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Abstract. The purpose of this paper is to give general solutions of linear difference equations
which are related to the Euler-Cauchy differential equation y” + (\/t*)y = 0 or more general
linear differential equations. We also show that the asymptotic behavior of solutions of
the linear difference equations are similar to solutions of the linear differential equations.
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1. INTRODUCTION

In this paper, we consider linear difference equations which are related to the
Euler-Cauchy differential equation

A
y"+t—2y=0, t >0, (1.1)

or the more general linear differential equation

m—1 /k—1 2 m—1 —2
1 1 N
v 9720 (TTlos®) )+ H)logxt) y=0, t>t, ., (12)

k=1 =0

where A > 0, log,(t) = t and log,, (t) = log(log,,,_1(t)), to = 0 and ¢,, = exp(t;—1)
for m € N. Note that the function log,,(t) is positive for ¢ > t,,. Moreover, notice
that we have adopted the notation Zf: ;@i =0and Hf: jai =1if j > k. Then it is
easy to check that equation (1.2) with m = 1 becomes equation (1.1). Furthermore,
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it is known that equation (1.2) with m = 2 is called the Riemann-Weber version of
the Euler type differential equation (see [8]).

By using the Liouville transformation s = logt, u(s) = t~%/2y(t) successively,
equation (1.2) is transformed into equation (1.1). Thus, we can get general solutions
of equation (1.2) (for example, see [6,8,13,14,16]).

Theorem 1.1. Let m € N. Then equation (1.2) has the general solution

m—2 1/2
(H 1ogk<t>> (K108 1(0)° + Kallog, (1)1} if A#
y(t) = >r=
m—1 1/2 1
(H logk(t)> {K?) + K4 1Ogm(t)} Zf A= 17
k=0

where K; (i =1,2,3,4) are arbitrary constants and z is the root of the characteristic
equation

22 —z+A=0. (1.3)

As for linear difference equations which are related to equation (1.1), we can
consider various types. But, from a viewpoint of general solutions, we choose the
difference equation

A

AQJ:(TL) + 7n(n T 1)

x(n) =0, néeN, (1.4)

where Az(n) = x(n + 1) — z(n), A%x(n) = A(Ax(n)). Note that equation (1.4) has
the general solution

n—1 n—1
1- 1
K1H(1+§>+K2H<1+ jz> i A £ 7

Jj=no Jj=no
x(n) = n—1 1 n—1 9 1
1+ — Ks+ K _— if A\=-
jH<+2j){ 3t 4;: 2k+1} ' 1
=no =no

where z satisfies (1.3) (for example, see [1,4] and [15, Appendix]). However, since
we have not found a transformation such as the Liouville transformation, it is not
easy to get linear difference equations which correspond to equation (1.2) and which
have general solutions. Here a natural question now arises. What is the best difference
equation which corresponds to equation (1.2)7 The purpose of this paper is to answer
the question.

This paper is organized as follows. In Section 2, we will construct discrete functions
such as the logarithm function. In Section 3, we give linear difference equations which
correspond to equation (1.2) and solve them explicitly. Finally, in Section 4, we discuss
the oscillatory behavior of their solutions as n — oo.
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Remark 1.2. From the general solution of equation (1.4), we see that A > 1/4 is
necessary and sufficient for all nontrivial solutions of equation (1.4) to be oscillatory
(see [15]). Here a function z(n) is said to be oscillatory if it is neither eventually
positive nor eventually negative, otherwise it is said to be nonoscillatory. As another
type difference equation which corresponds to equation (1.1), we can consider the
linear difference equation

A2z(n) + mx(n +1) =0. (1.5)
According to Zhang and Cheng [17], without using general solutions, they showed
that A > 1/4 is necessary and sufficient for all nontrivial solutions of equation (1.5)
to be oscillatory. Note that we can use Sturm’s comparison theorem for equation
(1.5) because it is self-adjoint (see [9]). Moreover, we see that advanced results in this
direction can be found in [2,5,7,10-12] and the references contained therein.

2. LOGARITHM LIKE FUNCTIONS

To begin with, we introduce some functions such as the function logy (¢). Define
m—1
Lm(n) =[] t(n), meN,
k=0
where 1,,,(n) is positive and satisfies

Alp(n) =1 and Aly(n) = <m + ;>_ ,

Remark 2.1. For any m € N, the function [,,,(n) is increasing because Al,,(n)
represents as

B 2,1 (n) = 2
Al (n) = SR ) k];[o ROETACES VR

In this section, we prepare some lemmas which are useful in proving our results.

Lemma 2.2. For any m € N,

N |

n)

Alp(n) = (me) 3 Lﬁ,ffn)> : (2.2)
k=1

and
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Proof. We first show (2.2). Since

= (1) = (B J 3200

Ay = (204 1) {W) (me) oy gzggg) " ;}

S~ Lpan) 1 LpH(n))‘l

1
( TS 2 T ) T,
—1
15 L, (n)
=|(L n)+ - pt ,
< P+1( ) 2]; Lk(’l’b)
and therefore, (2.2) with m = p + 1 holds.

We next show (2.3). Since AL;(n) = Alp(n) = 1, (2.3) with m = 1 holds. Suppose
that (2.3) with m = p holds. Then, using (2.2), we have

ALpy1(n) =A(lp(n) Ly(n)) = Aly(n) Ly(n) +1,(n +1) AL (
—Al,(n)L,(n) + MZ (Lp(n+1 w )

2 =\ Li(n+1

Lya(n+1) | Lyn)( (n) Al,(n))
L(n+1) Li(n) >

B 1< Lyyi(n+1)  Lpyi(n) Al,(n) P L,(n)
_Azp<n>Lp<n>+22(L:(nH) + 2l )+ 5

— k=1

- L m L)\ | IS~ (Lppi(n+1) | Lyja(n)
=Aly(n) (Lp(n) + B kZ:1 Lk(n)> + D) ; ( LZEn +1) N LZE”) >
1 Lpvi(n+1)  Lypi(n)

_1+2i < Ll(n‘i‘l) L; n) >

+1
_1 = (Lpsi(n+1) | Lya(n)
Li(n+ 1 Ly(n)

and therefore, (2.3) with m = p + 1 holds. O
Lemma 2.3. Let k € NU{0}. Then there exists C > 1 such that
|l (n) —log,(n)| < C (2.4)

for n sufficiently large.



General solutions of second-order linear difference equations of Euler type

393

Proof. We use the mathematical induction on k. Since lg(n) = n+e¢, (2.4) with k =0
holds. Assume that (2.4) holds for 0 < i < k. Then there exists ny € N such that
0 < 2(log;(n) — C) <2l;(n) <Li(n) +lLi(n+1) <2l;(n+1) <2(og;(n+ 1)+ C)
for n > n;. Hence we have

n—1 k
]annJlogszrl c~ ]Znﬂ)l +l]+1 :Zl;[ log, (j

for n > ny. Let log,(t; @) = t+« and log,, (t; &) = log(log,,,_; (t; &) + ), where o € R
Then, using equality (2.1) and the inequalities

n k
qu:lH)IOg -C ~ /Hlog t—1)

= 10gk+1( n; —C) —

/Hlogzt - —Cdt

logy11(n1; —C) < logj41(n),
;l_!)log j—I— )+ C — /Hlogzt—i-l +C /Hlogth

= 10gk+1(n; C) —logy 4 (n1; C)
> logy1(n) —logyyq(n1;C),

pa

we obtain

logy, 14 (n) —

logyy1(n1;C) < ley1(n)
Thus we conclude that

—lg41(n1) <loggyq(n)
[lkr1(n) —logg i ()| < max{lpr1(n1), llet1(n1) —logy i (n1; O},
that is, (2.4) with k + 1 holds. This completes the proof

O
Remark 2.4. From Lemma 2.3, for any k € NU {0}, Ix(n) — o0 as n — o
3. THE MAIN RESULT
Let us consider the linear difference equation
m—1
1 1 A
+9 - + z(n) = 0. 3.1
{4 ; Li(n)Lk(n+1) Lm(n)Lm(n—i-l)} (n) (3-1)

This equation can regard as a difference equation which correspond to linear differ-
ential equation (1.2).
equation

). In fact, if m = 1, then equation (3.1) becomes the difference

A
2 — = ()=
Az(n) + oo £ 1) (n) =0,
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and therefore, this equation includes equation (1.4). Moreover, in case m = 2, equation
(3.1) reduces the equation

1 . A } )
L) lo(n+1) " lo(m)lotn+ ) ly(n) h(n+ 1) "

A?x(n) + { =0,

which corresponds to Riemann-Weber version of the Euler type differential equation.
Let us consider the function &, (n, 1) defined by

B n—1 lm*1 L L
gm.(n?p“) - Jl:_:,[o (1 ™ 2 ]; L}c(]) * Lm(j)) .

Then we get general solutions of equation (3.1). Our main result is as follows.
Theorem 3.1. Equation (3.1) has the general solution

(n) = Ki&§n(n, 2) + Ko (n, 1 — 2) if X#1/4,
Em(n,1/2) {K3 + Kyln(n)} if X=1/4,

where K; (i =1,2,3,4) are arbitrary constants and z satisfies (1.3).

Proof. Let x(n) = &n(n, z). Then x(n) satisfies

Anim — (15~ 1 z
o) =5 2 Lotn) Tty ) 7

k=1

and therefore, by using (2.3), we have

11 2 11 2
(2 2 Lp(n+1) " Lm(n+ 1)) (2 ,; Ton) © Lm(m) z(n)
1 AL . ALp(n
2 kz Li(n)Lg(n+1) " Lp(n)Lp(n+1)
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+
18 (L(n+1)  Ly(n) z
+ {_ALm(n) + 2 < Li(n+1) - Ly(n) ) } L (n)Lm(n+1)

= 1 .
N { Z Li(n)Lig(n+1) + L (n)Lm(n+1)}x(n)'

Here the last equality is calculated as follows:

1 ALk A | o
2 Zl +1) 4 <k§_:l Lk(n+1)> (Z Lk(n))

k=1
1N AL
2 Pt Lk(n Lk n+1
1m—1 k— 1< 1 )
— + +
4 1 Lk- Lk‘ n-‘r i=1 ,] n+ 1) Lj(n)Lk(n+ ]_)
m—1 k—1
1 QALk 1 Z (Lk(n + 1) n Lk(n))
44 Li(n )Lk(n+ 1) ~ Li(n)Lp(n+1) Li(n+1) L;(n)

j=1
1y { 2ALg(n) — 1 2ALg(n) — 2 }_ lmz_:l 1

St n) Li( n+ 1) Li(n)Li(n+1)f 4 & Le(n)Ly(n + 1)
Hence we get the characteristic equation (1.3). Note that if z is a root of (1.3), 1 —z is
also a root of (1.3).

In case A # 1/4, &,,(n, 2) and &,,(n,1 — z) are linearly independent solutions of
equation (3.1). In fact, we have

Em(n,z)  Eun,1—2) | _ 1-22z . L
det (Agm(n7 Z) Aﬁm(n, 1-— Z)> B Lm(n)gm( ’ )fm( 7]- ) 7£ 0.

Hence, the linear combination of the functions &,,(n, z) and &,,(n, 1 — z) is the general
solution of equation (3.1) (see [3, Theorem 2.15]).
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On the other hand, in case A = 1/4, the characteristic equation (1.3) has double
root 1/2. As in the proof of the case A\ # 1/4, &,(n,1/2) is one of the solutions of
equation (3.1). To get another solution of equation (3.1) with A = 1/4, we put

u(n) = Ay(n) - 3 (Z L,f(n)> y(n), (32)
k=1

where y(n) is a solution of (3.1) with A = 1/4 satisfying y(ng) = 0, Ay(ng) =
1/Lm(ng). Then we see that u(n) satisfies u(ng) = 1/Ly(ng) and

) 1| & 1 1 (& 1
Au(n) =A%y(n) — ) {ZA (Lk(”)> } y(n) — ) (Z Lk(n+1)> Ay(n)

k=1 k=1

1 [& 1
T3 (; Lu(n+ 1)> u(n).

Since (2.2) and (2.3) can be rewritten as

1 1~ 1
Lt~ 20 (1 to2 Lk<n>>
and
Lo +1)71§:Lm(n+1) Lo )+1§:Lm(n)
m\T 2k:1 Lk(n 1) = Lim41(N 2k21 Lk(n)’
we have

= Lmtno) AL Lm(]l+ ) <Lm(~7 +1) - ;éLLZ((jJr >)>
- o : LG <L’”(j ) ;k: LLW((JJD

~ L H e (L’”(’) 5y ifg;)

- Lml(n) :_nl (1 " ;é Lkl(j)>

= Aln(n) Jl_I (1 . :1 L:(j)> = Al (1) Em(n+1,1/2).
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Hence, together with (3.2), we have

<Z Lk > +Al7n( )£7n(n+1,1/2)

Solving this first order nonhomogeneous equation with y(ng) = 0, we obtain

n—1 nt -
y(n) = > $ Aly(k) En(k+1,1/2) ] (”éZL:(j))
k=1 ’

1:1/2) S Abl) = €0 (1:1/2) () — o).

k= no

Hence, the linear combination of &, (n,1/2) and &, (n,1/2)l,,(n) is the general solu-
tion of equation (3.1). As a matter of fact, the Casoratian of the functions &,,(n,1/2)
and &, (n,1/2) I (n) is

En(n,1/2)  Em(n,1/2) Im(n) \ _ (Em(n,1/2))°
det (Afm(n, 1/2)  A(&m(n,1/2) lm(n))> ~ Ln(n) 70
The proof is now complete. [

In case A > 1/4, the characteristic equation (1.3) has the conjugate roots
z=1/2+ia/2, where o = /4\ — 1. Hence, by Euler’s formula, we have

n—1 1m71 1 5 n—1
ulr = 11 (”2 I (j)*me) 1l (

Jj=mno

m

1 ;
K Z L) (j)>
= 1:[ r(j)et00) = (1:[ r(j) Ccos i 0(j5) | £isin i 0(5) ,

l\JM—\

J="no

where r(n) and 6(n) satisfy

I 1 , o
r(n)cosf(n) =1+ = Z and r(n)sinf(n) = L) (3.3)

() = (_H r(j>) (Z em) ) = (_H r<j>) sin (Z 9<j>) .

Then ¢(n) and ¢(n) are linearly independent solutions of equation (3.1). In fact, since

n—1

Ap(n) = p(n + 1) p(n) = () | ] rG) | cos [ 3 60) +6(n) | — o)

Jj=no Jj=no
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= r(n){p(n) cos6(n) — (n)sinf(n)} — ¢(n)
= {r(n) cosf(n) = 1}p(n) — {r(n) sin6(n)}4(n),

At(n) = (n + 1) — $(n) = r(n) ( I r<j>) sin ( S 00 + e<n>) ()

= r(n){1(n) cosB(n) + p(n)sinb(n)} — (n)
= {r(n)cosb(n) — 1}(n) + {r(n)sin@(n)}p(n),

we have
on)  P(n)\ _ . 2 0 O N2
det <A¢(n) A¢(n)> =r(n)sinf(n) {¢(n)* +(n)*} = 3L () (jl_lf(])) #0.

Thus the real solutions of equation (3.1) can be written as follows.

Corollary 3.2. Let A > 1/4. Then

r(n) = (ﬁ rm) {K5 sin (Z em) + K cos (Z em) }

is a general solution of equation (3.1), where r(n) and 6(n) satisfy (3.3).

4. OSCILLATORY BEHAVIOR
In this section, we examine the oscillatory behavior of solutions of equation (3.1).
To get oscillation criteria, we need the following lemma.

Lemma 4.1. Let m € N and 0 < p < 1/4. Then there exist positive constants Cy
and Cy such that

m—2 1/2 m—2 1/2
(& (H 10&'(”)) (log,,—1 ()" < &m(n, p) < Cs (H IOgi(”)> (log,,, 1 (n))"
i=0 i=0

(4.1)
for n sufficiently large.
Proof. To begin with, we show the equality

m—2 n—1 Al . n—1 Alm_l .
(o) = [ {H (1+ QZ:‘((;)))H 1l (142222 )

k=0 Jj=no no

Since

&u(n, p) = ﬁ (1+ szj)) = ﬁo <1+ NZAOZ((}()J')) 7

Jj=
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(4.2) with m =1 is true. Assume that (4.2) with m = p holds. Then, using (2.2), we
have

Spar(no ) = H <1+ ZLk () p+1('))
_ p —1
1 1 "
w12 11 ”(l*z;Lm) L)
= NN = AN,
I IT (e ) I0 (e 5 7)

Thus, (4.2) with m = p + 1 is also true.

As in the proof of Lemma 2.3, we can show that there exist n; € N and C > 0
such that

Z H <10gk+1( n) and Z H +1 > logyy1(n) —logyq(n1;C)
j=n1 =0 l Jj=nii= O ‘7
for n > ny. Since z — 22/2 < log(1 + 2) < z for 0 < z < 1, we have

T (12250 200 s

Jj=ni1 Jj=n1

n—1 — n—1 k 1
jz 13 )+ a+1>§“j§1gzm

< plogy 1 (n),

n—1

AL () pALG)Y 1 [ ALG)
ey 11 (14567 22{( o) 550 }
n—1 k 1 ”2 n—1 1 2
203 (i) -5 & (o)
2 n—1
> g1 () ~ Togs (3 C)) = - 3

-1
ni

Ci(logy(n))H < H < ) )) < (logy(n))*

for n > ny, and therefore, comblmng (4.2) with these inequalities, we obtain (4.1). O

Hence, from the boundedness of the function Y e
such that

1/1p(4)?, there exists C > 0
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Using this lemma, we have the following oscillation criteria.
Corollary 4.2. Equation (3.1) can be classified into two types as follows:

(i) if A > 1/4, then all nontrivial solutions of equation (3.1) are oscillatory;
(if) of 0 < X < 1/4, then all nontrivial solutions of equation (3.1) are nonoscillatory.

Proof. Let A > 1/4. Then, using Corollary 3.2, we see that the general solution
of equation (3.1) with A > 1/4 is of the form

n—1 n—1 n—1

w(n) = | [ r@) | { Kssin | D 0() | + Kecos | Y 0G) | ¢

Jj=no Jj=no Jj=no

where 7(n) and 0(n) satisfy (3.3). Let (K5, Kg) # (0,0). Then we can rewrite as

n—1 n—1
a(n)=Kr | [] r(G) |sin | D 00)+Ks |,
j=mno j=no

where K; = /K2 + K2, sin Kg = K5/K7 and cos Ks = Kg/K7. Hence, together
with (2.2), we get

VDT 1ds 1\ vi—T
(1 ZL ) =2 " Aln(n) =0

tanf(n) = o) 3 2 o) 5

as n — oo. Thus, there exists n; > ng such that tanf(n)/2 < 8(n) < 7/2 for n > n;.
Hence we obtain

> 00)> 5 3 o) = YL ) — 1 n)) - o0

Jj=ni1 Jj=n1

as n — oo. We also see that

n n—1
D 06) = D2 06)| = 0(n) < 3.

Jj=no Jj=mno

that is, for any sufficiently large p € N, there exists n € N such that

n—1
pr < Z 0(j) + Ks < (p+ 1)m.

Jj=no

Hence z(n) is oscillatory, that is, all nontrivial solutions of equation (3.1) are
oscillatory.

Let A = 1/4. Then it is easy to check that all nontrivial solutions of equation
(3.1) are nonoscillatory because &,,(n,1/2) is positive and ,,(n) — oo as n — oo.
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Let A < 1/4. Then, without loss of generality, we may assume that z > 1/2. In fact,
if z < 1/2, another root of characteristic equation (1.3) is greater than 1/2. Since
&m(n, z) is positive, we have

o0) = K (1) + Kb (1,1 ) = 0.2 K+ £, 2022 ),

Em(n, 2)

Hence, from Lemma 4.1, there exists C' > 0 such that

Emn,1—2)
Em(n, z)

as n — 00. Thus z(n) is nonoscillatory. The proof is now complete. O

< C(logy,_1(n))' % =0
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