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DIMENSION OF THE INTERSECTION
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Abstract. In this paper we consider a retained digits Cantor set T' based on digit expansions
with Gaussian integer base. Let F' be the set all x such that the intersection of T with its
translate by z is non-empty and let Fj3 be the subset of F' consisting of all x such that the
dimension of the intersection of T' with its translate by x is 8 times the dimension of 7. We
find conditions on the retained digits sets under which Fj is dense in F for all 0 < g < 1.
The main novelty in this paper is that multiplication the Gaussian integer base corresponds
to an irrational (in fact transcendental) rotation in the complex plane.
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1. INTRODUCTION

Cantor sets occur in mathematical models of many naturally occurring object, play
a role in number theory, signal processing, ergodic theory, limit-theorems in probability,
and in interior design. For their role in designing relaxing floors, see [32]. We study the
“size” of the intersection of two Cantor sets. The significance of this problem was noted
by Furstenberg [9] and Palis [27]. Some papers dealing with aspects of our problem
are: [2,3,6,7,17-19,21,22,25,31,33-35], and [23]. The literature in this subject and
its applications is vast. The list above is represents a small sample of the literature
closely related to our problem.

For a set T of complex number and a complex number z, the translate of T' by x is
x4+ T:={x+t|teT}.Let F be the set of all z such that T'N (z 4+ T) is non-empty.
Palis [27] conjectured that for dynamically defined Cantor sets in the real line typically
the corresponding set F' either has Lebesgue measure zero or contains an interval. The
papers [5] and [24] investigate this conjecture for random retained digits sets and solve
it in the affirmative in the deterministic case.
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For 0 < 8 < 1, let Fz be the set of € F, such that T'N (z + T') has dimension
Bdim (T) . In this paper, we consider certain Cantor subsets T of the complex plane
and present conditions under which Fj is dense in F' for all 0 < 3 < 1. For certain
Cantor subsets of the real line this was investigated in [4,12,26], and [28].

2. PRIOR WORK ON THIS PROBLEM

2.1. PRIOR WORK IN THE REAL LINE

Most prior work closely related to our problem has been done for subsets of the real
line, we will first summarize some of what is known in that case.
Let n > 2 be an integer. Any real number x € [0, 1] has at least one representation

in base n
o0

Tk
z=0.,2122...:= E —
n

k=1

where each xj is in the digit set
D=D,:={0,1,...n—1}.

Deleting some element from the full digit set D we get a retained set of digits
D* := {di | k=1,2,...,m} with m < n digits d; < dr4+1 and a corresponding
retained digits Cantor set

T=T,p :={0.,z122... | & € D* for all k € N}. (2.1)

For T to contain more than one point we need m > 2. We are interested in the
dimension of the sets T'N (z + T) . Since the problem is invariant under translation
we will assume d; = 0.

Formulas for the dimension of T'N (z + T') can be found in [3,4,16,26], and [29]
under various conditions on D*. Examples in [28] shows there are retained digits
Cantor sets T,, p- for which Fg is not dense in F' for some 0 < < 1. Hence, to
show Fj is dense in F, some conditions must be imposed on D*. See [4,12,26,28] for
condition under which Fjp is dense in F' for all 0 < 8 < 1. It is known that TN (z + T
only is self-similar for a small set of z, see [22] and [30].

Some of the cited papers only consider the middle thirds Cantor set, some only
consider rational ¢, and in some of the papers dimension means Minkowski dimension
and in some it means Hausdorff dimension.

2.2. PRIOR WORK IN THE PLANE

For subsets of the plane previous work closely related to our problem has been restricted
to Sierpinski carpets type fractals. More specifically, the dimension of T'N (z + T)
is investigated in [23] for certain Sierpinski carpets T a certain class of translation
vectors z. In [2] the authors consider the intersection of a Sierpinski carpet with its
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rational translates. They use methods and obtain results similar to the ones in [26].
Both in [23] and [2] the authors study cases where the “base” is a real number and the
“digits” are vectors parallel to the coordinate axes. In particular, the scaling matrix is
a constant multiple of the identity matrix. In this paper we consider cases where the
“base” is a complex number whose phase is an irrational multiple of 7 and the “digits”
are real numbers.

3. PLANAR GAUSSIAN FRACTALS

As described in Section 2 numbers in the real line can be represented using an integer
base n > 1 and a digit set D = D,, = {0,1,...,n — 1}. Using these representations
Cantor sets can be obtained by only using digits from some proper subset D* of D.
Similarly, in the complex plane will use bases b := —n + ¢ and digit set D = D}, :=
{O, 1,2,... ,n2} , for an integer n > 1. Our choice of base and digit set is motivated by
[10, Theorem 40], where it is shown that if m # 0 is an integer, then {0, 1,2,... ,m2}
is a complete set of representatives for the Gaussian integers modulo a := m + i and
by [14] where it is shown that every Gaussian integer has a unique representation of
the form Y _od-_ra*,d_, € D ={0,1,2,...,m?} if and only if m < 0.
Gaussian retained digits Cantor sets are sets

T=Typ- = {deb’“ | dy € D*} . (3.1)

k=1

obtained by only using digits from a proper subset D* of D = Dy. For T to contain
more than one point we need D* to contain more than one digit. Hence we will assume
D* contains at least two digits, in particular n > 2. Note that T = Jycp. b (d+T).
So T is a self-similar set. Multiplication by b~! = |b\_1 e’ can be thought of as
|b] ™! x My, where My is a rotation matrix. Since arctan () is an irrational (actually
transcendental) multiple of 7, when x is a rational number other than 0, +1, the angle

of rotation # is an irrational multiple of .

4. REPRESENTATIONS IN BASE b= —n +1i
Every complex number is within % of some Gaussian integer Z [i]. Hence, every

complex number z is within % of some complex number of the form Y ;" d_pb*,
where d_j, € D. Now, pick a Gaussian integer > ;" d_ib*, d_; € D within % of bz.

Then 3 Y7t d_igbF = Z?ﬁ:—ﬂ d_;+1b7 is within ﬁ of z. Similarly, given any complex
number z, we can find Y " d_pb*, where d_j, € D, within ﬁ of z. It follows

that every complex number has at least one representation of the form

z = f: d_pb* = id,kb’f + idkb*k, dy € D.
k=0 k=1

k=—o00
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We say that z has radix representation

m
z=d_pm...dydopdidy... = Y d_gb". (4.1)
k=—oc0
Radix representations with base b do not have all the properties of the real number
representations with base 2, 3,4, ... For example, it is well known that 0.10999... = 1.
But, for example, if b = —2 + ¢ with digits set D = {0,1,2,3,4}, then 0._5,,444... =
%(—3 —14) and 3._94;0 4+ 142._5,,0 = 0. Nevertheless, we find it convenient to use
radix representations with Gaussian integer base b. See [11] for an expository article on
the geometry and algebra of radix representations of complex numbers in a Gaussian
integer bases.
When studying Cantor subsets of the real line using digit representations to
some base, the basic set arising from using all the digits is the unit interval [0,1].
The corresponding set in our situation is the set

Figure 1 of illustrates Ty when n = 2.

0.75 A

0.50 A

0.25 A

0.00 A

—0.25 A

—0.50 A

—0.75 A

—1.00 A

-1.251

-1.5 -1.0 -0.5 0.0 0.5

Fig. 1. Tp, when b = —2 + ¢, darker grays correspond to larger d;

Sets of this type are studied extensively in the literature, among many other facts,
it is know that: (i) U,ezp;) (x +To) = C, (ii) if # # y in Z[i] then (z + To) N (y + To)
has Lebesgue measure zero, (iii) Ty is the closure of its interior, and (iv) the boundary
of Ty has Lebesgue measure zero and dimension greater than one, see for example
[1,13,15,20], and the references therein. The facts (i) and (ii) mean that Ty tiles the
complex plane by translation by the Gaussian integers.
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Using radix representations we can write the Gaussian retained digits Cantor set
Tb,D* as
T ={04d1ds...|d, € D*}.

Write D* := {d;,ds,...,d,} where di < diy1. Since our problem is invariant under
translation, we will assume d; = 0.

The Gaussian retained digits Cantor set T can be obtained from the tile Ty using
a refinement process similar to the way the usual middle thirds Cantor set C is
constructed from the closed interval Cy := [0, 1] by removing the open middle thirds
of intervals giving the sets

Cy :={0.3d1dz ... | d; € {0,2},j < k,dj € {0,1,2},j > k}.
Then Cy41 C Cf and C' = ﬂzozo C. Similarly, for an integer k£ > 0, the set
Ty ={04d1ds...|d; € D*,i < k,d; € D,i > k}
is called a refinement of Ty at the kth stage.

(a) (b)

0.00 ﬁ 0.00
-0.25 -0.25 *

Fig. 2. Refinements of Figure 1: (a) 71, when b = —2 4+ i, D* = {0,3}, darker grays
correspond to larger dz; (b) T2, when b = —2 4+ i, D* = {0,3}, darker grays correspond
to larger ds

See Figure 2 for the refinements 77 and T when n = 2 and D* = {0,3} . Clearly,
Tit1 C Ty, for all k and T' = (), Tk. Moreover,

T = |J b7 (d+Th),
deD

where for a complex number z and a set S of complex numbers,
zS:={zs|s€S}.

Similarly
T = |J (04dida... di +b7*T0).
diep*
We call sets of the form T}, + z subtiles and sets of the form 0.,d1ds .. .dy + b~ FTy,
d; € D* subtiles of T,.
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Clearly subtiles are similar to Ty, there are |D*|k subtiles of T}, T} is the union

of its subtiles, and each of these subtiles has Lebesgue measure |b|72]C = (n2 + 1)71C .
When n = 2 and D* = {0,3}, Figure 4 illustrates the two subtiles of T} and
Figure 4 the four subtiles of T5.

We say the set Ty is obtained by refining the set Tj; that is, by removing from
T}, the complex numbers 0.,d1ds ... with digit digy1 not in D*.

5. DIMENSION

When we say dimension we mean box-counting dimension (also know as entropy
dimension, Kolmogorov dimension, or Minkowski dimension among other terminology).
In this paper we calculate the dimension of T'N (z + T') . In order to do so we adapt
the covering sets used in the definition of dimension to our situation.

Definition 5.1. Let £ C R" such that F is nonempty. Then the dimension of F is
defined as lox (N
E
dim F = lim 7og( 5(B))
5—0 —log (0)

where Ns(E) denotes the smallest number of sets each of diameter at most ¢ needed
to cover E. The lower box-counting dimension is obtained by using the limit inferior
in place of the limit.

Various definitions of Ns(E) appear in the literature:

— the smallest amount of closed balls of radius § that cover F;

the least amount of cubes of side length ¢ that cover E;

— the number of J-mesh cubes that intersect F;

— the smallest number of sets of diameter at most d that cover F;
the largest number of disjoint balls of radius § with centers in F.

In [8] it is shown that all of these give equivalent definitions of dimension. We extend
the list to include the smallest number of sets of the form 0.,d1ds...d, + b~ *Tp,
d; € D, for some integer k, that cover the set E.

Lemma 5.2. Let E be a non-empty subset of Ty. For a fixed integer k > 1, let Ny, (E)
denote the smallest number of sets of the form 0.yd1ds . . . dj +b" Ty, d; € D. Then the
dimension of E exists if and only if limy_, o % exists, and in the affirmative

case this limit is the dimension of E.

Proof. For a fixed k, let Ny (E) denote the smallest number of sets of the form
0.pd1ds ...d, + b FTy, d; € D, needed to cover E. Each of these sets has diameter
8, == |b| " diam (Ty) , where diam (T) denotes the diameter of Ty. Let M; (E) be
the number of §-mesh squares [m1d, (my + 1) 8] x [mad, (mo + 1) 6] ,m1, mg € Z, that
intersect E. Since a §-mesh square has diameter V28 we have

Ni () < My, , 5 (E)
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and since any set of diameter at most J is contained in 9 é-mesh squares we have

M;, (E) < Ni (E).

Hence log (Ny (E log (Ms, (E
L log(Nk(B) _ . log (M, (E))
k— o0 —1og((5k) k—o00 —log(ék)
provided one of the limits exists. O

6. DISJOINTNESS OF SUBTILES

In order to use Lemma 5.2 to calculate dimensions, we need to know how to find the
minimal number of subtiles needed to cover a set. Hence, in this section we show that
the subtiles of T}, are pairwise disjoint, when D* satisfies a separation condition. We
use this to ensure covers by subtiles contain the minimal number of subtiles. Any
condition that ensures that the subtiles are disjoint must depend on n, see Remark 6.2.
The dependence on n is due to the rotation in the scaling matrix and was therefore
not present in previous studies of the dimension of the intersection of a fractal with
its translates.

Our proof that the subtiles of T} are pairwise disjoint is based on the following
lemma.

Lemma 6.1. Let n > 2 be an integer, b = —n +1, D = {O,l,...,nz} and
To = {0.didy...|dr € D}. If d,d € C have the same imaginary part and
|d—d'| >n+1, then (d+ Ty) N (d' + To) = 0.

Proof. By translation it is enough to show Ty N (d + Tp) = @ when d is a real number
and d > n+1. Let 2z := %2 Denote ¢4 := %"'21?;2 2zb=% where s € D is fixed. Abusing
the radix representation notation we will write ¢; = 0.58222 ..., also when z is not an
integer. We think of ¢, as representing the “center” of the subtile b=! (s + Tp) C Tp.

Let

n2

2(n2+1-vn2+1)
1

Clearly, r(2) ~ 0.72, r (n) is decreasing on the interval (0,00), and r(n) — 5 as

n — oo. Let s € D. For x € b~ (s + Tp) , write z = 0.p5T223 ... where x; € D. Hence

r=r(n):= (6.1)

[e%s} '] ) 2 —2
o= = |3 Gy -2 b <3z gy =
j=2 =2 2(

] )

since || = v/n2 + 1. Hence, b~! (s + Tp) is a subset of B, (cs), where B, (3) is the
open ball with center 8 € C and radius o > 0. As b= (s + Tp) € B, (¢cs),s € D, we
get To € Usep Br (cs) . Similarly, d +To € U,cp By (ce +d) .

Therefore, to show Ty N (Tp + d) = 0, it is sufficient to show that | J ., B (cs)
and J,cp Br (¢ + d) are disjoint. Hence we must show B,.(cs) N B,.(d +¢;) = () for all
s,t € D. Figure 3 illustrates this when b = —2 + 4 and D* = {0, 3}.
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0.75

0.50 -+

0.25 A

0.00 A

—0.25 1

—0.50 1

—0.75 4

—1.00 4

—1.25 1

Fig. 3. When b = —2 + ¢ and d = 3 the “Minkowski sausages” U:io By (cs) and

2
UZ;O B, (¢t +d) do not intersect. The circles look like ellipses, since there are different
scales on the two axes. The dots are the centers ¢s and ¢; + d

For any s,t € D,
les — (d+¢)| = 108222 ... —dptzzz. .| = |d.p(t — 3]

is the distance between the centers of the balls B,.(¢s) and B,.(d + ¢;) and these balls
have radii r. Hence it is sufficient to show that |d.,(t —s)| > 2r, for all s,t € D.
Algebraically, we get

2dn 1 9

n n

ldo(t — s)]> = d? —

Since r determined by Eqn. (6.1) is independent of s,t € D = {0,1,...,712},

we minimize
2dn 1,

=d? —
¢ n2+1T+n2+lT

over T € [fnZ,nZ] . Now

2dn 2

/ —_— e — [
¢(r) = n2+1+n2+17'

Hence ¢’ (dn) = 0 and the minimal value of £ (7) over 7 € R is £ (dn) = ngl—il and
when n < d the minimal value of £ (1) over [—n?,n?] is £ (n?) > £ (dn).

Hence, |d.,(t — s)| > 2r is true for all s,t € D if and only if one of the following
two conditions is true:

d2

(2r)° <€ (dn) = 7, (6.2)
2 ()2 4_ 973

(2r)? < ¢ (n®) = & (0?4 1) 40— 2dn and n < d. (6.3)

n?+1
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Using Eqn. (6.1) we see Eqn. (6.2) is equivalent to

n2 2< d2
n2 41— (n2+1)"/2 n?+1

Solving for d it follows (2r)® < & (dn) is equivalent to

n? (n2 + 1)1/2

n2+17(n2+1)1/2

<d. (6.4)

Clearly, the expression on the left hand side is close to n, when n is large. Hence,
we will look for bounds on

(n) n? (7124—1)1/2 n? (n2+1)1/2—n3—n+n(n2+1)1/2
nn) = —n =

TL2—|—1—(H2—|—1)1/2 n2—|—1—(n2—|—1)1/2
for n > 2. Using (n2—|—1)1/2 <n+1 we get

n(n) < n2(n+1)—nd—n+nn+1) _ 2n?

n2+n—(n+1) n2—1

Hence, n(n) < 2 and therefore Eqn. (6.4) holds for all n > 2, when d > n+ 2. Similarly,

using n < (n2 +1 we get,

()>n2-n—n3—n+n~n n?—n
n = .
K n?+n—(n+1) n?—1

Hence, 2 < n(n) when n > 2, and therefore therefore Eqn. (6.4) fails for all n > 2,
when d < n + %

Hence using Eqn. (6.2) and Eqn. (6.3) we see the only case remaining case where
|d.y(t — s)| > 2r could be true for all s,t € D is when d = n+ 1 and (2r)* < ¢ (n?).
When d =n+1,

on%2+2n+1
] e S

So using Eqn. (6.1) and d = n + 1, the condition (2r)* < £ (n?) can be written as

n? 2 2+ 2n+1
73| < I (6.5)
n?2+1—(n?2+1) ne +

)

Plugging in n = 2, shows this is true when n = 2. Using (n2 + 1% < n 41 we see

Eqn. (6.5) follows from

n? 2<2n2+2n—|—1
n2+1-(mn+1)) — n2+1 ~
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a bit of algebra simplifies this to
0<n*—2n%—2n2+1. (6.6)

This inequality fails when n = 2 and is true when n = 3. The derivative is 4n3—6n2?—4n,
which has roots n = —1,0,2. Hence n* — 2n® — 2n? + 1 is increasing on the interval
(2,00) . Consequently, Eqn. (6.6) is true for all n > 3. Thus Eqn. (6.5) is true for all
n > 2. This completes the proof. O

Remark 6.2.

(i) Consider Figure 3. The angle between the line containing the centers ¢, =
7 +0.40z22...,5 € D and the positive x—axis is § + arctan (n) which increases
to 7 as n — oo. We need B, (cp) to the “left” of B, (d 4 ¢,2) . For large n we have
1 —N—14 A~ 1 n

5= N Hence c,2 = T+ 0.,0zzz ... and ¢y = 0.50zzz. ..

i 1 _ ino —1o
Since r = 5 we need we need d > 1 for large n. Using T N, we

2

n
VnZ+1
see the bound d > n + 1 is either best possible or close to best possible.

(ii) A numerical calculation shows the condition d > n + 1 is best possible for all
n < 100. When d < n, for some s, t, the balls B,.(¢s) and B, (d + ¢;) will overlap.
The Python code used is in Section 8.

Now, we establish that the subtiles of T} are disjoint provided D* satisfies the
separation condition.

Corollary 6.3. Let n > 2 be an integer, b = —n + 1, D = {0,1,...,712}, and
To = {0.pdidy ... | dr € D}. Suppose D* C D satisfies the separation condition
|d—d'| > n+1, ford # d in D*. If dj,d; € D* for all j and d; # d; for at
least one j, then the subtiles 0.pd1ds...d, + b~ "1y and 0.4,d\d,...d) + b~*Ty of
Ty ={0.4d1ds ... | dj € D* when j < k,d;j € D when j > k} are disjoint.

Proof. Let dj,d; € D* such that d; # d; for at least one j. Suppose dy = dj, for all
k < i and d; # d}. After a translation and rescaling, if necessary, we may and will
assume 7 = 1. Let

o o Jdi—dj whend;>dj o]0 when d; > d,
S 0 when d; < d 77\, —d; when d; < d.

/

Then e;, €]

are in D, hence

A:=0g4e0e5...e, + 017"y and B :=0.,ehe,... e} +bFT,
are subsets of Tp. Since, |e; — e}| = |d1 — d}| > n + 1, it follows from Lemma 6.1 that
To + ey and T + €] are disjoint. So e; + A C e; + T and €} + B C e} + Ty are disjoint.
Consequently,

O.pereges...en+b "Iy =b"1(eg +A) and 0.,€e\ehel...e,+b Ty =b"1 (e} + B)
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are disjoint. Let
f= d; when d; > df,
7 |d; whend; <dj
and z := 0. f1f2... Then

z+ 0.pe1eses ... e+ b FTy = 0.4dids ... dp + b Ty,
x4+ 0.peeheh ... e + b Ty = 04dydy . .. df + b T,

Since the left hand sides are disjoint, so are the right hand sides. This completes the
proof. O

Using Lemma 5.2, we can now calculate the dimension of T" using the subtiles of
T}.. This can of course also be done using self-similarity.

Corollary 6.4. Let n > 2 be an integer, b = —n+1, and D = {O, 1,... ,nQ}. Suppose

D* C D satisfies the separation condition |d —d'| > n+ 1, for d # d' in D*. Then
T ={0.4d1dsy ... | di, € D*} has dimension log(D™]) 4 ere |D*| denotes the cardinality

log([b])
of D*.

Proof. The number of subtiles in T, = {z € Ty | d; € D*,¥i < k} is |D*|*, hence
Ny (T) < |D*|* . Since the subtiles of T}, are disjoint by Corollary 6.3 and each subtile
contains elements of T, we have Ny, (T') > |D*|* . Hence, Ny (T) = |D*|* and therefore

log (N (T)) _ log (|D*])
Rlog (o) og (1))
log(|D™|)

Consequently, it follows form Lemma 5.2 that the dimension of T is equal to Tog([o)

7. DIMENSION AND DENSITY OF Fjs IN F

We use the self-similarity construction of T' to study T'N (z + T') and use these results
to find conditions under which we can prove Fjg is dense in F.

Note that TN (x + 1) # 0 if and only if z = w + x for some z,w € T. Therefore,
x=z—wand F =T —T :={z1 — 23 | 21, 29 € T}. Because the digits of the elements
of T are restricted to D*, we get F' = {Ziozl exb™F | ex € A} , where A := D* — D*.

Since Ty41 C Ty, and T = (3, T we have

TN(x+T)= ﬂ (T N (x +T)) .
k=0
Unfortunately, this is not what we need to be able to use Lemma 5.2. More relevant
for Lemma 5.2 would be
oo
TA@+T) = () (TN (2], + 7). (7.1)
k=0
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where for = 0.,d1dads . .. we let |x], denote the truncation to the first k places, i.e.,
L:I,’Jk = O.bd1d2d3 NN dk.

Since that allow us to use Lemma 5.2. We will establish Eqn. (7.1) under some
assumptions on D*. To do so we begin by establishing some related facts. The first of
these facts is a version of Corollary 6.3.

Lemma 7.1. Let n > 2 be an integer, b = —n+1i, D = {0,17...,n2}, and Ty =
{0.pd1ds ... | di, € D}. Suppose D* C D, d < %2 for all d € D* and A = D* — D*
satisfies the separation condition |d —d'| > n+1 for all d # d" in A. If dj,dj € A
for all j and d; # d;. for at least one j, then the subtiles 0.dids .. .dy + b~ *Ty and
0.pdidy ... d) +b"FTy of T, = {0.pd1ds ... | dj € D* when j < k,d; € D when j > k}
are disjoint.

Proof. Let dj,d; € A for all j and d; # dj for at least one j, and let dmax be

the largest element of D*. Let E* := A + dmax, €j = dj + dmax, and e;- = d;».

Then E*, e;, e;- satisfies the assumption on D*,d;, d;- in Corollary 6.3, hence the sets

0.pe162...e, + b~ Ty and 0.,¢)€) . .. ey + b=kT, are disjoint. Translating these sets by
0.pa1az . .. a, where a; := —dmayx for all j, gives the desired conclusion. O

The following result is a characterization of T}, N (|x], + T%) in terms of the digits
of z and D*.

Lemma 7.2. Assume the hypotheses of Lemma 7.1. For x; € A,
T, N (0pzrz2. .. 2k + Tk) = {0purug ... ug | u; € D* N (z; + D*)} + b rT,, (7.2)
where for sets A, B of complex numbers A+ B:={a+b|a€ Abec B}.
Proof. Let t € Ty N (0.px122 ... 2% + Tk ) . Since
teTy=b""""'D*+...4+bD* + D* +Tp),

it follows that t = b—* (bk_lul + .o+ bug_1 +up + y) for some y € Tp and u; € D*.
Using

te0pxi20... .25 + T}
=b (O e+ bapoy @ £V IDT 4+ 40D+ DT+ T)

we havet = b= F (bk_la:l ot brp a0 o+ oy Fop + z) for some
z € Ty and v; € D*. Hence,

pE—1 (ur —v1) 4. +b(uk—1 — vk—1)+ (ur —vg) +y = Ve ley + . 4 bxg g+ a2k + 2.

Using u;—v;,x; € A when j <k and Lemma 7.1 it follows that y = z and u; —v; = =,
when j < k. Hence, u; — x; = v; € D*, when j < k. This establishes C in Eqn. (7.2).
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Conversely, suppose
z€ {0y ...ux | u; € D* N (z; + D*)} + b T,
Then z = 0.uy ... ugdg+1dk+2 . . . where u; € D* N (x; + D*) for some 0 < j < k and
dr+; € D for i > 1. Since u; € D*, when j < k, then by definition of T}, z € T}. Since
u; € D* 4+ x; when j < k, the first k digits of z can be expressed as u; = z; + d;- for
d;» € D*. This shows that z € 0.z1 ... 2 + T). Therefore, z € Ty N (0.21 ...z + Tk) .

This shows 2 in Eqn. (7.2).
Thus we have established equality in Eqn. (7.2). O

We now establish the version of the obvious
Tit1 N (2 + Tpy1) € T N (x4 Ty)
that is relevant for our application of Lemma 5.2.
Lemma 7.3. Assume the hypotheses of Lemma 7.1. For x € F we have
T N (2] kg1 + Togr) € Ti O (L] + T)

for all k > 0, where x; € A.

Proof. For any k > 0, and any z; € A we have

Tier1 N (O.b$1$2 c TR TRy1 + Tk+1)

= {0puua . . . uptpyy | u; € D* N (x; 4+ DY)} 4+ 0771 (7.3)
C{0purus ... uptpsr |u; € D* N (z; +D*),j <k,ups1 € D} + bR, (7.4)
={0.puruz ... uy | uj € D* N (x; + D*)} + b~ T (7.5)
=T, N (0.pz122 ... 2k + Tk) (7.6)

The first and last equalities (7.3) and (7.6) are by Lemma 7.2. The subset inclusion
(7.4) is obvious, since D* C D. The middle equality (7.5) follows from

To=b""(D+Tp) = {0.u|uc D}+b 'Tp. O

Using the lemmas we can now establish a formula for the dimension of TN (z + T).
In this formula we use the limit inferior, since the limit need not exist.
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Theorem 7.4. Let n > 2 be an integer, b = —n +1, D = {O,l,...,nz}, and
To = {0.pdida...|d; € D}. Suppose D* C D, d < % for all d € D* and
A = D* — D* satisfies the separation condition |d—d'| > n+ 1 for all d # d

in A. If T = {0.4dyds ... | d; € D*}, then -

dim (TN (2 +T)) = laﬂgigfw

where
My (z) .= |D* N (x1 + D*)|- |D* N (x2 + D*)|-... - |D* N (z + D¥)|,
when x = 0.pz122 ... with x; € A.

Proof. Tt follows from the lemmas that TN(x + T) C TxN(|2 |k + Tk) , that the subtiles
of T}, contained in T'N (|x]x + Tk) are disjoint, that every such subtile contains points
from T'N(x 4+ T), and the number of subtiles in T N (| x| + Tx) equals My, (z) . Hence
the claim follows from Lemma 5.2. O

Our main result is a direct consequence of Theorem 7.4.

Corollary 7.5. Under the hypotheses of Theorem 7.4, Fg is dense in F, for any
0<p<L

Proof. Let 0 < 8 <1 be given and let € F. Write = 0.pz122 ... with z; € A. Fix
r > 0 and pick k, such that y = 0.pz122 . .. TxYk1+1Yk+2 - . . implies | — y| < r for any
Y; € A.

Let h; be positive integers such that hj < j5 <1+ hj, then hj/j —  as j — oo.
Since 0 < 8 <1 we have h; < hj;1 <1+ hj. Suppose 0 < 8 < 1. For j > k set

Amax if hj = hjflv
Y = .
0 lfhjzl—i-hj,l,

where dyax is the largest element of D*. Notice D* N (y; + D*) = D* if y; = 0 and
D* N (yj + D*) = {dmax} if Yj = dimax. Hence, if b, = [[5_, |D* N (z; + D*)| and
£ >k, then

¢
M) = be T[] 1D77 0 = Do
j=k+1
So

log (M (x)) _ log(bk)  helog (ID]) — hylog (|D*[)
Clog(lb])  Clog(lb]) ~ Clog([b]) Clog ([0])
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Thus % converges to

log (| D) :
f————— = Bdim (T
log (6] 0
as ¢ — oo, using % — [ by the choice of hy and that dim (T') = % by
Corollary 6.4. An application of Theorem 7.4 completes the proof. The modifications
needed to deal with the cases § =0 and 8 = 1 are left for the reader. O
8. PYTHON CODE FOR REMARK 6.2
import numpy as np
def r(n):
m = n xx 2
return m / (2 * (m + 1 - np.sqrt(m + 1)))
def xi(n, d, tau):
return d ** 2 + (tau ** 2 - 2 * d * n * tau) / (n *x 2 + 1)

def min xi(n, d):
a =0 - n **x 2
b = xi(n, 4, a)
while a <= n *x*x 2:
bb = xi(n, 4, a)
if bb < b:
b = bb
a += 1
return b

for n in range(2, 101):

d = -1
small = -1
while small < O:
d += 1
small = min _xi(n, d) - 4 % (r(n) ** 2)

print (n, d, small)
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