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Abstract. This paper gives conditions for algebraic independence of a collection of func-
tions satisfying a certain kind of algebraic difference relations. As applications, we show
algebraic independence of two collections of special functions: (1) Vignéras’ multiple
gamma functions and derivatives of the gamma function, (2) the logarithmic function,
g-exponential functions and g-polylogarithm functions. In a similar way, we give a gener-
alization of Ostrowski’s theorem.
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1. INTRODUCTION

In [14], Ostrowski gave a criterion for algebraic independence of antiderivatives of
given functions, which is stated as follows: Let f1(z), fa(2), ..., fn(2) be functions such
that the derivative % fi(z) is included in a differential field for each ¢ = 1,2,...,n.
If the f;(z)’s are algebraically dependent over the field, then there exist constants
¢1,C2,...,cy not all zero such that the linear combination >, ¢; f;(z) is included in
the field. In [9], Kolchin gave an analogue of Ostrowski’s theorem, which is a criterion
for algebraic independence of exponentials of given functions. This analogue is stated
as follows: Let ¢1(2),92(2),...,9m(2) be nontrivial functions such that the logarith-
mic derivative %log g;(2) is included in a differential field for each j = 1,2,...m.
If the g;(z)’s are algebraically dependent over the field, then there exist integers
T1,72,...,Tm Dot all zero such that [, g;(2)"™ is included in the field. We note
that, in [9], Kolchin also gave a criterion for algebraic independence of the f;(z)’s
and the g;(2)’s. In [6], by taking a Galoisian approach, Hardouin gave difference
analogues of Ostrowski’s theorem and Kolchin’s theorem in order to study algebraic
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independence and differential independence of functions fi(z), fa(2),..., fa(z) satis-
fying o(f;(2)) = a;(2) fi(z) for the shift operator o : f(z) — f(z + 7) and the ¢-shift
operator o : f(z) — f(gz). As an application, the difference analogues give differential
independence of compositions of the gamma functions with linear functions. On the
other hand, by relying on algebraic structures of modules of differentials of a field
extension, Ax [1] proved some conjecture for formal power series made by Schanuel.
Inspired by this work, we gave another proof for each of Hardouin’s analogues by
using modules of differentials in difference algebra in [13].

In the present paper, by using the latter method, we extend the results of Hardouin
to more general systems of difference equations. We consider the following system
of functional equations with coefficients a; ;(2)’s and b;(2)’s:

o(y1(2)) = a11(2)y1(2) +b1(2),
o(y2(2)) = a2,1(2)y1(2) + az.2(2)y2(2) +ba(2),

(1.1)
o(yn(2)) = an,l(z)yl (2) + -+ an,n(z)yn(z) +bn(2),

where ¢ is called a transforming operator, a generalization of the shift operator and
the g-shift operator as above. Hardouin’s analogue of Ostrowski’s theorem deals with
(1.1) in case (a;,;(z)) is the identity matrix. We also consider the following system of
functional equations with coefficients ¢;(z)’s :

o(x1(2)) = q1(z)z1(2)Pr,

o(w2(2)) = qa(2)x1(2)P> 1 w2(2)P22, 12)

0(2m(2)) = gm(2)1 (2)Pm o (2)Pm2 - - (2)P,

where the p; ;’s are integers. Hardouin’s analogue of Kolchin’s theorem deals with
(1.2) in case (p; ;) is the identity matrix.

By reformulating these equations in difference algebra, we give criteria for algebraic
independence of solutions y;(z), y2(2), . .., yn(2) of (1.1) in Theorem 3.1 and solutions
21(2),22(2), ..., Tm(2) of (1.2) in Theorem 3.3, respectively. In Theorem 3.8, we give
a criterion for algebraic independence of the y;(z)’s and the z;(z)’s when the both
diagonal entries of (a; ;) and (p; ;) are unity. By these extended results, we can prove
the algebraic independence of a collection of special functions such as

1. Vignéras’ multiple gamma functions and derivatives of the gamma function,
2. the logarithmic function, g-exponential functions and g-polylogarithm functions.

Furthermore, by using a similar method to proofs for the extended results, we gener-
alize Ostrowski’s theorem in differential algebra.

In Section 2, we introduce notations to formulate main results and notions of
difference algebra and module of differentials. In Section 3, we give main results by
reformulating (1.1) and (1.2) in difference algebra. Then we show Theorems 3.1, 3.3
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and 3.8. In Section 4, we apply Theorem 3.8 to two collections of special functions as
above. Then we show Corollaries 4.2 and 4.4. In Section 5, as a differential analogue
of Theorem 3.1, we give a generalization of Ostrowski’s theorem.

2. PRELIMINARIES

In order to clarify the argument, we give notations of difference algebra according
to [3,10]. Throughout this paper, by a ring we always mean a commutative ring of
characteristic 0. For a field K, we denote K* = K\{0}. For a field K and an in-
jective endomorphism o of K, we call the pair (K,0) a difference field. We call o
the transforming operator and K the underlying field. For example, for f(z) € C(z),
let oy : f(2) = f(z + 7) be the shift operator with 7 € C, o3 : f(z) — f(gz) the
g-shift operator with ¢ € C* and o3 : f(z) — f(2") the shift operator of Mahler
type with n € Z>o. Then the pair (C(z),0;) is a difference field for each i = 1,2, 3.
For difference fields (L,or) and (K,o0k), we call (L,or)/(K,0K) a difference field
extension if K is a subfield of L and o |x = ox. We frequently omit subscripts L
and K from o. If there is no confusion, we denote a difference field (K, o) simply
by K and a difference field extension (L,o)/(K,o) simply by L/K. We define an
intermediate difference field in a natural way. Let L/K be a difference field extension.
For a subset S C L, we denote K(S) = K({c%(s)|s € S,i € Z>o}). For a positive
integer n, ¥ = (y1,¥Y2,---,yn)’ € L™ and an intermediate difference field M of L/K,
we denote M (y) = M{(y1,ya,...,yn). We call Cx = {a € K|o(a) = a} the invariant
field of K. For a lower triangular matrix A = (a; ;) in M, (K) and an intermediate
difference field M of L/K, we define

V(M,A)={ueM"|apnu=A"c(u)}.
For a vector v = (vi,vs,...,v,)7, a matrix A = (@i j)1<ij<n and r < n, we denote
Uy = (v1,v2,.. ~a”Ur)T and A(r) = (ai,j)lgi,j§r~

Let L be an algebra over a ring K. A pair (Q1/k,d) of an L-module Q2,5 and
a K-linear derivation d : L — Qp /k is called the module of differentials of L over K
if for any L-module M and any K-linear derivation D : L — M there is a unique
L-module homomorphism f : Qp/x — M such that D = f o d. For any algebra L
over any ring K, there exists its module of differentials (see [10, pp.91-92]). Further-
more, Johnson introduced the differential structure of the module of differentials of
a differential field extension in [7]. For a vector y = (y1,%2,...,%n)’ € L™, we define
dy = (dy1, dys, ..., dy,)T € Q7 i T he following propositions are well-known.

Proposition 2.1 ([5]). Let L/K be a field extension and (Qp,k,d) the module of
differentials of L/K. A family {x;}icr of elements of L is algebraically independent
over K if and only if a family {dx;}icr of elements of Qr i is linearly independent
over L. In particular, x € L is algebraic over K if and only if dx = 0.
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Proposition 2.2 ([15]). Let L/K be a field extension and (Qp,k,d) the module of
differentials of L/ K. Suppose that a1, as, . .., an, € K are linearly independent over Q.
If y,x1,x2,...,xm € L satisfy

m

dy—i—Zaidxli =0,

i=1 v

then dy = dx1 = dxo = -+ = dx,y, = 0.

Proposition 2.3 ([10]). Let L/K be a difference field extension and (Qr,x,d)
the module of differentials of L/K. Then there exists an additive mapping

o*: QL/K — QL/K

such that
o*(adb) = o(a)d(c(b)) fora,be L.

3. MAIN RESULTS — CRITERIA FOR ALGEBRAIC INDEPENDENCE

In this section, we fix a difference field extension L/K with C, = Ck and positive
integers n,m.

Theorem 3.1. Let y = (y1,%2,---,Yn)’ € L™ satisfy
o(y) = Ay + b, (3.1)

where b € K™ and A = (a;,;) is a lower triangular matriz in M, (K). Suppose that
for eachr=1,2,...,n,

V(K(y@y), Awy) C K" (3.2)
holds. If y1,ya, - .., yn are algebraically dependent over K, then there exist r € Z with
1<r<nanduc V(K({yu),Aq))\{0} such that t = u"y, is algebraic over K and
t satisfies

U(t) = a,,t+ U(U)Tb(r).

In particular, if a,, # 0, then there exists f € K such that
U(f) = ar,rf + U(U)Tb(r)'

Remark 3.2. Theorem 3.1 corresponds to the difference analogue of Ostrowski’s
theorem in case A is the identity matrix.

Proof of Theorem 3.1. Take a positive integer r with 1 < r < n such that
Y1,Y2,...,Yr—1 are algebraically independent over K and yi,ys2,...,y, are alge-
braically dependent over K. Let (QK@(T)) /K,d) be the module of differentials of
K(y(y)/K. By Proposition 2.1, there exists a column vector u = (u1,uz, ... sun)t €
K (y(y)"\{0} such that

quy('r') =0.
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Since dy1,dys, . .., dy,—1 are linearly independent over K (y(,)) by Proposition 2.1, we
may take u, = 1. Note that o(y()) = Ay + br). By Proposition 2.3, we have
0=0o(uw)do(ym) = a(w)d(Amye +be) = o(w) Agydye.-
Since A,y is lower triangular, the coefficient of dy, in (a, ,u” —o(u)" A(,y)dy(,) is zero.
From linear independence of dy1, dys, . . . , dy,_1, we obtain aT,TuT—a(u)TA(T) =0. By
the assumption (3.2), we have u € K". Putting ¢ = u”y(,), we see that ¢ is algebraic
over K and
o(t) = ar,t + o(u) by,
Assume that a,, # 0. Let

f(X):Zflxlv fiEKLfs:la
i=0
be the minimal polynomial of ¢. Then we have

i fit' =0, (3.3)
=0

> o (fi)(arst + o(u) b)) = 0. (3.4)

=0

Since f(X) is the minimal polynomial of ¢ satisfying (3.3) and (3.4), the polynomial
as  f(X) =Yg o(fi)(aryX +o(u) b)) must be trivial. Then f,_; satisfies

O'(fsfl) = a”r‘,rfsfl - SO’(’U,)Tb(T).

Putting f = —f,_1/s, we obtain o(f) = a,.,f + o(u)Tbe. O
Theorem 3.3. Let v = (x1,T2,...,2,)T € L™ satisfy
o(ry) = Q1$€1’17
0'(1‘2) — QQIP2’ll‘p2’2,
b (3.5)
O'(xm) — qu;;m,lxgmﬂ . x%m,m7
where (q1,G2, -+ - qm)T € K*™ and P = (p; ;) is a lower triangular matriz in M,, (7).
Suppose that for each s =1,2,...,m,
V(K(z)), Ps)) C K* (3.6)
holds. If x1,xs,...,2y are algebraically dependent over K, then there exist s € 7

with1 < s <m and l = (I,la, ..., )T € (Z° NV (K (2(s)), Ps)))\{0} such that & =
-, xi is algebraic over K and o(&) = q@P=+ holds for ¢ = [[;_, qf In particular,

if ps,s =1, then there exist f € K* and r € Z>1 such that
o(f)=4q"f.
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Remark 3.4. Theorem 3.3 corresponds to the difference analogue of Kolchin’s
theorem in case P is the identity matrix.

Proof of Theorem 3.3. Take a positive integer s with 1 < s < m such that
r1,Ts3,...,Ts—1 are algebraically independent over K and x1,x9,...,xs are alge-
braically dependent over K. Let (QK@(S)) /K»d) be the module of differentials of
K (x(4))/K. By Proposition 2.1, there exists a column vector u = (u1,uz, ... Jus)T €
K (x(5))°\{0} such that

S

dl‘i -
;ui T =0.

Since dx1,dxs,...,drs_1 are linearly independent over K(x(s)) by Proposition 2.1,
we may take us = 1. By Proposition 2.3, we have

S

0= Zo(ui)d(:(g;) = i (ipi,ja(ui))ix-j'

J

i=1 Jj=1 =y
Put w = (dvi/z1,dxs/xs,...,dvs/1s)T. Since Py is lower triangular, the coef-
ficient of dzg/zs in (pssu” — o(u)" P))w is zero. From linear independence of
dzy/z1,dxs/ 29, . .. ,dTs_1/T5_1, We obtain ps sul — U(U)TP(S) = 0. By the assump-
tion (3.6), we have u € K*. There exist oy, as, ..., € K such that they are linearly
independent over Q and u; = Z;Zl lija; with l;; € Z. Putting &; = [[\_, 2",
we obtain
t
di
>yt =0
=1

We may assume that (I1.1,0l2.1,...,0s,1) # 0. By Proposition 2.2, Z; is algebraic over K.
Putting ¢ = [;_, qﬁ“, we have

s—1 s
_Piglin ) —ps,sly,
o <o Tl AZ

s—1 (ijjpi,jli,l)_ps,slj,l
-1 . Then

Zf:jpi’jli,l = ps.sl;j1 holds for each j = 1,2,...,s. Hence o(Z1) = qfifs’s holds.

Then o(%;)/#)"° is algebraic over K and so is []

Putting [ = (11,021, .., lsjl)T7 we have Pg;)l = ps. sl
Assume that ps ; = 1. Let

fX)=Y_fHiX', fieK fr=1fo#0,
=0
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be the minimal polynomial of Z;. Then we have

> Jii =0, (3.7)
o(fi)q'E = 0. (3.8)

Since f(X) is the minimal polynomial of #; satisfying (3.7) and (3.8), the polynomial
q"f(X) = > i_yo(fi)g" X" must be trivial. Then we obtain o(fo) = ¢ fo. O

Proposition 3.5. Let y = (y1,%2,...,9yn)" € L™ and x© = (x1,29,...,2,)7 € L™
satisfy (3.1) and (3.5), respectively. Suppose that for each r = 1,2,...,n and each
s=1,2,...,m,

V(K(z)(y), Awy) C K",
V(K (z)(y), Ps)) C K*,
{we K{z)(y)" | ps,sw=ATo(w)} C K"

hold. Suppose that x1,%2,...,Tm,Y1,Y2,---,Yn are algebraically dependent over K.
Then at least one of the following statements holds:

L. There exist r € Z with 1 < r < n and u € V(K(yu)), Ar)\{0} such that
t = uly(, is algebraic over K and t satisfies o(t) = aryt+o(u)?b,y. In particular,
if arr # 0, then there exists f € K such that o(f) = a,f + o(u) bey.

2. There evist s € Z with 1 < s < m and | = (li,ls,...,ls)T € (Z° N
V(K (z)(y), P(s)))\{0} such that & = [];_, zli is algebraic over K and o(%) =
q@P== holds for ¢ = [];_; qi In particular, if ps,s = 1, then there exist f € K*
and r € Z>1 such that o(f) =q" f.

Proof. By Theorem 3.1, we may assume that y1,ys,...,y, are algebraically indepen-
dent over K. Take a positive integer s with 1 < s < m such that y1, y2,..., Yn,
T1,%2,...,Ts—1 are algebraically independent over K and y1,¥2, - .-, Yn, T1, T2, .., Ts

are algebraically dependent over K.

Let (g (2)(y)/K>d) be the module of differentials of K (z)(y)/K. There exist column
vectors u = (u1, ug,...,u,)? € K{z)(y)" and v = (vy,va,...,vs)T € K(x)(y)*\{0}
such that

S

dx;
querZvi v =0.

€T
=1 ¢

Since dy1,dya, . . . ,dyn, dr1,dxs, ..., dxs_1 are linearly independent over K (x)(y), we
may take vs = 1. Then we have

cr(u)TAdy + Z (ZPi,jU(Ui)) % =0.
j=1 " i=j J
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It follows that pssv = P(Z)a(v) and ps su = ATo(u), so that u € K™ and v € K*
by the assumption. There exist aj,as,...,a; € K such that they are linearly in-
dependent over Q and v; = Z;zl lijo; with I, ; € Z. Putting ; = [[5_, 2/

=177, we
obtain

t -
dz;
d(uy) + E a; jj =0.

J

Jj=1

By Proposition 2.2 and by the same argument as in the proof of Theorem 3.3, we see
that the assertion holds true. O

Lemma 3.6. Lety = (y1,v2,---,yn)’ € L™ and x = (z1,%2,...,0m)" € L*"™ satisfy
(3.1) and (3.5), respectively. Suppose that there exists r € Z with 1 < r < n such that
V(K<.’E> <y>, A(r)) - Krv
{fweL|o(w)=a,,w}CK,
where K is the algebraic closure of K in L. If there exist f € K and u €

V(K (z){(y), Aey)\{0} such that o(f) = ar,f+0(u) by, then yi,y2, ..., y, are alge-
braically dependent over K.

Proof. Putting t = u”'y(,), we have o(t) = a, rt+0(u)"b(,y. Since o(f—t) = ar(f—t),
it follows from the assumption that f —t € K. Therefore t € K holds. O

Lemma 3.7. Lety = (y1,v2,...,Yn)’ € L" andx = (z1,22,...,0,)" € L*" satisfy
(3.1) and (3.5), respectively. Suppose that there exists s € Z with 1 < s < m such that

{weL|o(w)=wb+} CK,

where K is the algebraic closure of K in L. If there exist f € K* and | =
(hyla, .. 1)T € (Z*NV (K (2){y), Ps)))\{0} such that o(f) = afP== forq =TI;_, g;',

then x1,xa,...,Ts are algebraically dependent over K.
Proof. Putting @ = [[;_, zh ) we have o (%) = q7P+*, so that o(Z/f) = (Z/f)P* holds.
From the assumption, we obtain ¥ € K. O

Theorem 3.8. Let y = (y1,vy2,...,yn) € L™ and x = (x1,22,...,2,)" € L*X™
satisfy (3.1) and (3.5), respectively. Suppose that a,, = 1 for each r = 1,2,...,n
in (3.1) and pss = 1 for each s = 1,2,....,m in (3.5). Suppose that for each
r=1,2,...,n and each s =1,2,...,m,

V(K<$><y>, A(T)) C Krv

V(K@) (y), Py) © K
hold. Then x1,x2, ..., Tm,Y1,Y2,---,Yn are algebraically dependent over K if and only
if at least one of the following statements holds:

1. There exist f € K,r € Z with 1 <r <n and u € V(K(x)(y), A))\{0} such that
o(f) = f+a(u) b
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2. There exist f € K*,s € Z with 1 < s < m and | = (I1,la,...,1s)T € (Z° N
V(K (x)(y), Ps)))\{0} such that o(f) = af for g =TT, ¢;'-

Proof. Sufficiency. By the assumption, we have
{welL|o(w)=a,w}={weL|ow)=wt=}=Cy.

It follows from Lemma 3.6 and Lemma 3.7 that the x;’s or the y;’s are algebraically
dependent over K.
Necessity. We have

{w e K{x){y)" |p5,sw = ATU(w)} =V (K{(z){y),A) C K".

Hence the assertion follows from Proposition 3.5. O

4. APPLICATIONS

4.1. ALGEBRAIC INDEPENDENCE
OF VIGNERAS’ MULTIPLE GAMMA FUNCTIONS
AND DERIVATIVES OF THE GAMMA FUNCTION

Vignéras’ multiple gamma functions G1(z), G2(2),...,Gm(2),... are meromorphic
functions satisfying the following relations [16]:

1. Go(2) =2z, Gu(z+1) = Gp-1(2)Gm(z) for m > 1,

2. G(l) =1,
m—+1
3. WlogGm(er 1)>0 forz>0.

Then G1(z) is equal to the gamma function I'(z). In this section, we denote the
derivative of a differentiable function f(z) by f’(z). In [12], Nishizawa showed that
G (z) does not satisfy any nontrivial algebraic differential equation over C(z) and
gave the following relation between logarithmic derivatives:

Gmii(z+1)  z—m+1Gn(z+1)
Gmi1(z+1) m Gm(z+1)

+ pm(2)

where p,, (2), P (2) are polynomials of degree less than or equal to m. We show that
Gi(2) =T(2),Ga(2),...,Gm(2),... and T'(2),T"(2),..., T (2),... are algebraically
independent over C(z); namely, I'(z) does not satisfy any nontrivial algebraic differ-
ential equation over the field C(2)({G;(2)}i>2)-
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Proposition 4.1. Define a transforming operator o by o(f(z)) = f(z + 1)
for each f € C(z). Let (L,0)/(C(z),0) be a difference field extension. If

{xi}iEZZ17{y’i}iezz1 C L~ Satisfy

o(x1) = zx1,
o(xi) = xi—17; fori € Z>o, (4.1)
o(y) =y + (=17 i — D)1z= fori € Z>,

then they are algebraically independent over Cr(z).

Proof. Put K = Cpr(z). Then we have O = Ck. Put & = (v1,22,...,2,,)7 and
y=(y1,y2,...,yn)T for n4+m > 0. We put matrices A = I,, and

1 fori=jori=j+1,
P=piihisigsm, pig = 0 otherwise

Since Ay is the identity matrix, we have V(K (x)(y), Ay) C C7 C K" for each
r=1,2,...,n. Next we show V(K (z)(y), P5)) C K* foreach s =1,2,...,m. Let w €
K (x)(y) satisty o(w) = w + « for a € Cr[z]. By induction on the degree of « in z,
we show w € C[z]. If @ € Cf, then o(w — az) = w — az holds, which implies
w = az + ¢ for some ¢ € Cr. Assume that the degree of a in z is equal to r € Z>;.
Let a, be the leading coefficient of a. Putting @ = w — a,.2"*1/(r + 1), we have
o(1®) = w+a for some polynomial & € Cp[z] of degree less than r. From the induction
hypothesis, we obtain @ € Cf,[z], and hence w € Cp[z]. By the definition, any element
u=(uy,ug,...,us)’ € V(K(z)(y), P) satisfies

o(us) = us,

o(u;)) +o(uyr) =u; fori=1,2,...,8—1.

Then we find ug,us—1,...,u1 € Cp[z] by the above argument. Hence we have
V(K(x)(y), Pis)) C Crlz]* C K* for each s = 1,2,...,m. Therefore, in order to
prove this proposition, we have only to check the conditions 1 and 2 in Theorem 3.8.

Suppose that there exist f € K*,s € Z with 1 <s <m and [ = (I1,la,...,l)T €
(Z* N V(K (z)(y), Ps)))\{0} such that o(f) = 2" f. It follows from P(I;)l = [ that
lo =13 =---=1s =0 holds. Hence we have l; # 0. Put f = p/q, where p,q € Cr[Z]
are relatively prime. Then we have o(p)g = 2z'*po(q). Comparing the degrees, we
obtain [y = 0, a contradiction.

Next, suppose that there exist f € K,r € Z with 1 < r < n and u =
(u1,u2,...,u.)T € C7\{0} such that

(=) — 1)y
o-(f):erZ( ) z( Dtui. (4.2)

For A € Cp, we denote by v,_) the discrete valuation associated to z — A of the
rational function field Cr(z)/CL. Note that v, (f) = vagr+1(c(f)). It follows from
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(4.2) that v.(f) < 0 or v.(c(f)) < 0. Suppose that v,(f) < 0. We show v,4,;(f) <0
for each i € Z>g. We have v,41(0(f)) < 0 by v.(f) < 0. By (4.2), the equality
ve11(a(f) — f) > 0 holds, which implies v,11(f) < 0. Hence we have v,2(c(f)) < 0.
Repeating the argument, we obtain v,4;(f) < 0 for each 7 € Z>¢. Next, suppose that
v:(o(f)) < 0. In the same way, v,—;—1(f) < 0 holds for each i € Z>,. This implies
that f has infinitely many poles, a contradiction.

It follows from Theorem 3.8 that x1,x2,...,Zm,¥Y1,Y2,--.,Yn are algebraically
independent over K. O]
We put

L =C(2)({Gr(2)hezsr ATM(2)bhezsn):
r; = Gi(2) and y; = (logT'(2))® for each i € Z>;. Then we obtain the following
corollary:

Corollary 4.2. G3(z), G3(2), ...

, G(2), oo and T'(2), T'(2), ..., TM(2), ... are
algebraically independent over C(z).

4.2. ALGEBRAIC INDEPENDENCE OF THE LOGARITHMIC FUNCTION,
¢-EXPONENTIAL FUNCTIONS AND ¢-POLYLOGARITHM FUNCTIONS

Let ¢ be a nonzero complex number being not a root of unity. In [2,11,17], g-multiple

polylogarithm functions Lig.pn, n,,....n, (21, 22 - - -, 21) are defined by
k1 _ko ki
Z Z .« .. z
Li,. 2152y -+--5R1) = L 72 U 5
q;n1,1n2, 7"1( ) Z [k1w1 [k2]32 .. [kl]gl

0<k1<ka<--<k

where [k], = (1 — ¢*)/(1 — q) is the g-analogue of the number k. When [ = 1, these
functions are the g-analogues of the polylogarithm functions,

By simple calculations, we have
z

Liq;l(qz) = Liq;l(z) —(1—q) 11—

Lign(gz) = Lign(2) — (1 — ¢)Lign—1(2) for n € Z>,.

We define two g-analogues of the exponential function

2 e Zn P i n(n—1) Zn
%ZZM,’ E;=> q > [n],!”
n=0 a: n=0 a:

where [n],! is the g-analogue of n!, that is,

]! = 1 for n =0,
& HZ:I[k]q for n € ZZI-
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These g-exponential functions satisfy
el = (1 —(1—q)2)eg,

z -1z
E¥ = (1+ (1 —q)2) 'EZ.

For other properties and relations, the reader may refer to [4,8]. We show that
log 2, €%, E7, Lig1(2), Lig2(2), . .., Lign(2), . . . are algebraically independent over C(z).
Proposition 4.3. Let q be a nonzero complex number being not a root of unity. Define
a transforming operator o by the q-shift operator o(f(z)) = f(qz) for each f € C(z).
Let (L,0)/(C(z),0) be a difference field extension. Put § = 1 — q. If w, 21,29 € L*
and {yi}iez., C L™ satisfy

o(w)=w+1,

o(x1) = (1 — §z)zs,

o(x2) = (1+qz) " w2, (4.3)
o(y) =y —q¢z/(1 — 2),

0(Yn) = Yn — QYn—1 forn € L>a,

then they are algebraically independent over Cr(z).

Proof. Put M = Cp(w) and K = M(z) = C(w, z). Then we have L D K D M and
Cr = Ck = C)py. We see that w is transcendental over Cr(z). Indeed, assume that w
is algebraic over C(z). Let

f(X):ZfZXz7 TEZZlafiECL(z>7fT:17
=0

be the minimal polynomial of w. Then we have

T

Zfiwi =0, ZU(fi)(w+ 1) =0.
i=0

=0

Comparing the coefficients, we obtain the equality

o(fr-1) = fro1 - (4.4)

Defining a transforming operator o of the field of formal Laurent series
Cr((2)) by o>, arz®) = Y, arg"z", we have the difference field extension
(CL((2)),0)/(CL(2),0). From the Laurent series expansion f,_; =, frz* and the
equality (4.4), we obtain fo = fo — r, a contradiction. For A\ € M, we denote by
v,—» the discrete valuation associated to z — A of the rational function field M (z)/M.
Since M is inversive, i.e., (M) = M, for each f € M(z) we obtain the equality

VA (f) = vag1o0) (0 (f))- (4.5)
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Put y = (y1,y2,---,yn)’ for n > 0. We put matrices P = I and

1 for i = j,
A= (ai,j)lsid‘gn, ai,j = —(j for ¢ = j + 1,

0 otherwise.

Since Py is the identity matrix, we have V(K (x1,22)(y), P(5)) C C} C K* for each
s = 1,2. In the same way as in the proof of Proposition 4.1, if u € K {x1,x2)(y) satisfies
o(u) =u+ a for a € Cp[w], then we have u € C[w]. From the same argument as in
the proof Proposition 4.1, we obtain V(K (x1,22)(y), Ary) C Crlw]” C K" for each
r=12,...,n.

Suppose that there exist f € K* and [ = (I1,lz) € Z*\{0} such that

(1—gz)"

o(f) = 1+ 42) (4.6)

Put f = h/g, where h, g € M[z] are relatively prime. Then we have
o(h)g(1+q2)" = h(1 - Gz)"o(g).

By comparing the degrees with respect to z, we have l; = I # 0. Hence the equality
(4.6) implies that v,_z-1(0(f)) = v,—4-1(f) + 1. Using (4.5) and (4.6), we obtain
Vyghg—1(f) = vo_g-1(f)+11 for each k € Z>y. Then f must satisfy v,_4-1(f) = —[1.
From the same argument, we obtain v,_,-x4-1(f) = —ly for each k € Z>. This yields
a contradiction.

Next, suppose that there exist f € K,r € Z with 1 < r < n and v =
(ul, ug, ... ,UT)T S V(K<SC1, l‘2><y>, A(T))\{O} such that

do(u1)z
1—2z °

o(f)=1f- (4.7)
It follows from w # 0 that o(u;) # 0. Then the inequality v,_1(c(f) — f) < 0
implies that v,_1(co(f)) < 0 or v,_1(f) < 0. In a similar way to the proof of
Proposition 4.1, we show that if v._1(f) < 0 then v,_,—«(f) < 0 holds for each
k € Zxo. Suppose that v,_1(f) < 0. We have v,_,-1(c(f)) < 0 by (4.5). By (4.7),
the equality v,_,-1(0(f) — f) = 0 holds, which implies v,_,-1(f) < 0. Hence we
have v,_,-2(0(f)) < 0. Repeating the argument, we obtain v, _,—«(f) < 0 for each
k € Z>¢. In the same way, v,_,(f) < 0 holds for each k € Z>1 if v,_1(c(f)) < 0.
This yields a contradiction.

It follows from Theorem 3.8 that x1, z2, y1, Y2, . . . , Y, are algebraically independent
over K. O

Note that the argument of ¢ is fixed. Then, in the Riemann surface of log z, we have
the identity

log(gz) = log z + log q.
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We put L = C(z)(log 2, e, EZ, {Lig;i(2) }iezs, ), w = log 2/ log ¢, 21 = €}, x5 = £ and
y; = Lig;(2) for each ¢ € Z>1. Then we obtain the following corollary:

Corollary 4.4. Let q be a nonzero complex number being not a root of unity.
Then logz, e}, EF, Lig.1(2), Liga(2),..., Lign(2),... are algebraically independent
over C(z).

5. GENERALIZATION OF OSTROWSKI'S THEOREM

We have discussed the algebraic independence of a collection of special functions
having algebraic difference relations as above. By using differential algebra, a method
similar to the proof of Theorem 3.1 gives a generalization of Ostrowski’s theorem.

For a field K and a derivation operator D from K to itself, we call the pair (K, D)
a differential field. We define a differential field extension in a natural way. If there is
no confusion, we denote a differential field (K, D) simply by K and a differential field
extension (L, D)/(K, D) simply by L/K. Let L/K be a differential field extension.
Denote by o’ = Da, the derivative of a, and by Cx = {a € K | ' = 0} the constant
field of K. For a subset S C L, we denote by K(S) the differential field generated by S
over K. For y = (y1,v2,...,yn)? € L™, we put K(y) = K{y1,¥2,...,Yn). For a lower
triangular matrix A = (a;;) in M, (K) and an intermediate differential field M of
L/K, we define

Vp(M,A) ={ueM"|u = (an, — A")u}.

Theorem 5.1. Let L/K be a differential field extension with C, = Ck. Let n be
a positive integer and y = (y1,Ya,--.,Yn)’ € L™ satisfy

y = Ay + b, (5.1)

where b € K™ and A = (a;;) is a lower triangular matriz in M, (K). Suppose that
for eachr=1,2,...,n,

VD(K<y(r)>v A(r)) CK" (52)
holds. If y1,ys2,-..,yn are algebraically dependent over K, then there exist f € K,
r€Z withl <r <n andu € Vp(K(yuy), Ar))\{0} such that

f/ = ar,f+ uTb('r')'

Remark 5.2. Theorem 5.1 corresponds to the original Ostrowski’s theorem in case
A is the zero matrix.

Proof of Theorem 5.1. Take a positive integer r with 1 < r < n such that
Y1,Y2,...,Yr—1 are algebraically independent over K and ¥i,ys2,...,y, are alge-
braically dependent over K. Let (QK@/(M /k+d) be the module of differentials of
K (y(y)/K. There exists a column vector u = (u1,uz,...,ur)" € K(y)" such that
u, = 1 and quy(r) = 0. Note that yér) = Ay + biy. By the Lie derivative
adb v+ a’db + adb’ for a,b € L (see [1]), we have

0 = u'Tdy(,,) + quyZT’) = (U/T + UTA(T))dy(7)
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Hence we have u/T + uTA(T) = a,,u”, that is, v’ = (a,, — Aa))u. By the assumption
of (5.2), u € K" holds. Putting ¢t = u”y(,), it follows that ¢ is algebraic over K and

t = arpt + uTb(T.).
By considering the minimal polynomial of ¢, there exists f € K such that f/ =
arrf + uTb(T). O
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