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ABSTRACT

Systems of initial equations of the nonstationary problem of heat conductivity and the quasistatic
problem of thermoelasticity for an inhomogeneous orthotropic cylindrical shell under its ther-
mal heating by the external environment are recorded. Using double finite integral Fourier
transforms in spatial coordinates and the Laplace transform over time, we obtained general
solutions to the formulated thermoelasticity problems for a given finite hinged supported at
the shell edges.

Keywords: thermal conductivity, thermoelasticity, cylindrical orthotropic shell, thermal heating

1. Introduction

Inhomogeneous cylindrical shells (in particular, those of layered structures) are widely
used in many fields of modern technology (including aerospace construction) to in-
crease the strength and rigidity of structures as well as protect them from low- or
high-temperature heat. Therefore, the calculation of the thermal stress state of such
structures is an important engineering task.

The elements of constructions of a layered structure have been considered in
many works; particularly, in Reddy (2004) and Hetnarski (2014). Refined models that
take the characteristics of composite materials into account (high anisotropy in the
transverse direction in particular) were developed in Punera et al. (2018). Using
the equation of interconnected thermoelasticity, the influence of the coefficient of co-
hesion on the dynamic behavior of composite shells was analyzed (Brischetto, Carrera
2010). The purpose of this section is to write down the systems of the initial equations of
the nonstationary heat conductivity problem and the quasi-static thermoelasticity prob-
lem for inhomogeneous orthotropic cylindrical shells and to develop a method for con-
structing their general solutions under thermal heating by the external environment.

2. Formulation of problem and system of initial equations

Consider an inhomogeneous orthotropic circular cylindrical shell with a thickness
of 2h and a finite length of /. The points of space of the shell are assigned to cylindrical
coordinate system x, 0, z (which denotes the axial, circular, and radial coordinates, re-
spectively). The origin is in the middle surface of the radius R shell. In the future, these
coordinates will correspond to indices 1, 2, 3.

The shell is affected by external forces, and it can be heated by internal heat sourc-
es and the external environment. To study the thermoelastic behavior of such a shell,
we use a mathematical model with six degrees of freedom. This model is based on
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assumptions about the linear distribution of displacement vector U;(x, 6, z, T) (i = 1, 2, 3)
and temperature ¢(x, 6, z, T) over the thickness of the shell.

l]i(x,e,Z,T)=ui (xaeaﬁc)-i_z'Yi (x,e,T) (1)
t(x,8,z,1)=T; (x,G,r)+%T2 (x,8,7) 2)

Here, u; are the components of the displacement vector of the points of the mid-
dle surface, y; are the components of the vector of normal rotation angles, and 7,, are
integral characteristics of temperature:

m-1
i [tz dz (n=1,2) 3)
—h

T, =

In the general case, this model of thermoelasticity of the considered shell consists
of interconnected systems of equations of heat conductivity and thermoelasticity. If we
neglect the effect of deformation on the change in the temperature field, these systems
will be independent. Consider these systems in stages.

3. System of equations of nonstationary heat conductivity
for inhomogeneous anisotropic shells

Let a thin shell of a constant thickness of 24 exchange heat with the environment ac-
cording to Newton’s law (or be heated by internal heat sources). The shell material is
inhomogeneous in thickness and anisotropic (with one plane of heat symmetry).
Its orthotropy axes coincide with the coordinate axes. The temperature field #(a, B, z, 1)
in such a shell is described by a three-dimensional heat-conduction equation, which
takes the following form in a curvilinear orthogonal coordinate system o, 3, z accord-
ing to the accuracy of the theory of thin shells:

Al‘+i 7\33(Z)ﬁ +2k07»33(z)ﬁ—ce(z)ﬁ+wt=0 (4)
oz oz oz ot

where:
w, — density of heat sources,
c.(z) — specific heat capacity,
Ajj(z) — coefficients of heat conductivity,
T — time,
A, B — corresponding Lamé coefficients,
ky — average curvature of shell, a dimensionless quantity.
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2
Here A=1413|: 11( )— (— a ] 22( ) B( a J 12(2) a }—the La-

A 0. B 0B 0B

place operator in a curvilinear orthogonal coordinate system o, B, z.

To make the solution of Equation (1) unambiguous, we use initial condition
t| =0 = to(0,, B). Here, ty(cx, B) is a function that describes the initial temperature distri-
bution in the shell. As boundary conditions, we use one of the £ = ¢, A5 (0t/92) = ¥q*,
A33(3t/0z) + o2 (t —t ;—r) =0 conditions on the z = +/ surfaces of the shell. Here, o are
the coefficients of the heat transfer from the z = +4 surfaces, and ti, qi, tJ;r are the
temperature, heat flux, and temperature of the environment, respectively, that are set
on these surfaces. If the shell is not closed, then similar conditions must be set at its
edges. To formulate a two-dimensional problem on the integral characteristics of tem-
perature, it is necessary to set the temperature distribution law over the shell thickness
with the further use of the method of averaging for the original Equation (4) according
to Formula (3).

For the cubic temperature distribution over the shell thickness for its integral

characteristics 7| and T, we obtain the following system of equations:

.5 .
AT + A(6)T2+_k;l)( AL -4Q) 2_C(1)T1_E(3C(2)—C(4))T2 a0

(5)
Sko (A2 _A@\ . __5 (A _A0)
A(Z)Tl +A(7)TZ +_h (A A ) 4h2 (A33 —A33 )TZ —

_c®7; _%(3@3) ~CN B+ =

Accordingly, the system of equations takes the following form for a linear temper-
ature distribution for its integral characteristics 77 and T5:

AT+ AT+ 2 AL - O, @7+ =

(6)

2 1 . .
ROUREOL +TkOA(3§)Tz —h—zAg?Tz ~C1; -cO% + WP = F
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Here

h n—1
{Al(jn) AW } - j [1i(2).A33(2).c. (z)}(%) dz,(n=1,2,...,5),
—h

A 9 0 (B o A9 Jd (A9 AR 9" 0? B
A +2A k=12 ..7 7
(k)= [ I 5o, (Aacx) 2 aB BE)B 12 a(xBB (k=12..7, ()

h i=1
AP - (3 AP _AD); A0 __(3 N P EA Y _9%
12 VAN Y h ot

where: F(a, B, 1), F> (0, B, 1), fi (o, B, ©), £ (0., B, T) are functions that depend on
boundary conditions on z = 4 surfaces of shell.

Note that Equations (5) that correspond to the cubic law of temperature distri-
bution are obtained under the condition that the boundary conditions on the z ==+
surfaces are satisfied and have the same order as in Equation (6). To determine the
integral A(") Agg), €™ characteristics of the thermophysical properties of an inhomo-
geneous materlal using Formula (7), it is necessary to specify the distribution law of
these properties over the thickness.

In a cylindrical x, 6, z coordinate system, the heat conduction Equations (6) take
the following form with respect to the integral characteristics of the temperature in the
absence of heat sources:

@)
A . .
(A0 -€1)7 +(A<z> +ﬁ—e§]Tz -c7; =-F,
(8)

(1)
A . .
(A(z) —s§>T1 +| A —%—ei T, —COT, = —F;

k) az A(ZZ) 82

Here A(k) a 2 Rz

(k 1, 2, 3) }71 —81t1+82t2+u/1,

Ff =ehtf +€i65 + WA.

To unambiguously solve the system of Equations (8), let us set the following
boundary conditions for the integral 77 and 7, characteristics at the x = 0 and x =/
edges of the shell:

T, =T =0 )
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as well as the initial conditions at the T = 0 moment of time:

(x,6.0)= 7 (x.0), T5(x.0,0)= 7¢(x.6) (10)

4. Technique for solving problem of heat conductivity

After applying the double finite integral Fourier transform in the x, 6 coordinates ac-
cording to the specified boundary conditions in Equation (9), the system of Equations (8)
will take the following form:

T dT;
Lo + 81 Timn+ &212mn = Flzmna —— + 83N mn + 84Tomn = FZZmn (11)

dTl dTl
Here, g = L)W + 1398 m* + Bi; g = {45, + L)% m* - 8+ Bir; 1, = mTh;
5= z C(LD12 + 1282 + B ) g0 = (2 + 1D + B +1)

! / 2

7 = AR T @:Q. 1) AZ(Z),B _eih”

PR T T @ T T

Z L4 - . Z t hz z .7 .,z t hz jod
Flmn = Blltlmn +Bth2mn + I/Vlmn W; FZmn = Bthlmn +Bllt2mn +I/V2mn W C.

A A33

The solution of the system of Equations (11) under the initial conditions in Equa-
tions (10) using the time 7 integral Laplace transform will be written as follows:

X
sin——cos mo

- {(Pj - 84) Q2" (1) + 2200um 28 (1) +

+ [(Pj —84 )Yi(:lm + 8 Tum :| exp(—p;jT )}>
(12)

n=7 Zl—pk{(l?, —gl)anmZé” (1)+3Q1mZ” (1) +

- [(pj ! )TZOnm +g3Tl(;1m:|eXP(—pj’C1)}
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Here

1, m=0

/
{Qinm,ngm}=%E[_]i{Qi,EO}(x,G)sin%xcosmedxdG,g={2, 0 (13)

81+8 (g1 -g4)° ) _fa
P =T+(—1)’ \/T+g2g3zi(]) - '([Fi(u)exp(—l’j(fl —u))du, (14)

(i j=1,2)

Taking Equations (13) and (14) into account, we obtain a general solution of
the heat conductivity problem by substituting the expressions in Formula (12) into the
linear law of temperature distribution over the entire thickness of the considered shell.
Note that, using the same technique for the system of Equations (5), we wrote down
the general solution of the heat conductivity problem for a given shell and in the case
of a cubic law of temperature distribution over its thickness.

5. System of equations of thermoelasticity

The kinematic relationships for the e; deformation components of an arbitrary point
of the shell are as follows:

€ +ZZ€22
€1 =€ t2z&q1, € =TT = €33,
1+§
) (15)
Ep t2z®1p + 270 €23 t2&03

e = > , €13 =€13 T Z&q3, €3 = 2
1+— 1+—
R R

Here, the components of the deformation of the ¢, ; middle surface in terms of

ij>
generalized displacements u;, y; are described by the following formulas:

1 1
€11 =01U1,€0 = E(% +0al ), €33 =Y3,€12 = Eazul +01uy,
1 1
£3=72 +§(azu3 —Uy ),€13 = Y] +01U3, O = Eaﬂz, ®11 =01Y1, (16)
1 1 1
Ly = E(% +02Y2), ®13 =01Y3, 12 =012 +§(32Y1 +01Uy ), ®)3 = Eaz“h
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The physical equations for the stresses and strains take the following form:

t
11 11 ‘12 a3 e P11
t
On | |2 2 o3 € P22 O13 | (C44 €13
= - t 5 = (17)
033 €13 3 (33 €33 333 G623 Cs5 Jl €3
O12 Co6 )\ €12

where:
¢;j(z) — coefficients of elasticity,

Bii(2) = c; 01 +cin0thy +ci3053 — coefficients of thermoelasticity,

ofi(z) - coefficients of thermal linear expansion.

The physical equations for internal efforts N; and moments M;; are obtained from
the following relationships:

h

V4
{N11,N12, Ni3 } = 1{011,012,013}( 1+§)d2,
h

h
{N22, N2, Noz } = j{022,012,023} dz,

“h
, (18)
VA
{My1, My, M3} = j {011,012,013}( 1+§)Zdz,
“h
h h i
M, My, Mo3 } = j 1622,012,023} zdz, N33 = j 033 ( 1+})d2
A —h
The equilibrium equations will be as follows:
1 1
J1 N1y +§32N21 =—q1, 91 N12 +§(32N22 + N3 )=,
1
J1N13 +§(32N23 ~Np)=-q,
(19)

1 1

1My +EazM21 — N3 =—my, 0| My, +532M22 —~ Ny =-my,
1

01 M3 +§(32M23 —My)— N33 =-m3
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Here, g;, m; are the components of the d; = d/dx and d, = 9/90 surface loads. Us-

ing the above relationships, we write down a system of equilibrium Equations (19) in

generalized displacements:

6
N Laye=b (rk=12,..,6) (20)
k

Here, y; = u; y34; = v; (i = 1, 2, 3)are generalized movements. Differential opera-

tors L, (L,; = Ly,)and members b, in system of Equations (20) take the following form:

2 Ase 2 Ap + Ase 2 A 2, Bss 2
Ly = A1911 +?azz, Ly = Talz, Liz= %91, Lyy = By191; +Fazz,

Lis=
L3 =
Log =
L3y =

1
Lsg =—kB44311+R (Bzz k355322>

By +Bgg 2 B 2 1 2 ’
—E 009, Lig= (AB +%J 91, Ly = Ags 011 +P(A22822 —kA_ss),

R
Ay, + KA B K4
ua [/24 312 * Be6 812, LQS B66811 +—82 =5 )
R? R R
Ay, By, +k'B KAss (11, 2
R R? R?

(312 k'Ayy J di, Lzs = (B;Z ‘Ass ]32,

A23

2  Deg~2 ) Dy +Dgs 2 D ,
Lyy=Dy191 +Fazz —k'Agy, Lys= Talz, Lyg = (%"'313 —k'Byy |91,

2 D 2 ’ 1 D
Lss = D011 + R—222922 —k'Ass, Lsg = R (323 k'Bss +—== Jaz,

2By, 1 . B|
Leg = A3+ T+R—(D22 szsazz) k'Dyyd1y, by = A110 Ty + %asz — 41

A5 B, Ay B
= 2 T+ P20, - g by= LR T+ P2 Ty + g,
b g 020t 502D 4> b3 R 4 2+ 43

Rh

t

B D,
by= BT+ 20—y b= P20, 1+ P2 5 1 4
4 119141 h 142 1, V5 R 241 Rh 242 — HE.
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h h
Here, {dy By Dy}= [ cy{lz 2" }az {4, By, Di}= [ B {122 }dz (k- shear
coefficient). ~h —h

For the solution of system of Equations (20) to be unambiguous, it is necessary to
set the appropriate boundary conditions. In the case of a cylindrical shell of a finite
length, one value from each of the following pairs are set at its and ends:

N s AN w §s ANz s 15 AMaL v AMas Y2 5 {Ms, 13 -

The system of Equations (20) together with the boundary conditions form the
boundary value problem of quasi-static thermoelasticity for inhomogeneous anisotro-
pic cylindrical shells in displacements. According to the known displacements from the
relationships in Formula (16), we determine the deformations of the mean surface and
the forces and moments according to the equations is:

Nyy Ay Ap Az By Bp 1y Ay Bjy
Ny | |4y An Ay By By ||(Quw+u)/R| | A By
Ny |=| Az Ayn A3 Bz By 3 —| 45 |Ti—| B3 | L2/,
My | |Bu Bo Bz Dy Dp M B, Dl
My ) By Bn Bys Dip Dy )| (92v2+73)/R B D,
%) 2

(21)
Nip _ Ase  Bee \( 0142 +02ui /R (N3 v Ays Buag (110113
M, Bss  Dgs )\ 0172 +0211/R | My3 By Dy R )

N3 \_ (A Bss (v +(92uz ~uz)/R
My, Bss  Dss d213/R
According to the obtained forces and moments, Formulas (15) and (17), we write
down the temperature stresses and strains in the cylindrical shell.

6. Methods for solving thermoelasticity problem

Consider a cylindrical shell that is antisymmetric relative to the middle surface and
composed of an even number of orthotropic layers with the same thickness and prop-
erties — the material axes of which are oriented at angles of 0° or 90° to the axis of the
shell. Let the x = 0 and x = [ edges of the shells be hinged, and a temperature of 0°C is
set on them.
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Then, we would have the following boundary conditions:

uz=uy=0; y3=72=0; Nyy= My =0 (22)

Ti=T,=0 (23)

At the initial moment, the temperature characteristics are set by the coordinate
functions:

Ti (x,6,0)= T, (x,6), T5(x,0,0) = Ty (x,6) (24)

The solution of the system of equilibrium Equations (20) that satisfies the bound-
ary conditions in (22) for the known integral characteristics of temperatures 77 and 7,
is obtained by means of finite integral Fourier transforms in the x, 6 coordinates.
As a result, we obtain a system of algebraic equations to determine the Fourier coeffi-
cients of the yy,,,, required functions. We write this system of equations in matrix form:

AY =ST,,,,, +GT,,, (25)

where: corresponding matrices will be A= (ay )¢ o» Y = (Vkmn ) S = (Sk Jopr G = (8k )t

Here, y;,, = Uyn, are the Fourier coefficients for displacements u;, and
Y3+imn = Uimn are the Fourier coefficients for displacements y; (i = 1, 2, 3). The coeffi-
cients of the a,, s, and g, matrices are calculated using finite integral Fourier trans-
forms in spatial coordinates to the expressions of the differential operators of the sys-
tem of Equations (20).

After the transformations, we obtain the solution of system of Equations (25) in
the following form'

Yimn = |2(srTlmn +ng2mn)Br ’ (k L2,. 6)

|4

Here, |A| is the determinant of matrix A, and is an algebraic addition to the ele-
ment a,, of this matrix. The generalized displacements are written by the following
expressions in terms of the corresponding Fourier coefficients:

{ula Yl} Z Z {Ulmnarlmn}cos_xcosme
n=0m=0

{ula YZ} 2 2 {UZmna 2 }Sm xsinme, (26)

n=1m=1

{u37 Y3} 2 2 {U3mna 3 }Sll’l xcosmb

n=1m=0

65



R. Musii, N. Melnyk, U. Zhydyk, M. Melnyk, O. Oryshchyn, K. Pytel

According to the known generalized displacements (26) and the temperature
field, all of the other characteristics of the stress and strain state of the shell are deter-
mined by Formulas (15)—(17) and (21).
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