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1. INTRODUCTION

1.1. GENERAL REMARKS

Infinite Jacobi matrices have appeared in many recent papers related to
various questions of pure and applied mathematics (see [7, 9, 14, 19, 23]).
In this paper we consider a Hermitian tridiagonal matrix

d(1) al) 0 0
a(l) d(2) a(2) 0
0 a2 d3) a@3) (1.1)
0 0 a(3) dA)

such that (d(k))72, is an increasing sequence going to infinity and (a(k))52,
is a complex valued sequence dominated by (d(k))$,. Then (1.1) defines in ¢?
a self-adjoint operator J with discrete spectrum (see [8]). Moreover, J is bounded
from below and the eigenvalue sequence of J is defined as the non-decreasing sequence

(© 2020 Authors. Creative Commons CC-BY 4.0 241



242 Ayoub Harrat, El Hassan Zerouali, and Lech Zielinski

(A ())52 such that Jv, = A\, (J)v, for n € N* and (v,)52, is an orthonormal
basis of £2.

We begin the discussion of known results by the fundamental paper of J. Janas,
S. Naboko [14]. In this paper the authors describe a method of approximative diago-
nalization and its application to the analysis of large eigenvalues in certain quantum
models. The paper [14] gives also explanations why this type of analysis is important
in Quantum Physics.

Concerning non self-adjoint problems, we refer to [10] and [16]. Concerning the
self-adjoint problem, we remark that the papers [1-5,7,14,15]

use the following hypothesis.

Hypothesis. There exist u, p, C, ¢, ko € (0; oo) such that for k > ko one has

(H1) ck* < d(k) < Ck*,
(H2) d(k+ 1) — d(k) > ck"~1,
(H3) |a(k)| < Ck*—".

It turns out that asymptotic estimates crucially depend on whether p > 1 or not.

Case p > 1. The papers [14] and [7] treat a type of coefficients satisfying (H1)-(H3)
with y =2 and p = % An asymptotic expansion of large eigenvalues is constructed
in [15] using (H1)—(H3) with & > 1, p > 1 and in [1] using (H1)—(H3) with x > 0,
p>1.

Case p < 1. It appears that p = % is the most important value for the Quantum Optics
and the asymptotic behaviour of large eigenvalues for models considered in [1-5,20-22]
turned out to have a quite special form. However, it is an open problem to describe
eigenvalue asymptotics without additional regularity of entries. Other special models
are investigated in papers [11,13] and [17].

In this paper we construct an asymptotic expansion of large eigenvalues under
additional regularity conditions imposed on the entries and we give explicit expressions
for correction terms in the asymptotic formula with error O(n*~%¢). In Theorem 1.1
we assume that the entries have a classical expansion at infinity. The case p = % gives
a nice surprise by ensuring a classical expansion of eigenvalues. A similar construction
still works if entries satisfy regularity conditions of symbol type (see Section 1.3). The
restriction to tridiagonal matrices is not essential in our approach and we can work all
the time with band matrices, but tridiagonal matrices make formulas and calculus
more simple. We mention as well that this paper can be viewed as a development
of [6] (see also [15]).

1.2. ASYMPTOTIC EXPANSION OF LARGE EIGENVALUES

We denote by ¢? the Hilbert space of square summable complex valued sequences
z: N* — C with the norm

fall = (3 letw )
k=1
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and the scalar product (x,y) = Z z(k)y(k). For any 6 > 0 we denote

k=1
20 = {x A i |KO2(k))? < oo}.
k=1

Let (d(k))32,, (a(k))?2, satisty the hypothesis (H1)-(H3) for a fixed g > 0 and p > 0.
For o € /> we define Jz € 2 by the formula

Ja(k) = d(k)z(k) + a(k)x(k+ 1) + a(k — 1)x(k — 1) for k € N*, (1.2)

where we assume 2(0) = 0 and a(0) = 0. The formula (1.2) defines the operator J
on the domain of definition D(J) = ¢2#. Then J is self-adjoint in ¢?, bounded from
below and has compact resolvent (see [8]). We will prove the following result.

Theorem 1.1. Let > 0, p > 0 be fized and assume

d(k) ~ k" X_;Z as k — oo, (1.3)
a(k) ~ kF™° ; % as k — oo, (1.4)

where a; € C, 6; € R fori € N and 69 > 0. Then (H1)—(H3) hold and (1.2) defines
in 0% the self-adjoint operator J on the domain D(J) = (>H. If (A, (J))S>, is the
eigenvalue sequence of the operator J, then

An(J) = d(n) +t(n),

where t(n) obeys the asymptotic expansion of the form

o0
t(n) ~ nt=2P Z ni’rgjp asn — oo (1.5)
i,j=0

and c;; are real coefficients obtained by the induction scheme in Section 5. The
explicit values of cp 0, 1,0, c2,0 are computed in Section 6.4 and the value of co,1 in
Section 6.5 (see also (1.11) and (1.14)—(1.15)).

The operator J is a relatively compact perturbation of the diagonal operator
diag(d(n))s2; and the special form of this perturbation allows one to deduce

An(J) = d(n) + O(n""") (1.6)

from the min-max principle (see Corollary 3.3). It appears that the assumptions of
Theorem 1.1 allow one to replace (1.6) by the stronger estimate

An(J) = d(n) + O(ni=2)
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and the remainder v(n) = A\, (J) — d(n) obeys the asymptotic formula
t(n) = vi(n) + O(n"~*),

where t1(n) is given by (1.9). The quantity v;(n) is of order n#~2? and we call it the
first correction term. We mention that the expression (1.9) for the first correction term
was obtained in [15] under the assumptions (H1)-(H3) with 1 > 1, p > 1 (and with
weaker remainder estimates).

The next step of precision is attained in Theorem 6.2 which describes the asymptotic
behaviour of t(n) modulo O(n*~%"). We show the formula (1.12) and give explicit
expressions (1.13)—(1.15) for the leading coefficient of the second correction term, which
is of order O(n*=%¢).

In order to obtain a complete asymptotic expansion, we use a method of approxi-
mative diagonalization. The idea of our approach is similar to the method presented
n [14], but we do not need the assumptions p > 1 and p > 1 used in [14].

At the end of this discussion we remark that the result of Theorem 1.1 is inspired
by the paper [18]. The main differences between [18] and our work are the following:

— we consider the Hilbert space £2 = ¢?(N*) instead of ¢?(Z),
— we give a simple algorithm of computing the coefficients c; ; adopted to our problem,
— our approach allows us to see that (1.5) contains only even powers of n=".

1.3. FURTHER RESULTS

We construct an asymptotic expansion for large eigenvalues under assumptions slightly
weaker than used in Theorem 1.1.

Notation 1.2. For any f : N* — C we write 9°f(k) := f(k),

Of (k) = f(k+1) = f(k),

and, by using induction, we define 9™ ! f:= 9(™ f) for m = 0,1,2,....
If v € R then S} denotes the set of p : N* — C such that the estimate

9"p(k) = O(K"™™)
holds for every m € N.

Throughout the paper > 0, p > 0 are fixed and we centre our analysis on the
Jacobi operators (1.2) such that
desy, (1.7)

aeSi™? (1.8)

and (H1)-(H2) hold. These conditions could be weakened if one wants to obtain the
remainder estimate O(n~") for a fixed value of the exponent 7 (see Theorem 4.1), but
for simplicity we use (1.7)—(1.8) throughout Section 5 and 6.

As before, J is the self-adjoint operator in £2 with D(J) = ¢*># and (\,(J))3,
denotes its non-decreasing eigenvalue sequence (counted with multiplicities). We con-
sider the asymptotic formula for (A, (J))52; with three different degrees of precision.
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(i) The asymptotic formula with one correction term. We show that
A (J) = d(n) +t1(n) + O(nt=r)

holds with ) )
lan =D _ la(n)]
dn)—dn—-1) dn+1)—d(n)
If (1.3)—(1.4) hold, then (1.7)—(1.8) hold as well. Under the assumptions (1.3)—(1.4),
it is easy to see that the quantity t;(n) defined by (1.9) satisfies

(1.9)

t1 (’I’L) =

t1(n) ~ i3 E G0 asn — oo (1.10)
nl
i=0

In Section 6.4 we show that in the case dp = 1 one has (1.10) with

Q
o
o
|

_p— 2P+1|a |
{Cl 0=t ( (n—=p+36:1(1—))leg| — 2Re(aoan)). (1.11)

It is clear that the general case can be reduced to the case §o = 1 by means of the
multiplication of J by a suitable constant.

(ii) The asymptotic formula with two correction terms. In Theorem 6.2 we prove

An() = d(n) + t1(n) + ta(n) + O(n#=%), (1.12)

where t; is given by (1.9) and t, € S¥%,

Let us assume that (1.3) holds and (1.4) holds with o = 1. Then (1.10)—(1.11) are
still true and in Section 6.5 we show that

ta(n) = co 1~ + O(nt 471 (1.13)
holds with
co,1 = €1+ c2 + cs, (1.14)
where
—( = 20) (1= 20) (e + 1 — dp) 128,
02=( —D(p+2—4p)(p+1- 4p)'ﬁ;’s,‘, (1.15)
es = —(j—1)2(u+1—4p)l2al.

L
(iii) A complete asymptotic expansion. In Section 5 we construct t; € S{“Q P where
l=1,2,... and for every m € N* one has

2m+1

An( +Ztl )4+ Ont=2""7r).

This construction is used to deduce Theorem 1.1.
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2. PRELIMINARIES

2.1. BASIC NOTATIONS AND PROPERTIES

Throughout the paper {ej } ez denotes the canonical basis in €% (i.e. e(j) = 8y ;) and
the shift operator is denoted by S (i.e. S is the linear bounded operator in 2 satisfying
Sey = ejy1 for k € N*). We denote by A the self-adjoint operator in ¢? defined by the
formula

(Az) (k) = ka(k)

on the domain of definition D(A) = ¢*!. Using the functional calculus, we
can define f(A) as the closed linear operator satisfying f(A)er, = f(k)er for
all k € N*. These notations allow us to write down the Jacobi operator (1.2)
in the form

J = d(A) + Sa(A) + a(A)S*,

where S* is the adjoint of S.
Below we introduce more notations.

Notation 2.1. Let i € Z. We write S = §% if i € N and S = §*l!l if s € Z \ N.
According to this notation, the operator S is the linear mapping on ¢? satisfying

(i) S(i)ek =epy; ifk+i>1,
(ii) SWe, =01if k+14 <0.

Let i € Z and f : N* — C. Then 7; f denotes the sequence N* — C satisfying

() mif(k) = flk+d)if k+i> 1,
(i) 7 f(k) =0if k+i<0.

We denote by 0; f the sequence N* — C given by the formula
0if (k) := 7 f(k) — f (k).

In particular 9y f = 0 and 9, f(k) = 0f (k) = f(k+1)— f(k) is the derivative introduced
in Section 1. We observe that for any fixed i € Z,

f (k) = O(K") = Oif(k) = O(k"). (2.1)
Remark 2.2. The above notations allow us to write Sz = 7_;z and

F(A)S® =5 (7, f)(A), (2:2)
where (7 f)(A) is the shifted diagonal operator satisfying (7; f)(A)ex = 7 f (k)ek.

Notation 2.3. If v€R and N €N, then SY(NN) denotes the set of all p : N* — C such
that ™p(k) = O(k¥~™) holds for m € {0,...,N}.
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Lemma 2.4.

(i) If N>1,i€Z and p € S{(N) then 9ip € S (N —1).

(i) If p € SY(N) and q € S}(N) then pg € SY™"(N).
(iii) Assume that p € SY(N) and there exists ¢ > 0 such that |p(k)| > ck” for all

ke N*.
Then 1/p € STV(N).
Proof. (i) Tt suffices to use (2.1) and the definition of S¥(NV).
(ii) We obtain
0™ (pg) (k) = O(K" =)

by induction with respect to m using

d(fg) = fog + gof + 0f0g.
(iii) We obtain
" (1/p) (k) = O(k™~™)

by induction with respect to m using

Op(k)
D=1y

2.2. OPERATOR VALUED ERRORS

In this section we introduce notations used throughout the paper to control errors
of large eigenvalues. As before, S denotes the shift operator in £2, i.e. Se = epi1.
If # > 0, then AY denotes the self-adjoint operator in ¢ such that A, = ke, and
D(A?) = ¢29. 1f § < 0, then A? is the inverse of Al?l. In order to deal with these
operators, we introduce the subspace of fast decaying sequences

ST = ﬂ %% = {x e ®: z(k) = O(k™N) for any N > 0}. (2.3)
0>0

The space ST defined by (2.3) will be assumed to be invariant for all operators
considered further on and we use the fact that this type of operators form an algebra.
Clearly S~ is invariant for the shifts S, S* and for f(A) if f : N* — C is polynomially
bounded.

We adopt the following convention: for a linear mapping P: D(P)—¢? we write
PeB(?) if and only if the closure of P is a bounded operator £2 — (2.

Let n € R. We introduce the notation

P=0(A") <= Y0cR, A'PA7cB(?. (2.4)
Then (2.4) immediately ensures the properties

P=0O(A") = S™% is an invariant subspace of P,
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f(k) =0(k") = [f(A)=O(A"),
P=0(A"), Q=0(") = PQ=O0(A""). (2.5)
The notation P=0(A~>°) means that P=0O(A~?) holds for all # > 0 and the notation
P=Q+0(A")

means that P — Q = O(A") and S~ is invariant for both operators P, Q.

2.3. FINITE DIFFERENCE OPERATORS.

Any complex matrix (P(Lj))fj-:l can be written in the form

po(1) p-1(2) p—2(3) p-3(4)
pi(1)  po(2) p-1(3) p-2(4)
p2(l)  p(2)  po(3) p-1(4) , (2.6)
p3(1)  p2(2)  pi(3)  po(4)

where (p;(k))72, is a complex valued sequence (for any i € Z).

Definition 2.5. We say that P is a band matriz if and only if P has the form (2.6)
and there is i € N such that |i| > i¢ implies p;(k) = 0 for all k € N*.

Definition 2.6. We say that P is off-diagonal if and only if pg(k) = 0 holds for all
k € N*. If P is given by (2.6), then po(A) is called the diagonal part of P.

Lemma 2.7. We fir v € R and iy € N. Assume that p;(k) = O(k") for alli € Z and
|i| > ig implies p;(k) = 0 for all k € N*. Then the band matriz P given by (2.6) can
be identified with the linear mapping acting on S~ according to the formula

min{ig,k—1}

(Px)(k) = D pilk—i)alk—1i). (2.7)

i=—io
Moreover P = O(AY).
Proof. We observe that (2.7) can be written in the form

Pz = Z S@p;(A)z for z € ST, (2.8)

—i0<i<ig

The assumptions p; (k) = O(k¥) ensure p;(A) = O(A¥) and due to (2.5) it remains to
show that S = O(A%) and S* = O(A®). In order to show A’ SA=% € B(¢?) for any 0 € R,
we use (2.2) to write AY’SA™Y = S(A + 1)?A~% and observe that (A + 1)?A=% € B(¢?).
Taking the adjoint, we get A=?S*A? € B(¢?). O
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2.4. CLASS OF OPERATORS FDOY(N)

Notation 2.8. If v € R and N € N, then FDOY (V) denotes the set of all band
matrices P given by (2.6), where p; € SY(N) for all 4. Further on the elements of
FDOY(N) are always identified with linear mappings given by (2.8) where p; € SY(N).

Lemma 2.9. If P € FDOY(N + 1) and Q € FDO](N + 1), then the commutator
[P,Q] := PQ — QP € FDO{ ™"~ }(N).
Proof. Tt suffices to prove the formula
By = [SVpi(8), SVq;(A)] = S (;0;pi — pidia;) (M) (2.9)
Indeed, if p; € SY(N + 1) and ¢; € S} (N + 1), then

bij = 4;0;pi — pida; € ST TH(N),

which ensures that the right-hand side of (2.9) belongs to FDOY ™1 (N).
In order to prove (2.9), we observe that (2.2) allows us to express

Bij = SYpi(8)SYq;(A) — SDq;(A)SWpi(A)
=SS (r;pi) (Mg (A) — SV 8D (riq;) (Mpi(A).
Since b; ; = q;7;p; — PiTiq;, it remains to check the equalities
SOSD (7ip;) (M)g;(A) = ST (75p,) (A)g;(A), (2.10)

S (1) (M)pi(A) = ST (130;) (A)pi(A). (2.11)
Case j > 0. In this case S®S§0) = §(i+7) holds for any i € Z.
Case j <0, i < 0. In this case S S0 = §(+7) holds as well.
Case j < 0, i > 0. In this case SV SUe, = S(+ie, holds if k> —j. Assume now
that k<—j. Then S SUWe; =0 and (1;p;)(A)ex = 7jp;i(k)er, = 0, hence (2.10) holds.
Similarly we check (2.11). O

3. MAIN INGREDIENTS

3.1. CONSEQUENCES OF THE MIN-MAX PRINCIPLE

In this section we prove Proposition 3.2 which is the first fundamental tool of our
approach. Its purpose is to detect perturbations which give small errors for large
eigenvalues. The importance of Proposition 3.2 lies in the fact that it is used as the
ingredient of our approach replacing Lemma 2.1 of J. Janas, S. Naboko [14].

We notice that Lemma 2.1 from [14] is used in [7,15,16,22], but we prefer us-
ing Proposition 3.2 for several reasons. One of them is the fact that Lemma 2.1
from [14] needs the additional assumption x > 1 in the hypothesis (H1).
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Notation 3.1. If L is a self-adjoint, bounded from below operator with compact
resolvent in 2, then A\ (L) < ... < A\ (L) < M\y1(L) < ... are eigenvalues of L,
enumerated in non-decreasing order, counting multiplicities.

Proposition 3.2. We fiz u, p, n € (0;00). Let D = d(A) be the diagonal operator
with d satisfying (H1). Let A be a symmetric operator such that D(A) D (> and

A=O(A"P). (3.1)

Let J be the operator defined by
J=D+ A (3.2)

and D(J)=(%H. Then J is self-adjoint, bounded from below and has compact resolvent
in 2. If R is a symmetric operator such that D(R) D (** and

R=O0(A"),

then the operator J + R is self-adjoint in £*> on the domain D(J + R) = (**. Moreover,
J 4+ R is a bounded from below operator with compact resolvent and one has

An(J + R) = M (J) + O (3.3)

Proof. Let C > 0 and denote p := D + CI. Assume that C~'~is fixed large enough.
Then (H1) ensures C~1A* < D < CAH with C' > 0, hence D~ is compact. Since
A has zero relative bound with respect to D (due to (3.1)), the operaror

Ji=J+CI=D+A
is self-adjoint, bounded from below, has compact resolvent and

(2C)7TA* < J < 2CA* (3.4)
holds if C' is large enough. Since A, (J) = A, (J)+C and A\, (J+R) = \,(J+R)+C,

it remains to prove R R
M (JHR) = A\ (J) + O(nt=). (3.5)

Step 1. We prove that (3.5) holds if n < 2pu.
Since A, ((2C)*1A#) = (20)*n#, the min-max principle used in (3.4) gives

(2C) "Ik < A, (J) < 20m*. (3.6)
The well known result concerning the powers of positive operators ensures that
(20)7IslArs < J5 < (20)1sIAms (3.7)

follows from (3.4) if —1 < s < 1. Since 0 < 1 < 2, we can use (3.7) with s=1—1n/u
ensuring existence of positive constants C7, Cy such that

+R < CLAF < Oy J /R, (3.8)
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Let fi : (0;00) — R be given by the formula fu(t) := t+Cot*~"/# Then (3.8) ensures
F()<T+R< fu(J)

and the min-max principle ensures

M(f=(1) € Al + R) < Aa(f+(])). (3.9)
Since fi is increasing on (tg; 00) if tg is fixed large enough, there is ng € N such that
n>ng = M (f(J)) = fe(An(J)). (3.10)

Combining (3.9) and (3.10), we find that for n > ng one has
A (J) = Coda () < N (J 4 R) < M (J) 4+ Codn (J)11/1, (3.11)

Using (3.6), we conclude that (3.11) ensures
An(J + R) = A (J)] < Codn (J)1 1 = O(nk—).

Step 2. Let k € N*. We claim that the assertion of Proposition 3.2 holds if n < 2% .
Indeed, the case k = 1 was proved in Step 1 and using induction with respect
to k € N*, we fix £ € N* and assume that the assertion of Proposition 3.2 holds if
n < 2kp. . N N
As before C' > 0 is fixed large enough, D = d(A) + CI and d satisfies (H1) for
a given p > 0. Let J = D + A where A = O(A*~) and p > 0. Then

J? = D? + A’ holds with A’ = DA+ AD + A2 = O(A%*~*),

i.e. J := J? satisfies the hypotheses of Proposition 3.2 with ' := 2u instead of .
Assume now that R = O(A#~") and 0 < n < 281y = 2%/, Then

(J + R)*> = J? + R holds with R’ = JR+ RJ + R* = O(A**™™")
and by using Proposition 3.2 with J’ := J2, p/ := 2y instead of J, p, we obtain
M((J + R)?) = Mo (J?) + O(n2#7m). (3.12)
Let C be large enough to ensure J 4+ R > 0. Then (3.12) implies
M+ R)? = A (J)? + 0 77) = X, (1) (1 + O(n™ ")),
where the last estimate follows from (3.6). Thus

AT+ R) = M (J)(1+0(m™™)"* = A, (J)(1+ O(n™™))

and using (3.6) in the last estimate, we deduce that (3.5) holds with n < 2¢*+1y. O

Corollary 3.3. Let > 0 and p > 0. Assume that (H1) and (H3) hold and there
exists ko such that d(k +1) > d(k) for k > ko. If the operator J is given by (1.2), then
An(J) =d(n) + O(n*~°).

Proof. Denote D = d(A) and R = Sa(A) + a(A)S*. Since (H3) ensures R = O(A*~F),
we can write (3.3) with D instead of J and find \,(D + R) = A,(D) + O(n*~°).
To complete the proof, we observe that A, (d(A)) = d(n) for n > ng. O
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3.2. SPECIAL SELF-ADJOINT OPERATORS

Lemma 3.4. Let P be a symmetric operator on S™°° given by the formula

Pr= Y (S'pi(A) +Pi(A)ST))x forw S (3.13)

1<i<io
If pi(k) = O(k) fori=1,... 40, then P is essentially self-adjoint on S™°.
Proof. Let 6 > 0. Then [iP, A?] is symmetric on S~ and we claim that
[iP, A*] = O(A%"). (3.14)

Indeed, if fp(k) = k%%, then 9; fo(k) = O(k?0~1), hence (2.2) ensures

[PA*) = 37 (S'(pidifo)(A) + be) with (pid:fo) (k) = O(K).
1<i<io
By (3.14) we can find a constant Cy > 0 such that
+(y, AP, A*]A ™ y) < Colly||* for y € £2.
Writing y = A%z, we get
+(z, [iP,A*]z) < Cp||Az|? for x € (>, (3.15)
Using (3.15) with @ = 1/2 and the fact that
|Pz|| < C||Az| for x € ST°°, (3.16)

we deduce the assertion by Nelson’s Commutator Theorem. Indeed, the properties
(3.16) and (3.15) with 6 = % allow us to apply Corollary 1.1 in [12] (using P, A and
S™*° instead of H, N and C in [12]). O

Notation 3.5. If P € FDOY(N) is given by (2.8), then the adjoint matrix

(P1(i,4))55=1 = (P(j,1))75 satisfies

Pig = Z (M) = Z SED(r_pi)(Nz  for x € ST

—10<1i<io —10<i<io
and it is clear that PT € FDOY(N). We will use the notation
P+hc:= P+ Pl

If moreover p;(k) = O(k) for i = 1,..., 1, then

P= Y (S'pi(A)+he) (3.17)

1<i<ig

will always denote the self-adjoint operator satisfying (3.13).
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Proposition 3.6. Assume that p;(k) = O(k) fori=1,... iy and P is the self-adjoint
operator given by (3.17). If @ > 0 then (> is an invariant subspace of €*F for any
t € R. Moreover there is a constant Cy such that

APt x| < eColtl|| A% (3.18)
holds for all x € ST*° and t € R.

Proof. Let D(P) denote the domain of the self-adjoint operator P equipped with its
graph norm. Let € > 0 and denote

A9 = AN L ) =7 — e (A 1)
and we define the quadratic form
a9 (z) = (iPz, ADz) + (A2, iPz) for z € D(P).
We claim that there is a constant Cy > 0 such that
+qD () < Cy||A% (A + 1)~V 22| = Cy(z, A\ z) (3.19)
holds for all x € D(P). Indeed, if z € S~ then we compute
a9 (z) = (z,[A9iP)z) = (eA* + 1) a, [iP, A%)(eA® + 1)~ 1z)

and by using (¢A% + 1)~z instead of x in (3.15), we find that (3.19) holds for z € S™°.
Since ST is dense in D(P), the estimate (3.19) holds for = € D(P) as well.

Let € D(P) and denote z; := '’z for t € R. By using %(xt,A(se)xt> = qée)(xt)
and (3.19), we obtain

d
i& <SL‘t, A(€0)$t> S Cg <$t, A(€0)$t>

and Gronwall’s inequality ensures

(20, \D ;) < eColtl(z, AO)gr). (3.20)
If x € S™°°, then the limit ¢ — 0 in (3.20) gives x; € ¢*? and (3.18) holds. Since S™>°
is dense in ¢>9 we still have (3.18) for all = € ¢*? and x; € ¢29 if v € (*9. O

Corollary 3.7. Let P be as in Lemma 3.4. Then

(i) ST is an invariant subspace of €' for any t € R,
(i) t — Pz is a smooth function R — £>9 for any 6 > 0 if x € S™.

Proof. (ii) Let x € S™°°, ¢ > 0 and denote
220 = A(eA? + 1)1y,

It is clear that t — xf’e is smooth R — ¢2 if ¢ > 0. Let us fix N € N* and tg > 0. Then
the family (x§’0)0<5§1 is bounded in CN ([—tg,to]; £2) due to (3.18), hence using the
Ascoli Theorem we can find a sequence (g,,)52, which converges to 0 and (mf"’a)ffzo
is convergent in CV =1 ([—tq, to]; £2). We conclude that the pointwise limit ¢ — A%e!*Fx

is a function belonging to CN=1([—tg, to]; £2). O
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3.3. APPLICATION OF THE TAYLOR FORMULA

Let P be the operator satisfying the assumptions of Lemma 3.4 and assume @ = O(AH).
We will denote _ _
Fip(Q) :=e P Qe for t € R.

Let 2 € ST and n € R. Then the function t — A"F;p(Q)x is smooth R — ¢? due to
Corollary 3.7. Denoting

ad{pQ = ad;pQ = [@,iP] and ad/p"'Q = [adpQ,iP],
we can express the m-th derivative with respect to ¢ € R in the form
dm
dt—mFtp(Q)x = Fip(adpQ)r for z € ST

and by using the Taylor formula in ¢ = 1, we obtain on S™°° the equality

N-1
—i i 1 m
e PO = Q + Z_:l —adipQ + Ry (adipQ), (3.21)
where

1

1 . .

RN(T) := 7(]\] —i /e_‘tPTe‘tP(l —t)yN-1at.
0

It is clear that Proposition 3.6 ensures

T =0(A") = Ry(T) = O(AY). (3.22)

4. ASYMPTOTIC FORMULA WITH ONE CORRECTION TERM
FOR BAND MATRICES

4.1. STATEMENT OF THE RESULT
In this section we will prove the following result.
Theorem 4.1. Let u > 0 and p > 0 be fized. Assume that d € SY(2) satisfies
(H1) and (H2). Assume that a; € S{""(1) fori=1,...,i9, and define the operator
A=d(A)+ Y (S%ai(A)+ he) (4.1)
1<i<io

on the domain D(A) = (>*. Then A is a self-adjoint and bounded from below operator
with compact resolvent in 2. Moreover,

(i) the eigenvalue sequence of A satisfies

An(A) = d(n) + O(n"=27),
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(i) if d € SY(3) and a; € SY7P(2) fori=1,...,io, then
M (A) = d(n) +ti(n) + O(n*—3°)

holds with

L aln =i )
un) = ; <d(n) “dln—9)  dn+i)— d(n)> ' (42)

4.2. SOLUTION OF AN AUXILIARY MATRIX EQUATION

We observe that the assumptions (H1) and (H2) concern the sequence (d(k))72;,
where ko € N is fixed. Since any modification of {d(k) : k < ko} can be viewed as
a perturbation R satisfying R = O(A~°°), the corresponding error of the n-th eigenvalue
is O(n™°°) due to Proposition 3.2. Neglecting such errors we may assume that (H2)
holds with kg =1, i.e.

Je>0Vk e N d(k+1) —d(k) > ck" (4.3)
Lemma 4.2. Let 1>0, p>0 and consider a symmetric operator on S™°° given by

A% = 3" (S'ai(A) + he). (4.4)

1<i<io
Assume that a;(k) = O(k*~P) fori=1,..., 1, (d(k))32, satisfies (4.3) and denote

. ai(k) _ . ai(k)
pih) = — ) ~ ) (4:5)

(i) If P is expressed by (3.13) with p; given by (4.5), then
[D,iP] + A% = 0. (4.6)
(ii) Ifd € S*(N +1) and a; € S P(N), then p; € S} ?(N).
Proof. (i) By (2.2), we have

D,iP) = 3 (1d(A),i8%pi(A)] +he ) = 3 (S'0id(A)ipi(A) + he)
1<i<io 1<i<io
and (4.6) holds if and only if 9;d(k)ip;(k) + a;(k) = 0 for all k € N*.
(ii) Tt suffices to use Lemma 2.4. O

4.3. PROOF OF THEOREM 4.1(i)
Step 1. Let A be given by (4.1). Then

A=D+A°
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holds with D = d(A) and A° given by (4.4). Let P € FDO} ?(1) be as in Section 4.2.
According to Section 3.2 the operator P is self-adjoint and we claim that

e P A% = A0 L O(Ar). (4.7)

Indeed, A% € FDO% ?(1) and P € FDO; ?(1) ensure [A°, P] € FDO% 27(0) due to
Lemma 2.9, hence [A°, P] = O(A#~2F) and the Taylor formula gives

e P A% = A% 4+ R, ([A°,iP)),

where R;([AY,iP]) = O(A*=2P) follows from [AY,iP] = O(A*~2°) due to (3.22).
Step 2. We claim that

e P Del? = D — A° 4 O(A+72). (4.8)
Indeed, by using [D,iP] = —A° in the Taylor formula
e PDel” = D+ [D,iP] + Ry([[D,iP)],iP)),

we obtain 4 4
e P Delf = D — A% — Ry([A°,iP))

and Ry([A%,iP]) = O(A#*~2F) follows from [A°,iP] = O(A*~2F) due to (3.22).
Step 3. Denote A := e~iF Ae'P. Summing up (4.7) and (4.8), we obtain

A=c (D4 A%e? = D+ O(A*%). (4.9)
Using (4.9) and Proposition 3.2, we obtain
An(A) = Ao (A) = Ao (D) + O(n"=2) = d(n) + O(n"~2°).
4.4. PROOF OF THEOREM 4.1(ii)
Step 1. As before we write A = D + A° and P is defined as in Section 4.2. Then
AY e FDOY™*(2), P eFDO; "(2) = [A° P] e FDOY ?’(1)
follows from Lemma 2.9 and we claim that the diagonal part of [A°,iP] satisfies
[A°iP](k, k) = 2v1(k),
where (k) is given by (4.2). Indeed, for i = 1,..., 4y, we have
[S%ai(A),ips(A)(S°)*] = " (iaipi) (M) (S)* — (iaipi) (A) = 9-i(iaipi)(A)
and the diagonal part of [AY,iP] equals

S (1870, i (A)S) ] +he) = 3 aiA),

1<i<ig 1<i<ig
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where qz(A) = 8_1(1a,@)(A) + he, i.e.
¢ = 2Red_;(ia;p;) = —20_;Im(a;p;)

and

a; 2
APt = 3 = 3 20 (150 o

1<i<io 1<i<io
Step 2. We claim that
e P A% = A0 1 [AYiP] + O(A#—3P). (4.10)
Indeed, Lemma 2.9 ensures
[A%)iP] € FDOY™?/(1), P eFDO} "(2) = ad}A°e FDO} *(0),
hence ad?» A% = O(A#~3) and the Taylor formula gives
e P A% = A0 4 [A°iP] + Ry(ad?»A%),
where Ry(ad?pA%) = O(A#3P) follows from adpA° = O(A#~3P) and (3.22).
Step 3. We claim that
e PDel” = D — A® — 1[A%iP] + O(A*~%). (4.11)
Indeed, it suffices to use [D,iP] = —A° in the Taylor formula
e De'” = D + [D,iP] + }[[D,iP],iP] + R3(ad}p D)
and Rs(ad’»D) = O(A#=37) follows from ad’»D = —ad?p A° = O(A#—3°).
Step 4. Denote A :=e~iF Ae!P. Summing up (4.10) and (4.11), we obtain
A=cP(D+ A%e” = D+ L[A%iP] + O(AF—?P) (4.12)
and Proposition 3.2 ensures
An(A) = Ap(A) = Au(A1) + O(n#=30), (4.13)

where we denoted
Ay =D+ 3[A%iP)].

Let
dy (k) :=d(k)+ %[AO,iP](k, k) = d(k) + v (k).

Then Dy = dy(A) is the diagonal part of A; and we can write
Ay =dy(A) + AT,

where A9 € FDOY ™ ?’(1) is off-diagonal. Thus Theorem 4.1(i) can be applied to A;
with dy (k) = d(k) + v1(k) instead of d(k) and 2p instead of p. We obtain

M (A1) = di(n) + O(nt=1°),

which completes the proof due to (4.13).
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5. A METHOD OF APPROXIMATIVE DIAGONALIZATION

5.1. INTRODUCTION

In this section J satisfies (H1)—(H3) and assuming (1.7)—(1.8), we describe a special
sequence of operators (J J(\l,))fio such that Jj(\ﬁ) is self-adjoint in ¢? on the domain
D(J](\?) = (% for any [, N € N. Moreover JJ(\P is a bounded from below operator with

compact resolvent and the eigenvalue sequence (A, (J ](\i)));’f:l satisfies

An(J) = A (S + Ot PN, (5.1)

Besides (5.1), the operators (J ](\?))?io have a special structure of band matrices (see

(5.3), (5.4)) and in Section 5.2 we describe its construction. Using (J}@)[’io and suitable
classes of operators defined in Section 5.3, we complete the proof of Theorem 1.1
in Section 5.4.

Notation 5.1. If v€R then FDO7 denotes the set of all linear operators on S~ of
the form

P= > S%p(A) with p; € S}
—i0<i<io

for i € [—ig,i0] N Z.
Clearly Lemma 2.4 holds with S7 instead of Sy (V) and the proof of Lemma 2.9 ensures
P e FDOY, QeFDO? = [P,Q] € FDOY" 1, (5.2)
The structure of (JJ(\P)?;O is the following. We write p; := 2!p and construct .J ](\i) such
that J = J and
JO = al(a) + AV with AY) e FDOI (5.3)
where Ag\l,) is off-diagonal and

AV (k) = d(k) + Dt (k) with t, x € S}, (5.4)

1<m<I

Remark 5.2. Since (5.4) ensures dgf,) —deS{7?, (H1) and (H2) ensure

AV (k) > Sk for k> kY, (5.5)
0 11 o)
ad\) (k) > ek for k > kY, (5.6)

where kzg\l,) € N* is fixed large enough.
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Remark 5.3. It is clear that (5.3) implies
J](\lf) _ dg\l[)(/\) + O(AP—P). (5.7)

Thus the operator JJ(\? has the domain /2 and is a bounded from below self-adjoint
operator with compact resolvent in ¢2 due to (5.4)—(5.5).

Remark 5.4. The estimate (5.1) ensures
An(J) = dV(n) + O(n*=N?) if I > log, N. (5.8)
Indeed, using (5.7) and Proposition 3.2, we obtain
An(I8) = Aa(dQ (A)) + O(m# 1), (5.9)
Combining (5.9), (5.1) with p; = 2'p > Np, we obtain
An(J) = An(dV(A)) + O~ NP) if I > log, N. (5.10)

To deduce (5.8) from (5.10), we observe that due to (5.5) and (5.6) we can find

ng\l,) € N* large enough to ensure /\n(dg\l,) (A)) = dg\l,) (n) for n > ng\l,).

5.2. CONSTRUCTION OF THE SEQUENCE (J{),

We fix N and skip this index writing J® instead of Jj(\?. If I = 0, then J© = J and
(5.3) takes the form

JO =d(A) + A® with A® = Sa(A) + he,

i.e. A® € FDOY ™" holds with py = p.

Next we fix [ € N and make the induction hypothesis that J® has the properties
given in Section 5.1. Our purpose is to construct J+1) having analogical properties for
[+1 instead of I. At the beginning we assume that A() € FDO} ™" is off-diagonal, i.e.

AW = Z (Siagl)(A) + he) with agl) e s,
1<i<iy
Let k() € N* be fixed large enough. Then 9d")(k) > 1ck#~! holds for k > kO
(see (5.6)), hence we can define pl(.l) € S{ 7" by the formula

af’ (k)

@ _ i (1)
(k) = for k> k
PR = Gy - o R

and pl(-l)(k:) =0 if k < k@, Similarly as in Section 4.2 we find that the operator
PO = 3" (sp"(A) + he)
1<i<i

satisfies
[dD(A),iPDO] + AD = O(A~). (5.11)
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We observe that (5.2) ensures
PY cFDO; ™, AU e FDOY " — [PV, AD] ¢ FDOY 7
and it is easy to see that using induction, we obtain

ad]" . A € FDOY ™™ holds for m > 2. (5.12)

Next we choose m; € N* large enough and write the Taylor formula
m;—1

e PV pWeiPY = pO) 4 Z —adf}émD + Ry, (ad!, DO, (5.13)

where DU := d(D(A). Since adj}q, DY = —adTZ(”lA D 4+ O(A=*) holds due to (5.11),
we can rewrite (5.13) in the form

mp— 2
) . 1
e—lP(l)D(l)eIP(l) _ D(l) _ A(l) _ E Had’f;“;(l)lAA(l) + O(Ap—plml), (514)
m=2

where the estimate of last term follows from adi"ly(f)lA(” = O(A#—P™) and (3.22).
Writing m — 1 instead of m in the Taylor’s formula (3.21), we get

m;—2
e PV AWIPY = A0 4 Z ad“}o(z)lA(l + O(AF7Pm), (5.15)
Combining (5.15) with (5.14), we obtain
e IPY (DO £ A0 P — D) AW | o(pr—pmr), (5.16)
where
_ -2 1 1 2
A(l) = Z (m m ) dw;(l)lA l) S FDO'L{_ Pl. (517)
m=2
Let us denote
J+D .— pO) 4 4O (5.18)

Using (5.18) and J = D® + AW we find that (5.16) gives
e 1P JOPY — ) o(Armen), (5.19)
Applying Proposition 3.2, we find that (5.19) ensures
An(JD) = N (e PV JWPYy = 3 (JEDY 4 Oy, (5.20)
Let AU+ be the off-diagonal part of A and let t;11(A) be its diagonal part. Then

AW — gy (A) + AGD,
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where AUHD cFDOY %1 vy, €S due to (5.17) and piy 1 = 2p;. Thus setting
dHD) = dO v

we find
J(l+1) _ d(l)(A) +tl+1(A) +A(l+1) _ d(lJrl)(A) +A(l+1),

i.e. (5.3), (5.4) hold with  + 1 instead of . Finally (5.1) and (5.20) ensure
An(J) = )\n(J(l—H)) + Ot~y 4 O(nu—Np)7

hence (5.1) holds with I 4 1 instead of [ if m;p; > Np, i.e. if we choose m; > 27! N.

5.3. AUXILIARY CLASSES OF SYMBOLS AND OPERATORS
Notation 5.5. If v € R, p > 0, then S denotes the set of p : N* — C such that
k)~ Y gkt (5.21)
i,j=0
holds for a certain complex valued sequence (7;,7)55—o- The formula (5.21) means that
N—1
ki) _ Z '7i7jku_2pj_i + O(ku—Nmin{2p,1})
4,j=0
holds for any N € N*. One checks easily the following properties

SVI 2259 "c S[l 2p] if k,m €N, (522)

pE Sl[’l’Qp] = TpE S’[’sz], oip € S[1 20]

v+
P € S{i 2 qES[lzp = pqESm’;]

If there exists ¢ > 0 such that |p(k)| > ck for all k € N*, then
pE SL[ILQP] - 1/p€ S[l 20]"

Notation 5.6. We denote by FDOy ,, the set of all linear operators on S™*
of the form

P= 3" SUp(A) with p; € S ) for i € [~io, io] N Z.

—10<i<ig
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Lemma 5.7. If P € FDO[l 2p) and Q € FDOY then [P, Q] € FDOY 11

[1.20] [1.20]

Proof. Tt suffices to check that the right hand side of (2.9) belongs to FDOY#1 ie.

(1,2p]
v 1—pli
Qjajpz pzazq] €S 1+27L Pl +J| (523)
If ¢; € Snl 2pp|]y\7 pi € Sz[/l 2pl i then Diq; € Snl 21p pli |7 0;p; € S'{l 21p] Plil and

+n—1—
4;0;pi — pidiq; € S[y1 2n —plil=plil

Hence, (5.23) follows if we know that

v+n—1—pli|—pljl vn—l=pli+j|
Si1.20) C Sp120]

We deduce the last inclusion using (5.22) with k = 1(|i| + [j| — |i + j|), m = 0 and
v+ — 1 instead of v. Indeed, it is easy to see that 3(|i| + || — |i + j|) € N for every
i, ] € Z. O

5.4. PROOF OF THEOREM 1.1
The assertion of Theorem 1.1 follows from

Theorem 5.8. Let 4 >0, p >0 and let J be given by (1.2) with entries satisfying

(H1)-(H3). If d € S, , , and a € S{{ 0, then n — A, (J) belongs to S

(1,2p] [12]7 [1,2p]"

Proof. Let N € N* and as in Section 5.2 denote J() instead of .J N) We claim that
1)
JO e FDOY ,, (5.24)

holds for every I € N. Indeed, J(®) =d(A)+(Sa(A) + hc) EFDOF1 o) follows from the
assumptions d € S[1 5y and a € Sk i 2 ] Assume now that (5.24) holds for a given [ € N.

Then a(l) € S“ p\]tl and Od® € St 1mphes p(l) € S[l1 2p|]z|’ hence PY) ¢ FDO[LQP]
and [P A(l)] € FDO[1 »

We observe that ad; P(”A( € FDOfL1 2] follows by induction with respect to m,
hence AV € FDOY, , 1 and (5.24) still holds with I + 1 instead of 1.

In order to deduce that n — A, (J) belongs to S

1, 2
due to Lemma 5.7.

it suffices to observe that for
holds due to (5.24). O

(1,2p]

any N € N* one has the estimate (5.8) and d(l) € S[1 2

6. EXPRESSION OF THE SECOND CORRECTION TERM

6.1. STATEMENT OF THE RESULT
Notation 6.1. If i, j € Z and a, b : N* — C, then we denote
{a,b}i; (k) := b(k)0;a(k) — a(k)Dib(k),
{a,b}(k) := {a,b}1.1(k) = b(k)Da(k) — a(k)Ob(K).
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Theorem 6.2. Let >0 and p > 0. Let a € S{™ 7, let d € S be such that (H1), (H2)
hold for all k € N* and define

p= i%, (6.1)
vy == —9_yIm(ap) = 9, (%). (6.2)
If J is given by (1.2), then its eigenvalue sequence (A, (J))32, satisfies
Aa(J) = d(n) + v1(n) + va(n) + O(n# =),
where t1 is given by (6.2) and
tg =ty1+tao+tag (6.3)
holds with
toq 1= fga_1(|p\26r1), (6.4)
2 := 70_1Im(p{{a, p}, 7_1P}2, 1),
) (6.6)

6.2. ANALYSIS OF COMMUTATORS

As in Section 4 we assume that (d(k))32, is strictly increasing. We also assume that p
is given by (6.1), t; is given by (6.2) and the operators A € FDO*”, P € FDO,
are defined by

A = Sa(A) + he, (6.7)
P = Sp(A) + he. (6.8)
Lemma 6.3. If A*) and P are given by (6.7) and (6.8), then
adip A = go(A) + (S2g2(A) + he), (6.9)
adfp A = (Sqf(A) + S%¢5(A)) + he, (6.10)
adip A = g (A) + (%45 (A) + he) + ("¢ (A) + he), (6.11)
ad{p A = (Sqi"(A) + S (A) + S°'(A)) + he (6.12)
hold with
qo = 2tq, (6.13)
2 = {a,ip}, (6.14)
¢y = 2ipdr; — {{a,p}, 7_1P}2 1, (6.15)
9y = —20-1Im(q1p) (6.16)
and
g €SI, e STV, gl estTV, g esiT (6.17)

hold for any i.
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Proof. In this proof we deal with operators of the form S®p;(A), which are written in
the shortened way as Sp;. In particular, the formula (2.9) expressed in the shortened
way, takes the form

[S(i)pi, S(j)qj] — S(H_j){pi,qj‘}i,j-
Step 1. Analysis of Q := adipA(®). The diagonal part of Q@ = [Sa + he,iP] is
[Sa,ipS*] + he = d_1(iap) + he = 20_1Re(iap) = —20_1Im(ap) = 2t; (6.18)
and the off-diagonal part of [Sa + he,iP] is
[Sa,iSp] + hc = S*{a,ip} + hc.

Thus (6.9) holds with qo, g2 given by (6.13) and (6.14).
Step 2. Analysis of Q' := ad?» A, Combining (6.9) with Q' = [Q,iP], we get

Q' = [g0,1P] + [S?q2 + he,iS*7_1p] + [S2g2 + he,iSp] = Qf + Q) + Q5,
where

Q1 = [q0,1P] = [qo,1Sp] 4+ hc = Sipdqo + he,
Q) = [5%¢2,1SV7_1p] 4+ he = Si{ga, 7152, 1 + he,
Q4 = [S%qy,iSp] + he = S?’i{qg,p}m +he = S3q§ + he.

Thus (6.10) holds with ¢} =ipdqo+i{ge,7—1P}2,—1 and we get (6.15) from (6.13)—(6.14).

Step 3. Analysis of Q" := ad?»A®). Using (6.10), (6.15), we find that the diagonal
part of Q" = [@’,iP] can be obtained, similarly as in (6.18), by taking ¢} instead of a,
ie.

[Sq1,1pS*] 4+ he = 20_1Re(ig) p) = —20_11m(q1p) = ¢ -

The off-diagonal part of @Q” is the sum of
[Sq},iSp] 4+ he = S%i{q,,p} + hc,
[53¢5,1S Y7 1p] + he = S%i{ghs, 7_1p}s,_1 + he,
[S%g4,1Sp] + he = S*i{g}, p}s.1 + he.
Step 4. End of the proof. Denote Q" := adip A(®). By using (6.11), we find easily that

the commutator Q" = [Q",1P] has the form given in (6.12). To complete the proof,
we observe that the properties (6.17) follow from (5.12). O

6.3. END OF THE PROOF OF THEOREM 6.2

Writing J = J© = D© 4+ A©®) = d(A) + (Sa(A) + he) in (5.16)—(5.17) with [ =0,
po=p and mo =06, we obtain

e P Jelf = ]+ O(A*57), (6.19)
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where
J' =d(A) + tadipA® + 1ad?p A® + Ladd A® + LadfpA©. (6.20)
Taking into account the assertion of Lemma 6.3, we find
J =d(A)+ A, (6.21)
where
d =d+ 3q0 + %q0 (6.22)
and _
A= " (S%ai(A) + he) (6.23)
1<i<5
holds with
o= b+l
az = $q2 + 145,
a; € SPTP i £ 2, (6.24)

We observe that by using the expressions for qg, ¢ given by (6.13), (6.16), we can
write (6.22) in the form

d/ =d+ v+ 21 + 2.2, (625)
where vy, t31, t2 2 are given by (6.2), (6.4), (6.5) respectively.

We observe that A’ € FDOY ~22 and applying Theorem 4.1 to d’, A, 2p instead of
d, A°, p, we obtain

M (J) = d' (n) + ¢} (n) + O(n*~°°), (6.26)
where a,]?
" (14 p—Aap
v = Z a_l( &d,) € Shr, (6.27)
1<i<5

Since (6.19) ensures
Aa( ) = An(J') + O(nH=07),

the assertion of Theorem 6.2 will follow from (6.25)—(6.26), if we check that the
quantity tj introduced in (6.27) satisfies the estimate

t(n) = t23(n) + O(nt%), (6.28)
where tg 3 is given by (6.6). In order to check (6.28), we first observe that (6.24)

ensures )
|az(n)]

¥ (n) = 3_2( o (n)) +O(ni60),

We observe that 02d’'(n) = dad(n)(1 + O(n=2F)) ensures

) = 0 (1120

Using az — 12 € SH=4P it is easy to check that (6.29) still holds if as is replaced by
32 = 3{a,p}, i.e. (6.28) holds with t2 3 given by (6.6).

|2) + O(nk=5). (6.29)
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6.4. EXPRESSIONS FOR COEFFICIENTS cq 0, c1.0, 2,0 IN (1.10)

Notation 6.4. We write p(k) = ¢(k) + S} if and only if p, ¢ : N* — C satisfy
p—qé€Sy.

Step 1. Ezpansion of 0d(k). Assume that (1.3) holds. Then for any N € N* one has
N-1
od(k) = > k" ((L+ k7P = 1) + O(k*N).
i=0

Let us assume dg=1. Then
Ad(k) = pk" (14 8 k1 4 05k ~2) + 541
holds with &7 := £ ((4) + (u = 1)01),  dh:=+((4) + (3101 + (u — 2)d3).
Step 2. Expansion of |a(k)|?. We assume that (1.4) holds. Then
la(k)|? = k727 (Jag|* + Bk 1 + Bok™2) + ST 8

holds with 81 := 2Re(apa1), B2 := 2Re(agaiz) + |aq |2
Step 3. Expansion of |a(k)|?/0d(k). Since

|ao|® + Bk~ + Bk 2
1+ 0pk=1 + 0hk—2

= |Oz0|2 + 71/672 + ’}/21672 + S§#_2p_3

holds with 71 := 81 — |a[?87, v2:= B2 — B10] + |ag[*(87% — 83), we find

a(b)P _ k2t
ad(k)

(|050‘2 + ’)/1]@71 + ’}/Qkiz) + SﬁtizpiZ.

Step 4. Expansion of v1(k). We conclude that

2
v (k) = a,l%(k) = kM2 (co 0 4 c10k ™ 4 co 0k T2) 4 ST (6.30)
holds with
0,0 = —ﬁ(li —2p+1)]aol?,
10 =+ ((“_22p+1)|a0|2 —(p— 2;))*}/1)7 (6.31)

m
e2,0 = = (= (") a0 + (L) n = (1= 2p = 1))

We deduce (1.11) using 7, expressed in (6.31) with v, given in Step 3, 31 given
in Step 2 and 4} given in Step 1.
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6.5. EXPRESSION OF ¢ 1 IN (1.13)
Due to (6.3), it suffices to show that
ti(k) = cikH ™4 + O(kH=*~1) for i = 1,2, 3, (6.32)

holds with tg 1, ta 2, ta 3 given by (6.4)-(6.6) and c1, ¢z, c3 given by (1.15).
Case i = 1. By using (6.30)—(6.31), we obtain

ewl?

oy (k) = T(“ +1—2p) (1 — 2p)kH 2P~ 1 o ghm2P2 (6.33)
Then we observe that (6.33) and p(k) = i35 (k) = i%klfp +S7 7 imply
4
(oY —
Ip(k)|?0v (k) = _| MO?,' (41— 2p)(pu — 2p)kh—4r+1 L gh—dr, (6.34)

In order to deduce (6.32) for ¢ = 1, it remains to remark that (6.34) gives

4
O-1(|pl*ov1) (k) = |i°3| (n+1=2p) (= 2p)(+ 1 = 4p)k" = + O(k*~*71).

Case i = 2. Denote ¢z := {a,ip}. By using

2
Qg

ga(k) = {aok#*”, *%’fk"} +ST = G L N (0:5)

and 7_1p(k) = p(k) +S7” = —i%klfp + 577, we find

_ 2 —
_ _ _ %00 %0, ypu—2p ;Y01 H=3p
P(E){a2, 7-1p}2, -1 (k) = —i t : { f (= DB, 2 I g }2,—1 51
4
N |i03' (b= 1)(u+2— dp)kr =4 4 g%,

In order to deduce (6.32) for ¢ = 2, it remains to remark that the last estimate gives

O_1Im(p{—iga, 7_1P}2,-1) (k)

_ ool
3

(=1 (p+2—4p)(u+1—4p)kt=4 + Ok~

Case i = 3. As before g2 := {a,ip}. Since (6.35) provides

g2 (B _ Ja*
Ord(k)  2u®

(= 1)2RHFI4 sy, (6.36)

in order to deduce (6.32) for ¢ = 3, it remains to remark that (6.36) gives

el

\C]2|2
0o 22 (k) = e

2 0d
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