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Abstract. It is known that the 3-uniform loose 3-cycle decomposes the complete 3-uniform
hypergraph of order v if and only if v =0, 1, or 2 (mod 9). For all positive integers A and v,
we find a maximum packing with loose 3-cycles of the A-fold complete 3-uniform hypergraph
of order v. We show that, if v > 6, such a packing has a leave of two or fewer edges.
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1. INTRODUCTION

A hypergraph H consists of a finite nonempty set V' of vertices and a finite collection
E ={ey,ea,...,en} of nonempty subsets of V' called hyperedges or simply edges. For
a given hypergraph H, we use V(H) and E(H) to denote the vertex set and the edge
set (or multiset) of H, respectively. We call |V (H)| and |E(H)| the order and size
of H, respectively. The degree of a vertex v € V(H) is the number of edges in E(H)
that contain v. A hypergraph H is simple if no edge appears more than once in E(H). If
for each e € E(H) we have |e| = ¢, then H is said to be t-uniform. Thus t-uniform
hypergraphs are generalizations of the concept of a graph (where ¢ = 2). Graphs with
repeated edges are often called multigraphs. If H is a simple hypergraph and A is
a positive integer, then \-fold H, denoted *H, is the multi-hypergraph obtained from
H by repeating each edge exactly A times. The hypergraph with vertex set V' and edge
set the set of all t-element subsets of V' is called the complete t-uniform hypergraph
on V and is denoted by K‘(}). If v = |V, then ’\Kq(,t) is called the A-fold complete
t-uniform hypergraph of order v and is used to denote any hypergraph isomorphic
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to K. When ¢ = 2, we will use *K, in place of *K{?. Similarly, if A = 1, then we
will use Két) in place of 1K1(,t). If H' is a subhypergraph of H, then H \ H' denotes
the hypergraph obtained from H by deleting the edges of H. We may refer to H \ H’
as the hypergraph H with a hole H'. The vertices in H' may be referred to as the
vertices in the hole.

A commonly studied problem in combinatorics concerns decompositions of graphs
or multigraphs into edge-disjoint subgraphs. A decomposition of a multigraph M is
aset A ={G1,Ga,...,Gs} of subgraphs of M such that {E(G1), E(G2),...,E(Gs)}
is a partition of E(M). If each element of A is isomorphic to a fixed graph G, then A is
called a G-decomposition of M. If L is a subgraph of M and A is a G-decomposition of
M\ L, then A is called a G-packing of M with leave L. Such a G-packing is mazimum if
no other possible G-packing of M has a leave of a smaller size than that of L. Clearly,
if |[E(L)| < |E(G)], then the G-packing is maximum. Moreover, a G-decomposition of
M can be viewed as a maximum G-packing with an empty leave.

A G-decomposition of 2K, is also known as a G-design of order v and index \.
A Kj-design of order v and index A is usually known as a 2-(v,k,\) design or as
a balanced incomplete block design of index X or a (v,k,\)-BIBD. The problem of
determining all v for which there exists a G-design of order v is of special interest (see
[1] for a survey).

The notion of decompositions of graphs naturally extends to hypergraphs. A decom-
position of a hypergraph M is a set A = {Hy, Hs,..., H,} of subhypergraphs of M
such that {E(Hy), E(Hz),...,E(H;)} is a partition of E(M). Any element of A
isomorphic to a fixed hypergraph H is called an H-block. If all elements of A are
H-blocks, then A is called an H-decomposition of M. If L is a subgraph of M and A is
an H-decomposition of M \ L, then A is called an H-packing of M with leave L, where
we again define such a packing to be mazimum if L has the fewest edges possible. An
H-decomposition of AK,(,t) is called an H-design of order v and index A. The problem
of determining all v for which there exists an H-design of order v and index ) is called
the A-fold spectrum problem for H-designs.

AK ](:)—design of order v and index A is a generalization of 2-(v,k, A) designs
and is known as a t-(v,k, \) design or simply as a t-design. A summary of results
on t-designs appears in [15]. A t-(v,k,1) design is also known as a Steiner system
and is denoted by S(t,v,k) (see [8] for a summary of results on Steiner systems).
Keevash [14] has recently shown that for all ¢ and k the obvious necessary conditions
for the existence of an S(t, k,v)-design are sufficient for sufficiently large values of v.
Similar results were obtained by Glock, Kiithn, Lo, and Osthus [9,10] and extended to
include the corresponding asymptotic results for H-designs of order v for all uniform
hypergraphs H. These results for ¢t-uniform hypergraphs mirror the celebrated results
of Wilson [23] for graphs. Although these asymptotic results assure the existence of
H-designs for sufficiently large values of v for any uniform hypergraph H, the spectrum
problem has been settled for very few hypergraphs of uniformity larger than 2.

In the study of graph decompositions, a fair amount of the focus has been on
G-decompositions of K, where G is a graph with a relatively small number of edges
(see [1] and [5] for known results). Some authors have investigated the corresponding
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problem for 3-uniform hypergraphs. For example, in [4], the 1-fold spectrum problem
is settled for all 3-uniform hypergraphs on 4 or fewer vertices. More recently, the
1-fold spectrum problem was settled in [6] for all 3-uniform hypergraphs with at
most 6 vertices and at most 3 edges. In [6], they also settle the 1-fold spectrum
problem for the 3-uniform hypergraph of order 6 whose edges form the lines of the
Pasch configuration. Authors have also considered H-designs where H is a 3-uniform
hypergraph whose edge set is defined by the faces of a regular polyhedron. Let
T, O, and I denote the tetrahedron, the octahedron, and the icosahedron hypergraphs,
respectively. The hypergraph T is the same as K f’), and its spectrum was settled in
1960 by Hanani [11]. In another paper [12], Hanani settled the spectrum problem for
O-designs and gave necessary conditions for the existence of I-designs. The 1-fold
spectrum problem is also settled for a type of 3-uniform hyperstars which is part of
a larger class of hypergraphs known as delta-systems. For a positive integer m, let ST(S)
denote the 3-uniform hypergraph of size m which consists of one vertex of degree m

and 2m vertices of degree one. Necessary and sufficient conditions for the existence of

) are given in [21] for m € [4,6] and for all m in [18]. Some

results on maximum S’y(s)—packings of Kf,S) are given in [19]. Perhaps the best known

general result on decompositions of complete t-uniform hypergraphs is Baranyai’s

S,(g )—decompositions of K. 1(,3

result [3] on the existence of 1-factorizations of Kﬁrg for all positive integers m. There
are, however, several articles on decompositions of complete t-uniform hypergraphs (see
[2] and [20]) and of t-uniform t-partite hypergraphs (see [16] and [22]) into variations
on the concept of a Hamilton cycle. There are also several results on decompositions of
3-uniform hypergraphs into structures known as Berge cycles with a given number
of edges (see for example [13] and [17]). We note however that the Berge cycles in
these decompositions are not required to be isomorphic.

In this paper we are interested in maximum H-packings of AK,ES), where H is
a 3-uniform loose 3-cycle. For integer m > 3, a 3-uniform loose m-cycle, denoted
LC7({:)), is a 3-uniform hypergraph with vertex set {vi,ve,...,v2,} and edge set
{{vgi,hv%vgiﬂ} 11 <i < m-— 1} U {v2m—1,V2m, v1}. Thus LC?(,?’) has vertex
set {’()1,1]2,1}37’04,’057’06} and edge set {{1)17’02,1)3}, {vs, v, v5}, {v57vg,v1}} for which
we use H[vy,vq,vs,v4,v5,06] to denote (see Figure 1).

Fig. 1. The 3-uniform loose 3-cycle, LC§3), denoted by H[v1,v2,vs, V4, Vs, Ve].
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Since LC'?E?’) has 3 edges and 6 vertices, it is one of the hypergraphs covered in the
decomposition results by Bryant, Herke, Maenhaut, and Wannasit in [6]. It is shown
in [6] that there exists an LC§3)—decomposition of Kég) if and only if v =0, 1, or 2
(mod 9). Similarly, it is shown in [7] that there exists an LCf’)—decomposition of K%Y
if and only if v =0, 1, 2, 4, or 6 (mod 8) and v ¢ {4,6}. Here we focus on maximum

LC§3)—paCkings of AK£3) and show that if A and v > 6 are positive integers, then there

3)

exists a maximum LCéS)—packing of ’\Kf, where the leave has two or fewer edges.

1.1. ADDITIONAL NOTATION AND TERMINOLOGY

If a and b are integers with a < b, we define [a,b] to be {a,a + 1,...,b}. We next
define some notation for certain types of 3-uniform hypergraphs.

Let Uy, Us, Us be pairwise disjoint sets. The hypergraph with vertex set Uy UUsUUs
and edge set consisting of all 3-element sets having exactly one vertex in each of
Uy, Us;, Us is denoted by K,(J?;)’U%Us. The hypergraph with vertex set Uy U Us and edge
set consisting of all 3-element sets having at most 2 vertices in each of Uy, Us is denoted
by L$1)7U2. If |U;| = u; for i € {1,2,3}, we may use Kﬁ)’u%% or Lﬁ’,w to denote any

hypergraph that is isomorphic to K ,(ng ),UZ’U3 or LS’&U27 respectively. From a hypergraph

decomposition perspective, we note that it Uy, Uy, Ua, Us are pairwise vertex disjoint,
then

E(K(3)

3 3
U1UU{,U2,U3) = E(K((Jl),Uz,Ug) U E(K( . )-

U{,U2,U3
Thus, for any positive integer z, it is simple to see that Kq(fi),u%% decomposes Kﬁ)@,m,us_
and, in general, K (3) decomposes into one copy of Kg) us,us and one copy of

] u1+T,u2,us
(3
K$7u27u3'

2. MAIN CONSTRUCTIONS

The constructions in this section are dependent on many small examples. These
examples are given in the last section. Throughout, we will often identify a hypergraph
(e.g., a leave in a packing) with its edge set only. Since the hypergraphs presented here
do not contain isolated vertices, this will uniquely define them.

We begin by proving a lemma that is fundamental to our constructions.

Lemma 2.1. Letn > 1, x >0, and r > 0 be integers and let v = nx +r. There ezists
a decomposition of K53) into:

(i
(ii

(ii

(3)
) 1 copy OfKn-H";

) © — 1 copies of K,(l?i, \ K® (these are isomorphic to K,(L?ﬁ,. if r €10,2]),
) (5) copies of Kﬁ?n u Lg{s% (here Kr(‘izn is empty if r =0), and

)

(iv (g) copies of Kf’%n
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Proof. If x € {0, 1}, the decomposition is trivial. Thus we may assume that = > 2.
Let Vo, Vi, ..., V. be pairwise disjoint sets of vertices with |Vp| =r, [V1] = |V2| =
=|Vyl=nandlet V=VoUV;U...UV,. Then, K‘(/g) can be viewed as the

(edge-disjoint) union

Kol U U (K \6D) v U (Kvuriy) v U (K

2<i<z 1<i<j<lz 1<i<j<k<zx
Thus the result follows. O

If LC§3) decomposes KV, then we must have 3 | (3) and hence 18 | v(v —1)(v —2).
Therefore we have v = 0, 1, or 2 (mod 9). In [6], it is shown that these necessary
conditions are sufficient. Although a proof of Theorem 2.2 is given in [6], we include
a proof here for the sake of completeness.

Theorem 2.2. There exists an LC§3)-decomposition of Ky if and only if v=0, 1, or
2 (mod 9).

Proof. Let v =9z + r, where r € [0, 2] If 2 = 0, the result is vacuously true. If z =1,
we give LC( ) -decompositions of Kg in Example 3.1, of K §0 in Example 3.2, and
of K{l) in Example 3.3. Thus we may assume that z > 2. By Lemma 2.1, it suffices
to give LC?(,B) decompositions of Kigi)r7 of KéS \K ) which is isomorphic to Ke()i)r
since r € [0, 2], of KT(SQ) g U Légg, and of Ké 3 - A decomposition of ngg U Lg o is given

in Example 3.7, and a decomposmon of L( ) is given in Example 3.6. Since K§7§’3

decomposes K( )9 and K37373 decomposes Ké’9)79 and since LC§3)—dec0mpositions of

5323 of K?(, ), are given in Examples 3.4 and 3.5, we have that LC’és) decomposes

both Ké?g)’g and Kéi,)’g. Thus the result follows. O

Next, we give our main result on maximum LC§3)—packings of KI(,?’).

Theorem 2.3. Ifv > 6 is an integer, then there exists a mazimum LC§3)—packing of
Kq(jg) where the leave has two or fewer edges.

Proof. fv =0, 1, or 2 (mod 9), then the result follows from the LC;S)—decomposition
result in Theorem 2.2, which translates to a maximum LC§3)—packing with an empty

leave. If v € [6, 8], a maximum LC?()g)—packing of K1(,3) with a two edge leave is given
in Examples 3.13-3.15. Hence, we need only consider when v = 9x + r where z > 1
and r € [3,8]. By Lemma 2.1 it suffices to find

(i) a maximum LC§3)-packing of Kéj_)r with a leave consisting of two or fewer edges

and
(if) LO§Y-decompositions of K7, \ K, K)o ULS), and K% .

We note that an LC 3 -decomposition of K, (3) \Kég) is equivalent an LC§3)—packing
of KS) with a leave consisting of the smgle edge in the hole, which is given
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in Example 3.16. Also, for r > 3, it is simple to see that Kﬁi)),g is decompos-
?’?273 and K§3§3 Maximum LC’éS)—paCkings (with leaves of

two or fewer edges) of Kéi)r, for r € [3,8], are given in Examples 3.16-3.21.

able into copies of Ké

Similarly, LC’;}S)—decompositions of Kéi)r \ K,(-g), for r € [4,8], are given in Exam-
ples 3.8-3.12. Finally, an LC’ég)—decomposition of Léi; is given in Example 3.6, and

LC§3)—decompositions of Kéggs and of K§33)3 are given in Examples 3.4 and 3.5,
respectively. O

Next, we give a lemma on maximum LC’éS)-packings of 2Kl(,?’) for v € [6,17].

Lemma 2.4. If v € [6,17], then there exists a maximum LC’éS)-packing of 2P
where the leave has two or fewer edges.

Proof. Let V(2K1(,3)) = Z,. If v € [9,11], there exists an LC’ég)—decomposition

of K{¥ and hence of 2K%. Next, if v € [6,8] U [15,17], let A; be a maximum
LC§3)—packing of K5 where the leave has edge set {{O, 1,2},{2,3, 4}} (which exists
by Examples 3.13-3.15 and Examples 3.19-3.21) and let Ay be another maximum
LC;S)—packing of K§® where the leave has edge set {{4,5,0},{0,1,2}}. Then A;UA5U
{H[0,1,2,3,4,5]} is a maximum LC§3)-paCking of 2K §*) where {0,1,2} is the only edge
in the leave. Finally, if v € [12, 14], let A1 be a maximum packing of K1()3) where {0, 1,2}
is the only edge in the leave (which exists by Examples 3.16-3.18) and let A be a maxi-
mum LC§3)-paCking of KT(,“?’) where {2, 3,4} is the only edge in the leave. Then AjUAs is
a maximum LC§3)—packing of 2K®) where the leave has edge set {{O, 1,2},{2,3, 4}}

O

Now we extend our results to maximum LC§3)—paCkings of 2K£3) in general.

Theorem 2.5. If v > 6, then there exists a maximum LC§3)—packing of 2K7S3) where
the leave has two or fewer edges.

Proof. It v =0, 1, or 2 (mod 9), then the result follows from Theorem 2.2, which
translates to a maximum LC’éS)—packing with an empty leave. If v € [6, 8], a maximum

LC’?(,S)—packing of 2K53) with a one edge leave is given in Lemma 2.4. Hence, we need
only consider when v = r (mod 9),r > 3,v > 12. Let v = 92 + r where x > 1 and
r € [3,8]. By Lemma 2.1 it suffices to find

(i) a maximum LC’?(’S)-packing of 2Kéi’_)r with a leave consisting of two or fewer edges

and
(i) LCSY-decompositions of QKS?_;_)T \ 2K, QKSQ)-,Q' U QLgi)), and ZKS’&Q.

But since LC§3) decomposes Kéi)r \ KT(S), Kﬁ?g)’g U Lg?g, and Kéi;ﬁ (see argument in

proof of Theorem 2.3), LC’?E?’) decomposes the 2-fold versions of these hypergraphs.

Maximum LC?EB)—packings (with leaves of two or fewer edges) of 2Kéi)r, for r € [3,8],
are given in Lemma 2.4. The result now follows. O
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Next, we give a lemma on LC’és)—decompositions of 3K753) for v € [6,17].
Lemma 2.6. Ifv € [6,17], then there exists an LC’ég)-decomposition of 3K1()3).
Proof. Let V(3K1(,3)) = Z,. If v € ]9, 11], there exists an LC?()g)—decomposition of K%Y
and hence of 3K . Next, if v € [6,8] U [15,17], let A; be a maximum packing of K
where the leave has edge set {{2, 3,4}, {4,5, O}} (which exists by Examples 3.13-3.15

and Examples 3.19-3.21) and let Ay be a maximum LC§3)—paCking of 2K53) where
{0,1,2} is the only edge in the leave (which exists by Lemma 2.4). Then Ay U Ay U
{H[O, 1,2,3,4, 5]} is an LC?()B)—decomposition of 3K,(,3). Finally, if v € [12,14], let A,
be a maximum packing of K1(,3) where {4,5,0} is the only edge in the leave (which
exists by Examples 3.16-3.18) and let Ay be a maximum LC§3)—packing of 2K,53)
where the leave has edge set {{0,1,2},{2,3,4}} (which exists by Lemma 2.4). Then

AL UAU {H[O7 1,2,3,4, 5]} is an LC§3)—decompOSiti0n of 3K1(,3). O

It is simple to see that if there is an LC§3)—de00mposition of AK,EP’), then we must
have v ¢ [3,5] and either A = 0 (mod 3) or v = 0,1,2 (mod 9). Thus, in light of
Theorem 2.2 and Lemmas 2.1 and 2.6 and because 3K,(,3) decomposes 3kK§3) for all
positive integers k, we have the following obvious corollary.

Corollary 2.7. Let A and v ¢ [3,5] be positive integers. There exists an
LC’?(,S)-decomposition of K5 if and only if A =0 (mod 3) orv=0, 1, or 2 (mod 9).

Finally we give our general main result.

Theorem 2.8. If \ and v ¢ [3,5] are positive integers, then there exists a mazimum
LC§3) -packing of )‘Kl(,g) where the leave has two or fewer edges.

Proof. It A € {1, 2}, the result follows from Theorems 2.3 and 2.5. If A =0 (mod 3),
the result follows from Corollary 2.7. Suppose A > 4 and let A = 3b+ r for integers
b>1andr € {1,2}. We can view ’\K753) as the edge disjoint union of Sngg) and ’“Kg?’).
An LC§3)—decomposition of 3bK£3) exists by Corollary 2.7 and a maximum

LC§3)-packing of ’"Ki(,‘g) where the leave has two or fewer edges follows from The-
orems 2.3 and 2.5. Thus the result follows. O

3. SMALL EXAMPLES

Example 3.1. Let
V(Kég)) = Z7 U {001, 000}
and let
B ={H[0,1,2,4,6,3], H[001,0,1,002,2,4], H[0, 1,3, 002,6,4], H[001,0,3, 1, 002,2] }.

Then an LC?(,g)—decomposition of Kég) consists of the LC§3)—blocks in B under the
action of the map oo; +— o0; and j — j + 1 (mod 7).
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Example 3.2. Let

V(KR =210
and let

B={H0,2,1,3,4,9], H[0,7,1,2,4,5], H[0,4,2,5,7,6], H[0,6,2,4,7,3] }.

Then an LC?(,B)—decomposition of K S) consists of the LC:gS)—blocks in B under the
action of the map j — j+ 1 (mod 10).
Example 3.3. Let

v(KR) =zn
and let

B ={HJ[0,8,2,6,9,1], H[0,8,1,4,7,2],H[1,0,5,3,8,9], H[0, 7,1, 10,5, 6],
HI0,3,1,8,10,9]}.
Then an LC§3)—decomposition of K ﬁ’) consists of the LC’éS)—blocks in B under the
action of the map j+— j+ 1 (mod 11).
Example 3.4. Let
V(Kég’?’) = Zﬁ U {001, 002}
with the vertex partition {{ool, 002},{0,2,4}, {1, 3, 5}} and let
B = {H[Oohoa 17002»2>5]aH[53 002707 13 0017275]}'

Then an LC?(,g)—decomposition of Ké‘?’g’g consists of the LC?()S)—blocks in B under the
action of the map oo; +— o0; and j — j + 2 (mod 6).
Example 3.5. Let

V(KS),) =7
with vertex partition {{0,3,6},{1,4,7},{2,5,8}} and let

B ={HI[7,3,2,1,0,5]}.

Then an LC?ES)—decomposition of K§?§,3 consists of the LC;S)—block in B under the
action of the map j — j+1 (mod 9).
Example 3.6. Let

v(Lg?g) = Zis
with vertex partition {{0, 2,...,16},{1,3,..., 17}}, and let

B ={H[0,16,1,4,15,2], H[14,0,1,11,16,9], H[4,0,9,1,14,3], H[9,0,1,6,17,2],
HI[0,5,1,12,15,14], H[0,1, 2,5, 3,15], H[0,1,15,10,4, 13], H[1,5,12,7,0,13],
HI[0,1,12,3,9,16], H[10,2,17,8,1,0], H[1,0,8,2,17,4], H[1,0,7,12,6,16] }.
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Then an LC§3)—decomposition of Lg‘j’g consists of the LC’ég)—blocks in B under the
action of the map j — j+ 1 (mod 18).

Example 3.7. Let
V(Lg’é U ng)p) = Z1s U {oo}
with vertex partition {{oo}, {0,2,...,16},{1,3,..., 17}}, and let
B = {H[0,16,1,4,15,2], H[14,0,1,11,16,9], H[4,0,9,1,14,3], H[9,0,1,6, 17, 2],
H[0,5,1,12,15,14], H[0,1,2, 00,3, 15], H[0, 1, 15, 10,4, 13], H[1,5,12,7,0, 13],
H[0,00,3,12,9,16], H[14,7,17,8,1,00], H[1,50,8,2,17,4], H[1,0,7,12,6,16]},

[

[

[0,

{H[0,00,9,10,1,3], H[1,00,10,11,2,4], H[2, 00, 11,12, 3, 5],
[3,00,12,13,4,6], H[4, 00, 13, 14,5, 7], H[5, 00, 14, 15,6, 8],
[6,00,15,16,7,9], H[7, 00, 16,17,8,10], H[8, 00, 17,0,9, 11],
[10,0,1,2,9,3], H[11,1,2,3,10,4], H[12,2,3,4,11, 5],
[13,3,4,5,12,6], H[14,4,5,6,13,7], H[15,5,6,7, 14, 8],
[16,6,7,8,15,9], H[17,7,8,9,16,10], H[0,8,9, 10,17, 11],
[12,9,10,11,0,1], H[13,10,11,12,1,2], H[14,11,12,13,2, 3],
[15,12,13,14,3,4], H[16,13,14, 15, 4,5], H[17, 14,15, 16,5, 6],
HI[0,15,16,17,6,7], H[1,16,17,0,7,8], H[2,17,0,1,8,9] }.

TR RN E

Then an LC decomposmon of Lg(fg UK, (3 )9 consists of the LC’§3)—blocks in B under
the action of the map oo — oo and j — j + 1 (mod 18), along with the LC’;S)-blocks
in B’.
Example 3.8. Let
V( (3) \KiS)) :ZQU{OO1700230037OO4}
with oco1,...,004 being the vertices in the hole and let
B = {H 01, 07 02, 1) 47 8]) H[OO27 07 03, 17 47 8]7 H[Oo?n 07 X4, 17 47 8}7
H 04, 07 01, ]-7 478]7 H[Oolaov 03, ]-7 27 3]7H[002707 04, ]-7 27 3}7
H[0 001737002567003}71{[07 17478735 004]7H[0a274763 178]}a

H[7,2,1,5,4,8],H[8,3,2,6,5,0],H[0,7,1,8,2,3], H[3,1,4,2,5, 6],

[
[
[0,
={H[0,2,8,5,3,6],H[1,3,0,6,4,7], H[2,4,1,7,5,8], H[5,2,3,6,4, 7],
[
[
H[6,4,7,5,8,0]}.

}

H|[8,5,6,0,7,1], H[6,2,8,4,1,3], H[7,3,0,5,2,4], H[6,1,0,4,3,7],
}
}

Then an LC’ % -decomposition of K(3) \Kf) consists of the LC§3)—b10cks in B under

the action of the map oo; — oo; and j +— j + 1 (mod 9) along with the LC§3)—blocks
in B’
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Example 3.9. Let
V(Kﬁ) \Kég)) = Zg U {001, 002,003,004, 005 }
with co1,...,005 being the vertices in the hole and let

002707 3, 17 276]7H[Oo3707 X4, 17 27 6}7

B = {H][o01,0,002,1,2,6], H|
H[oos,0,001,1,2,6], H[ooq,0, 003, 1, 3, 6],
H|
H

]
X4, 07 X5, 1) 276]7
]
]

Sase

0025070047 15376

[

[

[ 003, 0,005, 1, 3,6], H[0oy, 0,001, 1, 3, 6],
H[oos,0,009,1,3,6],

[

[

[

0,2,4,6,1,8],H[1,0,4,5,2,6]},

)

= {H[0,2,8,5,3,6],H[1,3,0,6,4,7], H[2,4,1,7,5,8], H[5,2,3,6,4, 7],
H8 53670777 1}7H[6)278747133]7H[7737035)274]3H[0? 7)1787273}7
H[3,1,4,2,5,6], H[6,4,7,5,8,0] }.

Then an LC’3 R -decomposition of K \K 53) consists of the LC?()?’) blocks in B under

the action of the map oo; +— 00; and j 7 +1 (mod 9) along with the LC’é -blocks
in B’

Example 3.10. Let
V(EO\KP) =z
15 \ 6 9 U {0017002,003,0047005,006}
with co1,...,006 being the vertices in the hole and let

B = {H 001, 0, 009, 1, 003, 2], H[003, 0, 004, 1, 005, 2], H[005, 0, 006, 1, 001, 2],
002, 0, 004, 1,006, 2], H[c01, 0,4, 009, 3, 6], H[002, 0,4, 003, 3, 6],
003, 0,4, 004, 3, 6], H[004, 0,4, 005, 3, 6], H[o0s, 0,4, 00g, 3, 6],
006, 0,4, 001, 3,6], H[0, 2, 001, 1, 004, 7], H[0, 2, 002, 1, 005, 7],

7], H[0,2,4,6,1,8], H[1,0,4,5,2,6]},

B = {Ho 2,8,5,3,6], H[1,3,0,6,4,7], H[2,4,1,7,5,8], H[5,2,3,6,4,7],

O 27 03, 1a X6,

)

Then an LC’ % -decomposition of K \K6 consists of the LC:E) ) -blocks in B under

the action of the map oco; — 00; and j— 741 (mod 9) along with the LC'?S -blocks
in B’

Example 3.11. Let
V(EOD\KP) =z
16 \ K7 9 U {001, 002, 003, 004, 005, 006, 007 }

with co1,...,007 being the vertices in the hole and let
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B = { 001,07002, 1700472]7}[[00270’00371700572]aH[OO3507OO4a 1500672]7
OO4,O,OO5,1,007,2],H[OO5,0,OO671,001,2],H[OOG,O7OO7,1,002,2],
0077070017]-700372}7H[001707170027377]7H[00270717003737 7]7

003;0717004;377]3H004707170057377]7H

[

[

[

[ [ [005707170067377}7
[006507 170075377]7H[OO7707 170017377]7H[0a 001,3,002,67003],
[ [
[

[

[

T TN REE

=

0, 004, 3, 005, 6, 006], H[0,1,4, 8,3, 007], H 0,2,4,6,1,8]},

= {H0,2,8,5,3,6], H[1,3,0,6,4,7), H[2,4,1,7,5,8], H[5,2,3,6,4, 7],
HI[8,5,6,0,7,1], H[6,2,8,4,1,3], H[7,3,0,5,2,4], H[6,1,0,4,3,7],
H[7,2,1,5,4,8], H[8,3,2,6,5,0], H[0,7,1,8,2,3], H[3,1,4,2,5,6],
H[6,4,7,5,8,0]}.

Then an LC’3 R -decomposition of K \K consists of the LC?ES)—blocks in B under
the action of the map oo; — o0, and j+— 741 (mod 9) along with the LC’éB)—blocks
in B’
Example 3.12. Let

V(Kfl;) \ Kég)) = ZQ U {001, 002, 03, X4, X5, X0¢, OO7, OOS}
with ocoq,..., 008 being the vertices in the hole and let

B = {H 001,07002,1,00472]71{[002,0, 003,1,005,2],H[003,O7OO4,1,00672],
004 0 OO5,]. oo, ]7H[oo5703006717008,2]aH[006707007a]-700172]7
]7H[ ] H[Ool707470027376]7

00770 008717002 008,0,001,1,003,

[

[

[ ;
[002,0,4, 003, 3, 6],
[005, 0,4, 00, 3, 6],
[ ]
[ 1]
[
8,
[

3

[003,() 4 004,3 6}
[006, 0,4, 007,3,6], H
[001,0,2,4,005, LH
[ 1, H

004707 274u oQs,

H[o004,0,4, 005, 3, 6],
[007,0,4, 008, 3, 6],
[
[

T TR EN

g 04001,36,

3, 07 27 47 o7,

002707 2a4a 06, 1}7

H
H
H
H 0,2,4,6,1,8],H[1,0,4,5,2,6]},

=

) b

= {HI0,2,8,5,3,6], H[1,3,0,6,4,7), H[2,4,1,7,5,8], H[5,2,3,6,4, 7],
H[8,5,6,0,7,1], H[6,2,8,4,1,3], H[7,3,0,5,2,4], H[0,7,1,8,2,3],
H[3,1,4,2,5,6], H[6,4,7,5,8,0]}.

Then an LC’ ? -decomposition of K(3) \K( ) consists of the LC( )_blocks in B under

the action of the map oo; — oo0; and j +— j + 1 (mod 9) along with the LC:g )_blocks
in B’
Example 3.13. Let
V(K =2
and let
B = {H[4,0, 1,5,3,2],H[5,1,2,0,4,3],H[4,5,0,3,2,1], H[5,0, 1,4, 3, 2],
H[0,1,2,5,4,3], H[1,2,3,0,5,4] }.
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Then B is a maximum LC’:.E?))—paCking of Ké?’), where the leave has edge set
{{O, 1,3}, {1,2,5}}. Note that by renaming the vertices in this packing, any two

hyperedges in Ké?’) that intersect in a single vertex can be made into the edge set of

the leave of a maximum LC§3)—paCking of Kég).

Example 3.14. Let
V(K =2

and let

B ={H[0,1,2,4,6,3]},
B’ ={H[3,0,1,4,2,5], H[6,3,4,0,5,1], H[1,6,2,0,3,4], H[4,2,5,3,6,0]}.

Then a maximum LC§3)—paCking of Kf’), where the leave has edge set
{{0, 1,5}, {0, 2, 6}}, consists of the LC§3)—blocks in B under the action of the map
j—j7+1 (mod 7) along with the LC§3)—blocks in B’ Again, we note that by renaming

the vertices in this packing, any two hyperedges in K§3) that intersect in a single

vertex can be made into the leave edge set of a maximum LC’?E?’)—packing of K §3).

Example 3.15. Let
V(K§3>) = Zq
and let

B={H[6,0,7,2,3,1], H[0,2,6,7,4,1]},
B’ ={H|[3,0,1,4,2,5],H[6,3,4,7,5,0]}.

Then a maximum LC’?EB)—packing of Kég), where the leave has edge set
{{1,6,7},{0,2,7}}, consists of the LC’§3)—blocks in B under the action of the map
j— j+1 (mod 8) along with the LCg(,S)—blocks in B’ Again, we note that by renaming

the vertices in this packing, any two hyperedges in K§3) that intersect in a single

vertex can be made into the leave edge set of a maximum LC§3)-packing of K ég).

Example 3.16. Let
V(K{?) = Z11 U {oo}
and let
B ={H[0,00,1,3,2,4], H[0,0,2,8,5,10], H[0, 0, 3,7, 4, 8], H[0,00,4,9,5,2],
HJ0,00,5,10,9,6], H[0,6,2,9,4,3]},
B'={H|[3,0,1,4,2,5],H[6,3,4,7,5,8], H[9,6,7,10,8,0], H[1,10,2,0,3,4],
H[4,2,5,3,6,7], H[8,6,9,1,10,0], H[9,7,10,2,0,1] }.

[
[
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Then a maximum LC’§3)—packing of K S), where the leave is the single edge {5, 7, 8},
consists of the LCéS)—blocks in B under the action of the map co — oo and j— j+1
(mod 11) along with the LC§3)-blocks in B’. Note that by renaming the vertices in this
packing, any edge in K S) can be made into the leave of a maximum LC§3) -packing

(3)
of K{5.
Example 3.17. Let

V(KR =2

and let

B = {H[0,3,9,12,1,11], H[0,4,8,12,1,10], H[12,4,9,0,1,7), H[12,5,8,0, 1, 6],
HI[7,10,4,11,0,1], H[6,10,5,2,0,1], H[4,2,3,5,1,0]},

B'={H[3,0,1,4,2,5], H[6,3,4,7,5,8], H[9,6,7,10,8,11], H[12,9,10,0,11,1] }.

Then a maximum LC§3)—packing of K g), where the leave is the single edge {{O, 2, 12}},
consists of the LC§3)—blocks in B under the action of the map j — j + 1 (mod 13)
along with the LC§3)—blocks in B’ Again, we note that by renaming the vertices in this
packing, any edge in Kg)

can be made into the leave of a maximum LC?()B)—packing
(3)
of K75

Example 3.18. Let
V(Kﬁ)) =71
and let

B = {H[13,0,8,3,5,12], H[0,10,1,3,5,12], H[0,8,2, 3,4, 13, H[0, 1,11,5,6, 3],
HI[0,3,8,2,9,4], H[0,2,9,13,7,3], H[0,3,10,5,8,4]H[0,4,1,7,12,8]},

B’ :{H[3,0, 1,4,2,5],H[6,3,4,7,5,8],H[9,6,7,10,8,11], H[12,9,10, 13,11, 0],
H[1,13,2,0,3,4],H[4,2,5,3,6,7],H][7,5,8,6,9,10], H[11,9,12,1,13, 0],
H[12,10,13,2,0, 1]}

Then a maximum LC§3)—packing of Kl(i), where the leave is the single edge {8, 10,11},
consists of the LC§3)—blocks in B under the action of the map j — j + 1 (mod 14)
along with the LC§3)—blocks in B’ Again, we note that by renaming the vertices in this
packing, any edge in Kﬁ)

can be made into the leave of a maximum LC?()B)—packing
3)
of K3y

Example 3.19. Let
V(Kg)) = Z13 U {001, 002}
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and let
B = {H][oo1,0009,1,2,3], H[0, 501, 2009, 4, 8], H[0, 501, 3009, 6, 12,
H[07 001740027 87 3]7 H[Ov 1, 50027 107 7]3 H[Ov O01760027 127 11]7
H[0,9,11,8,4,10], H[0,5,2,4,8,6], H[0, 10,2, 4,11, 6],
H[Ov 1a473,87 7LH[0; 1, 10,97 57 6}}7
B' = {H[3,0,1,4,2,5], H[6,3,4,7,5,8], H[9,6,7,10,8,11], H[12,9,10,0,11,1],
H[1,12,2,0,3,4], H[4,2,5,3,6,7], H[7,5,8,6,9,10], H[10,8,11,9,12,0] }.

Then a maximum LC’:g?’)—packing of K {g), where the leave has edge set
{{0, 2,14}, {2,4, 5}}, consists of the LC§3)—blocks in B under the action of the map
00; — 00; and j — j+ 1 (mod 13) along with the LC§3)—blocks in B. Again, we
note that by renaming the vertices in this packing, any two hyperedges in K g) that
intersect in a single vertex can be made into the edge set the leave of a maximum
LC’?()B)—packing of Kig).

Example 3.20. Let
V(KR =2
and let

B = {H][1,0,13,10,6,4], H[0,5,10,6,11,4], H[1,14,9,3,7,13],
H[0,11,1,12,3,10], H[0,10,2,14,7,6], H[13,5,12,0,4, 7],
H[0,3,8,15,7,14], H[15,5,14,8,6,2], H[0,13,3,8,1,6],
H[1,0,4,8,3,7), H[0,14,12,10,11,13]},

[
[
[
[
B’ ={H|[3,0,1,4,2,5],H[6,3,4,7,5,8], H[9,6,7,10,8,11],
H[12,9,10,13,11,14], H[15,12,13,0, 14, 1], H[1,15,2,0,3, 4],
HI[4,2,5,3,6,7], H[7,5,8,6,9,10], H[10,8,11,9, 12, 13)],
HI[13,11,14,12,15,0]}.

Then a maximum LC§3)—packing of K {2), where the leave has edge set
{{0,1,14},{0,2,15}}, consists of the LC§3)—blocks in B under the action of the
map j +— j+ 1 (mod 16) along with the LC§3)—blocks in B’ Again, we note that by
renaming the vertices in this packing, any two hyperedges in K fz) that intersect in

a single vertex can be made into the edge set of the leave of a maximum LC’§3)—packing
of K. S).
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Example 3.21. Let

and let

B

{H0,15,1,16,13,3], H[0,14,1,13,5,11], H[2,13,0,4, 11, 16],
H[11,16,1,13,0,3], H[0,12,1,11,5,10], H[0, 11, 1, 16, 10, 3],
HI[0,10,1,16,9,4], H[14,6,0,9,1,10], H[0,8,1,6,15, 7],
H[15,5,1,7,0,6], H[0,6,1,4,15,5], H[0,15,4,8,5,1],
HI0,15,3,5,4,2]},

B' ={H

H

3,0,1,4,2,5], H[6,3,4,7,5,8], H[9,6,7, 10,8, 11],

[12,9,10,13,11,14], H[15,12, 13,16, 14,0]}.

Then a maximum LC?ES)-packing of K g), where the leave has edge set

{{1, 15,16}, {0, 2, 16}}, consists of the LC’ég)—blocks in B under the action of the

map j +— j+ 1 (mod 17) along with the LC’éS)—blocks in B’. Again, we note that by

renaming the vertices in this packing, any two hyperedges in K f‘;) that intersect in

a single vertex can be made into the edge set of the leave of a maximum LO?ES)—packing
(3)

of Ki7.
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