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1. INTRODUCTION

The Schrodinger equation is one of the most important equations in quantum mechanics.
Since its introduction, the existence and various properties of its solutions have been
a central focus in both mathematics and physics. Due to its significant applications in
phenomena such as Bose-Einstein condensation, many mathematicians have conducted
extensive research over the past few decades on the following nonlinear Schréodinger
equation:

iaa—\f — AU = g(|U))¥, 2z eRY, (1.1)

where N > 1, ¥ = ¥(z,t) denotes the wave function, and |¥(z,t)|? represents the
probability density of a single particle being at position x at time t. Therefore, it is
natural to impose the normalization condition:

/ | U (z,t)[*dz = 1.
RN
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This applies to a single-particle system. For a multi-particle system, the wave
function is expressed as ¥ (z,t) = /n¥(z,t), and the corresponding normalization
condition is determined by the total number of particles n in the system:

[ 1wt 0P d=n.
RN

However, in mathematical studies, the normalization condition is typically assumed to
be any positive real number ¢ € (0, +00). For further details, we refer the reader to [1]
and the references therein.

In the study of equation (1.1), solutions of the form W(z,t) = e~**u(z) are known
as standing wave solutions. Substituting this ansatz into equation (1.1) leads to the
following elliptic equation:

~Au+u= f(u), x€RN, (1.2)

where f(u) = g(|u|)u. A typical example of the nonlinear term is given by

m
F(&) =D ailt 2,
i=1

with 2 < p; <ps <--- <py <2*and a; >0 forv=1,2,...,m. Here, 2* denotes the
Sobolev critical exponent: when N > 3, 2* = %; when N = 1,2, 2* = c.

There have been numerous studies on equation (1.2). One of the main approaches
involves analyzing the critical points of the following energy functional in a suitable

function space:

(1) :%/(|Vu\2+)\|u|2) dz — /F(u) dz,
RN RN

where F(t) = fot f(s)ds. In this setting, A is treated as a fixed parameter. However,
under the normalization constraint, if one aims to solve the constrained problem:
—Au+ = f(u), xRV,
/u2 dr =c, (1.3)
RN
where N > 1, f € C(R,R), ¢ > 0 is a given mass, and A € R will arise as a Lagrange
multiplier depending on the solution u € H'(R") and be considered as an unknown
in the problem, then the functional must be restricted to the L2-sphere:
Se:={ue H'RY): [jul3 =c},

and the critical points of the functional

O(u) = % / |Vul|?da — /F(u) dz
BN

RN
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on this constraint manifold S, are studied. In this case, A = A, becomes an unknown
Lagrange multiplier, and the resulting pair (uc, A.) is referred to as a normalized
solution of equation (1.3). From a physical standpoint, such normalized solutions are
of particular interest and relevance.

2. SCHODINGER EQUATIONS

For the L2-constraint problem (1.3), if infs, ® > —oo for any ¢ > 0, then it is referred to
as the L2-subcritical case; if infs, ® = —oco for all ¢ € (0,+00), then it is referred
to as the L?-supercritical case; if there exists ¢* > 0 such that infs, ® > —oco for
all ¢ € (0,¢*] and infgs, ® = —oo for all ¢ € (¢*,+00), then it is referred to as the
L?-critical case.

In particular, if f(u) = |u[P~2u with 2 < p < 2*, we have F(u) = %|u\p. The cases
2<p<2+ %7 p=2+ %7 and 2 + % < p < 2% correspond to the L2-subcritical,
L?-critical, and L2-supercritical cases, respectively.

In view of Kwong [31], if 2 < p < 2*, the following equation

—Au+u=uP"t, u>0 zeRY

has a unique positive solution wy ,. Let u(x) := a wy ,(bx) with a,b > 0. Substituting
u into (1.3), we obtain

—ab?Awy ,(bx) + Aa wy p,(bx) = apflwﬁ)\{pl (bx), z€RY,

a? [ wi,(br)dz =c.
RN

This equation holds if and only if

ab® = a =aP™l,

a / Wi, dr =c. (2.1)
RN

Clearly, (2.1) implies that if p # 2+ %, then (1.3) admits a unique positive normalized
solution u(z) := a wy p(bz) for some a,b > 0 and A > 0; if p = 2 + +, then (1.3)
admits a normalized solution if and only if ¢ = ¢g := [pn wJQVp dz.

2.1. L2-SUBCRITICAL CASE

For the L?-subcritical case, we know that infs, ® > —oo for any ¢ > 0. Therefore,

m(c) := uiélgc D (u)

is well defined. If m(c) is achieved, then (1.3) has at least one solution.
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This type of problem was first studied in the works of Stuart [41, 42] by em-
ploying the bifurcation method. Later, using the minimizing method, Shibata [38]
investigated the existence of solutions to (1.3) under the following assumptions:

(F1) f € C(R,R) and f(0) = 0,
(F2) lim,,o L2 =0,

: f@
(F3) limyy) 00 F@ﬁr =0,

(F4) there exists so > 0 such that F'(sg) > 0.
It was proved that there exists ¢y > 0 such that

(i) if ¢ > ¢, then m(c) is achieved and (1.3) has at least one solution,
(i) if 0 < ¢ < ¢g, then m(c) is not achieved.

In addition, if f also satisfies
(F5) f(—t)=—f(t) for all t € R,

then for any k € N, there exists ¢, > 0 such that for ¢ > ¢, (1.3) has at least k
solutions.
It is important to determine whether ¢y = 0. In fact, if

RO
11m = 00
=0 [¢]2+~ ’
then ¢y = 05 if
F(t) <+
0
lt|=0 [¢|2+x ’

then ¢y > 0. See [28].

For the special case when f(u) = |u[P"?u with 2 < p < 2+ £, Cazenave
and Lions [10] proved that (1.3) admits a solution pair (u,\) € HL ;(RY) x (0,400)
using the minimizing method.

Jeanjean and Lu [26, 28] extended the results obtained by Shibata [38] by weakening
condition (F3).

2.2. L2-SUPERCRITICAL CASE

The first paper addressing the L2-supercritical case is [24], where Jeanjean proved that
when N > 2, for any ¢ > 0, (1.3) admits a solution pair (ue, Ac) € HL4(RY) x (0, 4+00)
under the following conditions:

(F6) f € C(R,R) and f is odd,

(F7) there exist «, 8 € R satisfying 2 + % < a < B < 2* such that

0<aF(t) < f(t)t < BF(t), VteR\ {0

When N > 1, it was also shown that a ground state solution of (1.3) exists for any
¢ > 0 if f satisfies additionally
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(F8) the function F(t) := f(t)t — 2F(t) is of class C' and

F'(t)t > <2 + ;) F(t), YteR\{0}.

As demonstrated in their work, it is relatively straightforward to verify that the
functional ® admits a (PS) sequence {u,} at the mountain pass level, owing to
the easily verified mountain pass geometry. However, establishing the boundedness of
such a sequence presents a significant challenge. To address this issue, Jeanjean [24] in-
troduced a specialized (PS) sequence that satisfies the additional convergence condition
P(u,) — 0, where P denotes the Pohozaev-type functional defined by

P) = [Vl 5 [ [fuu—2P(w)]dr.

RN

A key component of their approach involves the application of the Ekeland variational
principle to an auxiliary functional, specifically a fibering map ® : H}(RY) x R — R,
defined as

~ 62

t
B(0,1) == V0l

1
Nt F (eNt/2v> dz.

RN

Importantly, the mountain pass level of ® over S, x R corresponds precisely to that
of & over S..
Later, Bartsch and de Valeriola [2] proved that (1.3) actually possesses an un-
bounded sequence of pairs of radial solutions (tuy,, A,) provided (F6) and (F7) hold.
It is noteworthy that condition (F7) is regarded as the natural L?-constrained
counterpart to the classical (AR) condition in unconstrained problems. Recently, Chen
and Tang [13] weakened (F6) and (F7) to the following assumptions:

(F9) f e C(R,R) and

M0 o g

150 tHv T oo [E[27 T

207

(F10) there holds
F
@)
[t|=+oo |¢]2+ N

— +oo,

(F11) 0 < (2+ &) F(t) < f(t)t < 255F(¢) for all t € R\ {0},
(F12) there exists x > & such that

s O = 2P0
ot PN () — 2N + DF (D)

< +o00.



744 Sitong Chen and Xianhua Tang

By replacing (F12) with the following assumption:
(F12') there exist £ > & and Cy > 0 such that

ftt—2F)]"
OO < epon - N+ R, Ve R\ (o)
Chen and Tang [13] proved that (1.3) admits a solution pair (i, A.) € HL j(RY) x
(0, +00) such that ®(u.) = infxc, D, where

Kei={ue SN Hyy®Y): @5 (u) =0}.

In a different direction, Jeanjean and Lu [27] addressed the existence of ground state
solutions of (1.3) and removed the requirement f € C* in (F8). They also relaxed (F7)
to the following hypotheses:

(F13) % is strictly decreasing on (—o0,0) and strictly increasing on (0, +00),
N

(F14) 0 < f(t)t < 25 F(t) for all t € R\ {0}.
They proved that for any ¢ > 0,

(i) if f satisfies (F9), (F10), (F13), and (F14) for N > 3, then (1.3) admits a ground
state solution,

(ii) if f is odd and satisfies (F9), (F10), (F13), and (F14) for N > 5, then (1.3)
admits a positive ground state solution.

Condition (F13) has become a fundamental analytical tool in the study of
L?-constrained elliptic problems, serving as the natural counterpart to the classical
Nehari-type strict monotonicity condition in unconstrained settings.

Bieganowski and Mederski [7] introduced a novel minimization scheme on the
intersection of closed L?-balls {u € H*(R™) : |[u|3 < ¢} and the Pohozaev manifold
in H'(RY), replacing the standard constraint sphere S,. This innovation allowed for
the relaxation of (F14) to the following condition:

(F15) 0 < (2+ &) F(t) = f(t)t = 255F(¢) for all t € R\ {0},

where < denotes the asymptotic non-strict inequality: for given functions f1, fo : R — R,
f1(8) = fa(s) means that f1(s) < fa(s) for all s € R, and for any v > 0, there exists
|s| < v such that fi(s) < fa(s).

2.3. MIXED CASE

In this subsection, we consider the mixed case, which arises when the nonlinearity
f includes L2-subcritical, L2-critical and L2-supercritical growth terms. The specific
cases
—Au+ M= plu|f2u + |ulP~2u, e RV,

/u2dx:c,

RN
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and
—Au+ M= plu|92u+ |u]? 2u, xRN,

/ u?dr =c, (2.2)
]RN

have been studied by Soave [39, 40] and Jeanjean, Jendrej, Le and Visciglia [30], where
2<q§2+%§p<2* and p > 0.
Solutions of (2.2) are critical points of the energy functional

1 1 o
®u(u) = 5[IVull3 = 5 lull3- - Sula vuee H'(RY), (2:3)

restricted to the constraint S, and ®, is unbounded from below on S, due to the
presence of the Sobolev critical exponent. Define the Pohozaev manifold

M, (c) ={ueS.:Pu(u) =0},
where the functional P, is given by
Pu(u) := Va3 = [lul3: = mygllulld, Vue H'(RY), (2.4)

N(q

where v, 1= 27;2). Soave [40] first studied the existence and nonexistence of nor-

malized solutions for equations with mixed dispersion using the fibration method of
Pohozaev, based on the decomposition of the Pohozaev manifold

My(c) ={u e 8. : ¢,(0) =0} = M, (c) UM (c) UM (c), (2.5)
where ¢, (t) = @, (eN*/?u(e'x)) for u € H'(RY) and t € R, and
Mz (c) == {u € My(c) : 4,(0) 20}, M (c) :=={u € My(c): §(0)=0}.

Soave [40] proved that there exists a constant «(V, ¢) > 0 depending on N, ¢, and the

(=g
best constant in the Gagliardo—Nirenberg inequality such that, if uc e < a(N,q),
then (2.2) admits a ground state solution @. Moreover,
(iifza<g<2+ %, @ corresponds to a local minimizer satisfying infMj(C) o, =
o, (0) <0,
(i) if 2+ & 4 < ¢ < 2% 4 is a mountain-pass type solution with 0 < inf , , (© o,
o, (0) < NS 2, where § denotes the best constant in the Sobolev mequahty.

In that paper, Soave proposed the following open problem: Does ®,|s, have
a critical point of mountain-pass type in the L?-subcritical case 2 < ¢ < 2 + %?

Jeanjean and Le [25] (N > 4) and Wei and Wu [45] (N = 3) gave a complete
positive answer to this open problem.

By introducing the set

Vie)={ueS.:|Vul3 <po}
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with the property

= f @ <0< inf @ ,
mu(c) uen\}(c) u(1) uelanV(c) u(1)

where OV (¢) := {u € Sc : |[Vul|3 = po}, and defining

.— agtoa2
Po = Co ’

_2*ua06 82 /2] 75w oy
qoe

2*04082*/2 qos aptaz
Co = s
0 ag + oo 2*,[14040(3;1\]’(182*/2

with
N(g—2) 2N —q(N —-2) 4

9 ) ay = 2 ) Qg 1= ma

Jeanjean and Le [25] investigated the orbital stability of ground state solutions under
the condition 2 < g < 2+ % for any ¢ € (0,¢p). This local minimizer structure
enables the search for a solution at a mountain-pass level. In addition to the decompo-
sition (2.5) similar to [40], Wei and Wu [45] complemented Soave’s results using new
energy estimates. Specifically:

Oéo:ZZ—

1—vg)q

(i) if 2 < ¢ <2+ 4+ and uc( z < a(N,q), they obtained a second solution
u, . € M (c) such that ®,(u, ) = inf - () @y and 0 < LTS %S%,

(=)
(ii) if g =2+ ;\L[, there are no ground state solutions for uc Lt > a(N,q),
(iif) if 2 —|— ~ < g < 2%, the existence range pc s < (N, q) extends to all ¢ > 0.

Instead of using the fibration argument of Pohozaev as in [40, 45], Jeanjean
and Le [25] introduced a new set related to the mountain-pass level based on the
decomposition

M(e) = M, () UM (c),  with ME(c) := {u € M, (c) : @,(u) = 0},

and established its connection with V' (¢). They proved the existence of a second
solution v, € S, of mountain-pass type satisfying 0 < ®,(v.) < my(c) + %S% for any
¢ € (0,c9) and N > 4. This second solution is not a ground state solution.

Chen and Tang [13] established novel critical point theorems on manifolds to con-
struct bounded (PS) sequences in the context of mixed dispersion, offering a technically
simpler alternative to Hirata and Tanaka [23] and the Ghoussoub minimax princi-
ple [21], which relies on topological arguments. Specifically, for the case 2 < ¢ < 2+ %,
they introduced a new mountain-pass geometry rooted in the local minimizer and
constructed a sequence of test functions applicable across all spatial dimensions
N > 3, thereby obtaining the strict upper bound through refined energy estimates.
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For the remaining cases namely 2 + % <qg<2*and q =2+ %, they presented
a unified framework that applies consistently to both L2-subcritical and L2-critical
settings, as well as to dimensions N = 3 and N > 4.

The following two theorems were obtained in Chen and Tang [13].
Theorem 2.1. Let N > 3,2 < g <2+ %, w>0, and c € (0,cq). Then (2.2) has
a second solution pair (ue, \e) € HL J(RY) x (0, +00) such that

rad

1 .~
0<®u(uc) <mylc)+ NST.

Theorem 2.2. Let N >3, ¢ >0, and 2+ % < q < 2*. Then (2.2) has a solution pair
(e, \e) € HYRY) x (0, +00) such that

D, (u.) = 1n(f )<I>

(i) for any p >0 if2+§ < q <2,
(ii)forany0<u§mzfq:q 24+ %
Chen and Tang [12] studied the following nonlinear Schréodinger equation with
mixed dispersion and critical exponential growth:
—Au+ Au = plulP~?u + (6“2 —-1- u2) u, =€ R
/u2 dx = ¢, (2.7)
R2

where ¢ > 0 is a given constant, and A € R is a Lagrange multiplier depending on
the solution u € H'(R?), not given a priori. By the Trudinger-Moser inequality, the
functional

1 1 4
o) =3 [IVaPar—2 [lapar—3 [ (" —1-0 - %) as

2 p 2 2

R2 R2 R2

is of class C! on H'(R?). A critical point of ® restricted to the mass constraint
S, = {u € H'(R?) : ||u|? = }

corresponds to a normalized solution of (2.7).
Define the L?-Pohozaev functional

-2 2 4
Pu) = |Vu - “(pp)nug —/ {(qﬁ —1) e 41— “7 de, Yue HY(R?),

]R2
and the L2-Pohozaev manifold

M(e) :={ueS.:P(u)=0}.
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Chen and Tang [12] proved the following three theorems.

Theorem 2.3. Let 2 < p < 4. Then for any p > 0, there exist co = co(u) > 0 and
so = so(p) € (0, %] such that, for any c € (0,cp), the following statements hold:
(i) (2.7) has a ground state solution which is a minimizer of ® in the set S N As,,
where

Agy ={ue H'(R?) : |Vul3 < so}.

Moreover, any ground state to (2.7) is a minimizer of ® on S. N As,, that is

u€K(c) and ®(u) :licl(lf)q) = ue€S.NA;, and P(u) :Sgli d :=m(c),
c eNAgg

where

K(c) = {u SO (I)’is (u) = 0}.
(if) (2.7) has a second solution u. € S, which satisfies
0 < ®(ue) < m(e) + 2. (2.8)

Theorem 2.4. Let p=4 and ¢ > 0. Then for any 0 < p < cci‘“ (2.7) has a ground
4
state i, € HY(R?) with some \. > 0, satisfying

d(u.) = /\1/111(5) o= ulél‘gc max D(tuy), (2.9)

where ug(z) = u(tr) fort > 0 and x € R? and C4 > 0 is a Gagliardo—Nirenberg
constant.

Theorem 2.5. Let 4 < p < oo and ¢ > 0. Then for any p > 0, (2.7) has a ground
state t. € HY(R?) with some \. > 0, satisfying (2.9).

3. SCHODINGER-POISSON EQUATIONS
Consider the following nonlinear Schrédinger—Poisson equation

—Au+ A+ p(Jo] 7t u?)u = [uP2u, x € R3,
/u2 dzx = ¢, (3.1)
R3

where ¢ > 0 is a given constant, and A € R arises as a Lagrange multiplier depending
on the solution v € H'(R3), and is not given a priori.

If p € (2, 3), Bellazzini and Siciliano [5] proved that minimizers exist provided ¢ > 0
is sufficiently small, by establishing a strong subadditive inequality. Specifically, using
techniques introduced in [8], the existence of minimizers for p = § was proved in [37]
for ¢ € (0,¢9) with some suitable ¢y > 0. The case p € (3,10/3) was considered
in [6], where a minimizer was obtained for ¢ > 0 sufficiently large. When p € [3, %],
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Jeanjean and Luo [29] established a threshold value of ¢ > 0 separating existence and
nonexistence of minimizers. Based on whether ®|s, is bounded from below, the value
p = % is referred to as the L?-critical exponent for the Schrédinger—Poisson equa-
tion (3.1). If p € (%, 6)7 ® is unbounded from below on S,.. By constructing a bounded
Palais—Smale sequence via a mountain-pass argument on S., Bellazzini, Jeanjean, and
Luo [4] found critical points of the functional ® for ¢ > 0 sufficiently small.

Later, Chen, Tang, and Yuan [17] considered the existence of solutions for the

following nonlinear Schréodinger—Poisson equation with a general nonlinearity:

—Au+ M+ p(Jo] "t xu?)u = flu), zeR>,
u?dr = ¢, (3.2)
R3
where 1 > 0, f € C(R,R), and the case f(u) = |[u[P~?u with p € (3,42) U (12,6) is
included. Wang and Qian [43] proved that if f satisfies (F6)-(F8) with N = 3, then
there exists ¢g > 0 such that for any ¢ € (0, ¢p), (3.2) admits a positive ground state
u € S, and the associated Lagrange multiplier A is positive.
Xie, Chen, and Shi [46] proved that if f satisfies (F9), (F10), (F13), and (F14) with
N = 3, then there exists ¢y > 0 such that for any ¢ € (0,¢p), (3.2) admits a ground
state u € S..

Cingolani and Jeanjean [18] considered the following nonlinear Schrodinger—Poisson
equation

—Au+ Au+ p (log |z * v?) u = alulP~?u, =z € R?,

/u2 dz =c¢, (3.3)
R2

where ¢ > 0 is a given constant, and A € R arises as a Lagrange multiplier depending
on the solution u € X, and is not given a priori. Here

X=<{ue HY(R?: /[1 +1In(1 + |z))]u*dz < 0o
R2
is equipped with the norm
1/2
Il x = /[|vu|2+u2+1n(1+ 2))?] da
R2

Normalized solutions to (3.3) can be obtained as critical points of the energy
functional ® : X — R defined by

1
D(u) = 3 / |Vu|? dz + %//bg |z — y|u?(x)u?(y) dz dy — %/|u|p dz. (3.4)
R2 R2

R2 R2
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For a prescribed ¢ > 0, a solution of (3.3) can be obtained as a critical point of ®
constrained to the sphere

Sc={ueX:||ulj=c}.
Define the Pohozaev functional

pe®a(p—2)

P(u) = [[Vull3 — =~ - THUH?
Let
= inf ®(u). .
me 1= inf (u) (3.5)

Cingolani and Jeanjean [18] proved that for any ¢ > 0 and p > 0, the infimum m,
defined in (3.5) is achieved if one of the following three conditions holds:

(i) a<0andp> 2,
(ii) @ > 0 and p < 4,
e _ 2
(iii) a >. 0, p = 4, anq c < aKon
Gagliardo—Nirenberg inequality.

Set

where Kgn is the best constant in the

pp— 922 )7
a(p — 2)?/2M(P_4)/2KGN
For any u € S, define g, : (0,400) — R by

Co =2

,UC2 p—2

4

t2 I at
gu(t) = S [ Vull3 + £ Io () = £ 10gt = = Jull.

Clearly, g, is C? on (0,+00), and we have

1 uc®  atP~2
6t =+ |PIvul3 - 25 -

1
ullb] = Zp(tut), Ve > 0.

4
Define
Ale):={ueS8S. :Pu)=0} ={ueS.:g,(1) =0}
Let
Af(e) ={u€eS:.:g,(1) =0, g,(1) > 0},
A (e):={ueS8.:q,(1)=0, g!(1) <0}
and

A(c) :={ues,: a,(1) =0, g/(1) =0}.

When p >0, a > 0, and p > 4, Cingolani and Jeanjean [18] proved that for any
¢ < cg, A%(c) =0, and there exist u™ € A*(c) and u~ € A~ (c) such that

O(ut) = inf &, @(u")= inf ®.
At(e) A= (o)

Moreover, vt and v~ are critical points of ® restricted to S..
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Chen and Tang [11] and Chen, Shi and Tang [16] introduced the natural constraint

E.:=XnNH!

as’

where
H;S = {u € Hl(RQ) cu(z) = ul|aq], |x2]), Vo € RQ}
is endowed with the norm
1/2
lullx = / [[Vul® +u® + In(2 + |z|)u?] dz
R2

They demonstrated that the critical points of ® constrained to F,s correspond to
genuine critical points in X.

Chen, Radulescu, and Tang [15] considered the following nonlinear Schrodinger
equation with critical exponential growth

—Au+ M+ p (log |z] * u?) u = (6“2 -1 —u2) u, =€ R
(3.6)

w?dr =c,
R2

where ¢ > 0 is a given constant, and A € R arises as a Lagrange multiplier depending
on the solution v € X, and is not given a priori.
The energy functional is

1
O(u) = §/|Vu|2 dw+%//log|xfy|u2(x)u2(y) dz dy
R2

R? R2
1 4
—2/<e“2—1—u2—u2>dx,

and the constraint sphere is
Sc={u€E,: l|lull3 = c}.
The Pohozaev functional is
2 pc? 2 u? u'
Plu) = [ |Vul dx—T— (u>—1)e +1—7 dx.
R2 R?

Let ¢1 = ¢1(p) > 0 be the unique root of

197 pr? 232 S (k+2) [ (k+1) +1] / [7\"
W_T+3\/3Tr,§ (k+1)(k +3)! (\/3:) '
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Let ¢z = c2(p) > 0 be the unique root of

c= pn(c)7

where n(c) > 0 is the unique root of

=1

00 N2 [gk—1(7. 2 /G k=2 2 4r2 go-2 L4
2e 5 (k= 17 [471 2>+u(w> | (4w = 3w )

T (k —2)k! o (1 — 72)°

™
k=3

Chen, Radulescu, and Tang [15] established the following two theorems.

Theorem 3.1. For any p > 0 and any ¢ € (0,¢1), (3.1) has a solution pair (uc, \.) €
S. X R such that

e € Se N Aryz, ue >0, P(ue) =m(c) = s ri]r}‘f o.
c w/3

Theorem 3.2. Let ¢g = min{ci,ca}. For any > 0 and any ¢ € (0,¢), (3.1) has
a second solution pair (uc, A\c) € S¢ X R such that

0 < ®(ue) < m(e) + 2.

4. KIRCHHOFF EQUATIONS
Consider the following nonlinear Kirchhoff equation:

—(a+0b [zn [Vul?dz) Au+ Au = [u|P7?u, zeRY,
w?de = ¢, (4.1)
RN

where N = 1,2,3, a,b > 0, and ¢ > 0 are given constants, A € R arises as
a Lagrange multiplier depending on the solution u € H'(R"), and is not given a priori,
with 2 < p < 2%,

Normalized solutions to (4.1) can be obtained as critical points of the energy
functional ® : H(RY) — R defined by

a b 1
(u) = §||VUI|§ + ZIIVU||§ - };HUIII’ﬁ (4.2)

restricted to the constraint sphere
S = {ueHl(RN) ull3 =c}. (4.3)

To the best of our knowledge, the first work on normalized solutions for equa-
tion (4.1) was conducted by Ye [48-50], who systematically investigated this problem
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across a series of papers. Specifically, in [48], the author analyzed minimizers of the
following minimization problem:
m(e) = uléléc D(u). (4.4)

By employing a scaling technique combined with the concentration-compactness
principle, it was established that there exists a threshold value c;; > 0 such that m(c)
is achieved if and only if: ¢ > ¢} forO<p§2+%,ocmc; for2+% <p<2+%.
Furthermore, no minimizers exist for (4.4) when p > 2+ £, and in fact, m(c) = —oo0
holds for 2+ % < p < 2*. Nevertheless, a mountain pass critical point for ® constrained
on S, was identified in this regime. In [49], Ye considered the case p = 2 + % and
proved the existence of a mountain pass critical point on S, when ¢ > ¢*. Moreover, for
0 < ¢ < ¢*, the existence of minimizers was demonstrated by introducing a perturbation
functional to ®. In [50], the asymptotic behavior of critical points of ® on S, was
examined for p = 2 + %. Similar perturbation techniques for p = 2 + % were also
explored in [52]. Utilizing refined scaling techniques and energy estimates, Zeng and
Zhang [53] improved upon the results of [48], proving the existence and uniqueness of
minimizers for 0 < p < 2+ %7 as well as the existence and uniqueness of mountain pass
type critical points on the L2-normalized manifold for 2 + % <p<2forp=2+ %
with ¢ > ¢*. Luo and Wang [35] further investigated the multiplicity of normalized
solutions of (4.1) in dimension N = 3 for & < p < 6.

Cazenave [9] considered the number of positive normalized solutions to the following
Schrodinger equation:

—Au+ Au = |ulP~2u, z€RY,

/ u?dr =c. (4.5)

RN
It was proved that if 2 < p < 2* and p # 2 + %, then up to translations, there exists
a unique positive normalized solution to (4.5) for any ¢ > 0; and if p = 2 + %, there
exists ¢g > 0 such that (4.5) admits a positive normalized solution if and only if ¢ = ¢q.

A key ingredient in this result is the uniqueness of positive solutions for fixed frequency,
established in [31]. Setting

k:=a —|—b/ |Vul? dz,
RN
then (4.1) is equivalent to the following Schrédinger equation:
—Av+ k7w =P, zeRV,
/v2 dx = k%c, (4.6)
RN

where k satisfies an algebraic equation. Based on this observation and the results
in [9], Qi and Zou [36] investigated the exact number of positive normalized solutions
for (4.1) and proved the following:



754 Sitong Chen and Xianhua Tang

(1) For 2+ &+ < p=min{2 + &,2*}, define

4 N(p—2)—4
. |: 16 :| 2N—p(N—2) [ b :|2N p(N 2)
c = |— —_
N(p-2) N(p-2)—4
IN=HOTE 4(p-2)
Newoa| @l
8—N(p—2) ?

where @), is the unique positive solution of

Ne=2) N =p(N—2)
4

satisfying u(0) = maxgw~ u. Then:

(i) if ¢ > ¢, (4.1) admits exactly two positive normalized solutions,
(ii) if ¢ = ¢4, (4.1) admits a unique positive normalized solution,
(iii) if ¢ < ¢4, (4.1) has no positive normalized solution.

u = |ulP"%u

(2) If 2 < p < 2+ 4, then (4.1) admits a unique positive normalized solution.

For the case 2 + ;\5] < p < 2%, they proved the following:
(1) For p = 2 4 4, define

4

b\ .
coim(5) 7 I@ng .

(i) if 0 < ¢ < ¢y, (4.1) has no positive normalized solution,
(i) if ¢ > ¢4, (4.1) admits a unique positive normalized solution.

Then:

(2) If 2+ £ < p < 2%, then (4.1) admits a unique positive normalized solution.
For the case p =2+ %, define

N
c. i= ¥ | Quy £ I3
Then:

(i) if 0 < ¢ < s, (4.1) has no positive normalized solution,
(ii) if ¢ > ¢4, (4.1) admits a unique positive normalized solution.

Based on the above works, He, Lv, Zhang, and Zhong [22] investigated the existence
of normalized solutions for the following Kirchhoff equation with general nonlinearity:
—(a+b [on [Vul?dz) Au+ Au= f(u), zeRY,

/ u?de = c, (4.7)
RN

where N = 1,2,3, a,b > 0, and ¢ > 0 are given constants, and A € R arises
as a Lagrange multiplier depending on the solution v € H'(R"), and is not given
a priori.
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The energy functional ® : H*(RY) — R is defined by

a b
®u) = 5Vl + 71Vl ~ [ Flu)da.
RN

Under assumptions (F6), (F8), and the following condition:
(F16) there exist a, 5 € R satisfying

24 L <a<p<2r=32%, N=3,
24 5 <a<B< 4o, N=1,2,
such that
0<aF(t) < ft)t <BF(t), ViteR\{0},
He et al. [22] proved that (4.7) admits a ground state solution (u., \.) € HL 4
(0, +00).
Wang and Qian [44] proved that (4.7) admits a ground state solution for any ¢ > 0,

if f € C(R,R) satisfies the following conditions:

FI7) limgo - M —,

T

(RY) x

F18) limp— 4o % =0 for N =3, and lim;| 4 o |f( ) =0forally>0for N =2,

o+~
LTOI=2F () 5o oty - _ - - :
F20) =E is strictly decreasing on (—o0,0) and strictly increasing on (0, +00),
It

F21) ( )t <6F(t) for all t € R\ {0} when N = 3.

In particular, if f is odd, then (4.7) admits a positive ground state solution for any
¢ > 0, and the associated Lagrange multiplier A is positive.
Consider the following nonlinear Kirchhoff equation with Sobolev critical growth:

— (a+0b [gs [Vul?dz) Au+ Au = u’ + plult?u, z € R3,

(
(
(F19) limy), oo~ = 400,
(
(

(4.8)

wde = c,
RS
where ¢ > 0 and g > 0 are given constants, and A € R arises as a Lagrange multiplier
depending on the solution ©w € H 1(R3), and is not given a priori.

The energy functional ® : H*(R?) — R is defined by
2

1
/|Vu|2dx—|—f /|Vu|2dx — g/uﬁdx—§/|u|qu, (4.9)
R3

and the Pohozaev functional P : H HR3) - Ris deﬁned by
P(u) = al|Vull3 + bl Vullz — [[ullg — pyglullf. (4.10)

When % < g < 6, Zhang and Han [51] proved that for any ¢ > 0, (4.8) admits

a solution @ such that
0 < ®(a) = inf P,
M(e)

where M(c) :={u € S, : P(u) = 0}.
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When 2 < ¢ < 13—0 or % < ¢ < 6, Li, Luo and Yang [32] proved that for any ¢ > 0,

(i) if 2 < ¢ < 22, then for p € (0,.), (4.8) admits a ground state solution @, and
@ corresponds to a local minimizer satisfying

inf  ®=®(a)<0
IV ull3<Ro(e,n)

for some Ro(c, 1) > 0,
i) if ¥ < ¢ <6, for p € (0,4+00), (4.8) admits a solution of mountain-pass type i
5 p
with

abS?  BBSS (48 + b8

0<®(u) <O := 1 + 2 + 7

Define an auxiliary functional

(VS + 4aS)? 4b 5\ 2 b2S3 )
and introduce the following constants:
1
(10 — 3¢)aS?] >
= 4.11
o= [ 20E], (1.11)
4 4 star | *
aq q 36=q
= 4.12
“ [3(6 — q)uCq (3(10 - 3Q)u0353> 1 ’ “12)
2Q3 284 4 b 10—3q
- Lq g+b8 erS\/ S* 4+ 4(a+ bso)S 5
(6 — q)Cd 3 6 12
4 (4.13)
b 14-3q 6-a
+ ESO 5
3
5 2
a
Co = 710/3 y (414)
3pCyoy3
3g—10
[ 4q 6—q b 6—q
C3 =
11(6 — q)Cq 3(3¢ — 10)
/ basy (4.15)

2 Q3
{ 1 <§+b§ +l£\/b284+4a8>]

14 — 3¢q

Let
A, ={ue H'(R®) : |[Vu| < p}.

Chen and Tang [14] established the following theorems.
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Theorem 4.1. Let 2 < q < 22 and ¢ € (0,c0). Then (4.8) has a couple solution
(iey Ae) € (Se N HL 4(R3)) x (0, +00) such that

Ue € SeNAsy, e >0, ®(iUe) =m(c):= inf &<O. (4.16)

8N4,

Theorem 4.2. Let 2 < ¢ < % and ¢ € (0,c,) with ¢, := min{co, c1}. Then (4.8) has
a second couple solution (e, \c) € (Se N HL 4(R3)) x (0,400) such that

0< () < inf T+O* (4.17)

S.NAq,

Theorem 4.3. Let 1 < ¢ < %4 and ¢ € (0,min{cy,c3}). Then (4.8) has a couple
solution (tie, \e) € (Se N HL 4(R3)) x(0,400).

Theorem 4.4. Let &' < ¢ < 6 and c € (0,+00). Then (4.8) has a couple solution
(e, Ae) € HY(R3) x (0,+00) such that

o(ic) = jnf @. (4.18)

5. CHOQUARD EQUATIONS
Li and Ye [33] studied the following semilinear Choquard equation:

—Au+du= (I * F(u)) f(u), xeRY,
/u2 dz = ¢, (5.1)

RN
where N >3, a € (0,N), ¢ >0, and I, : RV — R is the Riesz potential defined by

r(%52)

O

I.(z) z € RV \ {0}.

Here, f = F’ satisfies the following assumptions:

(F22) f(t) =0 for t <0, and there exists p € (W, %) such that

t F(t
M0 o o PO
[t|—0 |t[P—2¢ [t| =400 |E[P

(F23) limjy), 400 —pide = 400,
t
(F24) there exists #; > 1 such that 6, F(t) > F(st) for all s € [0,1] and t € R, where

N+a+2

(),
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(F25) for all ¢t € R,

/

N+aF(t)

N

N 2 N
fe - S s e T P

(F26) there exist 6 > 1 and s¢ > 0 such that

N4a+2

F(st) < ofs| ¥ (1), V|s| <so, t R,

(F27) f(t)t < FE2F(t) for all t > 0.

Under the above assumptions, they demonstrated that (5.1) admits a solution pair
(tey Ae) € Se x (0, +00) with u, > 0.
Under the following assumptions:

(F28) there exist 81, B2 € R satisfying Y4242 < ) < 8, < J4+2 such that

0< BiF(t) < f(B)E < BaF(1), VteR\ {0},

Ft—E2p) . . . .
———x~ 5 is nonincreasing on (—o0,0) and nondecreasing
[t~

(F29) the function
on (0, +00),

Bartsch, Liu, and Liu [3] proved that (5.1) admits a solution (u., \.) € H*(RY) x
(0, +00) satisfying
¢(ﬂ/c) = mf {q)(u) U E SC7P(U) e O} ,

where the energy functional ® : H!(RY) — R is defined by

O(u) = % / |Vul|? dz — % / (Io * F(u)) F(u)dz,

RN RN

and the Pohozaev-type functional P : H'(RY) — R is given by

1 1
P(u) = 3 / IVul?dz — 3 / (Iy * F(u)) [N f(u)u — (N + a)F(u)] da.
RN RN
Cingolani and Tanaka [19] proved that there exists ¢g > 0 such that for any ¢ > ¢,
the problem (5.1) admits a radially symmetric solution if f satisfies the following
assumptions:

(F30) f e C(R,R),
(F31) there exists C > 0 such that for every ¢ € R,

@ < e (105 177,

(F32)
F(1) P

lim —% =0, im —xris =0,
=0 ¢~ [t]=oo |t|—~
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(F33) there exists so > 0 such that F(sg) > 0.
Moreover, if
(F34) fisodd and f > 0 on (0, +00),

then the solution is positive.
Cingolani and Tanaka [19] also proved that the above constant ¢g = 0 if the

following condition holds:
()

m ——— =
[t]=0 [¢] 7R

When F(t) = [t|P with &2 < p < ¥E2E2 Ve [47] obtained the same results as
above. In [47], the case p = W was also addressed using scaling invariance; the
analysis is delicate, and we refer to [47] for details.

Li [34] generalized the results obtained in [39] to the following Choquard equation
with upper critical exponent and a local nonlinear perturbation:

—Au+ Au = (Ia * \u|%) |l W+ plul2u, = eRY,
/ w?de =, (5.2)
RN

where ¢ > 0, N > 3, p > 0, « € (0,N), and ¢ € (2,2*). The energy functional
@, : H'(RY) — R associated with (5.2) is defined by

1 N -2 Nia Nita 7
P (u) = §||VU||§ - m / (Ia * |ul N”) lu| ¥=2 dz — EIIHIIZ, (5.3)
RN
and the Pohozaev functional is
Nia)  Nio nlg —2)N
Polw) = 190l = [ (Lo s o35 ) u 5 do - B2 gy,

]RN
Define the Pohozaev manifold
M,(e) ={ueS.:Pu(u)=0}.

Based on the fibration method of Pohozaev and the decomposition of the Pohozaev
manifold

My(c)={ues.: ¢(0) = 0} = M, (c) UMg(c) U/\/l;f(c),

where ¢, (t) := ®,(eNt/?u(etz)) for u € H'(RV) and ¢ € R, and

Mt (c) = {ueM,(c): ¢1(0) > 0},
M, (c) = {ue M) : $(0) < 0},
Mg(c) = {u e M,(c): QNSZ(O) = O},
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q—

Li [34] proved that for 2 < ¢ < 2+ 4 and uc$ < K, where K depends on N, ¢,
and the best constant in the Gagliardo—Nirenberg inequality, the following hold:

(i) there exists a local minimizer u} of ®, on the set {u € S, : |[Vull}3 < po} such
that
inf @, =&,(ul) <0;

M (@)
(ii) there exists a second solution u; € M (c) to (5.2) such that

O, (us) = inf D,
M (c)

Gao and He [20] generalized the results obtained in [39] to the following Choquard
equation with a local nonlinear perturbation:

—Au+ Au = (Ia * \u|%) |u\%_2u + f(u), =€RVN,
/ w?de = ¢,
RN

where f satisfies (F6)—(F8).

Acknowledgements
This work was supported by the NNSF (No.12371181, No.12471175).

REFERENCES

[1] W. Bao, Y. Cai, Mathematical theory and numerical methods for Bose—Einstein conden-
sation, Kinet Relat Models 6 (2013), 1-135.

[2] T. Bartsch, S. de Valeriola, Normalized solutions of nonlinear Schrédinger equations,
Arch. Math. 100 (2013), 75-83.

[3] T. Bartsch, Y.Y. Liu, Z.L. Liu, Normalized solutions for a class of nonlinear Choquard
equations, SN Partial Differ. Equ. Appl. 1 (2020), Article no. 34.

[4] J. Bellazzini, L. Jeanjean, T. Luo, Ezistence and instability of standing waves with
prescribed norm for a class of Schrodinger—Poisson equations, Proc. Lond. Math. Soc.
107 (2013), 303-339.

[5] J. Bellazzini, G. Siciliano, Scaling properties of functionals and ezistence of constrained
minimizers, J. Funct. Anal. 261 (2011), 2486-2507.

[6] J. Bellazzini, G. Siciliano, Stable standing waves for a class of nonlinear
Schrédinger—Poisson equations, Z. Angew. Math. Phys. 62 (2011), 267-280.

[7] B. Bieganowski, J. Mederski, Normalized ground states of the nonlinear Schrodinger
equation with at least mass critical growth, J. Funct. Anal. 280 (2021), no. 11,
Paper no. 108989.



A comprehensive review on the existence of normalized solutions. . . 761

(8]

(9]
[10]
(11]

[12]

[13]
[14]

[15]

[16]

[17]
18]
[19]
[20]
21]

22]

23]
24]

[25]

I. Catto, P.L. Lions, Binding of atoms and stability of molecules in Hartree and
Thomas—Fermi type theories. Part I: a necessary and sufficient condition for the stability
of general molecular systems, Commun. Partial Differ. Equ. 17 (1992), 1051-1110.

T. Cazenave, Semilinear Schrédinger Equations, Courant Lect. Notes Math. 10, AMS,
Providence, RI, 2003.

T. Cazenave, P.L. Lions, Orbital stability of standing waves for some nonlinear
Schrédinger equations, Commun. Math. Phys. 85 (1982), 549-561.

S.T. Chen, X.H. Tang, Axially symmetric solutions for the planar Schrédinger—Poisson
system with critical exponential growth, J. Differ. Equ. 269 (2020), 9144-9174.

S.T. Chen, X.H. Tang, Normalized solutions for Schrodinger equations with mized
dispersion and critical exponential growth in R?, Calc. Var. Partial Differ. Equations 62
(2023), Paper no. 261.

S.T. Chen, X.H. Tang, Another look at Schrodinger equations with prescribed mass,
J. Differential Equations 386 (2024), 435-479.

S.T. Chen, X.H. Tang, Normalized solutions for Kirchhoff equations with Sobolev critical
exponent and mized nonlinearities, Math. Ann. 391 (2025), 2783-2836.

S.T. Chen, V.D. Radulescu, X.H. Tang, Multiple normalized solutions for the planar
Schrodinger—Poisson system with critical exponential growth, Math. Z. 306 (2024),
Paper no. 50.

S.T. Chen, J.P. Shi, X.H. Tang, Ground state solutions of Nehari—Pohozaev type for
the planar Schrodinger—Poisson system with general nonlinearity, Discrete Contin. Dyn.
Syst. 39 (2019), 5867-5889.

S.T. Chen, X.H. Tang, S. Yuan, Normalized solutions for Schrédinger—Poisson equations
with general nonlinearities, J. Math. Anal. Appl. 481 (2020), 123447.

S. Cingolani, L. Jeanjean, Stationary waves with prescribed L*-norm for the planar
Schrédinger—Poisson system, SIAM J. Math. Anal. 51 (2019), 3533-3568.

S. Cingolani, K. Tanaka, Ground State Solutions for the Nonlinear Choquard Equation
with Prescribed Mass, Springer INAAM Ser., vol. 47, Springer, Cham, 2021.

Q. Gao, X.M. He, Normalized solutions for the Choquard equations with critical nonlin-
earities, Adv. Nonlinear Anal. 13 (2024), 20240030.

N. Ghoussoub, Duality and Perturbation Methods in Critical Point Theory, vol. 107 of
Cambridge Tracts in Mathematics, Cambridge University Press, Cambridge, 1993.

Q.H. He, Z.Y. Lv, Y.M. Zhang, X.X. Zhong, FExistence and blow up behavior of pos-
itive normalized solution to the Kirchhoff equation with general nonlinearities: Mass
super-critical case, J. Differential Equations 356 (2023), 375-406.

J. Hirata, K. Tanaka, Nonlinear scalar field equations with L?-constraint: Mountain pass
and symmetric mountain pass approaches, Adv. Nonlinear Stud. 19 (2019), 263-290.

L. Jeanjean, Fxistence of solutions with prescribed norm for semilinear elliptic equations,
Nonlinear Anal. 28 (1997), 1633-1659.

L. Jeanjean, T.T. Le, Multiple normalized solutions for a Sobolev critical Schrodinger
equation, Math. Ann. 384 (2021), 101-134.



762

Sitong Chen and Xianhua Tang

[26]

[27]

(28]

29]

(30]

31]

32]

33]

34]

(35]

(36]

37]

(38]

39]

[40]

[41]

[42]

[43]

L. Jeanjean, S.S. Lu, Nonradial normalized solutions for nonlinear scalar field equations,
Nonlinearity 32 (2019), 4942-4966.

L. Jeanjean, S.S. Lu, A mass supercritical problem revisited, Calc. Var. 59 (2020),
Article no. 174.

L. Jeanjean, S.S. Lu, On global minimizers for a mass constrained problem, Calc. Var.
61 (2022), Article no. 214.

L. Jeanjean, T. Luo, Sharp nonexistence results of prescribed L?-norm solutions for
some class of Schrédinger—Poisson and quasi-linear equations, Z. Angew. Math. Phys.
64 (2013), 937-954.

L. Jeanjean, J. Jendrej, T.T. Le, N. Visciglia, Orbital stability of ground states for
a Sobolev critical Schrédinger equation, J. Math. Pures Appl. (9) 164 (2022), 158-179.

M.K. Kwong, Uniqueness of positive solutions of —Au+u = uP~' in R™, Arch. Rational
Mech. Anal. 105 (1989), 243-266.

G. Li, X. Luo, T. Yang, Normalized solutions to a class of Kirchhoff equations with
Sobolev critical exponent, Ann. Fenn. Math. 47 (2022), 895-925.

G. Li, H. Ye, The ezistence of positive solutions with prescribed L?-norm for nonlinear
Choquard equations, J. Math. Phys. 55 (2014), 1-19.

X.F. Li, Standing waves to upper critical Choquard equation with a local perturba-
tion: Multiplicity, qualitative properties and stability, Adv. Nonlinear Anal. 11 (2022),
1134-1164.

X. Luo, Q.F. Wang, Existence and asymptotic behavior of high energy normalized
solutions for the Kirchhoff type equations in R, Nonlinear Anal. Real World Appl. 33
(2017), 19-32.

S.J. Qi, W.M. Zou, Ezxact number of the positive solutions for Kirchhoff equation, SIAM
J. Math. Anal. 54 (2022), 5424-5446.

O. Sanchez, J. Soler, Long-time dynamics of the Schrédinger—Poisson—Slater system,
J. Stat. Phys. 114 (2004), 179-204.

M. Shibata, Stable standing waves of nonlinear Schrédinger equations with a general
nonlinear term, Manuscripta Math. 143 (2014), 221-37.

N. Soave, Normalized ground states for the NLS equation with combined nonlinearities,
J. Differ. Equ. 269 (2020), 6941-6987.

N. Soave, Normalized ground states for the NLS equation with combined nonlinearities:
The Sobolev critical case, J. Funct. Anal. 279 (2020), 108610.

C.A. Stuart, Bifurcation for Dirichlet problems without eigenvalues, Proc. Lond. Math.
Soc. 45 (1982), 169-192.

C.A. Stuart, Bifurcation from the essential spectrum for some non-compact
non-linearities, Math. Methods Appl. Sci. 11 (1989), 525-542.

Q. Wang, A.X. Qian, Normalized solutions to the Schriodinger—Poisson-Slater equa-
tion with general nonlinearity: mass supercritical case, Anal. Math. Phys. 13 (2023),
Article no. 35.



A comprehensive review on the existence of normalized solutions. . . 763

[44]
[45]

[46]

(47]
(48]
[49]
[50]
[51]
[52]

53]

Q. Wang, A.X. Qian, Ground state normalized solutions to the Kirchhoff equation with
general nonlinearities: mass supercritical case, J. Inequal. Appl. (2024), Article no. 48.

J. Wei, Y. Wu, Normalized solutions for Schriodinger equations with critical Sobolev
exponent and mized nonlinearities, J. Funct. Anal. 283 (2022), Paper no. 109574.

W.H. Xie, H.B. Chen, H.X. Shi, Ezistence and multiplicity of normalized solutions for
a class of Schrodinger—Poisson equations with general nonlinearities, Math. Meth. Appl.
Sci. 43 (2020), 3602-3616.

H. Ye, Mass minimizers and concentration for nonlinear Choquard equations in RY,
Topol. Methods Nonlinear Anal. 48 (2016), 393-417.

H.Y. Ye, The sharp existence of constrained minimizers for a class of nonlinear Kirchhoff
equations, Math. Methods Appl. Sci. 38 (2015), 2663-2679.

H.Y. Ye, The existence of normalized solutions for L?-critical constrained problems
related to Kirchhoff equations, Z. Angew. Math. Phys. 66 (2015), 1483-1497.

H.Y. Ye, The mass concentration phenomenon for L*-critical constrained problems
related to Kirchhoff equations, Z. Angew. Math. Phys. 67 (2016), Article no. 29.

P. Zhang, Z. Han, Normalized ground states for Kirchhoff equations in R3 with a critical
nonlinearity, J. Math. Phys. 63 (2022), Paper no. 021505.

Y.L. Zeng, K.S. Chen, Remarks on normalized solutions for L*-critical Kirchhoff problems,
Taiwan. J. Math. 20 (2016), 617-627.

X.Y. Zeng, Y.M. Zhang, Fuxistence and uniqueness of mormalized solutions for the
Kirchhoff equation, Appl. Math. Lett. 74 (2017) 52-59.

Sitong Chen
mathsitongchen@mail.csu.edu.cn
https://orcid.org/0000-0002-5912-6199

HNP-LAMA, Central South University
School of Mathematics and Statistics
Changsha, Hunan 410083, P.R. China

Xianhua Tang (corresponding author)
tangxh@mail.csu.edu.cn
https://orcid.org/0000-0001-7963-0782

HNP-LAMA, Central South University
School of Mathematics and Statistics
Changsha, Hunan 410083, P.R. China

Received: September 15, 2025.
Revised: October 13, 2025.
Accepted: October 14, 2025.





