OPUSCULA MATHEMATICA o VOL. 25 ¢ NO. 1 e 2005

Vadim M. Adamyan, Igor M. Tkachenko

SOLUTION OF THE STIELTJES TRUNCATED MATRIX
MOMENT PROBLEM

Abstract. The truncated Stieltjes matrix moment problem consisting in the description
of all matrix distributions & (t) on [0,00) with given first 2n + 1 power moments (C;)j—o
is solved using known results on the corresponding Hamburger problem for which o (t)
are defined on (—o0,00). The criterion of solvability of the Stieltjes problem is given and
all its solutions in the non-degenerate case are described by selection of the appropriate
solutions among those of the Hamburger problem for the same set of moments. The results
on extensions of non-negative operators are used and a purely algebraic algorithm for the
solution of both Hamburger and Stieltjes problems is proposed.
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1. INTRODUCTION

The Hamburger truncated matriz moments problem is formulated in the following
way:
giwen a set of Hermitian s X s matrices

{00701,02,...702n}, n:O,l,Q,.... (1)

find all non-negative matriz measures do (t) such that
o0
/tkda(t):Ck, k=0,1,2,...,2n. (2)

The additional demand: do(t) = 0 for ¢t < 0, transforms it into the Stieltjes truncated
matriz moment problem. Classical results on the topic is reflected in the books
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[5, 8, 9, 11, 12], more recent developments can be found in [1, 6, 7]. The aim of
the present work is to solve the matrix variant of the Stieltjes truncated moment
problem. The natural approach to this problem developed here consists in making
clear, which additional conditions should be imposed on the given moments (C;)32,
to provide the existence of the solutions o (t) of the Hamburger problem with support
on the positive half-axis and in singling out in the indefinite case among all solutions
of the Hamburger problem those with support on the half-axis ¢ > 0.

In Section 2 the criterion of solvability of the Stieltjes truncated matrix moment
problem is established. The ascending to M. G. Krein [10] general approach to the
truncated matrix moment problems based on fundamental results of the extension
for symmetric operators is outlined here.

A special class of the so-called canonical solutions of the truncated Stieltjes pro-
blem is described in the next Section. For this class of solutions o (t) the holomorphic
matrix functions

—z

K(z) = / t L do(t), Tmz#0, 3)
—0
are such that det K(z) is a rational function of the minimal degree < ms. An algebraic
algorithm is given here for constructing of such solutions.
The description of all solutions of the matrix truncated moment problem in the

non-degenerate case, where
det (Cj+k)?,k20 >0

is obtained in the last section of the paper.
The simplified scalar version of the present paper was considered earlier in [4].

2. EXISTENCE OF SOLUTIONS OF THE TRUNCATED STIELTJES
PROBLEM FOR MATRIX MOMENTS

Any solution of the Stieltjes problem is evidently a special solution of the Hamburger
problem, for which there are no points of growth of the sought non-decreasing
matrix function o on the half-axis (—o0, 0). Therefore a criterion of solvability of the
Hamburger problem is only a necessary condition for the solvability of the Stieltjes
problem.

Theorem 2.1. A system of Hermitian matrices {Cy,Cq1,Ca,...,Can}, n =
=0,1,2,.... admits the representation

/tk do(t)=Cr, k=0,1,2,...,2n, (4)
0

if and only if:

a) the block Hankel matriz Ty, := (Cryj)p j—o s non-negative;



Solution of the Stieltjes Truncated Matrix Moment Problem 7

b) for any set &,,...,&, € Cs, 0 <r <n-—1, and with (§&,n) being a standard scalar
product in Cg, the condition

T

Z (Cj+k£ka€j) =0 (5)
4,k=0
implies
Z (Cj+k+2£k7£j) =0; (6)
4,k=0

c) the block Hankel matriz Ffllzl = (CkHH)Z;iO is non-negative and for any set
&g, --,€,€C, 0<r<n-—1, the condition

T

Z (Cj+k+1€k7£j) =0 (7)

J,k=0
implies (6).

Proof. Due to [6] and [1, 2, 3], the conditions a), b) of the theorem is the criterion of
solvability of the truncated Hamburger problem for matrix moments. Therefore we
need only to prove that the condition ¢), in addition to a) and b), is equivalent to the
existence among the solutions of the Hamburger problem of those with o (¢t < 0) = 0.
1. Suppose that the relations (2) hold.
For an arbitrary set of s-dimensional complex vectors {50,51,52, . 7£n71} we
define
Plt)=& +& t+& 2+ .+, t" (8)

By (2) and for 0<r <n-—1

r (o}

> (Crnr §.&)) = [ tdo PO, P() 2 0. (©)

k.j=0 o

Hence the block matrix (C;H_H_l)zgio is non-negative.
If for some set {&,,...,&,}, &, € Cs, k=0,1,...,7, 0 <r <n—1, (5) holds,
then for the vector polynomial P(¢) defined by (8) we have:

oo

/ t(do ()P (1), P()) = 0

0

and hence,

r o

S (Cines €n€y) = / 2 (do(t)P(1), P(1)) = 0.

=0 0
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2. Notice that due to the conditions a) and c) of the theorem, the quadratic
forms of the matrices C; are non-negative, or briefly C; >0, j =0,...,2n.

From now on we can assume without loss of generality that all these matrices
are invertible, i.e. that C; > 0, j = 0,...,2n. Indeed, let N; C C, be null-spaces of
C;. Due to the condition a) the equality Con = 0 for any vector n € C, implies
C;n=0,j5=1,...,2n. Besides, since for any vector n € C, all integrals

oo

/t’c d(o(t)n,m), 1<k<2n
0

vanish simultaneously, any equality C;n = 0 implies Cxn = 0, 1 < k < 2n. Hence,

Nyo C Ny =Ng, k=1,...,2n and for a suitable basis in C; the matrices C; can be
reduced to the form
Co 0 C. 0
Cy= =~ :Ci = J , Jj=1,...,2n, 10
0 ( 0 Gy ) T ( 0 0 ) 7 " (10)

where by construction det C~3j >0,7=0,1,...,2n.
If the truncated Stieltjes problem for invertible matrix moments C; is solvable,
then the initial problem is solvable as well, and its general solution o (¢) can be

presented as
o (t) 0
o(t)=U = U~
0  Cyd(t)

where U is a fixed s X s-unitary matrix,

0,t<0,
ﬂ(t)_{ 1,t>0

and & (t) runs the set of solutions of the truncated Stieltjes matrix moment problem
for the moments (~3j.

3. Suppose now that a)-c) hold.

(a) In this case and for a given set of s s positive definite matrices {Cy, ..., Cay,}
by the conditions a), b) the truncated matrix Hamburger moment problem has at
least one solution [7, 1, 3, 2]. Let a non-decreasing matrix function o (t), —oo < t < 00,
be such a solution, i.e.

/tk do(t)=Ci, k=0,1,2,...,2n. (11)

— 00

Consider the set of continuous vector functions f(t), —oo < t < oo, with values in
Cs, for which

oo

/ (do(D)E(t),£(2)) < oo. (12)

— 00
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Construct a pre-Hilbert space £ of such vector functions taking the bilinear functional

o0

t.8) = [ (do()t).5(0) (13

— 0o

as the scalar product. Notice that by (2) the vector polynomials

ft)=¢& +t- & +...+t" €., &,...,& €C4, (14)

of degree r < n belong to £. We will denote the linear subset of these polynomials
by Pn.
Let Ly be the subspace of £ consisting of all vector functions f such that

I£]] = /TE, ) = 0.

If g =1+ 1y, where f € L, fy € Lo, than, due to the Schwartz inequality (f,fy) =0
and hence ||g|| = |If||. Let us denote by £; the factor — space L\ L. For the class
of elements g = f + Lo of this factor space we set ||g||,, = [/f||. Taking the closure of
L1 with respect to this norm, we obtain the Hilbert space L2(Cy). We keep the same
symbol {.,.) for the scalar product in L2(Cy). Let L,, be the subspace of L2 (Cy)
generated by the subset of vector polynomials P,,. By (11) and (13) for f, g €P,,

f(t) = Ztr : 57-, g(t) = Ztr My £Oa oMy € (CS7
=0 =0

we have
n

<f7g> = Z (Cj+k£k777j)' (15)
4,k=0
Therefore for all non-decreasing matrix function o (t) which satisfy (2), the restric-
tions onto L, of the scalar products defined in the corresponding spaces L2 (Cy)
must coincide.

The non-decreasing matrix functions o (t) which satisfy (11) and for which
L2(Cy) = Ly, are called canonical. It was proven in [1, 3] that the set of canonical
solutions of the truncated matrix Hamburger moment problem is non-empty whenever
this problem is solvable, i.e. whenever the conditions a), b) of the theorem hold. Due
to (15), a canonical o(t) is a non-decreasing matrix function which has only a finite
number of points of growth and the sum of the ranks of all jumps of o at such points
is < ns.

Take some canonical solution &(t) of the truncated Hamburger moment problem
for the given set of moments and consider the self-adjoint operator A of multiplication
by the independent variable ¢ in the related space L2 (Cs) = L,,. Let us denote by
L,_1 the subspace of L, generated by vector polynomials of the degree < n — 1.
The restriction Ay of the operator A onto L,_1 is a symmetric operator which by
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definition of A actually does not depend on the choice of a canonical solution of
the truncated Hamburger moment problem. Therefore each canonical solution & (t)
of this problem generates some self-adjoint extension A of Ap in L,,.

Let Et, —00 < t < 00, be the spectral function of some canonical extension A.

For the canonical orthonormal basis {ey,...,es} in C; we introduce the set of classes
{€10,...,€50} C L, which contain vector polynomials
/élo(t) =e€el,... ,/éso(t) = €,

respectively. Let us consider the non-decreasing s x s matrix function &(t) =
= (Guv(t)),, =y, —00 <t <00,

Gy (1) = <Etay0,aﬂ0>L . 1<mr<s (16)

By definition of Ag and Z, for the classes which contain the vector monomials
eir(t) =ther, ..., 8q(t) =the,, 0<k<n
we have B
é\#k:Algéng:Ak/éﬂo, 1<pu<s; 0<k<n.

Hence,

s

~ ~ Tk~ T
= <evkveuj>Ln = <A euO,A]eu0> =
Ln
o0 o0

- /tj+kd<f)t6y0,6uo>L = /tﬂ'+kd5W(t), 0<jk<n.

— 0o — 0o

(Cj-&-k)u,,, = (Cj-ﬁ-k‘eweu)c =

Thus each canonical self-adjoint extension A of Ap in L,, generates a certain solution
5(t) of the truncated Hamburger matrix moment problem. Such a solution is at the
same time a solution of the Stieltjes problem if and only if the corresponding spectral
function E; has no points of growth on the half-axis (—oc0,0), i.e. if and only if A is a
non-negative extension of Ag. Such extensions of Ay might exist only if the operator
Ap is itself non-negative, i.e. the quadratic form of Ay is non-negative. But this is
the case, since by our assumptions

n—1

(Aof.£), = > (Cjprt1€5,&) >0 (17)
j,k=0

for a class f € L,_; which contains a vector polynomial

n—1
f(t) =) t"-&,.
=0
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(b) If L,, = L,,_1, then Ay is a self-adjoint operator and in this case the truncated
Hamburger problem has a unique solution o (t). This solution is generated according
to (16) by the spectral function E? of Ag. Since Ag > 0, then o(t) is also the unique
solution of the truncated Stieltjes problem.

(¢c) f Ly # Ly—q, then put N =L, 0 L,_1, 1 <dimN <s.

(i) Let us assume first that

det T > 0. (18)

With respect to the representation of L,, as the orthogonal sum L,,_; ® N, we can
represent a self-adjoint extension A of Ay as a 2 x 2 block operator matrix

i AOO G*
A‘( ¢ i )

where Agg is a symmetric operator in L,_1, the quadratic form of which coincides
with that of Ag, G = Py AL where Py is the orthogonal projector onto the
subspace A in L,, and H is a self-adjoint operator in N/, which just defines the
extension A. Due to (17) and (18), Ay is a positive definite operator. We can use
now the Schur—Frobenius factorization to represent A in the form

T I 0 Aw 0 I Ay G*
T\ G4y I 0 H-GAyG* 0 I ‘
Then the (?ctension A > 0 if and only if H > GAgolG*. Since the set of self-adjoint
operators H in N/ which satisfy the last inequality is evidently non-empty, we conclude
that the condition c) of Theorem 2.1 together with (18) guarantee the existence of

non-negative extensions A of Ag.
(ii) Let us assume now that

n—17

det T, = 0. (19)
We will denote by Z the null-space of Ag in L,,_; and by in_l the subspace L,,_16Z.

Notice that for a class f € Z which contains the vector polynomial

n—1

ft)=>) t"&
=0

and any class g € NV, the equality

n—1

(Aof, ) = > (Cipnr1€r &) =0,

4,k=0
and the condition c) of the theorem yield:

1
n—1 2

(Aof, ) < V/(Aof, Aof) (g,8) = | D (Cjini26n&) | V(g g) =0.

4,k=0
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Therefore
G|Z:PNAO\Z:O7 PZG*:O7

where Pz is the orthogonal projector onto Z in L,,. With respect to the representation
of L,, as the orthogonal sum Z®L,,_1 ®N a~nd since Agg is a symmetric operator, we
can now represent a self-adjoint extension A of Ay as a 3 x 3 block operator matrix

0 0 0
A= o 4l o |,
0 G H

where A&)) is a positive definite operator in in,l, the quadratic form of which
coincides with that of Ag on L,,_1, G1 = PNAO\E _.»and H is a self-adjoint operator

in A/, which defines the extension A. As above, we can further factorize A as follows:

I 0 0 0 0 0
A= 0 I 0 0 AW 0 x
0 GiAR ™ 1)\ o0 o H-cay G
(20)
I 0 0
x| o 1 Af)'Gr
00 I

Due to (20) there are non-negative self-adjoint extensions Z~0f Ap in L,. Such
extensions are obtained if the operator H in A" which defines A is such that

H>G AV ar. (21)
O

3. CANONICAL SOLUTIONS

We call canonical the solutions of the truncated matrix Stieltjes problem given by
the expression (16), where E, is the spectral function of some non-negative canonical
self-adjoint extension A of Ay. The established correspondence between the set of
such extensions of Ay and the set of canonical solutions of the Stieltjes problem
makes it possible to find, under the conditions of Theorem 2.1, an explicit algebraic
formulas for the description of the sought canonical solutions. To this end we can
use as a starting point (16) and the relation

7 %Zda,w(t) = 7 %d (Ei&vo0,0) = <(;{_ 2)16V0,6H0> R

From now on we will assume that detT',, > 0, i.e. we will consider the
non-degenerate case of the above problems.
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Let L, (C5) denote the (n + 1)s-dimensional linear space of column vectors

e=(& - &), €& ....& €cC,, (23)
)

(f stands for the transposition operation) with the scalar product

n

& m) = Z (Sj,nj)cs .

Jj=0

We will denote as before by L, the same linear vector space but with the scalar
product

&n) = Ta&m) =Y (Cirrbemy)e, -
3,k=0
L, was considered above as the space of vector polynomials.
Let L,,_1 (Cs) be the subspace of IL,, (C,) which consists of vectors (23) but with
&, =0 and let
N=L, ((Cs) OLn1 ((Cs) :

We denote by Py the orthogonal projector in L,, (C;) onto 91. In the natural basis of
subspaces of L,, (C,) this projector is evidently given as the following (n+1) x (n+1)

block operator matrix
0O ... 0

Po=| ... ... ... ],
0 ... I,

where I is the s X s unit matrix. Let us consider the linear operator ¥ given as the
(n+1) x (n+ 1) block operator matrix

0 0 0 ... 0
I, 0 0 ... 0
T=| 0o I, o 0
0 0 ... I, 0

The symmetric operator Ag in L, introduced above is the restriction of 7' onto
L,—1(Cs). Let 1"521 be the (n+ 1) x (n + 1) block operator matrix

0 _ [ T 0
n—1 " .
Osﬂn Os,s
Here 0,, 5, Os,n, and 0, s are the n x s, s x n, and s x s null-matrices, respectively.
Notice that for any & € L,,_1 (Cy) and any n € L,, (C5) we have

(Ag,m) = (T€m) = (F\,€.m) + (PuLaTE,m) =

_ <r Ip ¢ n> (T PuT, T, m) .
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Hence,
150 _
Ao, e = Ta' T e + T Pl Tl ey (24)
Put Py = I — Py. Due to (24), any self-adjoint extension A of Ain L, can be
represented as

A=T;'T", Pyt + ;' Pul,,TPs + T, ' P T*T,, P + T ' H, (25)

(3 4)

and H is some s X s Hermitian matrix, which defines the extension A. In a more
detailed form,

where

CnJrl
~ (1) .
A = T1." Ty : = (26)
C2n
Cn—i—l C2n H
Cn+1
- TeT Onens : (27)
CQn

Corollary 3.1. The block Hankel matriz T s invertible.

n—1

Proof. If F£le1 is not invertible, then due to the conditions of Theorem 2.1, the matrix

2 n—
ngl = (Cj+k+2)j7ki()

is also not invertible. But F£L221 is a diagonal block of the positive definite matrix
T',,, a contradiction. O
Let us introduce now the inverse block matrices

1)—-1 n—
F( —)1 = (bjk)j,kio

n

(0 )*1 (T 0l )

n—l cond Os,ns 0375

Remark 3.1. The operator defined by the block matriz (26) is non-negative if and
only if

and

~ ~ —1
H — PyL, TP (1“5}31)  PAT'T, Py >0,
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or, equivalently, if and only if

n—1
H- Z Crtj+1bjrCrir1 2> 0. (28)
k=0

Since the s X s matriz
n—1

Q:= Z Crijt1bjnCrniryr
4,k=0
is positive definite, then all matrices H which generate the mon-negative extensions
A and hence the solutions of the Stieltjes problem, must be positive definite and,
moreover, satisfy the inequality H > Q. Notice that the requirement A >0 excludes
the equality in (28).

Put 1
On () =T, (T4, —2T») To, (29)
where
CnJrl
(1) :
Iy, = T 1 (30)
’ CQn

and let Ag (z), Imz > 0, be the upper left s x s block of O (2),
Ag (2) := Onyp (2). (31)
The following theorem is an evident combination of the above arguments.

Theorem 3.1. Let the conditions of Theorem 2.1 hold and detT,, > 0. Then the

relation
o0

/ ! dou(t) = Au(z), Imz >0,

t—=z
— 00
establishes the one-to-one correspondence between the set of all canonical solutions of
the truncated matriz Stieltjes moment problem with the given moments {Coy,...,Cay}
and the set of positive definite matrices H such that

n—1

H- ) Cunyjt1bjxCrinir > 0. (32)
5,k=0

Actually Theorem 3.1 with (29), (30) describes in the non-degenerate case an
algebraic algorithm of construction of canonical solutions of the truncated Stiel-
tjes matrix moment problem and with the omission of the condition (32) also the
algorithm of construction of those of the Hamburger matrix moment problem.



16 Vadim M. Adamyan, Igor M. Tkachenko

Compare this algorithm with the method of construction of the solutions of the
latter problem, described, in particular, in [1] for the Hamburger problem. To this
end set

I, = (Oss,--, 055 , L)T, X0 () = (I, tL,,...,t"I,), r=n—1n.
N————

s

Since I',, is positive definite and invertible, the same is true for all
L) i= (Chj)ijmor 0<r<n—1
Let us introduce s x s matrix polynomials
D,.(t) =Y. ()T, 'L, r=n—1,n (33)

and the corresponding conjugate polynomials

E, () = / L do(t) (D,(1) - D, (2)). (34)

Let R be the Nevanlinna class of holomorphic in the upper half-plane s X s
dissipative matrix functions, i.e. matrix functions with non-negative imaginary parts
and let

1
Ro = {t € R lim —t(iy) = O} .
yloo Yy

By [7, 1] and under all above assumptions, the Nevanlinna-type formula

1
o) = [ Fdo(t) = = (Bal2) (RE:) + 21) ~ Bpa(2)) x )

x (Dp(2) (R(z) + 2I) = Dy_1(2)) ",

R(z) = (L") t(2), Imz>0,

establishes the one-to-one correspondence between the set of all non-decreasing ma-
trix function o (t), —oo < ¢ < oo, satisfying (11) and the set Nevanlinna s x s matrix
functions t € Ry.

The same formula with t () replaced by any s x s constant Hermitian matrices
ﬁ, establishes the one-to-one correspondence between the set of all non-decreasing
canonical matrix functions o g (t) which satisfy (11) and the set of all Hermitian s x s
matrices H. For a canonical solution o (t) of the truncated Hamburger problem for
the given matrix moments, the expression on the right hand side of (35) is a rational
matrix function of the Nevanlinna class Rg. The poles of this matrix function are
the roots of the matrix polynomial

Pg(z) = (Dn(z) ((r;l); H+ zI) - Dn,l(z)) . (36)
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By [1] B (2) has only real roots. These roots are unique points of growth of o g(t).
Therefore a canonical solution og(t) of the Hamburger problem is at the same
time a solution of the Stieltjes problem for the same set of matrix moments if and
only if PBg(z) for the corresponding Hermitian matrix H has no roots on the half-
axis (—o0,0). By [1, 3] a Hermitian matrix H in (26), (27) which determines a
canonical solution o (t) of the Stieltjes or Hamburger problem through the self-
adjoint extensions A of Ay given by (25), and the matrix H which replaces t(z) in
(35) in order to obtain the same solution o g(t), are connected by the relation

< 8 19{ > = Py AT ' Py.

=0 (37)
and R
H= (0,00 (B A) (1,0, (38)
We see that
Theorem 3.2. The formula
7o
/ dou(t) = — (En(2) (Ru+2I) —E,_1(2)) x
J t—=z (39)
X (Dn(2) R + 2I) — Dy _1(2)) 71,
Ru = (T;') A, ~H(T;Y), , Imz>0, (40)

establishes in the non-degenerate case the one-to-one correspondence between the set
of all canonical solutions ou(t) of the truncated matriz Stieltjes problem and the set
of positive definite s X s matrices H which satisfy (28).

If we compare the last result with the assertion of Theorem 3.1, we can conclude
that

W _p )\ _
(Fn <FHm Fn) Fn) 00 (41)
= — (Bn(2) Ru +2I) =B, 1(2)) (Do (2) R + 21) = Dy (2)

Ru = (T;') A, —H(T;" Imz # 0. (42)

n n )nn’
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4. DESCRIPTION OF ALL SOLUTIONS OF THE TRUNCATED STIELTJES
MATRIX NON-DEGENERATE MOMENT PROBLEM

By (22) we reduce the description of all solutions of the Stieltjes matrix moment
problem to the construction of the upper left s x s block of the resolvent (ﬁ —2)71
of the generalized non-negative self-adjoint extensions of Ay with coming out the
space L,,.

Certainly, each solution of the Stieltjes problem is at the same time the solution
of the Hamburger problem for the same set of matrix moments. Hence, we can use
(35) to describe the solutions of the Stieltjes problem, but we must restrict the set of
“parameters” t(z) which reflect, according to (35), all matrix functions o (t) which
correspond to the non-negative extensions and only them.

To this end, let us consider a generalized non-negative self-adjoint extension A
of Ag with coming out L, to a Hilbert space H = L,, ® H’, dimH’ < co. In general,
A is an unbounded operator, but since A is an extension of Ag, then L,_1 C Dy.
Suppose first that L, = (L,—1 ® N) C Da. Then according to the splitting

H=L,_1 @N@Hl,

we can represent A in the form

A G* 0
A=| G Hy G |, (43)
0 G An

where Agg, G are defined as above, H,4 is a non-negative operator in A/, G1 is a
bounded operator from A into H’, and Aj; is a non-negative self-adjoint operator
in H'. We can choose any A < 0 and apply the Schur—Frobenius factorization to get:

I 0 0
A-d=| GApw-N"" T GiAn-N"" | x
0 0 I

Ao — A 0 0

X 0 Ho—A—G(Ag— N "G =Gt (A, — NGy 0 X
0 0 A — A

I (Apw—-N"'G* 0
X 0 I 0

0 (An—N"t¢y I

Due to the formula (44) the assumption A > 0 is equivalent to the conditions

Agp—=A>0, A —A>0,
Hi—G(Apw—N "G =G (A1 — NG >0 (45)
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for any A < 0. Further, we can take into account the representation H = L,, & H’
and rewrite A — z, Imz > 0, as

Az_(I GT(A112)1)<W(Z) 0 >><

0 I 0 A11 —zZ
(46)
y I 0
(Au — Z)_lGl I ’
where
o AOO —z G*
Wiz) = ( G Hi—z—Gi(Ay —2)'Gy > (47)

Thus, due to (46) and (22), the solution o 4 (t) of the truncated Stieltjes problem
generated by the extension A is given by the expression

/ idamw(t) = (A= 2) "800, 8u0) = (W () ' G080 ). (43)
Introduce

O4(2):=T, (I‘S;ZL(,Z) - zI‘n) B r,, (49)

where

Cri1
() = Lo . L 60)
Coii ... Cop Ha-— GT(AHzTi PRl
and let

(AAWV(Z));y:l ; Imz >0,

be the upper left s X s block of @ 4(z). The considerations similar to those in the
proof of Theorem 3.1, now show that

<W(z)_1éyo,€uo> = A (2). (51)
Put
ta(z) = Gi(An —2)7'Gy

and compare the expressions (49)—(51) to (29)—(31).

We conclude that the replacement of the matrix H by the matrix function
Hj—t4 (z) on both sides of (41) cannot violate this equality at least for z € (—o0,0).
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Therefore

= = (En(2) (Ra(2) + 21) = En1(2)) (Dn(2) (Ra(2) + 21) = Dy 1 (2))

Ra=(T;') . A+ (ta(z) — Ha) (T;Y) , Imz#0.

If NG Dy, then the representation (43) is not valid anymore. However, due to
the representation H = L,,—1 ® H", H' = N & H , we can write

- Aoo G*
A< o AH), (52)
where Agy and G are defined as before and A;; is some non-negative self-adjoint

operator in H . The Schur-Frobenius factorization by virtue of (52) then yields:

WA;oo(Z)_l WA<Z)_1G*(A11 —Z)_l

A—2)"t= . 53
(4-2) ( (A1 —2)7'GWa(2)™! Wai(2)™! ) (53)
Here
WA;O()(Z) = AOO —Z — G* (All — Z)_lG, (54)
and
WA;ll(Z)_l = (A11 — Z)_l + (AH — Z)_lGWA;O(](Z)_lG*(AH — Z)_l. (55)
Let P, be the orthogonal projector of L,, onto H and let
Za(2) = Px(An —2) 7y, TImz #0. (56)

Due to (53) and (55), the generalized resolvent
RZ(A) = Pn(All — Z)_1|Ln
of A can be represented in the form

_ Wa.00(2)~! Wa,00(2) 'G*E4(2)
RZ(A) - < EA(Z)GWA;oo(Z)_l EA(Z)—I-EA(Z)GWA;Oo(Z)_lG*EA(Z) ), (57>

Imz # 0.
Then the expressions (54) and (57) can be used to verify, by direct calculations, that

_ Aoo —Z G* -t
R.(A) = ( a Za()! ) , Imz #0. (58)
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Next, we compare (58) and (47) to conclude that in the general non-degenerate
case the solution o 4(t) of the truncated Stieltjes moment problem generated by a
non-negative self-adjoint extension A of Ag, is also defined as the upper left s x s
block of the matrix function

where
Cn+1
(1) .
r :
V) (z):= e : . (59)
A CQn
Cns1 ... Con  Za(z) '+2z

Let & be the subset of R consisting of all Nevanlinna s x s matrix functions
t(z), Imz > 0 which admit the integral representation

o) = [ delt)
0

with a non-decreasing s X s matrix function (C, operator) o (t) such that

0/ dp(t) < oo.

It is evident that the operator functions t4(z), Z4(z) € &.

On the other hand, we can make use of the usual constructions of the spectral
theory of linear operators in the Hilbert spaces to verify that any function E(z) € &
with the values on the set of linear operators acting in N admits the realization
(56), i.e. for such a function there is a non-negative operator A;; in a Hilbert space
N @H such that for E(z) the equality (56) holds. However, the functions =4 which
are connected with non-negative extensions A which in turn generate the solutions
of the Stieltjes problem, satisfy the additional condition: they are such that for any
A < 0 the block operator Ry(A) defined by (58) is positive.

Introduce now the block matrix

(D0, —2) = baeily, = ¢ [0,00),

—

where b, (z) are s X s matrix functions. The latter requirement on E is equivalent
to the condition

n—1

N7 = ) Coupyiabik(MN)Chirir >0, A <0. (60)
k=0

[
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Notice that the matrix function on the left-hand side of (60) is non-increasing
on the negative half-axis. Therefore, we can formally admit that some elements of
E(0)~! are 400, and substitute (60) by the condition

n—1

(07" = Y Cupy1bjk(N)Cririr > 0. (61)
5 k=0

[1]

We have thus proven the following theorems.
Theorem 4.1. Let the conditions of Theorem 2.1 hold and detT',, > 0, and let Ag(z)
be the upper-left block of the matriz function

-1

T, (rggz) — zl"n) T,

where
Cn+1
(1) .
) () := T :
=N Czn
Chi1 ... Con E(R)'+2z

Then the relation

0o
/ tizda'z(t) = Ag(z2), Imz>0,

—o0
establishes the one-to-one correspondence between the set of all solutions of the trun-
cated Stieltjes matriz moment problem with the given moments {Cy,...,Caon} and

the subset of the Nevanlinna matriz functions E from & which satisfy (60).

Theorem 4.2. Let the conditions of Theorem 4.1 hold. Then the formula

/ tizdds(t) =

— 00

= — (En(2) (Rz(2) + 2I) = En—1(2)) (Dn(2) (Ra(2) + 21) = D1 (2)),

Rz = (T;') . A, —E() (T;1), ., Imz>0,

n nn n

establishes the one-to-one correspondence between the set of all solutions og (t) of the
truncated matriz Stieltjes problem and the subset of the Nevanlinna matriz functions
= € 6 which satisfy (60).
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