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Abstract. Inspired by the recent results of A.E. Abbas we determine continuous multivariate
utility functions invariant with respect to a wide family of transformations related to the
shift transformations.
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1. INTRODUCTION

A fundamental step in decision analysis is the construction of a utility function
representing a preference relation over lotteries. There are several approaches to
this problem. One of them is based on the notion of invariance of a utility func-
tion. The notion has been introduced by Pfanzagl [8] and developed in [1-5]|. Let
us recall that a utility function U is invariant with respect to a family transfor-
mations I' provided that, for every member v of I'; U and U o v represent the
same preference relation over lotteries. Since every utility function over lotteries
is uniquely determined by its values on a set of degenerate lotteries and this set
can be identified with the set of outcomes, it is enough to consider the problem
of invariance on the set of all outcomes. Recently, Abbas [2] extended the notion
of invariance onto multivariate utility functions. One of the main problems con-
sidered in [2] concerns n-attribute utility functions defined on a Cartesian product

X;’Zl I; of non-degenerate intervals Iy, ..., I, and invariant with respect to a fam-
ily of transformations {7, . +,) : Xz I = Xy Ll (ty, - te) € X2y T;}, where
Ty,...,T, are non-degenerate intervals and

Vtrreotn) (@15 0n) = (g7 (g1(1) + B1(t1))s -, 90 (gn(an) + Bultn)))  (1.1)
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for (x1,...,2,) € X1 I, (t1,...,tn) € X7_; Tj, where g;: [; — R are continuous
bijections and §;: T; — R for j € {1,...,n}. This family contains a wide class of
transformations that can be converted into shift transformations (see [2] for suitable
examples). It is also remarkable that transformations of the form (1.1) commute, i.e.

n
V(t1,eoostn) © V(s1yees8n) = V(s1seer8n) © V(t1,eostn) for (sla"'asn)a(tla"'7tn) € ><1-1j
j=1

The following results deriving the forms of multivariate utility functions invariant
with respect to a family of transformations {v(,,....e,)| (t1,. .. tn) € X7_; T;} given
by (1.1) has been proved in [2].

Theorem 1.1. Assume that I1,..., I, and Ty, ..., T, are non-degenerated intervals,
gi + I; - R for j € {1,...,n} are continuous bijections and B; : T; — R for
j€{1,...,n} are nonconstant continuous functions. A continuous multivariate utility
function U : X?:l I; — R is invariant with respect to a family of transformations
Dttt [ty tn) € X2y Ty} of the form (1.1) if and only if either

n n
U(xl,...,xn):z:cjgj(xj)—i—c for (xl,...,xn)€><lj
j=1

j=1
with some ¢,c1,...,¢, € R, or
n n
U(xy,...,x,) = aHeCig-f(mJ’) +c for (x1,...,x,) € ><Ij
j=1 j=1
with some a,c,cq,...,c, € R.

In the above result it is explicitly stated that the functions §; for j € {1,...,n}
are nonconstant, which implies that 5;(T;) for j € {1,...,n} are intervals of positive
length. Such an assumption is widely used in utility theory, since otherwise, the func-
tional form of the utility would not be derived and the work would have no motivation
in utility theory. More precisely, utility functions invariant with respect to a single
value of parameter may depend on arbitrary periodic functions. Such solutions of the
invariance problem are not really useful for utility theory because they do not help to
identify the utility function. Nevertheless, the question concerning periodic solutions
of the problem could be considered as the interesting one from the mathematical point
of view. In fact the periodicity result for fixed constants was discussed by A.E. Abbas
[1] in a univariate case and by A.E. Abbas and J. Aczél [3] in a multivariate case. In
both papers the nonconstant cases have been considered as well.

In this paper we explore the case where some of the functions j3; are constant. We
determine all continuous utility functions U : X;-":l I; — R invariant with respect to
a family of transformations {7, ....¢,)| (t1,- .., tn) € XJ_; T} of the form (1.1) under
the following assumption:

(A) I,....I, and Ty,...,T, are non-degenerate intervals, g; : I, — R for j €
{1,...,n} are continuous bijections, §; : T; - R for j € {1,...,m} (1 <m <n)
are constant, say §; = ¢; for j € {1,...,m} with some §; € R, and functions

B :T; = Rfor j € {m+1,...,n} (if any) are nonconstant and continuous.
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Our main result reads as follows.

Theorem 1.2. A continuous utility function U : X;L I; — R is invariant with
respect to a family of transformations {7y, .. )| (t1, ..., ) € X1 T} of the form
(1.1) satisfying (A) if and only if there exzsts a function p : Rm — R satisfying
condition

p(x1 401,y Tm + Om) = p(21, ..., 2m)  for (xl,...,xm)€><lj (1.2)
(that is a (81,...,0m)-periodic function) such that either

Uy, own) = 3 ¢igi(w) + plor(@1), - gm (@) for (w1, 2n) € X I

j=1 =1

with some c1,...,cp, € R, or

Uz, -szn) =p(g1(x1)s -, gm(Tm)) Hecfgf(””j) +c for (z1,...,2,) € ><I]

j=1 j=1
(1.4)
with some ¢, c1,...,cyp € R.

2. PROOF OF THEOREM 1.2

According to the fundamental property of utility functions, two such functions U and
V represent the same preference relation over lotteries if and only if U = £V + 1 for
some k € (0,00) and I € R. Hence, a utility function U : X7_; [; — R is invariant
with respect to a family T if and only if for every (ti,...,t,) € XJ_; T} there exist
E(t1,...,tn) € (0,00) and I(t1,...,t,) € R such that

U(gl_l(gl (xl) + 61)7 o 9m (gm( Tm ) + 5m) g7n+1(gm+1(337rz+1) + /Bm—&-l( m+1))
s G N (g () + Bu(t)) = k(t1, . tn)U (21, ..oy m) + Ut - - tn)
(2.1)

for (x1,...,2,) € R™

A straightforward calculation shows that if U is of the form (1.3), then (2.1)
holds with k(t1,...,t,) = 1 and I(¢1,...,t,) = Z] 1605 + Zj —m41 CiBi(t;) for
(t1,...,tn) € Xj—; Tj (we adopt the convention > 7_ , = 0). In the case of (1.4),
we get (2.1) with k(ty,...,tn) = [T/ey €% [Tj_, 41 9% %) and I(ty,... t,) =
= c(l = k(tr,...,tn)) for (tr,...,tn) € Xj_1Tj (where [[7_,,,=1). Therefore, if
U is of the form (1.3) or (1.4) with p satisfying (1.2), then U is invariant with respect
to I

Assume that a utility function U is invariant with respect to the family of trans-
formations I'. Then (2.1) holds with some functions k : X7_;T; — (0,00) and
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l: X751 Tj — R. Inserting into (2.1) g;l(xj) in the place of z; for j € {1,...,n} and
taking

F(z1,. . 20) = Ulgy N (21)s oo, 90 (20))  for  (21,...,2n) €R™, (2.2)
we obtain

F(xl + 517 sy I + 5m, Tm+1 + 6m+1(tm+1)a ceey I + /Bn(tn)) =

= k’(tl,,tn)F(J,‘l,,.Tn)—Fl(tl,,tn)
(2.3)

for (x1,...,z,) € R™, (t1,...,t,) € ><Tj.
j=1

If m = n, then (2.3) becomes
F(z1+01,...,&n +0n) =kF(z1,...,2,) +1 for (x1,...,2,) € R", (2.4)

where k := k(t1,...,t,) and [ := I(t1,...,t,) with a fixed (t1,...,t,) € X[j_; Tj. If
k =1, then taking ¢y, ...,c, € R with Z?Zl ¢j6; =1l and p: R — R of the form

n

Py, ) = F(ay,... 20) = Y ez for (z1,...,7,) € R, (2.5)

j=1
making use of (2.4), we obtain (1.2). Furthermore, from (2.2) and (2.5) it follows

(1.3). If k # 1, then taking ¢y, ...,c¢, € R such that Z;;l ¢j6;j=Inkandp:R* - R
of the form

l n
p(x1, ... xy) = <F(m1, ceey ) — 1_k> e~ TG for (x1,...,2,) € R™,

in view of (2.4), we get (1.2). So, taking into account (2.2), we obtain (1.4) with

1
ci= 1.

Now, assume that m < n. If F' is constant then, in view of (2.2), we get (1.4) with
p = 0. Assume that F' is nonconstant. Fix (¢7,...,t,) € R™ and put

l;(tm%»la"'atn):k(t?w'-vtfnvthrh-"vtn) for (thrlw”vtn)E >< Tj

and

n
it ootn) = UES -ttty ootn) for (bmgr,-ootn) € X T
j=m+1

Then, by (2.3), we get

F(xl + 513-~ -y Tm + 6’mvxm+1 + Bm—&-l(tm-tl)y o T + 6n(tn)) =

2.6
:k(tm+1a~~-atn)F(x17~~'7xn)+l(tm+1a~'~atn) ( )
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for (.’1,‘1, . ,l‘n) € R", (thrl? R 7tn) € X;L:erl Tj
As F is nonconstant, taking (z1,...,2n), (Y1,...,Yn) € R™ with F(z1,...,2,) #
F(y1,.-.,yn), in view of (2.6), we obtain

k(thrlwu,tn) :K(Berl(tanl)v"-,ﬁn(tn)) for (thrlv'"vtn) € >< ij

j=m+1
2.7)
where
K(z z )—F(m1+61,...,xm+§m,xm+1+zm+17-~-7fﬂn+zn)_
m—+1ly---y<n) — F(l‘l,...,xn)_F(y17"'7y")
_F@ui A0 Ym Oy Yt + 2wt Yot Zn) (Zm+1;--- 2n) € R

F(IL‘l,...,"En)7F(y17...,yn)

Furthermore, from (2.6) and (2.7), we deduce that

Z(tm+17---7tn):L(5m+1(tm+l)a---7ﬂn(tn)) for (tm+1a-~~atn)€ >< Tja

j=m+1
(2.8)
where
L(Zmi1y -y 2n) = F(x1 4+ 01, o, Tm + Oy Tl + Zimtls - ooy T+ 2n)—
— K(zma1, -, 2n)F(x1, ..., 2n) for (zmat,...,2,) ERPTT
with a fixed (x1,...,2,) € R™.
Now, (2.6)—(2.8) imply that
F(x1+ 01, Tm 4 Omy Tl + Zmads oo @ + 2n) =
= K(zmt1,-- s 2n)F (21, ..y 20) + L(Zma1y - - 2n)
n (2.9)
for (z1,...,2,) ER™,  (Zmi1,-..,2n) € >< B;(Tj).
Jj=m+1
Given x = (21,...,Z;,) € R™, put
Fe(Uma1, - stn) = F(z1401, ..o, Tm~+0m, Umt1, - - -, Un) fOr (Uma1,. .., u,) ERP™™
(2.10)
and
Gx(um+17 B 7un) = F(xla sy Ty Um41y -0y un) for (um-‘rl; EERE) Un) eR"™™.
(2.11)
Then, in view of (2.9), for every x € R™, we obtain
Fe(@my1+2zm41, -3 Tnt2n) = K(Zmt1s- -5 20)Gx(Tmt1, - Tn) F L(Zmt1, -+ -5 20)
(2.12)

for (Tm41,--2n) ER™™ (215 2n) € Ximpmir B5(T5).
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In particular, (2.12) holds for every (Zm41,...,2n) € R"™™ and (zym41,...,2n) €
X g1 int 3;(Ty). Since B; for j € {m + 1,...,n} are nonconstant continuous
functions and T; for j € {m + 1,...,n} are non-degenerate intervals, the set

R™=™ x X, +1int B;(T}) is nonempty, open and connected. Thus, applying 6,
Theorem 1 and Proposition 2], we conclude that, for every x € R™, one of the follow-
ing three possibilities holds:

(i)

(i)

(iii)

there exist cx, dx € R such that Fx = dx, Gx = cx and

L(Zmi1y -y 2n) = dx — cx K (2Zmi1y -y 2n) fOT (Zimg1, .oy 2n) € >< int 8;(T5);
j=m+1
(2.13
there exist a nonzero additive function Ay : R*™™ — R (that is Ax(u +v) =
Ax(u) + Ax(v) for u,v € R™™™), by, cx € R and dx € R\ {0} such that

Fu(Tmity ey Zn) = Ax(@Tmt1y .-y @n) 0 +ox for  (Tpmg1,...,2n) € RPT™

(2.14)

Gx(Tmt1,y - Tn) = i(Ax(me, cooTp) tex) for (g1, ,xn) €RTTT

(2.15)

K(zZmt1y---y2n) =dx for (zms1,...,2n)€ >”< int 3;(1T}), (2.16)
j=m+1

L(zmt1y- -y 2n) = Ax(Zmt1y- -+ 2n) + bx for (zmg1,...,2n) € >< int 8;(1;);
j=m+1
(2.17)
there exist a nonconstant exponential function Ex : R"™™ — R (that is
Ex(u+v) = Ex(u)Ex(v) for u,v € R"™™), ax, by € R\ {0} and ¢y, dx € R
such that

Fx($m+1, T ,l‘n) = axbex(xm+1a s ,l’n) +dx for (merla e 71'n) e R"™™,
Gx(xm+1a s 793n) = bex(xm-‘rla s axn) + cx for (xm—O—la s 7:Cn) € Rnfm7
(2.18)
K(zm+1, -y 2n) = axEx(Zmt1,- -+, 2n) for (zZm+41,...,2n)€ >< int 8;(T3),
j=m+1
(2.19)
L(Zm-i-h B Zn) =
y 2.20
= —axCxEx(Zm+1y- -5 2n) +dx for (zma1,...,2n) € >< int B;(T}). ( )
j=m+1

Note that if, for some x € R™, (i) or (iii) holds, then

L(zm+1, -y 2n) + &K (Zmiy1s-. oy 2n) =dx  for  (zZmy1,...,2n) € >< int 8;(Ty).

j=m+1
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Thus, if also (ii) is valid for some y € R™, we have
dx = L(Zm41s -+ 2n) + K (Zmit, oy 2n) = Ay(Zma1s -+ 2n) + by + cxdy

for (zmt1,...,2n) € Xjopir intB;(T5).

Since A, is a nonconstant function, this means that either (ii) holds for every
x € R™ or, for every x € R™, one of the conditions (i), (iii) holds. Therefore the
following three cases are possible:

1. (i) holds for every x € R™,
2. (ii) holds for every x € R™,
3. (iii) holds for some x, € R™.

Case 1. Since F is nonconstant, making use of (2.11), we have
G(wl,...,mm)(xm-‘rla ) xn) :F(J?l, s 7$n) #F(ylv R 7yn) :G(yl,‘..,ym)(y’rﬂ-‘rh D] 7y7l)

fOI' some (xla e axn)? (y17 te 7y7l) € an Whence C(I1,...,wm) 7& C(y1,.‘.7ym)- MOI‘GOVeI‘,
according to (2.13), we have

d(m,m,wm) - C(zu---,xm)K(zm—i-lv oo vzn) = d(yh---,ym) - C(yl,-A.,ym)K(Zm+1a ) Zn)
for (zm1,--+,2n) € Xy q1 int B;(T5).
Thus
dig, o y—d "
K(zZmg1y.-y2n) = @1, ,@m) Wroetm) (Zm41s---s2n) € >< int 3;(Tj).
c(ml,.“,xm) - C(!/lvn-:l!m) j=m+1

Hence K is constant and, in view of (2.13), so is L. Furthermore, by (2.11), we get
F(.’lﬁl,...,ajn) :G(Il _____ zm)(l'm+1,...7.'1,‘n> :C(m1 7777 Tm) for (,CCl,...,J}m) e R™,
(2.21)
Therefore, taking into account (2.9), we obtain

Clar 461, tmtom) = KC(ay, oz + L for (21,...,2m) € R™.

So, arguing as in the case of (2.4), we conclude that either K =1 and
Cla1yam) = Z c;jxj+plxy,...,xm) for (xq1,...,2,)€R™
j=1

with some ¢1,...,¢, € R and p: R™ — R satisfying (1.2), or K # 1 and

mon L
Clar ) = P(T1,. . ,xm)ezizl % 4+ —— for (x1,...,Z,) €ER™
seerfm 1—-K
with some ¢y, ...,¢yn € Rand p: R™ — R satisfying (1.2). Thus, in view of (2.2) and
(2.21), we get (1.3) and (1.4), respectively with ¢; = 0 for j € {m +1,...,n} and

T _LK in the second case.

C =
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Case 2. From (2.16) it follows that d := dx = dy for x,y € R™. Furthermore, by
(2.17), for every x,y € R™, we have

n

Ax(Zmt1s -5 2n) +bx = Ay(Zimy1, ..., 2n) + by for (Zms1,...,2n) € >< int 5,(Tj).
j=m+1

Thus, as X_,,;;int §;(T;) is a nonempty open set, for every x,y € R™, we get
A= Ax = Ay and b := by = by (cf. [7, p. 328]). So, making use of (2.14) and (2.15),
for every x € R™, we obtain

Fe(Tmity -y Zn) = A(@miyt1, .o Tn) +b+ex for (Tmyr,...,z,) € RPT™ (2.22)

and
1
Gx(xm-‘rla v axn) = g(A(xm+la s 7xn)+cx) for (xm+1a v 7xn) e R™™. (223)
Hence, in view of (2.10) and (2.11), we get
1
g(A(merl, oy Tn) F Clay 461t Om)) = G@r401, sz +0m) (Tmgls oo oy Tn) =
= F(xl + 517 sy Im + 5m; Tm+41,--- ,.’En) = F(xl,...,xm)(xm—i-lv e 71'71) =
= A(Tmyr,- 5 %n) F 0+ Cay,py for (wi,...,1,) € R™
Therefore

1 1
(E — 1>A(xm+1, e Tn) = Clay, ) EC($1+617~~-7x1n,+6m,) +b for (z1,...,z,) € R™

Since A is nonconstant and the right hand side of the latter equality does not depend
on (Ty+1,-..,Ty), this means that d =1 and

Clw1461 e s@mtOm) = Clar,oam) T 0 for (z1,...,2,) € R™. (2.24)

Let cq,...,cm € R be such that Z;”:l ¢j6; = b and let p: R™ — R be given by
P(T1, . Tm) = Clay,m) — chzj for (z1,...,2m) € R™. (2.25)
j=1

Then, in view of (2.24), p satisfies (1.2). Furthermore, as U is continuous, for every
x € R, so is Fx. Thus, by (2.22), A is continuous, whence (cf. [7, p. 130]) there exist
Cm+1, - - -5 Cn € R such that

n

A(Tmat, -y Tn) = Z cjx; for (zmyr,...,xn) € R
j=m+1
Therefore, since d = 1, taking into account (2.11), (2.23) and (2.25), we obtain

n

F(zy,...,xq) = ch:cj +p(x1,.. . &) for (x1,...,2,) € R™.
j=1
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Hence, in view of (2.2), U is of the form (1.3).

Case 3. Let S(;), Sy and S(ij;) denote the sets of all elements of R™ for which (i), (ii)
and (iii) is valid, respectively. Then, as we have already noted, in this case S;) = 0.
Hence S(;y U S = R™. Since x, € Sj3), according to (2.19) and (2.20), we get

K(zZmi1y- s 2n) = aE(Zmy1, -, 2n) for (zmi1,.-.,2n) € >< int 8;(T;)
j=m+1
(2.26)
and

n
L(zmt1y- -y 2n) = —acE(zmy1,. -y 2n) +d for (zmy1,...,2n) € >< int 5;(T3),
Jj=m+1

(2.27)
where E := E,_, a := a,,, ¢ :== ¢, and d := d,_ . Moreover, in view of (2.2) and
(2.11), the continuity of U and ¢p41,- - ., gn implies the continuity of Gy for x € R™.
Thus, as ax # 0 for x € R™, from (2.18) it follows that, for every x € R™, Ey is
continuous. In particular E is continuous and nonconstant, so (cf. [7, p. 311])

E(Zmity-. o, Tn) = e2j=m+1¢%i  for (Tmt1,y---,@y) ERPT™ (2.28)
with some ¢, 11, - ., ¢, € R such that Z?:mﬂ ¢ > 0. Furthermore, in view of (2.13),

(2.19), (2.20), (2.26) and (2.27), for every x € R™, we have
dx = L(Zm41s- -5 2n) + K (Zmt1,- -+ 2n) = alcx — ) E(zmt1y .-, 2n) +d

for (zmt1,...,2n) € Xj_qq int B;(T;), that is

n
alecx — O)E(zma1, -+, 2n) =dx —d for (zmy1,.-.,2n) € >< int B;(T}).
j=m+1

Since E is nonconstant and a # 0, this means that, for every x € R™, we get ¢x = ¢
and dx = d. Therefore, taking into account (2.11), (2.18) and (2.28), we obtain

F(ry,...,20) = G,z (Tmgt1, - Tn) = B, ... ,xm)ezyzmﬂ Ci% 4+ ¢ (2.29)
for (x1,...,z,) € R™, where

Bx 1) = bizy,...wn) Whenever (21,...,2Zm) € S,
A 1) whenever (z1,...,2m,) € Sg).

Consequently, making use of (2.9), (2.26), (2.27) and (2.29), we conclude that
e2j=mt1 Cz'(9”1'+z”’)(B(x1 +01,.. s Tm +0m) —aB(z1,...,zn)) =d—c

for (z1,...,2,) €R™, (Zmy1,---,2n) € Xjopmy1 int B5(T5).
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As 301 ¢ > 0, this implies that d = ¢ and

B(z1 401, .. &m + 6m) = aB(x1,...,2m) for (z1,...,2,) € R™.
Thus
B(21, ... @) = p(x1, ..., & )e=i=159%  for (x1,...,2,) € R (2.30)

with some ¢i,...,¢, € R and p : R™ — R satisfying (1.2). In fact, if @ = 1 then
(2.30) holds with ¢; =0 for j € {1,...,m} and p := B. If a # 1 then it is enough to
take ¢, ..., ¢, € R such that Z;”:l c;j0; =Ina and p: R™ — R of the form

p(T1,. .oy Tm) = B(xl,...,xm)e_zatlcﬂf for (z1,...,2m) € R™.

Finally, from (2.2), (2.29) and (2.30), it follows (1.4).

3. CONCLUSION

In a recent paper [2] A.E. Abbas determined multivariate utility functions invariant
with respect to a family of transformations of the form (1.1) under the assumption
that B1,..., B, are nonconstant functions. This family contains a wide class of trans-
formations that can be converted into shift transformations. In our work we have
considered the case where some of the functions (1,..., 03, are constant. We have
proved that in such a case the invariant utility functions contain the periodic com-
ponents, depending in fact on an arbitrary function. Therefore a class of all utility
functions invariant with respect to the family of such transformations substantially
differs from that obtained in [2]. Results of this type have been already discussed in
[1] and [3] in a univariate and a multivariate case, respectively. It is known that, as
the presented solutions depend on arbitrary periodic functions, they are not really
useful for utility theorists. Nevertheless, one can consider them as interesting from
the mathematical point of view.
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