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Abstract. In this paper we are interested in the existence of solutions for the Dirichlet
problem associated with degenerate nonlinear elliptic equations

- Z Dj[w(@)Aj(z,u, Vu)| 4 b(z, u, Vu)w(z) + g(z)u(z) =

:fO(ﬂf)*ZDjfj(w) on

in the setting of the weighted Sobolev spaces VVé’p(Q7 w).
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1. INTRODUCTION

In this paper we prove the existence of (weak) solutions in the weighted Sobolev spaces
WP (€, w) (see Definition 2.2) for the Dirichlet problem

Lu(z) = fo(z) — ZDjfj(x) on ()
i=1

u(z) =0 on 09,

(P)

where L is the partial differential operator

n

Lu(z) = =Y Dj[w(z)Aj(w, u(@), Vu(@))] + bz, u(z), Vu(x))w(z) + g(@)u(z),

Jj=1
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where D; = 0/0z;, € is a bounded open set in R”, w is a weight function and the
functions A4; : QX RxR"=R (j=1,...,n), b : @ x Rx R"=R, g : Q — R satisfy
the following conditions:

(H1) x—A;(x,n,§) is measurable on 2 for all (,&) € R x R”,
(n,§)—Aj(z,m,€) is continuous on R x R™ for almost all z € (2.
(H2) There exist a constant 67 > 0 such that

[A(z,n,6) = Al 1, €)).(€ =€) > 0alg — €,

whenever £,& € R", £ # &) where A(z,n,€&) = (A1(z,1,E), ..., An(z,n,£)).
(H3)
A(‘T>na€)§ Z )\1|§|p + A1|77‘p - gl(x)|77|7

with g1 € LPI(Q,w), where A1 and A; are positive constants.
(H4)
A, 0,6)| < K@) + ha(@)[n"" + ha(@)lE["",

where Kj,h; and hg are positive functions, with hy and hy € L*°(Q2), and
Ky € LY (Q,w) (with 1/p+1/p' = 1).

(H5) a—=b(z,n,£) is measurable on  for all (,£) € R x R™,
(n,€)—b(x,n, &) is continuous on R x R™ for almost all z € Q.

(H6) There exists a constant 63 > 0 such that

[b(z,n,&) —b(x,n',&)(n—n") > Oa|n—7'|",

whenever 7,1’ € R, n £ 1’
(HT)
b(@,m,E)n = X2l€|” + Azn|” — g2 (@) n],

with g, € LPI(Q, w), where Ay and Ay are positive constants.
(H8)
(a1, €)| < Ka(@) + ha()[n”"" + ha(2) [,

where K5, hs and hy are positive functions, with Ky € Lf’,(Q,w)7 hs and hy €
L>(Q).
(H9) g/w € LI1(Q,w), where 1/q¢ =1/p’ —1/p, and g(x) > 0 a.e. z € Q.

By a weight, we shall mean a locally integrable function w on R™ such that w(z) > 0
for a.e. z € R™. Every weight w gives rise to a measure on the measurable subsets on
R” through integration. This measure will be denoted by j. Thus, u(E) = [, w(x) dx
for measurable sets £ C R™.

In general, the Sobolev spaces WP (Q) without weights occur as spaces of solutions
for elliptic and parabolic partial differential equations. For degenerate partial differ-
ential equations, i.e., equations with various types of singularities in the coefficients,
it is natural to look for solutions in weighted Sobolev spaces (see [1,3] and [4]).

A class of weights, which is particulary well understood, is the class of A,-weights
(or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [8]). These
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classes have found many usefull applications in harmonic analysis (see [9]). Another
reason for studying A,-weights is the fact that powers of distance to submanifolds
of R™ often belong to A, (see [7]). There are, in fact, many interesting examples of
weights (see [6] for p-admissible weights).

The following theorem will be proved in section 3.

Theorem 1.1. Assume (H1)-(H9). Ifw € A, (with 2 < p < o), fo/w € LV (Q,w),

fiJw € LY (Qw) (j = 1,...,n), then the problem (P) has a unique solution u €
WyP(Q,w). Moreover, we have

1 n p'/p
Il < 75 (Z 15/l o 0y + 1911l 2 2y + |92/w||Lp/<Q,w)> ,
=0

where v = min{ A, Ao, Ay, Ao},

2. DEFINITIONS AND BASIC RESULTS

Let w be a locally integrable nonnegative function in R™ and assume that 0 < w < oo
almost everywhere. We say that w belongs to the Muckenhoupt class A4,, 1 < p < oo,
or that w is an A,-weight, if there is a constant C' = C), ., such that

(|;|/W(I)dz> (@/wl/(lp)@)dx)pl <C

B B

for all balls B C R™, where | - | denotes the n-dimensional Lebesgue measure in R”.
If1 <q<p,then A, C A, (see [5,6] or [9] for more information about A,-weights).
The weight w satisfies the doubling condition if there exists a positive constant C'
such that
u(B(z;7)) < Cu(B(x;2r)),

for every ball B = B(x;r) C R", where u(B) = [pw(z)de. If w € Ay, then p is
doubling (see Corollary 15.7 in [6]).

As an example of an A,-weight, the function w(x) = |z|”, z € R", is in A, if and
only if —n < o < n(p — 1) (see Corollary 4.4, Chapter IX in [9]).

Ifwe Ay, then
IE)p n(E)
= <o)
(lBI 1(B)

whenever B is a ball in R™ and E is a measurable subset of B (see 15.5 the strong
doubling property in [6]). Therefore, if u(F) = 0, then |E| = 0.

Definition 2.1. Let w be a weight, and let & C R™ be open. For 0 < p < oo we
define LP(Q,w) as the set of measurable functions f on Q such that

1/p
”fHLp(Qw) = </ If(x)pw(x)dm> < 0.
Q
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If we A, 1 < p < oo, then w™ /P~ is locally integrable and we have
LP(Q,w) C Li,.(Q) for every open set Q (see Remark 1.2.4 in [10]). It thus makes
sense to talk about weak derivatives of functions in LP(Q,w).

Definition 2.2. Let w be a A,-weight (1 < p < 00), and let  C R™ be open. We

define the weighted Sobolev space WP (), w) as the set of functions u € LP(Q, w) with
weak derivatives Dju € LP(Q,w). The norm of u in W1P(Q,w) is defined by

el = ( [ @)t dw+§njl [ 1Dsu(e) o) dx)l/p. 2.1)
Q =10

We also define W, (2, w) as the closure of C§°(Q) with respect to the norm
.

Ifw € A,, then WP (Q,w) is the closure of C*°(£2) with respect to the norm (2.1)
(see Theorem 2.1.4 in [10]). The spaces W' (2, w) and W, ? (€, w) are Banach spaces.

It is evident that a weight function w which satisfies 0 < ¢; <w(z) <e¢y for z€Q
(where ¢; and ¢y are constants), gives nothing new (the space Wy*(€,w) is then
identical to the classical Sobolev space W(l]’p (€2)). Consequently, we shall be interested
above in all such weight functions w which either vanish somewhere in Q or increase
to infinity (or both).

In this paper we use the following two theorems.

Theorem 2.3. Let w € Ay, 1 < p < oo, and let 2 be a bounded open set in R™. If
Um—u in LP(Q,w) then there exists a subsequence {um, } and a function ® € LP(Q, w)
such that:

(i) Um, () = u(x), mi — o0, p-a.e. on <,

(ii) |um, (z)] < ®(z), p-a.e. on
(where p(E) = [Lw(z)dx).
Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in [2]. O
Theorem 2.4. Let Q be an open bounded set in R™ and w € A, (1 < p < 00). There
exist constants Cq and 0 positive such that for all w € C§°(Q) and all k satisfying
1<k<n/(n—1)494,

||UHLkp(Q,w) = CQ||VU||LP(Q,w)'

Proof. See Theorem 1.3 in [3]. O

Definition 2.5. We say that an element u € Wol’p(Q,w) is a (weak) solution of
problem (P) if

Z w(x)Aj(x,u(x),Vu(x))ngo(a:)dx+/b(x,u(x),Vu(x))go(m)w(m) dz+

i=lg N
+ [o@@n i = [ p@e@iz+ Y [ 1@Deis
Q Q i=1g

for all ¢ € WyP(Q,w).
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3. PROOF OF THEOREM 1.1

The basic idea is to reduce the problem (P) to an operator equation Au = T and
apply the theorem below.

Theorem 3.1. Let A : X—X* be a monotone, coercive and hemicontinuous operator
on the real, separable, reflexive Banach space X. Then the following assertions hold:

(a) for each T € X* the equation Au =T has a solution u € X,
(b) if the operator A is strictly monotone, then equation Au =T is uniquely solvable
mn X.

Proof. See Theorem 26.A in [11]. O

To proof Theorem 1.1, we define B, By, By : Wol’p(Q,w) X Wol’p(Q,w)—>R and
T : WyP(Q,w)—R by
B(’U/,(p) = Bl(U,QO) + BQ(U,QP),

Bi(u,¢) = Z/wAj(x,u,Vu)ngodx =

jzlg

= /w Az, u, Vu).Vodz,
Q

Ba(u ) = [ b, ule), Vulo))plalu(a) dot
Q

+/amwmwmm,

Q
7(0) = [ ola)ota) o+

+Z/fj(x)pj¢(x) dz.

i=1g
Then u € W, ?(Q,w) is a (weak) solution to problem (P) if

B(ua 50) = Bl(uﬂo) + BQ(uﬂ 50) = T(QD),

for all ¢ € W) P(Q,w).
Step 1. For j =1,...,n we define the operator Fj : Wol’p(Q,w)—>Lp/(Q,w) by

(Fju)(z) = A; (2, u(z), Vu(z)).
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We have that the operator Fj is bounded and continuous. In fact:
(i) Using (H4) we obtain

HFJUHZZP’(Q,W) :/|Fju($)|p/LUd.T:/|Aj(.T,u, V)P wdz <
o)

’

Q
/ ’ p
</<K1+h1|up/p +h2|vu|p/p> wdz <
Q

IN

Cp Kf/wdx+/h€,|u|pwdx+/h§l|Vu|pwdx],

c,,/ [(Kf’ + Bl + h’z"|Vu|p)w} do =
Q
[Q Q Q

where the constant C), depends only on p.
We have

/h’l’ ufPw dz < thnpw(ﬂ)/mm o < [y Nl
Q Q

and

/hg’ [VulPwdzx < ||h2||’zoo(m/|vu\mdz < ||h2||poo(m||“H;/gvv(9,w)'
Q Q

Therefore, in (3.1) we obtain

150l .0y < Cp (I8N + (sl + il )0l )

(ii) Let w, — u in Wy P(Q,w) as m — oo. We need to show that Fju,,—Fju
in L¥' (Q,w).

If wp, — win Wy P(Q,w), then u,, — uin LP(Q,w) and |Vu,,| — |Vu| in LP(Q,w).
Using Theorem 2.3, there exists a subsequence {uy,, } and functions ®; and @5 in
LP(Q,w) such that

U, (T)—=u(z), p—ae. in Q,
[thm,, (2)| < P1(z), p—a.e. in Q,
Vi, (z)|—=|Vu(z)], p—ae. in Q,

[V, ()] < @o(x), p—a.e. in Q.
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Hence, using (H4), we obtain

F5ton, = Fyullfys oy = [ Fjtons(0) = Fyu() o =
= [ 1At D) = Ay, V) s <
<Gy [ (Mot V)V + (o0, V) Yo <
Q

’ , p’
Scp[/<K1+h1|umk|p/p +h2|Vumk|p/p) wdr+
Q

’ ’ p/
+/(K1+h1|u|p/p +h2|Vu|p/p) wdm] <
o)

’ / pl
§20,,/<K1+h1<1>1f/p +h2¢§/p) wdz <

<20, [/Kl wdm—l—/hp @fwdm—&—/hp @Swdm} <
Q Q

<20, [nmnm oy + Il ey [ B
Q

el e [ W] <
Q

<26y 1K g + 1y 191

sl 1221 ]
By condition (H1), we have
Fjum(z) = Aj(2, um (), Vum (€)= A; (2, u(z), Vu(z)) = Fju(z),
as m — oo. Therefore, by the dominated convergence theorem, we obtain
— 0,

[ Fj iy, — Fju”LP’(Q,w)

that is, /
Fjtum, = Fju in LP (Q,w).

By the convergence principle in Banach spaces, we have

Fjty, — Fyu in LP (Q,w). (3.2)
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Step 2. We define the operator G : W, ?(Q,w) — L (Q,w) by
(Gu)(z) = b(z,u(x), Vu(x)).

We also have that the operator G is continuous and bounded. In fact:

(i) Using (H8) we obtain

||Gu||i/p,(97w) :/\Gu\pwdz:/w(w,u,vm\p wdx <
Q Q
’ ! p/
g/(K2+h3|u|p/p —|—h4|Vu|p/p) wdx <
9)

< cp/ {(Kg’ + 12 [ulf + hZIVup)w} dz =
Q

:Cp[/ngdx—l-/hglmpwdx—&—/hffVupwdw] <
Q

Q Q
< Op(IIK2||§p/(Q,w) (1l gy + halls <) un';Vg,pm,w)).

(ii) By the same argument used in Step 1(ii), we obtain analogously, if u,, — u in
WyP(Q,w), then

Gum— Gu in L7 (Q,w). (3.3)
Step 3. We have

|</|f0||<P|d$+Z/|fg||Dgg0\dx_

Jlﬂ

| fol | f5]
=/7|<p|wda:+2/73|Dj<p|wda:§
Q i=1g

< ||f0/w||LP’(Q,w)||<)0||LP(Q)W) + Z ||fj/w||LP’(Q,w)||Dj<p||LP(Q7w) <
j=1

n
< (||f0/w||Lp'(Q,w) + Z ||fj/w||Lp’(Q,w)) H‘)OHW(}"’(Q,UJ)'
j=1
Moreover, using (H4), (H8), (H9) and the generalized Holder inequality, we also have
|B(u, )| < [Bi(u, )| + |Ba(u, )| <

< Z/LA x,u Vu)||DJ<p|wdx—|—/\b z,u, Vu)| |o|lw dz+
J= 1Q (34)

+ / 191 [l ] d.
Q
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In (3.4) we have

/|A(m,u,Vu)\ [Vplwdz < / (K1 + h1|u‘p/p/ n h2|Vu|P/p/> |Vo|lwdr <
) o)

< NELZ iy 120y - Il ey 2y ) IVl o+

12l o g0y V0l 6, ) 190 oy <

< (M1 o+ Walimoy + Ul )l ) ol

and

/|b(m,u,Vu)| lplwdr < / (K2+h3|u|l’/p’ +h4|Vu|p/P')|¢wdx <
Q Q

< / Kalolwda + [l m oy [ 1Y ol dz + hall e [ 90l ol do <
Q Q

(||K2|Lp () + Wall oy Il )+ Al o gy Il p(w)) ey )

and, since 1/¢+ 1/p+1/p =1,

lgl
/mwmw= ullglwdo <
Q

< Hg/wHLq(Q,w)||u||Lp(Q,w)H@HLP(Q,w) <

< HQ/WHLq(Q,w)||U||W(}=P(Q,w)||80||W(}~P(Q,w)'

Hence, in (3.4) we obtain, for all u,p € Wy (€, w)

1B, 0) < 1K1l @y + Wl e e 1l12 o+ B2l o gy 0P8 )+

Wi P (Q,w) ”’Qw)

12 o ) + 1l e e 10178 s+ Il oy el P )+

0P (Qw) 1”(Q w)

+ Hg/w”Lq(Q,w)Hu||W&’p(Q7w) ||90||W01’I’(Q7w)'

Since B(u, -) is linear, for each u € W, "*(2,w), there exists a linear and continuous
operator

A WP (Q,w) — Wy P (Q,w)]*
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such that (Au, o) = B(u, @), for all u, ¢ € W,?(Q,w) (where (f,z) denotes the value
of the linear functional f at the point z) and

lAull, < 1B 2o oy + Wl zom gy Il g ) F T2l o gy Il g+
Kzl o g0y + sl o iy [0l gy + Wl oy Il g+

+ HQ/W”Lq(Q,w)Hu||W01>T’(Q,w)'
Consequently, problem (P) is equivalent to the operator equation
Au=T, ueW,"(Qw).
Step 4. Using condition (H2), (H6) and (H9), we have

<AU1 — Au2,u1 — U2> = B(ul,ul — ’LLQ) — B(UQ,Ul — UQ) =

:/wA(x,ul,Vul).V(ul 7u2)dx+/b(x,u1,Vu1)(u1 — ug) wdr+
Q Q

+ /(u1 — ug)guy do—

wA(x, ug, Vug).V(uy — ug) dz — /b(m,uz,VuQ)(ul — ug) wdr—
)

g(ur — ug)ug da =

D\ D\D

w (A(w,ul, Vuy) — Az, ua, Vuz)) NV(uy — ug) de+

D\

+ /(b(x,ul,Vul) — b(z,u2, Vug))(u1 — ug)wdx + /g(u1 —up)?dx >
Q Q

>0, /w |V (u1 — ug) [P do + 92/|u1 —ugffwdr >
Q Q

>9||U1—U2H 1”(Qw)7

where 6 = min {6;,6-}.



Existence and uniqueness of the solutions. . .

25

Therefore, the operator A is strictly monotone. Moreover, using (H3), (HT)

and (H9), we obtain
(Au,u) = B(u,u) = By(u,u) + Ba(u,u) =

:/wA(m7u,Vu).Vudx—l—/b(x,u,Vu)uwdx—l—/qudx2
Q Q Q

> / <A1|u|p+)\1|Vup—glu|)wd1:+
Q

+/ (A2|u|p+)\2Vupg2u|)wd:c >
Q

27 Hu||€v&,1’(g7w) - (I\gl\lm'(g,w) + ||g2HLp’(Q,w))HUHW(}’P(Q,UJ),
where v = min {\1, A2, A1, Ao }. Hence, since p > 2, we have
(Au, u)
W —00, as Hu||W01,p(Q7w) —00,

that is, A is coercive.
Step 5. We need to show that the operator A is continuous.
Let w,,,— u in W&’Q(Q,w) as m — oo. We have

By (1)~ Bulu ) <3 / A (2t Vi) — A (2,0, V)| Dy ple oz =

Jj=1g

= Z/|F U, — Fjul||Djplw dz <
Jj=1g

< Z (| Fjtim — Fju”LP’(Q’w)||D]—S0||LP(Q,w) <
j=1

< Z [Ejum = Fjull por (. 12l e 0.0)
Jj=1
and
| Ba(tm, ) — Ba(u, )| =

'/ x um,Vum)—b(x,u,Vu))gowdx—&—/ggp(um—u)dm <
Q

< / |Gt — Gl o] w i + / 191 9] [ — u] d <
Q Q

< | Gum — Gu”LP’(Q,w)”@HLP(Q,w) + ||9/WHLq(Q,w)||50||Lp(9,w)||“m - UHLP(Q,w) <

< |[[Gum — GU”LP’(Q,W)||90||WC}=P(Q,w) + ||9/W||Lq(Q7w)||<P||Wc}vp(g,w)||“m - ’U’HW&"’(QM)
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for all ¢ € W, *(Q,w). Hence,

|B(uma§0> - B(u7 (P)| < |Bl(um7(p) - Bl(uv(p” + |B2(um7(p) - BQ(“a‘P)' <

< | S U un  Fyull
j=1

+ |G — GU’HLPI(Q,w) + Hg/wHLq(Q,w)”um - ||W01’p(Q,w) HWHW[}P(QM)-

Then we obtain

| Aty — Aull, < 37 1 Fytims — Fyull 1y 0+

j=1
+ [[Gum — GUHLP’(Q,w) + ||9/W||Lq(g,w)||um - UHW&’T)(QM)'
Therefore, using (3.2) and (3.3) we have ||Au,, — Aul|,— 0 as m — oo, that is, A is
continuous (and this implies that A is hemicontinuous).
Therefore, by Theorem 3.1, the operator equation Au = T has a unique solution

u € WyP(Q,w) and it is the unique solution for problem (P).
Step 6. In particular, by setting ¢ = u in Definition 2.5, we have

B(u,u) = B1(u,u) + Ba(u,u) = T(u). (3.5)
Hence, using (H3), (H7), (H9) and v = min {\1, A2, A1, A2}, we obtain

Bi(u,u) + Ba(u,u) = /wA(x,u,Vu).Vudm—i—/b(m,u,Vu) uwdx+/gu2 dx >
Q Q

>

D\{O

<A1|up + M| Vul? — g1|u|> wdx+

# [ (Aalal 4 rafTul” = galul ) oo >
Q

> Yl .y = (91l @,y + 1921l o7 0.09) Itllwir
and
T(u):/foudx+2/ijjudx§
Q

jzlg

< ”fO/w“LP'(Q,w)”u”LP(Q,w) + Z Hfj/w|LP’(Q)||DjuHLP(Qyw) <

j=1

< (S U/l @ ) Mol
=0
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Therefore, in (3.5), we obtain

0y~ (19112 ) + 1920507 ) Il <
n
< (Ul ) Bl
j=0

and we obtain

n

1 p'/p
Il ) < 7 (Z 13/l o @y 1911 1 0+ ||gz||mf<g,w>) .
j=0
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