycle of length at least four. This contradicts
the assumption that G is chordal. If a’ # b, then the vertices on the a, b-subpaths
of P along with the vertices on the a’, b’-subpaths of @ induce a cycle of length more
than four, the same contradiction again. O

3.3. m3-CONVEXITY

For a graph G, an m3-path refers to an induced path of length at least three.
The m3-transit function is a path transit function defined as m3 : V. x V. — 2V where
m3(u,v) equals to

{w € V(G) : w lies on some u, v-induced path of length at least three in G}.

The m3-convexity is generated by the m3-transit function. In [22], it has been shown
that weak bipolarizable graphs are the convex geometry with respect to m3-convexity.
A graph is weak bipolarizable if it is HH D A-free, see [39], where house H, hole H,
domino D, and A-graph are depicted in Figure 2.

Theorem 3.8 ([22]). The m>-convexity of a graph G is a convex geometry if and only
if G is weak bipolarizable.

Lemma 3.9. Let G be a graph. The m3-transit function on G satisfies (b1) if and
only if G is (HHD)-free.

Proof. If G contains a house, a hole or a domino as an induced subgraph, then
m3-transit function does not satisfy (b1) for vertices denoted on Figure 2. Conversely,
suppose that the m3-transit function does not satisfy (b1) on G. That is, z € m3(u,v),
v # x and v € m?(u, ). Indeed, z € m?(u, v) implies that there is an u, v-induced
path of length at least three containing z, and v € m?(u,r) implies that there
is an wu,z-induced path of length at least three containing v. Let P = ux;...xpx
be a u, z-induced path, @ = zv; ...v:v be an x, v-induced path and R : uuy ... u,v be
a u, v-induced path without a neighbor of = (except possibly v) where Q U R form
an induced z,u-path. We have n,m > 1 since ux,vu ¢ E(G), whilet > 0 (t =0
means that xv € E(G)). Let a be the vertex common to P and R closest to x. Clearly,
a is not & and not a neighbor of z on P. If a # u, then replace a by u without changing
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the assumptions. In addition, let us choose u, x, v in such a way that P is a short as

possible. If uyz; € E(G) for some i € {1,...,n — 1}, then we can replace u by z;,
and we have a contradiction with the choice of P. This means, that x1,...,x,_1 are
not adjacent to uy. If n > 2, then uy,u,x1,...,x, (possibly together with some other

vertices) form an induced cycle of length at least five, and we have a hole.

v x v xT v T u v

Fig. 2. Graphs: house H, hole H, domino D and A-graph (from left to right)

Let now n = 2. If zouy ¢ E(G), then uq,u, 1, z2,x (possibly together with some
other vertices) form a hole again. So, we may assume that xou; € E(G). If m = 1, then
we have a domino if Q) = zv and a hole if ¢t > 1. Now we have m > 1. If xsus € E(G),
then {u, uy,us, 2,21} induce a house. Otherwise, when zous ¢ E(G), then vertices
{u,u1, uz, uz, r2, 21} induce a domino when xsus € E(G) (notice that this is possible
when m > 3) or {zs2,u1,...,u;} a hole when u;, i > 3, is the first vertex adjacent to

o on R after wi. Finally, zou; i v g zxo is a hole when x5 is not adjacent to any
other vertex of R than wu;.

We are left with n = 1. If &1 is not adjacent to two consecutive vertices u; and wu;41
(where u;+1 may equal to v), then x1,u;—1,u;, u;y1u;42 Wwith possibly some other
vertices induce a hole (if u;41 = v, then u; 12 = v;). Suppose next that xyu; ¢ F(G) for
some i € {1,...,m}. This means that w;_121,u;1+121 € E(G), where u;_1 may equal
to u and w;1 may equal to v. Let y € {u;—2,u;42} when it exists. If yz; € E(G), then
X1, Ui—1, Ui, Uit1,y induce a house. Otherwise, if yx; ¢ E(G), then xq,u;—1, ui, tit1,y
together with the other neighbor z of ¥y on R induce a domino. Here z may equal to
u when y = uy or z may equal to v; when y = v and z1v; € F(G) in this case, since
otherwise x1, Um, v, v, V1 and possibly some other vertices induce a hole. The last
option is that y does not exist, which means that m = 1 and z1u; € E(G), because
otherwise two consecutive vertices u; and v of R are not adjacent to . If zv € E(G),
then w,z1,,v,u; induce a house. Otherwise, let v; be the last neighbor of z; on
Q for j € {0,1,...,t}, where vg = z. If j = ¢, then u,u1,v,vs, 21 induce a house.
If j < t, then v;,vj41,...,v¢,v,u1, 21 induce a hole. Thus, we obtained a hole, a house
or a domino in every possible situation and the proof is completed. O



Convex geometries yielded by transit functions 435

Lemma 3.10. Let G be a graph. The m3-transit function defined on V(G) satisfies
(JO) if and only if G is (hole, A)-free.

Proof. First assume G contains a hole graph with y, v, u, x as its consecutive vertices
or a A-graph with vertices as shown on Figure 2, then z € m3(u,y), y € m3(x,v) and
x ¢ m>®(u,v). That is, the m>3-transit function does not satisfy (J0).

Conversely, suppose that (J0) does not hold on vertices u, v, z,y for m3-transit
function on G. There exists an induced u, y-path, say P, containing = of length at
least three and an induced x, v-path, say @, containing y of length at least three. Since
x ¢ m3(u,v) there is a chord ab from a vertex in the u, z-subpath of P to a vertex
in the y, v-subpath of @. Let a be the vertex closest to x on P that has a neighbor b

on . In this case, the chord ab and the path a Ei y 2 b form a cycle C. If C' is not
induced, then let o’ is the first vertex from z, y-subpath of P with a neighbor ¥’ from
1y, b-subpath of ). Further we choose b’ to be first such vertex on y, b-subpath of Q.

Clearly, a # x # a’. Cycle a Py @t % ba is a hole and we are done. Otherwise, C' is
induced of lengrt at least four. If the length of C' is at least five, then we have a hole
again. If C = azyba, then a # u and b # v because P and () have lenght at least
three. Let w’' be the neighbor of a in the a,u-subpath P and let v’ be the neighbor
of b in the b, v-subpath Q. Vertices v’ and v’ together with the vertices of C' induce
an A-graph. O

Lemma 3.11. The m3-transit function satisfies (Ch) on HH D A-free graphs.

Proof. Suppose that m>-transit function does not satisfy (Ch) on the weak bipolar-
izable graphs. That is € m?(u,v), y € m?(z,w), y ¢ m3(u,v), y ¢ m®(u,w) and
y ¢ m3(v,w). Let P = UpUp_1... U1TV] ...V, U = Uy, and v = vy, is an induced
u, v-path of length at least three containing z and Q = z,zp_1 ... T1yYwW1 ... Wy, Tp = T
and wy = w be an induced z,w-path of length at least three containing y. Since
y & m3(u,v), y is not on P.

First assume that yw € FE(G), which means that yz ¢ FE(G). Condition
y & m?(u,w) implies that u is adjacent to y or to w and from y ¢ m?(v,w) it
follows that v is adjacent to y or w. If both u and v are adjacent to the same
vertex, let it be y (the other case is symmetric), then P together with the edges
uy and vy form a cycle C' of length at least five. The only possible chords in C' are
between y and vertices of P different than z. If u1y ¢ E(G), then we have a hole
on ug,u1,x,v; and y possibly with some other vertices of P. Similarly, we obtain
a hole when or v1y ¢ E(G). Let now uyy,v1y € E(G), which yields a four-cycle
ujzviyur. I ugy € E(G) (resp. vay € F(G)), then we have a house on ug, uy, x,v1,y
(resp. vo, v1,z,u1,y). S0, let ugy, vay ¢ E(G). If n > 4 (resp. m > 4), then we have
an induced A on ug,u1,x,v1,y,us (resp. ve,v1, T, us,y,vs) and we may assume that
n,m < 3. Also, n # 2 and m # 2, because usy, voy ¢ F(G). So, n,m € {1,3} and at
least one of them equals three since P is of length at least three. Finally, n = 3 (resp.
m = 3) gives an induced domino on wus,uy, z,v1,y, us (resp. va, vy, T, u1,y, v3). Now
consider the case when w is adjacent to y and v is adjacent to w (or vise versa), which
means also that uw,vy ¢ E(G). As before we have a hole or an induced four cycle
C = wizviyus. In addition, edge uoy yields a house, uoy ¢ E(G) and ugy € E(G)
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induces a domino and wusy,usy ¢ E(G) gives A when n > 4. So, let n = 1, which
means that m > 2 and uyw ¢ E(G). But now we have a house on u1, z,v;,w,y when
vyw € E(G) or on uy,x,v1,v2,y when vay € E(G). Otherwise, viw, voy ¢ E(G) and
U1, &, v1,v2,y,w induce a domino if vow € E(G) or A-graph when vow € E(G).

Now assume that yw ¢ E(G). Conditions y ¢ m?(u, w) and y ¢ m?(v, w) implies
that there is a chord from u, z-subpath of P to y, w-subpath of @ and a chord from
v, z-subpath of P to y,w-subpath of Q). Let a be the vertex closest to x in the
u, z-subpath of P, which has a neighbor a’ closest to y in the y,w-subpath of Q.
Similarly, let b be the vertex closest to x in the v, z-subpath of P, which has a neighbor

b’ closest to y in the y, w-subpath of Q). Clearly, both a’ and ¥’ are different from .

If @ # wuq, then a P2 2 dais a hole. So, we may assume that a = u; and by

symmetric argument also b = vy. Let first @’ # b, and we may assume that b’ is closer
to y than a’. Again ax 2, ¢ is a hole. Hence, let @’ = b'. Furthermore, if one of zy

and ya’' is not an edge, we again have a hole ax 9, da. So, Q = zya’ws ... wy where
wg = w and ¢ > 2. At least one of n and m is at least two, say n > 2, since P is of
length at least three. Notice that C = axba’a is an induced cycle. If usa’ € E(G),
then we have an induced house on C' together with us. Hence, uga’ ¢ E(G). Further,
aws ¢ E(G) yields an induced A on C together with us and we when also ugwy ¢ E(Q)
and an induced domino on the same vertices when uswy € E(G). So, let awy € E(G).
If bwsy ¢ E(G), then we have an induced house on C' together with ws. Thus, we may
assume that bwy € E(G). But now b, z,y,a’, ws induce a house if by ¢ E(G) and we
may assume that by € E(G). Further, b, z,y, a,ws induce a house if ay ¢ F(G) and
we may assume that ay € E(G). If ugy € E(G), then b,y, a,ws, us induce a house.
So, ugy ¢ FE(G) and us # u, because otherwise there exists an induce u, v-path of
length at least three that starts usay and continues with the last neighbor of y on
x,v-subpath of P, a contradiction with y ¢ m?(u,v). If uzy € E(G), then we have
an induced house on us, ug, a,y,z. So, usy ¢ E(G) and uz # u, because otherwise
there exists an induce u, v-path of length at least three, similar as before. Now, first
edge u;y for ¢ > 4 induce a hole on y, a, us, . . ., u;. If such an edge does not exists, then
we have an induced u, v-path of length at least three that contains y, a contradiction
because y ¢ m3(u,v). In all cases we have a contradiction to the assumption that G is
a weak bipolarizable graph and the proof is complete. O

The following proposition follows from Lemmas 3.9, 3.10 and 3.11, and it serves as
a characterization of the m3-transit function of weak bipolarizable graphs. However,
it is clear from Lemmas 3.9 and 3.10 that (b1) and (JO) alone are sufficient for
characterizing the m3-transit function of weak bipolarizable graphs.

Proposition 3.12. Let G be a graph. The m3-transit function defined on V(Q)
satisfies (b1), (JO) and (Ch) if and only if G is a weak bipolarizable graph.
3.4. ALL-PATHS CONVEXITY

The coarsest path transit function of a graph G is the all-paths transit function,
represented as A(u,v) = {w € V(G) : w lies on some u, v-path}, containing all vertices
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that exist on any wu, v-path. For any two vertices u and v in a connected graph G, it is
evident that I(u,v) C J(u,v) C A(u,v). The characterization of the all-paths transit
function is provided in [7], and it is established that A satisfies (b1) if and only if G is
a tree. Our objective is to identify all graphs in which A satisfies (J0) as well as (Ch).

Lemma 3.13. Let G be a graph. The all-paths transit function A satisfies (JO) on G
if and only if every component of G is a tree or a two-connected graph.

Proof. Suppose first that there exists a component Gy of G that is not a tree and
is not two-connected. So, there exists a cut-vertex v on a cycle C. Let z and y be
different vertices of C that are different from v and let v be a neighbor of v from
a different component of G; — v than C. Now, x belongs to A(u,y), y belongs to
A(z,v), but x does not belong to A(u,v). In other words, A does not satisfy (J0).
Conversely, suppose that A does not satisfy (J0) in a component G of G. That
is, v € A(u,y), y € A(z,v) but © ¢ A(u,v). That is, there is a wu,y-path, say P,
containing x and x, v-path, say @), containing y, but there is no u, v-path containing x.
This implies that () passes through a vertex w in the u, z-subpath of P and w separates
x and u. Thus, w is a cut-vertex and (7 is not two-connected. Also, P U Q induced at
least one cycle and G is not a tree. O

Furthermore, notice that all-paths transit function satisfy (Ch) for every graph.
Thus, according to Theorem 2.10, we obtain the following.

Theorem 3.14. The all-path convexity of a graph G forms a convex geometry if and
only if G is a tree.

3.5. TOLL CONVEXITY

A toll walk between two different vertices wy, and wy, of a finite connected graph G
are vertices wq, ..., wy that satisfy the following conditions:

— wjw;y1 € E(Q) for every i € {1,...,k — 1},
— wiw; € E(Q) if and only if i = 2,
— wipw; € E(G) if and only if i = k — 1.

That is, a toll walk W from u to v # u is a walk in which v is adjacent only to the
second vertex of W and v is adjacent only to the for-last vertex of W.

In order to characterize the dominating pairs of vertices in interval graphs, Alcon [3]
introduced toll walks. Later, Alcon et al. [4] defined the toll interval T'(u,v) as the
set of all vertices that belong to the toll walks between u and v # w. This gives rise
to the toll walk transit function 7 : V(G) x V(G) — 2V(©) of a graph G defined as
T(u,u) = {u} or, for u # v,

Ta (u,v) = {z € V(G) : z lies on a toll walk between u and v}.
In [4], Alcon et al. proved that interval graphs are convex geometries for the toll

convexity as given below. Interval graphs are the intersection graphs of the intervals on
the real line. This means that a vertex of an interval graph is represented by one interval
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on the real line, and two intervals are adjacent whenever they intersect. In [31], interval
graphs are characterized as chordal, AT-free graphs. A set of three vertices in a graph G
such that each pair is joined by a path that avoids the neighborhood of the third
vertex is known as an asteroidal triple in G. A graph G is called an AT-free graph if it
has no asteroidal triples.

Theorem 3.15 ([4]). The toll convezity of a graph G is a convex geometry if and
only if G is an interval graph.

The characterization of the toll walk transit function of the interval graphs is
derived in [41], and it is presented below.

Theorem 3.16 ([41]). The toll walk transit function T on a graph G satisfies (b1)
and (JO) if and only if G is an interval graph.

Next, we check the status of (Ch) on interval graphs to show that Theorems 2.10
and 3.15 coexist.

Proposition 3.17. The toll walk transit function T satisfies (Ch) on interval graphs.

Proof. Suppose that the toll walk transit function T' does not satisfy (Ch) on an
interval graph G. Since = € T'(u,v) and y € T'(x,w), there is an induced u, z-path,
say P, without a neighbor of v (where x is a possible exception), there is an induced
x,v-path, say @, without a neighbor of u (where z is a possible exception), there is an
induced z, y-path, say R, without a neighbor of w (where y is a possible exception)
and there is an induced y, w-path, say S, without neighbor of x (where y is a possible
exception). Also, since y ¢ T'(u,v) we may assume that N(v) separates u from y.
If uz,zv € E(G), then there exists a neighbor «’ of v and a neighbor v’ of v on S,
because y ¢ T(u,w) and y ¢ T(v,w), respectively. If we choose u’ and v’ as close as
possible on S, then u, z,v,u’,v" induce a Cy if ' =" or Cp,,m >4 if ' # 0" and G is
not chordal. If uz ¢ E(G) and zv € E(G), then v has a neighbor v’ on S as before.
Moreover, u has a neighbor v’ on S or w has a neighbor w’ in P because y ¢ T'(u, w).
Let a be the vertex closest to x on P having a neighbor a’ on S (notice that a cannot
be x, while a’ can be w). If we choose v’ and a’ close as possible, then vertices of the

sequence @ Py 2o’ 55 o induces a cycle of length at least four and G is not chordal.
We can apply symmetric arguments when ux € F(G) and zv ¢ E(G). Finally, suppose
that ux ¢ E(G) and zv ¢ E(G). If xy € E(G), then u i TYxT 9 visa u, v-toll
walk containing y, that is y € T'(u,v) which is not possible. Thus, zy ¢ E(G). As
before, let a be the vertex closest to x in P having a neighbor a’ on S, which exists
since y ¢ T(u,w). Since N(v) separates u from y, v has a neighbor v’ on R and

a neighbor v” on S and no vertex of the path v’ EiN y S0 s adjacent to u. Now,

R S P s . .
v =y =v'vora—zx 2, 0" 55 @a contains an induced cycle of length at least
four or the vertices u, x,v form an asteroidal triple. O]

An example underline the last sentence of the above proof is on Figure 5 of [4]. To
translate it into our notation mark that a = u, b = v, ¢ = w, y is fine and our x is
the middle vertex in the lower line. Graph from this figure is chordal, but u, v, x form
an asteroidal triple.
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3.6. WEAK TOLL CONVEXITY

Dourado in [20] introduced the concept of weak toll walk which is defined as a walk
W @ wwy ... wip_1v between vertices u and v, u # v, such that u is adjacent only
to wy on W, which may appear multiple times in the walk, and v is adjacent only to
wg—1 on W, which can also appear multiple times on W. In more detail, a weak toll
u,v-walk, u # v, in G is a sequence of vertices of the form wws ... wgv, where the
following conditions are satisfied:

— wjwi+1 € E(G) for every i € {1,...,k — 1},
— uw; € E(G) implies w; = wy,
— vw; € E(G) implies w; = wy,.

The weak toll interval between v and v, u # v, in G is

Wr (u,v) ={z € V(G) : z lies on a weak toll walk between u and v}.

If we add Wr(u,u) = {u} for every u € V(G), then W becomes a transit function.

The proper interval graphs are considered to be the convex geometries with respect
to the weak toll convexity, as discussed in [20]. Proper interval graphs are interval
graphs that have an interval representation in which each interval is of unit length.
Also, the proper interval graphs are exactly the claw-free interval graphs.

Theorem 3.18 ([20]). The weak toll convezity of a graph G is a convex geometry
if and only if G is a proper interval graph.

The following proposition ([40, Proposition 1]) establishes that the weak toll walk
transit function Wy and the toll walk transit function T' coincide in claw-free graphs,
including proper interval graphs as a particular case.

Proposition 3.19 ([40]). A graph G is a claw-free graph if and only if T(u,v) =
Wr(u,v) for every u,v € V(QG).

Now, if G contains a claw with u, z,v as its pendant vertices, then x € Wy (u,v),
x # v, and v € Wr(x,u), so that (b1) is not satisfied by Wr. So, if Wy satisfies (b1),
then G is claw-free. Consequently, by Proposition 3.19, we have T' = Wy . Now, by
Theorem 3.16, if G is claw-free and W satisfies (b1) and (J0), then G is a proper
interval graph and conversely, if G is a proper interval graph, then Wy satisfies (b1)
and (J0). These arguments lead to the following theorem; See, also [40], for the detailed
proof of the Theorem 3.20.

Theorem 3.20 ([40]). The weak toll walk transit function Wr of a graph G satisfies
(b1) and (JO) if and only if G is a proper interval graph.

Also, since T satisfies (Ch) on interval graphs by Proposition 3.17, Proposition 3.19
implies that Wy satisfies (Ch) on proper interval graphs.
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3.7. P3s-CONVEXITY

A path of length two in a graph G (not necessarily induced) is called a Ps-path.
A Ps-transit function is defined by Ps : V x V — 2V where

Ps(u,v) = {w € V(G) : w lies on some u, v-Ps-path in G}

In [21], it was proved that the forest of stars are the convex geometry with respect
to Ps-convexity.

Theorem 3.21 ([21]). The Ps-convezity of a graph G is a convex geometry if and
only if G is a forest of stars.

Lemma 3.22. Let G be a graph. The Ps-transit function on G satisfies (bl) if and
only if G is triangle-free.

Proof. If G contains a triangle with vertices w,v,z, then z € Ps(u,v), v # z and
v € P3(u,x) so that Ps-transit function does not satisfy (b1). Conversely, suppose that
Ps-transit function does not satisfies (b1). That is x € P3(u,v), v # x and v € Ps3(u, x).
Now z € P3(u,v) and v € P3(u,x) implies that uz, zv,uv € E(G) and w, v,z induce
a triangle. O

Next, we characterize the graphs in which the Ps-transit function satisfies (J0).
The graphs are precisely (Py, Cy, K , 3-pan)-free, where K is a complete graph on
four vertices without one edge and 3-pan is a triangle with an additional pendant edge.

Lemma 3.23. Let G be a graph. The Ps-transit function defined on V(G) satisfies (J0)
if and only if G is (Py,Cy, K , 3-pan)-free.

Proof. First, assume that G contains either a P, or a cycle Cy as an induced subgraph
with u,x,y,v as its consecutive vertices. In both cases, it holds that x € Ps(u,y),
y € P3(z,v) and « ¢ P3(u,v) and Ps-transit function does not satisfy (J0). For K,
let u and y be vertices of degree three and x and v vertices of degree two. It is easy to
check that (JO) does not hold for u, v, z,y. Now, assume that G contains a 3-pan with
u, x,y forming the triangle and v being the pendent vertex adjacent to y. Also in this
case the Ps-transit function does not satisfy (J0).

Conversely, suppose that P; does not satisfy (J0) for some vertices u, x, y, v. Now,
x € Ps(u,y) implies uz, zy € E(G) and y € Ps(x,v) yields zy, yv € E(G). Moreover,
zv ¢ E(G) because x ¢ P3(u,v). Vertices u,z,y,v induce K if uy,uv € E(G), or
3-paw if uy € E(G) and wv ¢ E(G), or Cy if uy ¢ E(G) and uv € E(G), or finally P,
when uy, uv ¢ E(G). O

Now we give a forbidden induced subgraph characterization of graphs that
fulfill (Ch). For this we define a family of graphs
-A = {F7 P,P,KIE47K273,P+,H7 M3,3752,37K;35F37SZ3}a

which are depicted on Figure 3. We briefly justify their notation (except for well known
graphs K3 3 and house H): I is a fork graph obtained from K 3 by one subdivision of
one edge, P is also a 4-pan graph, P is obtained from 3-pan graph by one subdivision
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of the pendant edge, K; 4 is obtained from K4 by adding one edge between two
leaves, PT is obtained from P by adding the dlagonal edge in Cy that starts in a vertex
of degree three, M3 5 are two three-cycles amalgamated in one vertex (M stands for
Mébious), Sz 3 is a split graph on K, and three independent vertices together with all
edges in between them, K;: 5 is K2 3 together with one edge between two vertices of
degree two, F3 = P, V K is a 3-fan (where V is a join) and 5’;73 is Sa 3 together with
one edge between two of its independent vertices.

w w
Yy Yo
F P
u X v u X v
w
Yy
p+
u X v
w w w
+ Y +
KZ,‘ 52,3
X
u v u v u v

Fig. 3. Family A

Lemma 3.24. The Ps-transit function on a graph G satisfies (Ch) if and only if G
is A-free graphs.

Proof. If G contain any of the graphs from A as an induced subgraph, then z € Ps(u,v),
y € Py(z,w),y ¢ Ps(u,w), y ¢ Ps(u,v) and y ¢ Ps(v,w) and (Ch) does not hold if we
label the vertices as on Figure 3. Thus, Ps-transit function does not satisfy (Ch) on G.

Conversely, assume that Ps-transit function does not satisfy (Ch). That is
x € Ps(u,v), y € P3(z,w), y ¢ Ps(u,w), y ¢ Ps(u,v) and y ¢ P3(v,w). This
means that uz, zv, zy,yw € E(G) and uy,vy ¢ E(G). Based on (non)existence of
edges uw, vw, zw, uv we obtain the following induced subgraphs on B = {u,v,z,y, w}.
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— If ww, vw, zw,uv ¢ E(G), then F is an induced subgraph on B.

— If ww € E(G) and vw, 2w, uv ¢ E(G) or vw € E(G) and vw, zw,uwv ¢ E(G), then
P is an induced subgraph on B.

— If zw € E(GQ) and ww, vw, uv ¢ E(G), then Kf:4 is an induced subgraph on B.

~ If uwv € E(G) and uw, vw,zw ¢ E(G), then P is an induced subgraph on B.

— If ww, 2w € E(G) and vw,uv ¢ E(G) or vw,zw € E(G) and uw,uwv ¢ E(G), then
P7 is an induced subgraph on B.

— If uw,uv € E(G) and vw, zw ¢ E(G) or vw,uv € E(G) and vw, zw ¢ E(G), then
H is an induced subgraph on B.

— If 2w, uwv € E(G) and vw,vw ¢ E(G), then Ms 3 is an induced subgraph on B.

— If ww,vw,zw € E(G) and uv ¢ E(G), then Sy 3 is an induced subgraph on B.

— If uw, vw,uv € E(G) and zw ¢ E(G), then K2+,3 is an induced subgraph on B.

— If ww, zw,uwv € E(G) and vw ¢ E(G) or vw, zw,uv € E(G) and uw ¢ E(G), then
F3 is an induced subgraph on B.

— Finally, if uw, vw, zw,uv € E(G), then 5;3 is an induced subgraph on B.

So, in every case we obtain an induced subgraph from A in G. O

Following Lemmas 3.22 and 3.23 to detect all graphs for which the Ps;-transit
function fulfills both (b1) and (J0), we immediately see that this happens only when
there are no cycles and every induced path is of length at most two. However, this
yields a forest of stars. Since the forest of stars does not contain any graph from A as
an induced subgraph, Theorem 3.21 now also follows from Theorem 2.10. In the case
of connected graphs, the following consequence follows directly.

Corollary 3.25. Let G be a connected graph. The Ps-transit function defined on V(G)
satisfies (Ch), (b1) and (JO) if and only if G is a star graph.

3.8. CUT-VERTEX TRANSIT FUNCTION
AND CONVEX GEOMETRY OF CONNECTED SETS

In [37], the cut-vertex transit function of a connected graph G is defined to be the
function C : V x V — 2V such that

C(u,v) = {u,v} U{z € V : z is a cut-vertex between v and v}. (3.1)

Following [24], a subset K of the vertices of a graph G is called connected if
the subgraph induced by K is connected. The collection of connected sets on the
vertices is called the connected alignment. It is easy to see that connected alignment
does not yield a convexity on all graphs. For instance in a four-cycle vyvav3vavy1 Sets
{v1,v2,v3} and {v1,vy4,v3} belong to the connected alignment, but their intersection
{v1, v3} is not. This is not the case for block graphs, which are graphs in which every
maximal component without a cut-vertex is a complete graph. Trees are examples
of block graphs. The connected alignment of G is a convex geometry if and only if
G is a connected block graph, see [24] Theorem 3.7. Even more, we will show that
the connected alignment Cg of a block graph G coincides with the cut-vertex transit
function C of G, that is Cg = C¢.
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Lemma 3.26. The connected alignment Cq of a block graph G is a C-convezity, where
C is the cut-vertex transit function of G.

Proof. Let C be the cut-vertex transit function of G. We prove Cq = Cc. Let U € Cq.
Let w,v € U. Since U is connected, U contains a u,v-path. Since the cut-vertices
that separate u and v belong to every wu, v-path, C(u,v) C U, i.e. U is a convex set
of the C-convexity. Hence, U € C¢c. Now, let U € Co. Let u,v € U. If u and v are
in the same block, then uv is an edge. If they are in different blocks, then there exists
a unique sequence of blocks between them that pairwise intersect at the cut vertices
that separate u and v. These cut vertices form the unique shortest u,v-path P in G,
see [14, Prop. 4]. Since C(u,v) C U, clearly, V(P) is contained in U. Therefore, U is
connected and U € Cq. Thus, Cqg = Ce. O]

According to Proposition 4 in [14], if G is a block graph, then the cut-vertex transit
function coincides with the interval function. Hence, we get the following.

Corollary 3.27. If the connected alignment Cg of a connected graph G is a convex
geometry, then Cq = C; where I is the interval function of G and G is a block graph.

Since the interval function I of a block graph satisfies (Ch),(J0) and (bl),
Corollary 3.27 also follows from Theorem 2.10.

4. TRANSIT FUNCTIONS IDENTIFYING CONVEX GEOMETRIES

Any collection of subsets of a set V is said to be a set system on V. A set system
of non-empty subsets of V' is called a clustering system if it contains every singleton
subset of V and the base set V. These set systems are closely related to transit
functions (called “Boolean dissimilarities” in [5]) that in addition satisfy the monotone
axiom (m).
A T -system is a set system on V satisfying the following three axioms:

(KS) For every x € Vis {z} € ¥.

(KR) For every C € € there exist points p, g € C such that, if p,q € C’, then C C C’

for every C’ € €.
(KC) For any different p,q € V we have ﬂ{C’ €E%|p,geC}€%F.

Following [12, Theorem 2.6], there is a bijection between monotone transit functions
R and Z-systems on V mediated by

Ry (z,y) := ﬂ{C’ €% :x,ycC},
Cr = {R(z,y):xz,y e V}.

We say that a set system € is identified by the transit function R if ¥ = ¥r where
R = Re. A set system is identified by a transit function if and only if it is a .7 -system.
Conversely, a transit function identifies a set system if and only if it is monotone.
In this case, Ry is called the canonical transit function of the set system ¢ and €y is
called the system of transit sets of R.
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A T -system is a binary clustering system if it satisfies
(K1) Veg.

As shown in [5, 12], binary clustering systems are identified by monotone transit
functions satisfying the additional condition

(') There exist u,v € V such that R(u,v) = V.
A set system (V, %) is closed (under non-empty intersection) if it satisfies
(K2) If A\ B€% and ANB # (), then ANB € %.

A set system € on a finite non-empty set V satisfies (K1) and (K2) if and only if
% U is a convexity in the usual sense. Convexities satisfying (KS) are therefore the
same as closed clustering systems. It is shown in [12] that (K2) for ¥ is equivalent to
the following property of the identifying transit function:

(k) For all u,v,z,y € V with R(u,v) N R(z,y) # 0, there are p,q € V such that
R(u,v) N R(z,y) = R(p, q).

For a monotone transit function R, € is a convexity if and only if R satisfies (a’)
and (k).

In the following, we characterize transit functions identifying convex geometries.
Since the transit sets of a monotone transit function are R-convex sets, ¥r C Cg.
However, Example 4.1 shows that a convex geometry Cr does not imply that the set
of transit sets €r also forms a convex geometry, even if the transit function satisfies

(m), (Ch), (JO), (b1), (a’) and (k).

Example 4.1. Let V = {a,b,c,d} and R be symmetric on V and defined by
R(a,d) =V, R(b,d) = {b,c,d} and R(u,v) = {u,v} for all the other pairs u,v € V.
One can easily check that R is a monotone transit function satisfying (Ch), (J0), (b1),
(¢') and (k). However, € is not a convex geometry, since the convex set K = {a,b}
and the points ¢,d ¢ K violate the anti-exchange property. For this notice that
(K Uc) =V because {a,b,c} is not a member of €.

Corollary 4.2. Let R be a monotone transit function satisfying (a’) and (k). Suppose
Cr is a convex geometry, then R satisfies (b1) and (JO).

Proof. The proof is the same as of Theorem 2.1 with K = R(z,y) for z,y € V. O
Note that (m), (Ch), (JO) and (b1) need not imply (a’) or (k).

Example 4.3. Let R be symmetric on V = {a,b, ¢, d}, defined by R(a,c) = {a,b,c},

R(a,d) = {a,b,d}, R(c,d) = {¢,b,d} and R(u,v) = {u,v} for all the other pairs

u,v € V. It is easy to check that (m), (k), (Ch), (JO) and (b1) hold for R but (a') is
violated. Therefore, € is not a convex geometry since V' ¢ €x.

Example 4.4. Let R be symmetric on V = {a,b,¢,d, e}, defined by R(a,e) =
{a,b,c,e}, R(b,d) = {b,a,d}, R(b,e) = {b,c,e}, R(c,d) = {¢c,a,b,d}, R(d,e) =V
and R(u,v) = {u,v} for all the other pairs u,v € V. Now R satisfies (m), (a’), (Ch),
(JO) and (b1) and violates (k), since R(a,e) N R(c,d) = {a,b,c} is not a transit set.
Therefore, € is not a convex geometry since it is not even a convexity.
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Theorem 1.1 states that, for a convexity, the anti-exchange axiom is equivalent to
the property that for every convex set K there is a point p € V such that K U {p} is
convex. The latter can be translated in terms of transit functions.

(cg) For every x,y € V, there exists z € R(x,y) and w ¢ R(z,y) such that R(x,y) U
{w} = R(w, 2).

Theorem 4.5. Let R be a monotone transit function satisfying (a’) and (k). Then,
Cr is a conver geometry if and only if (cg) holds for R.

Proof. Already, €r is a convexity. Assume that €z is convex geometry. Then, for
every K € R, there exists p € V such that K U {p} € €. Since the convex sets here
are exactly transit sets, we can say that, for every x,y € V, there exists w ¢ R(x,y)
such that R(z,y) U {w} = R(p,q) for some p,q € V. Clearly, p,q € R(z,y) U {w}.
If both p,q € R(x,y), then by monotonicity, we arrive at a contradiction. Therefore,
p or ¢ must be w. Hence, we get (cg).

Conversely, assume that R holds (cg). This means that for every transit set K,
there is a point w € V such that K U {w} is also a transit set. Since the transit sets
are precisely the convex sets, we see that € is a convex geometry. O

Lemma 4.6. Let R be a transit function satisfying (cg). Then R satisfies (a').

Proof. Consider a transit set R(x,y) for some z,y € V. If R(z,y) =V, we have done.
If not, applying (cg), we see that there exists ' € R(x,y) and ¢y ¢ R(z,y) such
that R(z,y) U{y'} = R(2',y’). By construction, R(z,y) C R(z',y'). If R(2',y") =V,
we are done. Otherwise, there exists #” € R(z',y’) and v’ ¢ R(z',y’) such that
R,y )U{y"} = R(z",y"). Also, R(2',y") C R(z",y"). If we continue this process,
we get transit sets that are nested properly. Since V is finite, this must end at some
point. That is, we must get ¥, 3" such that R(z*,y*) = V after a finite number
of steps. O

From the above Theorem 4.5 and Lemma 4.6, we can conclude the following.

Corollary 4.7. Let R be a monotone transit function satisfying (k). Then €g is
a convex geometry if and only if R holds (cg).

5. CONCLUDING REMARKS

In this paper, we have obtained two partial characterizations of convex geometries
arising from interval convexities using the axioms on the corresponding associated
transit functions by means of Theorems 2.10 and 2.15. Moreover, we have analysed
the instances of such convex geometries of Theorem 2.10, but not of Theorem 2.15.
Analysing special instances of Theorem 2.15 in convex geometries of different settings
would also be an interesting problem, which may be pursued in future.
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More challenging problem is to provide a characterization of transit functions using
axioms whose associated interval convexities form convex geometries. Towards this,
it would be interesting to find an axiom which is stronger than the monotone axiom
(m) and weaker than the Peano axiom (P), but we do not know whether such an
axiom exists.

In Subsection 3.8, we have discussed the case of the cut-vertex transit function
of a graph G and found that the corresponding convexity forms a convex geometry
and coincides with the convexity of connected sets (connected alignment) in G and
this happens if and only if G is a block graph. It may be noted that the cut-vertex
transit function is also defined on hypergraphs, but we observe that the convexity
generated by the cut-vertex transit function may not yield a convex geometry in the
case of a hypergraph. We may briefly discuss about the cut-vertex transit function of
a hypergraph. For this we need a few definitions on hypergraphs.

A hypergraph H consists of a non-empty set V of vertices and a collec-
tion of non-empty subsets E of V (E C 2V) known as hyperedges. Let
u,v € V be two vertices of H. A wu,v-path in H is an alternating sequence
(u=m1,e1,T2,€2,...,Tn,En, Tnr1 = v), of distinct vertices x; and distinct edges e;
such that x;, z;11 € e; for every i € {1,...,n}. A hypergraph is connected if there
exists a u, v-path for every pair u,v € V.

Let v € V be a vertex of a connected hypergraph H. The operation of strong
vertex deletion of v results in a hypergraph H — v where v and all the edges containing
v where removed from H. A strong cut-vertex is a vertex x such that H — x is not
connected [18]. A vertex z is a strong cut-vertex in H if and only if there exists
two distinct vertices u # x and v # x such that every u,v-path contains an edge
containing x. In this case, we say that = separates v and v in H.

The cut-vertex transit function C' of a hypergraph H with vertex set V is defined
as the function C' : V x V — 2V given by

C(u,v) = {x € V : z lies on every u, v-path} (5.1)

introduced by Duchet [23]. Equivalently, C'(u,v) is the set of all strong cut-vertices
separating u and v together with u and v. By convention, C'(u,u) = {u} for every
u € V. Cut-vertex transit function of graphs and hypergraphs are studied in [14].

One can easily verify that the cut-vertex transit function of a graph satisfies (b1),
(Ch) and (J0). Therefore, the C-convexity generated by the cut-vertex transit function
C of a graph is a convex geometry. But this may not be true for hypergraphs in general.
The hypergraph H in Figure 4(i) makes an example of it where K = {¢, d} is a convex
set, but no x € V exists such that K U {z} is convex. Therefore, cut-vertex transit
function does not yield a convex geometry for H. Further, in Figure 4(ii) and (iii)
there are two examples, where the convexity yielded by the cut-vertex transit function
is a convex geometry for the hypergraph in question. It is easy to see that hypergraph
in Figure 4(ii) contains one strong cut-vertex, while hypergraph in Figure 4(i) contains
two strong cut-vertices. This is the line where we separate the following result and
an open problem.
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Fig. 4. Hyperhraphs with with one (ii), with two (iii)
and with three (i) strong cut-vertices

Proposition 5.1. If a hypergraph H contains at most one strong cut-vertex, then the
cut-vertex transit function yields a convex geometry on H.

Proof. Clearly (J0) holds by nothing, since there is at most one strong cut-vertex
in H. For (b1) z € C(u,v) and v # x gives two possibilities: either u = z or z is
a strong cut-vertex. In the first case, clearly v ¢ C(u,x) = {u} and in the second case
again v ¢ C(u,x), because v # x is not a strong cut-vertex as there is only one strong
cut-vertex in H. We are left with (Ch). If y = w, then y € C(u,w) and (Ch) holds.
If y = z, then y € C(u,v) and (Ch) holds again. Otherwise, y is a strong cut-vertex
different than x. Since there is only one strong cut-vertex, we have x = u or x = v and
y € C(u,w) or y € C(v,w), respectively. So, (Ch) is fulfilled, and the result follows
from Theorem 2.10. O

Problem 5.2. Describe for which hypergraphs the cut-vertex transit function yields
a convex geometry.
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