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Abstract. In this article we consider the Burgers equation with some class of perturbations
in one space dimension. Using various energy functionals in appropriate weighted Sobolev
spaces rewritten in the variables = and log 7, we prove that the large time behavior of
solutions is given by the self-similar solutions of the associated Burgers equation.
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1. INTRODUCTION

This paper is devoted to the study of the long time behavior of solutions to the
following equation

Elrr +ur = (a(&ug)e — (u? 4—./\/(u))6 inR xRy, (1.1)

where ¢ is a positive, not necessarily small parameter. We assume that the diffusion
coefficient a(§) is positive and satisfies lim¢_, 1 a(§) = 1. In addition, we suppose
that there exists v > 3 and C > 0, such that

N ()] + [uN(u)] < Cluf”. (1.2)

Equations of the form (1.1) arise as mathematical models describing various natural
phenomena, especially in genetics and population dynamics (see for example [15]
and [24]). In the case of an inhomogeneous medium, the diffusion coefficients in such
equations may depend on the space variable &.
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In one space dimension, the viscous Burgers equation is given by
ur = uge — (u?), MR xRy (1.3)

This is the simplest PDE combining both nonlinear propagation effects and diffusive
effects and it was proposed as a model of turbulent fluid motion by J.M. Burgers
in a series of several articles (see, for example, [5]). Burgers equation could serve as
a nonlinear analog of the Navier-Stokes equations. Moreover, it arises in the study of
pattern formation and in the context of modulations of spatially-periodic waves (see
for example [6]). Noted that the parabolic equation (1.3) can be explicitly solved by
means of the Hopf-Cole transformation and the exact formula reveals that the solution
is regular for all times (see for example [19] for more details on the subject).

The unperturbed case (1.3) is considered in the mathematical community as a lab
model. In fact, in more physical situations, the models are often more rich, hence more
complicated, with respectively hyperbolic, laplacian and regular terms (eu,,, a(£) and
N (u)). Therefore, it is completely meaningful for the mathematician to try to extend
his methods and results to perturbations of the lab models, since the perturbed models
are more encountered in the real-worlds models.

Starting with the hyperbolic perturbation of the Burgers equation (1.3). This
hyperbolic modification consists in adding the term eu,, to the equation (1.3), therefore
we obtain the following equation

EUrr + Ur = Uge — (uQ)5 inRxR,. (1.4)

We note that the effect of relaxation of various equations has been studied extensively,
we take a moment to recall some known results. The problems of existence and unique-
ness of solution of equation (1.4) have been studied by Escudero in [10]. Particularly in
[25], Orive and Zuazua proved that the equation (1.4) has the same behavior in large
time as the corresponding viscous Burgers equation. In [2], Brenier, Natalini and Puel
have considered a hyperbolic perturbation of the classical Navier-Stokes equations
consisting in adding the term euy to the Euler equations in R? after appropriate
rescaling variables, the global existence and uniqueness for solutions are proved with
regular initial data, for sufficiently small e. In [26], Paicu and Raugel considered the
same relaxed model, they proved, again if € is small enough, global existence and
uniqueness results of a mild solution only for much less regular in itial data, they thus
improved the global existence results of [2]. Moreover, in the three-dimensional case,
the global existence results for small initial data and sufficiently small € in analogy
to the classical case, are successfully proved.

On the other hand, we suppose that the laplacian term uge in equation (1.4) is
replaced by (a(§)ue)e, where a(&) is a positive diffusion coefficient which satisfies
lime 4 00 a(§) = 1. Moreover, for physical reasons, we consider a regular disturbance
N (u) in equation (1.4) which verifies the hypothesis (1.2). Specifically, in most physical
applications, we find a polynomial nonlinearity equivalent to u? close to zero.

Therefore, by combining the three previous perturbations we obtain equation (1.1).

Since in this paper we are going to analyse the asymptotic behavior of the solution
of equation (1.1), it is interesting to introduce this field. We recall that the asymptotic
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stability of small solutions of the damped wave equation has been studied by Gallay
and Raugel in [11] when the nonlinearity N (u, ug, u.) fulfills certain conditions and
vanishes sufficiently as u — 0, under appropriate assumptions on the function a(§).
They rely on an introduction of scaling variables and used energy estimates. Likewise,
Hamza in [16] has treated the asymptotic stability of the solution of the damped
hyperbolic equation when the nonlinearity is equal to —|u|P~1u and p € (1, 3), under
appropriate hypotheses on the diffusion a(¢). In [20], Jaffal-Mourtada has studied
the asymptotic behavior of the solutions for the seconde grade fluids equations in
two-dimensional space. Recently, Hamza in [17], has also considered the third grade
fluids equation in one space dimension, where he shows that the large time behavior of
solutions is given by the very singular self-similar solutions of the associated Burgers
equation, note that in this case he proves that the nonlinear term does not disappear
any more.

In the case € = 0, a(§) = 1 and N = 0, equation (1.1) reduces to the preceding
Burgers equation (1.3).

Our purpose in this paper is to obtain that a small perturbation of the self-similar
solution of equation (1.1) converges to the self-similar solution of the equation (1.3)
with mass

M= / (u(E,7) + cur (€, 7)) dE = / (u(€) + 2us (€)) de.
R R

The mass M is conserved along the trajectory and should play a crucial role when
describing the large time behavior of the solutions.

As we see above, the description of asymptotic behavior is given by the equation
(1.3). Tt would be useful to recall some known results. First, we remark that if
u(€,7) is solution of equation (1.3), then for all A > 0,ux(&,7) = Au(A\27, \) is also
a solution. A solution u # 0 is said to be self-similar, when uy = u, for all A\ > 0.
Such a solution has the form u(,7) = T3 f (%)7 where f is a positive function which
satisfies the ordinary differential equation

F1(@)+ 5 @) + 5 (@)~ 2 (@) () =0 . (15)

A simple calculation yields

far(x) = T (1.6)
CM — f e 1 dt
where Cyy = % is a constant so that [ fa(z)de = M. We denote by gy the
R
self-similar positive solution,
—g2
1 e
gm (&, 7) = \ﬁ < (1.7)
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We notice that the mass of the function g;; is conserved since it is easy to prove that

/gM(E,T)df:M for all 7> 0.
R

Although, gps is not a solution of the hyperbolic equation (1.1), we can study its
asymptotic stability in the following sense. Let 79 > 1 be a fixed, sufficiently large real
number that will be chosen later; for (u(€,70), ur (&, 70)) near (gar (€, 70), 0-ga (€, 70)),
the corresponding solution u (€, 7) of equation (1.1) converges to gas(&,7) in an appro-
priate norm, when 7 — +oc.

Remark 1.1. We notice that, gjs is only an asymptotic solution. That is why we
choose 19 > 1 sufficiently large in this paper. This technical choice was made in many
similar case (see for example in [11,12,16,17] and [20]).

Now, we can rewrite (1.1) conveniently in terms of the variables

x = £ and t=logr. (1.8)

\/7—

These similarity variables have been introduced before for proving the convergence
to self-similar solutions in the case of the parabolic equation u, = uge — |u[P~!u (see
[3,4,7-9] and [21]). These techniques work even for a large similar class of equations
(for more detail, see for example ([22,28] and [32])). As we see above, the method of
scaling variables coupled with energy estimates and various weighted energy estimates
was successfully used by Gallay and Raugel in [11] and [12]. Similarly, Gallay and
Wayne used these scaling variables to obtain the asymptotic behavior of the solution for
the Navier-Stokes equations in the full space of the d-multidimensional case (d = 2, 3)
(see [13] and [14] for example for more details on the subject).

Writing equation (1.1) as a first order system of equations for the functions w, u,
and rescaling the two components independently as in [11], we are led to set

u(§,T) = T (fT%l,log T) and u,(§,7) = T w (57%1,10g7> , (1.9)
or equivalently
v(z,t) = eu (ze%,et) and w(z,t) = e u, (xe%,et> .

It is easy to show that u(&, 7) is a solution of (1.1) if and only if the new functions
v(x,t), w(x,t) satisfy the system
{w:vt—‘;vm—%v

ce! [wy — Zw, — Sw| +w = (a (xe%) vz> — 2uv, — €t (N (e_%v)> ,
x x

where z € R, t > tg = log 7.
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The initial data for (v, w) at time t = to are related to those of u at time 7 = 79 by
t 3
v(x, ty) = eFu (xe%o,et") and w(x,tg) = e%uT (me%o,eto) .
Since we study the stability of the solutions u(€, 7) of equation (1.1), with initial data

(u(&,70),ur(§,70)) near (gar(&,70),0790m (€, 70)), it is convenient to perform the
following change of functions.

F(x,t) =v(z,t) — fu(x) and G(x,t) = w(z,t) + %fM(x) + gf]’\/[(:lc)

The functions F(z,t), G(x,t) satisfy the system:

G=F, —%F, —1iF
St 2, - (1.11)
ee™ [Gr — §G, — 5G] + F, = L(F) + N(F) — ee”'r(x),
with the initial data
Fa,to) = eFu (ze®,e0) — fi(x) = Fo(a),
arg m (1.12)

G(I7t0) = elT/U’T x61776t0) =+ %fM(‘T) + %f]’v[(x) = GO(I)v
where

L(F) = (a (me%) Ff) + 5F + %F —2(Ffar)e + [(a (ﬁﬂe%) - 1) fz/vf(w)La
N(F) = —(F?), —¢' (N (e‘%(F + f)))w :
() = 3 (3hn(@) + (5 fi(@)

(1.13)

We now give the precise assumptions on the diffusion a(£). We will assume that the
diffusion coefficient a(¢) : R — R is a C''-functions satisfying

a>a()>a forall{ € R and lim a(§) =1.

|€]—=+o0
We set b(¢) = a(€) — 1 and assume that
be L*(R) and &V (¢) € L*(R). (1.14)

Also, we define

1Bl = [B]2 + / €2y (€)de. (1.15)
R

We next introduce the Hilbert spaces in which we shall study the solutions of our
problem (1.11). For any real number m, we define L?(m) the weighted Lebesgue space

L*(m) = {u € L*(R),u(1 + |z|™) € L*(R)},
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equipped with the norm
el ) = / (1 + [22™)d.
R

Also, we define the following weighted Sobolev space
H'Y(m) = {u e L*(m),u, € L*(m)},
equipped with the following norm
[ullFs my = Il T2y + sl 72 (-
In particular, we define the product space
X™ = HY(m) x L*(m),
equipped with the standard norm

1w, )% = [0l gy + 10Ty -
Also, given ¢ > 0, we shall often endow the space X™ with the e-dependent norm
associated with the quadratic form

Oy (2,0, w) = |01l (g + Ellwl[T2 ) - (1.16)

This e-dependent norm will be useful to state existence results and estimates which
are uniform in €, as € — 0.
Here we proclaim our main result.

Theorem 1.2. Let m > 1, v > 3 and g9 > 0 be fized. There exist tg > 0 and §y > 0,
such that, for all e € (0,e0] and for all (Fy, Go) € X™ with

/ (Fo(z) + ee " Go(z)) dz =0

and @, (et Fy,Go) < 62, the equation (1.11) has a unique solution (F,G) €
CO([to, +00), X™) satisfying

(F(to),G(to)) = (Fo, Go)-

Moreover, there exist ug > 0 and C > 0, such that for all t > t,

t
_ (1 s
E )13y + 2 NG 12y + / e~ (3510) =9 G(5)||24,,, ds

to

< C [y (710, Fo, Go) + [bfPe " +ze0 4 (4110 =it

(1.17)



Asymptotic profiles for a class of perturbed Burgers equations in one space dimension 47

Moreover, we have

NG 32 < C [I(Fo, Go)llFom +ellblPe " +e2e™ 4 eel =311 chemo),

(1.18)
where ||b]|? is defined in (1.15).
In the original variables, Theorem 1.2 implies the following result.
Corollary 1.3. For all (u(-,70),ur(-,70)) € X™ such that
[ ut€m) + curle ) de = 21
R
and ||lu(-,70) — gm (- 70) |5 (m) + €llur(,70) — Orgnr (-, 70) | L2(m) 45 small enough,

the solution u of (1.1) belongs to C°([rg,+00), H*(m)) N C([r9, +0), L?(m)) and
satisfies in particular the following estimate

IVTu(EVT,7) = far(€)llL~ = O (T*i) . T — oo (1.19)
Moreover, by (1.18) we have

1 £
IVFur €V, ) + 5T (€) + o

This result can be improved in the case where b(¢) = 0 and v > 3, in the following
sense:

Theorem 1.4. Let m > 1, v > 3 and g9 > 0 be fized. We suppose that b(§) = 0.
There exist tg > 0 and §y > 0, such that, for all € € (0,e0] and for all (Fy,Gp) € X™
with

fu@le=0 (7Y, 17— +oc0.  (1.20)

/ (Fo(z) +ee " Go(z)) doz =0
R

and
(pm (567'50, Fb7 GQ) S 5(2),

the equation (1.11) has a unique solution (F,G) € C° ([to, +o0), X™) satisfying
(F(to), G(to)) = (Fo, Go)-
Moreover, there exist pg > 0 and C' > 0, such that for all t > tg,

t
_ (L _s
|wmmmw+wﬂwmﬁ%m+/ebﬂwtwﬂw@mws
to

<C {@m (ge_%,Fo, Go) +ee7t + 6(_%“)%} e”min(F L dtro)leto),

(1.21)

Moreover, we have

elG)3. <C [||(F0,G0)||§(m +e2e +ee(—%+1>to] e min(F =13+ (t—to)
(1.22)
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Also, in the original variables, Theorem 1.4 implies the following corollary.

Corollary 1.5. For all (u(-,70),ur(-,70)) € X™ such that

/ (u(E,70) + cur (€,m0)) dE = M
R

and ||lu(-,70) — gm (7o)l (m) + €llur(,70) — Orgnr (5 70) | 2(m) s small enough,
the solution u of (1.1) belongs to C°([ro,+00), H*(m)) N C([r9, +0), L?(m)) and
satisfies in particular the following estimate

IVFuleVT. ) = fur (@)l = O (7 =G24 8)) 0 r oo (123)

Moreover, by (1.22) we have

£
2T

w5
+
—

~—

IVTu-(6v/T,7) + %fM(/s) + = ©)lle =0 (T—min(%%» ) . T too.

(1.24)

Remark 1.6. We notice that, if we study the classical functional E(t) as in [11],
then we obtain in the energy estimates some positive terms that we can not control
(unlike the case in [11]). In particular, this does not allow us to obtain “good estimates’
of the energy. To overcome this problem, we introduce a new functional Es(t), with
a weight ¢(z) (defined as below), in the way that the new functional is “equivalent” to
E;(t). This choice is due to a purely technical reason. The construction of the weight
q(z) in the estimate (2.43) (below), use the fact that f; = f(z) and we deduce the
crucial differential equality (defined in (2.49) below).

)

We now pass to a short discussion on the parabolic case. If € = 0, equation (1.1) is
reduced to

ur = (a()ug)e — (u? Jr./\/'(u))5 inR x Ry.
In the variable (z,t), the corresponding problem is
F, = L(F) + N(F). (1.25)

Since all the estimates in Theorem 1.2 are shown to be uniform in ¢, for 0 < € < &y,
we have the following result

Theorem 1.7. Let m > 1 and v > 3 be fized. There exist tog > 0 and dg > 0, such that,
for all Fy € H*(m) with [, Fo(z)dz =0 and || Fo|| g1 (m) < 6o, the equation (1.25) has
a unique solution F € C° ([to, +00), H'(m)) satisfying F(to) = Fy. Moreover, there
exist C' > 0, such that for all t > tg,

N

e—i(t—to).

—to —2
1E @12y < € [P0l oy + 0P + 3 ¥2)0]
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In this type of problem, the first step in the study of the asymptotic behavior
of the solutions of equation (1.11) is to prove a local existence in weighted Sobolev
spaces. In [11] a local existence result of the solutions of equation (1.11) in the energy
space X was given for more general situations. Here we will state a specific version
of the result as a lemma.

Lemma 1.8. Lete >0, m € N, v > 3 and § > 0 be given. There exists tyae > 0
such that, for all initial data (Fy, Go) € X™, with

/ (Fo(z) + ce " Go(z)) dz =0
R

and ||(Fy, Go)|lxm < 8, the equation (1.11) has a unique (mild) solution (F,G) €
CO ([t to + tman), X™) satisfying

(F'(to),G(to)) = (Fo, Go).

The solution (F(t),G(t)) depends continuously on the initial data in X™, uniformly
nte [to,to + tmar)-

The proof of this lemma is based on the semi-group method given by Pazy in [27] in
order to show that the Cauchy problem for (1.11) is locally well-posed in the space X™.

Remark 1.9. We call a mild solution of a differential equation a continuous solution
of the corresponding integral equation. In particular, every mild solution is a weak
solution of the differential equation. For more details, see for example the works of
Pazy in [27] and Ball in [1].

Remark 1.10. The theorem of the local existence, uniqueness and estimates of
solutions in Holder spaces for some nonlinear differential evolutionary system with
initial conditions has been formulated and proved by Sapa in [31].

Remark 1.11. If ¢,,,, < +00, we have

L lim L (F0,G0) [ = o0,

This paper is divided as follows; in Section 2, we use various energy estimates to
control the behavior in time of the solutions of system (1.11) in the space X™. In
Section 3, we show the global existence of the solutions and obtain the decay estimates
(1.17) and (1.21). Finally in Section 4, we prove better estimates of the time derivative
which allow to obtain (1.18) and (1.22).

2. ENERGY ESTIMATES

Throughout the section, in order to simplify the notations, we write the function fas
by f.

In this section, we make energy estimates on solutions of the equation (1.11). These
estimates are independent on €. Thus, we fix eg > 0, m > 1 and v > 3. We assume that
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for € € (0,&0], to > 0 and T > 0, we are given a solution (F,G) € C° ([to, to + T, X™)
of (1.11) with initial data (Fy, Go) € X™, ||(Fo,Go)|lxm < do and

/ (Fo(z) + ce " Go(z)) do =0,
R

which satisfies
||F(t)||H1(m) < Kdy < 1, t € [to,to+ T (2.1)

where « is a real number which will be fixed later and §y is small enough such that
Koy < 1.

Our aim is to control the behavior of the solution (F,G) on the time interval
[to, to + T using energy functionals. To do that, we first decompose the solution (F,G).
Then, we introduce the functions

F(z,t) = F(x,t) — a(t)p(x) and é(w, t) = G(z,t) — B(t)e(x) — alt)p(x), (2.2)

where ¢(x) satisfies the differential equation

¢/ () + (@) = 20() f(2) =0, (2.3)

and
Y(w) = 2¢/(@) + 50(). (24)

A simple calculation yields

2T et
= . 2.5
p(z) (1—eM)(1—eM) (Car — f 6_Tt2dt)2 (2.5)
Clearly, we have
/cp(:c)d:c =1 and /z/;(:c)dx =0. (2.6)
R R
We also set
a(t)= | F(z,t)de and S(t) = | G(z,t)dz. (2.7)
/ /
Using (1.11), we remark that a(t) and 5(t) satisfy the following relation
B(t)=a(t) and a(t)+ee" (B(t) —a(t)) = 0. (2.8)

Then, we obtain

alt) = alte)e = (<) and B(t):f@ete*%(et*em). (2.9)
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Remark 2.1. It should be noted that from (2.9), we see easily that the growth of
a(t) and B(t) is much smaller than e~¢* for all ¢ > 0.

It follows from (2.2), (2.6) and (2.7) that

/ﬁ(y,t)dy _ /é(y, By = 0.
R

R

Therefore we can define the primitive functions

x

V(z,t) = /ﬁ(y,t)dy and W(x,t) = /é(y,t)dy. (2.10)

Let us recall the following Hardy type inequality (for more details on this subject,
we refer the reader to Section 9.9 in [18])

IVilzz < 2l|2Flzz and [[W][z2 < 2/[2G]| Lz

(2.11)
Using (1.11) and (2.2), we remark that (F,G) € C° ([to, to + T, X™) is a solution of
the system
GoF—2F LF,

o[G0 16 36] +G= (n(oet) B2), -2 (7
et (J\/(e‘% (~ + ) h

where

(2.12)
h(z,t) = [56_* (xﬁ(t)ap - ga(t)(w - tp)) +5b (xe%) f’L

of the function .

(2.13)
We notice that the term b(ze?)¢’ in system (2.12) is obtained by our choice

Since (F,G) € C°([to, to + T],X™) and m > 1, then (V, W) € C° ([to, to + T}, X°)
is a classical solution of the system

W=V, —3Va,

e Wy = 5W, = W]+ W = a (w6t ) Vay = 2Vof = (Va + a(t)0)?,

t (2.14)
—et (N (e_%(Vw +a(t)p + f))) + a(t)b (me%) ¢ + H(x,t) —ee 'R(x),
where

x

Hiz,t) = [ b0y =z (aBt)ela) - Fa@(@) - o)) +b (act) o)

(2.15)
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and
2

z ’
#o) = [ rwar=s+ (L) (2.16)
— 00
In the sequel C denotes positive constants which can change from one step to
another that are independent of kdy and . In order to obtain some energy estimates,
we need some properties of the function f defined in (1.6). More precisely, by exploiting
the expression (1.6), we easily remark that we have the following estimate

2
Zsup (1+ [z>™) f© (as)’ <C. (2.17)
i—o L€ER

To control the norm of (F, G) € X™, we first make an estimate of (V, W) by introducing
the following functional

Eq(t) =

%/Vz(x,t)dx+£e_t/V(x,t)W(x,t)dx.

R R

2.1. ESTIMATE OF (V, W)

Lemma 2.2. Assume that (F,G) € C%([to,to + T], X™) is a solution of (1.11) satis-
fying (2.1) and

(Fo(z) + ee " Go(x)) dz = 0.

P

Then Ey € C* ([to, to + T) and there exists C > 0 such that for all t € [to,to + T1,

d Eq(t)
%EH (t) + )

< —%/dex+/V2f’dx+El(t), (2.18)
R R

where Xy satisfies for all w > 0 ,

21(t) < Ckdo /(F2 + F2)dx + C||Fy||2 2620 t0) 4 Cee_t/G2 (14 |z[*™) d
R R

1\ - ,

+ 0w [+ oo+ 0 (14 ) el + 0ot 4 0el30
R

(2.19)

Proof. The functional E; is differentiable for ¢ € [tg, to + T] and

%El (t) = /Vtha: teet /(VWt + VW — VIW)da.
R
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We note
M) = a (268) Vo + Vo = 2Vaf = (Vo + a0)9)® = e (€74 (Va +a(t)p + 1))

+ a(t)b (xei) @ + H(x,t).
(2.20)

Using the identity,
VVi +ee H(VW, + VW — VIV) = VM(V) + et [W ~VR+2 (VW) ] . (2.21)

we obtain

iE() VM(V)dx +ee™" - VR+< (VW) dz.
dt" / R/ }

R

Then by integrating by parts, we have

%El() /F%ix 4/v2dx+/v2f'dx+zi(t),
R R R
where
SO = [b(2ed) Viiada — [ V(Va + a(t)p)?de
R R

—et [VN (e_%(Vz Falt)p+ f)) de-+a(0) [V ( %) o dz.

Hence

d Eq(t) =2 2 o 2
—Fi(t) + =— | Fodz+ [ V= f'do + X5(1), (2.22)
R/ /

where

Y2(t) = Bi(t) + %aft / VWdz

/b (xe*) VVipds — / (Vi + a(t)p)?dz

l\?\rﬂ

et/V e 2V+a()cp+f dac—i—a /Vb
R R
Vv

+/ H(z,t)dx +ee” t/
R R

Using the fact that ab < 2a® 4 4b? and (2.9), we prove easily

/F%zx < — /F%zx + C||Fyl22e™ 20, (2.23)
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By the Sobolev inequality, we get
PR |
Vilzee < CIVIIZ2I1FZ2-
From (2.7), a simple calculation yields
|a(t)| < OHFHHl(m) < CKdy.

Using (2.2), the Hardy inequality (2.11), (2.24) and (2.25), we obtain

Vlizee < CllaF|72lFlI 72 < ClIF a1 omy < ClF| 11 (m)-
By (2.1), (2.5), (2.25) and (2.26), we get

/V(Vx + a(t)p)?dz < ||V 1o /F%zx < CmSO/Fde.
R R R

By the Hardy inequality (2.11) we have the estimate
Ve < ClIF|L2m)-
On the other hand, by Sobolev inequalities and (2.1), we find
[E(&)][ee < CIE @) 111 (m) < Crdo.

A simple calculation yields

ICE + /) Nlz2 < CIFY |22 + CllS |22 < CUFIFLIE 22 + Ol [ 2.

From (2.17), (2.29) and (2.30), we deduce that
I(E+ ) lze < C.
Also, by (1.2), we have

et/V./\/ (e75F+ 1)) da < ce(-%+1)t/|V||(F+fmdx.
R

R

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

Therefore, by using the fact that ab < a?+b%, (2.1), (2.28), (2.31) and (2.32), we obtain

LI VN (e 2(F + ) da < Cel300 | [ V2 + [ (F + £)27d
eR/ (e + ) T e ]R/ x R/ + T
SC’e(_%'H)t.

(2.33)

Also, the fact that ab < wa?+ 1b? for all w > 0, together with the fact that ¢’ € L>(R)

and (1.14), implies that

R R

t 1 t
a(t) / Vb (xet) @] < ol |u / Vide+ - / 8 (vet ) do
R
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Then, by (2.25) and (2.28), we get, for all w > 0,

t ¢
a(t)/Vb (;pef) ol < Cw/F2 (L4 [2) + =€ BIIZe. (2.34)

R R

By (2.2), (2.7) and the Hardy inequality (2.11) we have the estimate
WLz < C[IFllmmy + IGlL2m)] - (2.35)

Also, from (2.16), we find
IR|2 < C. (2.36)

Hence, by combining (2.28), (2.35), (2.36) and the Cauchy-Schwarz inequality, we
obtain

Ee_t/ (W?—=VR)dx < C |ee™" / G* (1 + |2f*™) du +ee™"| . (2.37)
5 R

By the fact that ab < a? + b% and (2.26), we conclude that

/b(xe%) VVipdz < |V 1o /ﬁgda:+/b2 (a:e*) dz| . (2.38)

R R R

Therefore, by (1.14), (2.1), (2.9), (2.38), together with the fact that ¢’ € L>°(R) and
© € L*(R), we obtain

/b (xe’) VVipdz < Cﬁdo/Ffdx 1 C||Fo|2.e72070) 4 Ce™ |b]|2..  (2.39)
R R

Now we control the term [V H (z,t)dz.
R
By (2.17) and as in (2.34) we have the estimate, for all w > 0,

/Vb (xe*) flde < Cw/F2 (1+ [a]>™) + ge%‘ubniz. (2.40)
R R

Also, we have

[V (@80)0(2) - () - o(a)) do
® (2.41)
< WVlam [ [sB0p(@) - Sa®)b(@) - ¢(o)] .
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Therefore, by (2.4), (2.5), (2.9), (2.15), (2.24), (2.40) and (2.41), we conclude that,
for all w > 0,

[ vt < Sz ol + 0ot [ 62 1+ 1) o

R
(2.42)

+C se*t—Hu/F2 (1+ |z[*™)
R

Combining (2.22), (2.23), (2.27), (2.33), (2.34), (2.37), (2.39) and (2.42), one easily
obtains (2.18) and (2.19) where

21 (t) = 23(t) 4 C|| Fyl|2.e 2 t0), O

Remark 2.3. We notice that the term [, V?f’ in the inequality (2.18) is not
necessarily negative, which does not allow to prove decay estimate of (F,G) in X™.
To overcome this difficulty, we construct a new functional Fs(t) with a weight ¢ by

/szt z)dx 4 ce” /thW(xt)()d

where ¢ will be given below. We have E»(t) is equivalent to E;(t) that is, there exists
a constant C' > 1 such that we have C~1E;(t) < Ey(t) < CE;(t). The introduction of
this new functional F(t) is a crucial step to obtain optimal energy estimates.

2.2. BETTER ESTIMATE OF (V,W)

An appropriate choice for the weight q is, for example,

x

q(z) =Cy — / e_thdt = f(x)eTT —2H(@), (2.43)

— 00

H(z) = —log CM—/e4dt /f

— 00

where

Clearly, we have ¢ € C*°(R), positive function and satisfying the bounds

1
- <gq(x) <c¢, forall zeR, (2.44)
1

where ¢; > 1. Moreover, we easily obtain the following estimate
all oo () +sup|q (@) (A +[z)| < C, (2.45)

which is useful to obtain the following lemma.
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Lemma 2.4. Assume that (F,G) € C° ([to,to + T, X™) is a solution of (1.11) satis-
fying (2.1) and

/ (Fo(z) + ee " Go(x)) dz = 0.
R

Then Ey € C* ([to, to + T]) and there exists C > 0 such that for all t € [to,to + T1,

iEQ (t) + E22(t)

<5 [ Pty + 2a0), (2.46)
R

where Yo satisfies for all w > 0,

Yo(t) < Crdy /(F2 + F2)dx + C||Fy||22e20t0) 4 Ose*t/cﬂ (1+ |z[*™) dx
R R

1\ - 5
+ CW/F2 (14 [z*™) dz + C (1 + ) e ||b||2 + Cee™t + Ce(-F+1),
w
R
(2.47)

Proof. The functional Fs is differentiable for ¢t € [tg,to + T and

d
$Eg(t) = /Vth(:c)d:E +eet / (VWi + VW — VW) g(z)dx.
R R

Using the identity (2.21) and (2.20), we obtain

d

ZEs(t) = /VM(V)qu + Ee_t/ (W2 - VR + %(VW)JC} qda.

R R

Integrating by parts, we have
d et ,
%Eg(t) = [ VM(V)q(x)dz — e VWazq (x)
R R
1
+ Ee*t/ (W2 ~VR— 2VI/V> q(x)dz.

Therefore

%@@zfvp@éﬁ%+§w—wnhmM+%@,
R
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where

SL(t) = — / V(V, + a(t)p)qde — et/V./\/ (Vi +alt)yp + 1) gda
R

R

—t
+a(t)/Vb (:ce%) ¢'qdz +/VH(x,t)qda: — 5%/VW:rq'(:r)das
R

R R

1
+ Ee_t/ (W2 ~VR - 2VW> q(z)dz.
R
A simple calculation yields

/ V]a (2ef) Vew + 5Ve — 2fV2] q(@)da = / V [Vew + 5Ve = 2fV2] a(@)da+T5(1),

R R

where

S3(t) = / (2e3)V Viwg(a)da

R

Let us recall that ¢(z) = f(x)e§*2H($). Then, we deduce

/V [Vew + 5V = 2fV2] a(a)do = /V (Vze%_QH)w F(@)dz
R

=

Note that by (1.5) we may write

( T2HE@) p(y )) — o 2 (@) (gf’(x) —2f(z)f'(z) + f”(x)) = —%q(w). (2.49)

We infer from (2.48) and (2.49) that

/V {de:r—i— gv 2fV /F2 dz — 7/V2q(:r). (2.50)
R
Using (2.23) and (2.44), we write
~ 1
_ / Fy(a)de < / F2q(2)dz + C||F(ty) 2210, (2.51)
R R
Therefore J 5 )
£E2<t) + 22(t) < —3 /ng(.’ﬂ)dl‘ + o (1), (2.52)



Asymptotic profiles for a class of perturbed Burgers equations in one space dimension 59

where

1
Yo(t) = X5(t) + X3(t) + §€e_t / VWq(z)dz + C||F(ty)]|2.e~ 2t t0), (2.53)
R

By (2.1), (2.5), (2.25) (2.26) and (2.45), we get

/V(Vw + a(t)p)2qdz < [V pollqll e /F2dx < cmso/F?dx. (2.54)
R R R

As in (2.33) and by (2.45), we have

et/V./\/ (e_%(Vx +a(t)p+ f)) gdx < Ce(=3+1)t, (2.55)
R
By the fact that ab < a? + b%, (2.26) and (2.45), we conclude that

/b(me%)Vqu(x)de||V||Loo||q||Lao /ﬁfdm—i—/bz(xe%)dx L (256)
R R R

Therefore, by (1.14), (2.1), (2.9), (2.56), together with the fact that ¢’ € L>°(R) and
© € L*(R), we obtain

/b(me%)vvmq(x)dx < 0550/Ffdz 4 C|Fy||2,e20710) 4 Ce = ||b]|2..  (2.57)
R R

The fact that ab < wa? + %b2 for all w > 0, together with the fact that ¢’ € L>(R),
(1.14) and (2.45), implies that

t 1 t
a(t) [ Vilaet)a| < la®lle lu=lal= | [ Vido+ = [ 0P(actds
R R R
Furthermore, by (2.1), (2.25) and (2.28), we get, for all w > 0,

. C -
a(t)/Vb(xef)ap'q < C’w/F2 (14 |z>™) + ;eTHbH%z. (2.58)
R R

In a similar way, by (2.28), (2.35) and (2.45), we have

/Vqu’dw < g o VI 2 (W] 2,
R
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this estimate together with (2.37), implies that

—t
567 /VW:L‘q’(as)dz +eet /(VV2 — VR)q(z)dz
R

R
(2.59)

<C <€e_t/G2 (14 |2°™|) do + e
R

Similarly as in (2.42) together with (2.45), we obtain, for all w > 0,

/VH(M)qdw < gﬁllb\\%z + Cae*t/G2 (1 + [*™]) da

R R
(2.60)

+C |ee™? —i—o.)/F2 (1+ |z*™)
R

In the same way to (2.39), we have
$2(t) < Crdy / F2dz + C||Fy||22e~ 20710 4 Ce= ||b]|2,. (2.61)
R
Consequently, combining (2.52), (2.53), (2.54), (2.55), (2.57), (2.58),(2.59) and (2.60),

one easily obtains (2.46) and (2.47). This concludes the proof of Lemma 2.4. O

2.3. ESTIMATES IN X™ OF (F,G)

To control the time behavior of (F(t),G(t)) defined in (1.11) in X™, we introduce the
following energy functionals

Es(t) = 1/Fz(x,t)dx+564/F(az,t)G(x,t)dac,

2
R R
1
Eu(t) = 5/F2(x,t)\x|2mdx—|—56725/F(x,t)G(x,t)|x|2mdx,
R R

E5(t) = Es(t) + Ea(t).

Lemma 2.5. Assume that (F,G) € C° ([to,to + 1], X™) is a solution of (1.11) satis-
fying (2.1) and

/ (Fo(z) + ee " Go(x)) dz = 0.
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Then Ej5 € C* ([to,to + T)) and there exists C > 0 such that for all t € [to,to + T| and
>0,

iEs(t) + 240 < —Q/Fﬁ (1+ |z[*™) dz + <3 _amt 1) /F2|:c|2mdm
R

dt 2 4 4
L2 2m —1)a [ F?|z|*"%d
+ 3 x4+ m(2m — 1)a || x (2.62)
R R

+c(1+§) /FQda:+%/F§d:c+z5(t),
TR R

where X5 satisfies for all w > 0,

Sa(t) < Crdy [ (F 4+ F2) (14 o) do+ Cee™t [ G2 (14107) da
R R
+ Sple? + coet + Cw / F? (14 [2™) do + Cuw / F2de + Ce(-341)1,

w

R R
(2.63)

Proof. The functional F3 is differentiable for ¢t € [tg,to + T| and

d
%Eg(t) :\/FFtdZL'+€€7t/(FGt+FtG7FG)dI’
R R

Using the identity,

FFtee H(FGy+F,G—FG) = FL(F)+FN(F)+ee™" E(FG)Z +G? - Fr]. (2.64)
We obtain
d ~, , 1
%Eg(t) = [ FL(F)dx + | FN(F)dx + ce G*—Fr+ §FG dzx.
R R R

Then by integrating by parts, we have

—E3(t) = —/a (m) FZdx + i /F2dx - 2/F(Ff)$dx +33(1),

dt
R R R
—_—
Ao (t)
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where

Sa(t) = f/b(xe%) f’dexf/F(F2)wdx

R

A (t) Az(t)

N(e‘é(F-i-f)))zdx—i—se_t/(Gz—Fr—i—;FG) dx

R

|
B =
o

As(t)
In a similar way, Ey is a differentiable function for ¢ € [tg, to + T] and

d
= /FFtlfcIQ”‘de tee” /(FGt + F,G — FG)[a|*"dx.
R R

Using (2.64) and integrating by parts, we have
d 2m +1
S0 fofo) i (1522
R R

m(2m—1)/ (1:62)F2|:c\2m 2de — 2/F Ff)elz|*™de +34(t),

R R
Bo ()
where
¥u(t) :m/b’ (xe%) sze%|m\2m*2d;ﬂ+/e%b' (xe%) f'Flz|*™dx
R R
Bl(t) Bg(t)
+/b xez f”F|x\2mdx—/F(F2)x|x\2mdx
R R
(t B4(t)
¢ 1
/Fef e 2(F + f))) || ™ da —I—Ee_t/ (G2 —Fr+ 2FG> |z da.
R ’ R
B5(t)
We note

Yi(t) = D3(t) + Xa(t). (2.65)
The remaining of the proof of this lemma is devoted to the estimate of these terms.

Using the inequalities ab < wa? + 1b% for all w > 0, together with (1.6) and (1.14),
we obtain

C —:
A(t) < Cw/Ffd:c + S b2 (2.66)
w
R



Asymptotic profiles for a class of perturbed Burgers equations in one space dimension 63

Now, we estimate the expression Bi(t). Using the inequalities |||z|™ ' F|| 1 < Cand
ab < wa?+ 1b? for all w > 0, together with (1.14) and the fact that [z|*™~% < 14|z|*™,
we obtain

Bi(t) < |||z F| / b (me%) Fx‘ e? |z 'da

R (2.67)

<o [F2(1+laPm)+ Se [
R

R

Using (1.6), we have

This property together with (1.14), (2.1) and the fact that |z|*™~1 < 1+ |2|*™ implies
that, for all w > 0,

FaVITREE,_<c

Ba(t) = [ et/ (wct) fFlaP™ s
R
(2.68)
C s
<Co [P (1lafm)+ CeF [P
R

R

Similarly, by using (1.6), we have

|

f'@Vi+apr| <c

and thus, for all w > 0,

Bs(t) < Cw/F2 (14 |z™) + ge%tnbn%z. (2.69)
R

Now, we estimate the expression Ay (t) + By(t). The estimate ab < a? + b? together
with (2.29), implies that

As(®) + Ba(t) <2IF O~ [ [FE| (14 [oP™)

® (2.70)
< C‘f<a(50/F2 (14 |z[*™) dz + Cnéo/Fa? (1+ [z[*™]) dz.
R R
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Now we control the term As(t) + Bs(t). A simple calculation yields

As(t) + Bs(t) = — €' /N (e F+ 1) (14 |oPm) de

K (t)

- 2met//\/'(e_%(F+f)) Flz]*™ tda .
R

Ko (t)

By using the fact that ab < a? + b? together with (1.2), we get

Ka(t) < CeE | [ 12 (1 faPm) do (P4 1) (14 o) .

R R

In the same way, by adding the estimate |z|?™~! < 1+ |z|*™, we obtain

Ks(t) < CeFD L[R2 (1 2™ do+ [ (F+ )2 (14 [a*™) do |
/ /

R

From (2.17) and (2.29), we deduce

|+ VT TP

By combining (2.1), (2.71), (2.72), (2.73) and (2.74), we have

<C.

L2

As(t) + Bs(t) < Ce(=3 1)L,

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

Likewise, we estimate the term Ag(t) + Bo(t). Indeed, by (2.17) together with the

estimate ab < £a® + %bz for all o > 0, we get

/|Fsz| (14 |z)*™) < g/FQd:ch @/ngm.
0
R R

a
R

Therefore, by (2.76), we obtain, for all ¢ > 0,

Ao(t) + Bo(t) < C (1 + ‘9) /FQdat + Ca /ngm.
a o
R R

(2.76)

(2.77)
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By (2.1), (2.65), (2.66), (2.67), (2.68), (2.69), (2.70), (2.75), (2.77), by the Cauchy—
—Schwarz inequality together with the fact that |[r(z)||z2(m) = C, one easily obtains,
for all o > 0,

d , . 1 2m+1 -
el < _ Z_
th5(t)_ Q/Fm(1+|1'| )d:c+(2 1 )/F|x dx
i R
1 _ m—
+ Z/F2dac—f—m(2m— 1)a/F2|:U|2 *dx (2.78)
R R

C
e (1 + Q> /F2dx + =2 /ngx rxl),
a
TR ¢ R
where X} satisfies, for all w > 0,

B5(t) < 0550/(F2+F§) (1+ lezm)daz+cse—t/G2 (1 + J2*™) dz
R R

. (2.79)
+ Spppe 1 et 4 Cw/F2 (14 2™ .
R
By adding the term E"T(t) in (2.78), we get to (2.62) and (2.63), where
1
Ys(t) = 2i(t) + 5se*t/F(x,lt)c:(x,t) (1+ |z*™) da.
R
Lemma 2.5 is thus shown. 0

Remark 2.6. We notice that the term
1
5 /F2dx +m(2m — 1)&/ F2z|*m2de + C’(l + Q) /de:v
a
R R R

in the inequality (2.62) is positive, which does not allow to prove decay estimate of
(F,G) in X™. To overcome this difficulty, we introduce the following functional

Eg (1) = E5(t) + pEa(t),

where p is a sufficiently large constant that will be determined later.
The results of the preceding lemmas can be summarized as follows.

Lemma 2.7. Assume that (F,G) € C° ([to,to + T), X™) is a solution of (1.11) satis-
fying (2.1) and

/ (Fo(z) + ee " Go(x)) dz = 0.
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Then Eg,, € C* ([to, to + T) and there exists C1 > 0 such that for all t € [to,to + T,

d Es (1)
—E P
dt 67[’(t) + 2

<=8 [F2rlaPm) do = o [ B2 (14 [P do
R R

4 Opeet / G2 (1 + [aP™) d + Cy Jb%e =" (2.80)
R

+ Cree™t + O1||Fp 220 t0) 4 ¢pe(=3 1)t

Proof. We know that, for all p > 0, Eg , € C* ([to,to + T1]). Then, we get for all p > 0
and for all p > 0,

c
—FEg,(t) + 5 S —g/Fj (14 |z[*™) dz + ?Q/ngx
R R

2 1 1
+ <3 _mt >/F2|:E|2mdz+2/F2dx+m(2m1)a/F2|z|2m2dx

= = = (2.81)
L1(t)

+C (1+ 5) /F2d;v— %p/FQq(x)dx-l—Es(t) + pEa(t).
TR R

Lo (t)

3
4

3 2m+1\ m@2m-1a 1 1 o\ C 1/3 2m+1
o - 142 <= (2= . (2.82
<4 4 >+ R2 +2R(2)m+< i a) R3™ ~ 2 \4 4 (282)

Since < — 2’”’1—“ < 0, we can choose R large enough so that, for all o > 0,

For all p > 0 and for all o > 0, we have

Li(t) + La(t) < [; +m(2m — 1)aR2™ 2 + C (1 + )] / F?dx

1
— 5P / F?q(x)dx
|z[<Ro

. 3 2m+1 +m(2m—1)6+1 1 (148
4 4 R2 2 RZ™ a

} / F?|z|*™dx.

IZE‘>R0
(2.83)

C
RZ
Now we choose p = py large enough, so that, for all o > 0,

1 1
5 Tm(2m —Nary"? 4+ O <1 + 9) ~ g <L (2.84)
1

a =
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We recall that ¢ is the constant defined in (2.44).
From (2.44), (2.81), (2.82), (2.83) and (2.84) we deduce that, for all o > 0,

1/3 2m+1
Ly(t) + La(t) < 2<4 m4+> / P2l dy — / F2d

[z]>Ro |z[<Ro (285)
< —QAO/FQ (1+ [2>™) da,
R
where \g > 0.
If we choose kdp and w small enough and satisfies Ckdy < %, we deduce that
Ls(t) < )\O/F2 (14 |z*™) d, (2.86)
R
where
Lg(t) = Cl{éo/FQ (1 + |.’I}|2m) dx
+ pOCmSo/Fde + Cw(1+ po)/F2 (14 |z[*™) da
R
and
2 2 2m a 2m,
C’w/dea:JrC/féo/Fx (1+]z*™) do < Z/F (1 + [z*™) da. (2.87)
R R R

In a similar way, if we choose also ¢ > 8C', we obtain

C (Z + poméo) /Fﬁdm < %/Fgf (14 |z*™) dx. (2.88)
R R

Combining (2.81), (2.85), (2.86), (2.87) and (2.88), we get (2.80). O

Since we want to control (F,G) € X™, it is natural to introduce the following

functionals:

E7(t):%/a( %)FQ(xtdm—&— /G%t

R

Fy(t) = %/a( §) B2, 0P mdr + /G2 2,82 d,
R
Ey(t) = E7(t) + Es(t).
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Lemma 2.8. Assume that (F,G) € C° ([to,to + 1], X™) is a solution of (1.11) satis-
fying (2.1) and

/ (Fo(z) + e " Go(x)) dz = 0.
R

Then Eqg € C* ([to, to + T]) and there exists Co > 0 such that for all t € [to, to + T,

[F?+ F7] (14 |z*™) da

1
<—§/G2 (1+|z|2m)d:1:+02/
R R

(2.89)
+ C’2|||b||\26% + C’g&t(ft/G2 (14 |z>™) dz + Coce™" + Coel =3 +1)L,
R
Proof. The functional E7 is of class C! ([tg,to + 7)) and
d ¢ _ G? 1 t t
$E7(t) = /a(mei)FwFItdﬂc +ce t/ (GGt - 7)(13: + i /xe2b'(mez)F§.
R R R
Using the fact that (F, Q) is a solution of (1.11), we can write
d :
LBt = /a (xea) F, [Gw + TP 4 Fw] dz + /G [L(F) - F; — e 'r(2)] da
dt 2
R R

+se—f/G (gch +G) dx—l—/GN(F)daH—i/me%b’ (xe*)
R R R

Integrating by parts, therefore
iE (t) = —/Gde + 3 /a (xe%) F2de + §€€_t/G2dl‘
dt " 4 Ty

R R R

—ee_tR/Grdx - 2R/G(Ff)mdm+R/GN(F)dx+

/G [b (xe*) f’L dz.

R
Using the Cauchy-Schwarz inequality together with the estimate ab < a? + b? and
(2.75), we show that

B+ 5 <) [Gawvc [P 4 )it et [ G

R R

R (2.90)
L + Coet 4 Cel- 1)
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In a similar way,

a0 =]

1
+1/xe2b’ xe% F2|z|*™da.
R

IS

2
(xe%> FFpz|*™dx + e t/ <GGt - G) |z|*™ dx

R

Arguing as above, we obtain

4 g

o (t) = /a(me%) [G + FM—I-F} |z[*™dx

/G [L(F) — F, — ee”'r(2)] |[2[*"dz + ce™* / G (gGl’ + G) || dx
R R
2m 1 Lo $ 21,.12m
—|—/GN(F)|33\ dsc—|—1/a:e2b (er)F$\x| dx.
R R
Therefore

2 1
—/GQ\m|2mdz—|— (1— mt

1 )/a(xeé) F§|I|2mdz+/GN(F)|l‘|2de
R R R

seft/Gr|z|2md:z:72/G’(Ff)m|:17|2mdz

R

—2m/ xe% FIG|x|2m’1dx+/G {b (a:e%) f’L|x\2mdaz.

R

2 1
+ (1 - m4+ ) Ee_t/GQ\medm.
R

In the same way, we prove that

d ES(t) 1 / 2|,.12m
— < ——
tEg(t) + 5 5 G*|z|*™dx

+C/ [F? + F7] \x|2mdm+056_t/G2|x|2mdx (2.91)
R
+ Ob)2e™ + Cee=t + Cel=3T1)1,
Finally, combining (2.90) and (2.91), we get (2.89). This concludes the proof of
Lemma 2.8.

O
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3. PROOF OF THEOREM 1.2 AND THEOREM 1.4 (FIRST PARTS)

We introduce the following functional
Er0,0(t) = B0 (1) + 0 Eo(1),

where o > 0 will be chosen later.

Proposition 3.1. Let kdy be small enough. There exists a positive constant pg > 0,
so that, for any solution (F,G) € C° ([to,to + T], X™) of (1.11) with (F(to),G(to)) =
(Fy,Go) € X™, chosen so that

/ (Fo(z) + ce " Go(z)) dz =0

R
and ®,, (e70, Fy, Go) < 82, we have for all t € [to,to + T

t
_ (L s
E®) 121y + 26 NG |22y + / e~ (310)=9)) G (5)|2, . ds

to

=C [(I)m (Ee_to’ Fy, GO) + ‘”M"QG%O +ee o 4 e(_%*‘l)%} e—%(t—to).

(3.1)

Proof. The functional Eq , is of class C! ([to, to + T']). Moreover, by combining (2.80)
and (2.89), we can write easily

d EIO a(t)

—FEio,(t —Y0o\

gt Froel) + =

< —AO/F2 (14 |z*™) dz — %/Fg (L+|z*™)
R R

— % /G2 (14 |z[*™) dz + (0C5 + Cy)ee™" / G? (1+|z|*™) dz
R R

+ 002/ [F2+ F2] (14 |2*™) da + (aCy + Cy)[|b]|2e =
R
+ (O’Oz + Ol)seft + (O'OQ + Ol)e(_%"'l)t + 01||Fo||2L2672(t7t°).
Also, there exists K > 1 such that for all ¢ € [to,to + T, where {; is large enough,

we have

%@m (g™, F(1),G(t)) € Er0,0(t) < KO, (ce7", F(t),G(1)) . (3.2)
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We then conclude that

iElO,O’(t) + (; + /.Lo) El()’g(t) < —(/\1 — Bl)/ [FQ + FIQ] (1 + |$‘2m) dx
R

dt
_ (% _ Bz) /G2 (14 |=|*™) da (3.3)

R
+ (6Cy + C) [Ee_t + |||b“|2€%t + e(_%ﬂ)t}
+ C1 | Fol[7 2672010,

where Ay = inf (5, o) , B1 = 0Cs + Ky and By = (0Cs + K g+ Cy )ee~". We choose
o and pg small enough and ¢y large enough, so that

)\1 g
B —.,B —.
1<2; 2<4

Then, we deduce from (3.3) that for all ¢ € [tg,to + T,

d 1 ol —t
= Bo,(t) + (2 + uo) Bro,0(1) + FNCW)[Fqmy < Coe™ + CelTFH 4 Cppe™
+ O R0,

(3.4)

Integrating (3.4), we obtain for all ¢ € [tg,to + T,

t
Buolt)+ 5 [ e HG(s) s

to (35)

< {Elo,n(to) + CplPe =" + Cee™to + CeZF )% 4 C||Fy||3, [ 3010,

Now (3.1) is a direct consequence of (3.2) and (3.5). This concludes the proof of
Proposition 3.1. O

Proof of Theorem 1.2 (First part). Let eg > 0 be fixed. We choose ¢y > 0 large enough
and o small enough. For € € (0, ), if (Fp, Go) € X™ satisfies

/ (Fo(z) + ce " Go(z)) dz =0

R
and @, (ce~t Fy, Go) < 62, then the equation (1.11) has a unique solution (F,G) €
C% ([to, to + tmaa), X™) satisfying (F(to), G(to)) = (Fo, Go).
To prove that this solution is global, we argue by contradiction. Assume that there
exists T' > 0 such that

IEt)||gi(my < K00, for all t € [to,to +T) (3.6)
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and
I1E(T) || 2 (m) = K- (3.7)

If tg is large enough, so that
[ol2e " + ceto + -3+ < g2
and if k > v/8C, we have by (3.1), for all ¢ € [to, to Jrf]’
IE) 12 () < C 62 + Ib]2e =" + ce™t0 4 e +D0 ]

Then
252
2 2 K (50 550
1@z () < 206 < == < ==,

which contradicts (3.7). Thus we have
HF(t)”Hl(m) < Koy forall te [to,to + tm(w).
By Proposition 3.1, we conclude that

D, (ee™", F(t),G(1)) < iy <

1 forall te [to, to + tmaz)-

L

Then, Remark 1.11 implies that the solution can be continued to [tg, +00). By Propo-
sition 3.1, we conclude the proof of the first part of Theorem 1.2. O

Proof of Theorem 1.4 (First part). Similarly, in the case where b(§) = 0 and v > 3,
we find

d

1 o 9
1000+ (5 +10) Broa(®)+ T1GO

< Cee™t + Ce=3 )t 4 O||Fy|[2 e~ 2(tt0),

(3.8)

Integrating (3.8), we obtain for all ¢ € [tg,to + T,

t

a —(5 —s
Broo(t) + 5 / e () G(s) |71y s
/ (3.9)

< [Elo,a(to) + Ceet0 4 Cel-FF1)00 4 CllFolZ2| e min(3 1,5 +po0) (t—to),

Arguing as above, we show that the first part of Theorem 1.4 is a direct consequence
of (3.2) and (3.9). O
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4. FURTHER ESTIMATES ON THE TIME DERIVATIVE

This section is devoted to prove the second parts of Theorem 1.2 and Theorem 1.4.

Proof of Theorem 1.2 (Second part). As before, let (F,G) € C°([to,to + T], X™) be
a solution of (1.11) satisfying

/ (Fo(x) + ae_tOGo(x)) dr =0

R
and the bound (2.1). We define the new function M(x,t) = Wy(x,t) — §We(x,1t),
where W is given by (2.10). It is straightforward to show that the function (W, M) €
co ([to, to+ T, XO) and satisfies the system
M =W — §W,,
—t i (41)
ee ! [My — £M, — 2M)] + M = a( ) (Viw + Wag) + J (2, 1),
where
_ x dH1 dH1
N = ety — & at 4.2
J(z,t) €€W2dx+dt’ (4.2)
and
Hy(z,t) = =2V, f — (Vo + at)p)? — e'N (e_%(Vz + a(t)p + f))
. (4.3)
+a(t)b (m) o + H(z,t) — ce ' R(x).
In analogy with the preceding section, we introduce the energy functional
—t M2 t
Bt / W2(z, ) L’t)dx. O
2 5oa (xei)

Lemma 4.1. Under the hypotheses of Theorem 1.2, there exists C > 0 such that for
to large enough, for all t > ty,

SIG(W0)32 < C [I(Fo, Go)llfom +ellblPe 3" +e2e™ + ee =3 7110 chtm) - (4.9)

Proof. Clearly, the functional Fy; is differentiable for all ¢t > ¢y and
E11 / W2dx — / ——dx
o)
MJ 5 M?
+ / 7tdx + /Mdea: + —ee”t / 7tda:.
2 a(me§> 2 4 2 a(xeé)
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By exploiting the Cauchy—Schwarz inequality and (4.5), we get

d Bnt)
thn(t) + 5

1 M?
T
R

2 &
2 a(er) 5

2
+C/V73de+cse*t/Ltdx.
R a (51365)

R
2
dH,

%(x,t) =2V f —2Vof —2(Vy + a(t)@) (Vaw + a(t)

Using (4.2), we have

dH,

2 < —
122 < € (o

dH,
dt

e W e + H
2

L

By (4.3), we get
)

)¢

AS)

N+

—es (Fy+ )N (e_%(F + f)) +a(t)esl/ (me

11(-,25) Ig(‘,t)
+ a(t)b (xe%) " +h(z,t) — e tr(x).
S
I3(-,t)
To estimate xI; (z,t), we use (1.2) to obtain
BACH] Pt / (F + )77 (Fo+ ) ada.
R
The estimate 22 < 1 + 22™ implies that we have

1y (2, 8)l[72 < Cel T 2H|F 4 fI70 / (Fe+ 1) (1+2°™) de.
R

From (2.17) and (2.29) we deduce that
IF + fI7%<C and Wa+f%h+ﬁﬂmga
Therefore, by adding (4.10) and (4.11), we conclude

2Ty (2, )| 2 < Cel~F+1)E,

On the other hand, since [|¢/||L + ||x¢”||L < C and by (2.25), we can write

otz (2, )] g2 + o132, )] 2 < Cllole ™.

(4.6)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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y (4.8), (4.12) and (4.13), we obtain
dH,

r—

U e W < C [Py + ¢ Gl

L2
+C {mb\”@% +eet+ e(*%ﬂ)t + ||FO||%2€72(t—to)} .

(4.14)
Differentiating H; (z,t), we get
P ) =2 (G +3F+ ;F) f—2FG — xFF, — F* +2B(t)pf
¢ ¢ 1 , o _t
— N (e H(F + ) —eb <G+ TR+ 2F)N (e #F+1)
I4(-t) Is(-,t)
1 : / _t t 7
+5eH(F+ DN (75 (P + £)) +8(0)b (we? )
Is(-,t) I7(1t) (4.15)
o(t)

+ Tme%b’ (me%> 4

Ig(~,t)
_ _ : x
—ce™ (aB(t)p — S0 — ) +ee" (2Bt — B — )
1 Loy i t
+§xe b ( )f +ee 'R(x).
—_—
Io(-5t)
As in (4.12), we have
Ml + M5 1)l g+ 6 1) o < el 24U (4.16)
On the other hand, by (2.9) together with the fact that ¢’ € L>®(R), we get
117 Ol 2 + s (5 8)ll 2 < Cllblle™ (4.17)

In the same way, by (2.17), we have

Nl

1 o(- D)2 < C / el (e)Pde | e (4.18)

Thus, we conclude from (4.15), (4.16), (4.17) and (4.18) that
0

<C [”F”Hl(m) +GllL2m) + Iblle ™ + et + e(=3+1)t| (4.19)
L2
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Combining (4.7), (4.14) and (4.19), we obtain
Iz < € (1Pl ) + Gl + Mo0e™ et 4 CFHN]
+ C||Fo|2se~2(tt0),

By adding (4.6), (4.20) and the fact that |[Wyllr2 < C [ F|lmm) + 1Gllr2m)],
we conclude

d FEqii(t 1 M? M?
—FE1(t) + 1(t) < **\/7d"£+0867t —dx
ZR a(x 2

dt 2 e%) a(ze?)
FO[IP sgmy + G ny + B2 F 272 2V
+e2(=3+1)t 4 ||FO||%26—4(t—to)]
By exploiting (4.21), we have
%Eu(t) + (; + Mo) En(t) < (—; + Cee™t + ;ge_t) / a(ﬁl)dm
(4.22)

+C[\|F||§11(m) + G2y + 1617
42072 4 eQ(—%—i—l)t + ||FO||41112674(t7t0):|'

For t; large enough, we conclude that

%En(t) + <; + uo> Eu(t)

< C (1P Iy + 1G22y (4.23)
O [IRe™ + e 4 2H 4 |y haetw)]
As in (3.5), integrating in ¢, we obtain

t
En(t) < C / e~ (B0 (I P(3)[ 311y + Gy ) s
/ (4.24)

+ [Bualto) + O + 0% 4 030 4 ] b,
Therefore, by (1.17) and (4.24), we get

En(t) < [E11(t0)+cq>m (56tovFO»GO)JFC”b”FB_;OwLCeet‘UrCe(gﬂ)to]e%(tt“).

By (2.14), we can write

M=W-— %t [7W+a (xe) Vo + J(x,t)} .
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Hence, we have

ol < (1+1) (|17

0 Lz(m)) )

)
H* (m)

which implies that
eB1(to) < C (I1Foll3gs gy + 1Go 32y ) -
Consequently, one easily obtains
ebEn(t) <C [”(FmGO)”%m + 5|||b|||2677tO +e2e7to 4 Ee(fgﬂ)t“] e~ z(t=to),

This concludes the proof of Lemma 4.1. O

By Remark 2.1, we have the appropriate estimate of 3(¢), then by combining
Lemma 4.1 and (2.2), one easily obtains (1.18). This concludes the proof of the second
part of Theorem 1.2.

Proof of Theorem 1.4 (Second part). Similarly, in the case where () =0 and v > 3,
integrating (4.23) in ¢, we obtain

t

En(t) < C / e (5= (I P(5)[ 311y + 1G5 F ) s

/ (4.25)
+ [Eu(to) + Ce2e20 4 (-3 )00 4 C||F0||‘i2] e~ (5tuo)(t=to)
Therefore, by (1.21) and (4.25), we get
En(t) < [En(to) + C®,y, (ce7", Fy,Go) + Cee " + C’e(_%ﬂ)to] (4.26)
4.26

% e~ min(F=1,54mu0)(t—to)
Arguing as above, we get
eEn(t) < C [||(F0, Go)|[Zm + e2e 10 4 eel3H)t0 | mmin(3-134m0)(i=t0)  (4.97)

Combining (2.2), (4.26) and (4.27), one easily obtains (1.22). This concludes the proof
of the second part of Theorem 1.4. O
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