Evolution of intergranular stresses in titanium studied using grazing incident X-ray diffraction and self-consistent model
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Abstract 
One of the important causes for the formation of residual stresses in polycrystalline materials is the anisotropy of the plastic deformation process. Different slip systems activity leads to different plastic deformations of polycrystalline grains. The resulting mismatch (incompatibility) between adjacent grains is a source of the second order incompatibility stresses. These stresses cannot be easily measured directly, but can be predicted by elastoplastic deformation models. In the present work, stresses in deformed titanium alloy are studied. The grazing incidence X-ray diffraction measurements carried out during an "in situ" tensile test and a novel method of interpreting the experimental data allowed us to determine the evolution of macroscopic stresses and second order stresses during elastic-plastic deformation. This work shows that second order stresses, related to microstructure of material, are generated during plastic deformation and remain in the material. It was shown that the distribution of second order stresses in the Euler space correlates with the distribution of the Schmid factor for the non-basal crystallographic systems, especially Pyramidal system 1 <c+a>. This confirms that these systems play a key role in generating intergranular stresses. Comparison of the experimental data with the predictions of the self-consistent model also allowed the determination  of the critical resolved shear stresses for slip systems activated during plastic deformation.

1. Introduction
During many technological processes, as well as during the operation of machines and devices, various states of stress occur, which can significantly affect material properties. These stresses can favourably or unfavourably affect fatigue, fracture and wear on the life of material [1–4]. For this reason, in addition to knowing how to influence the magnitude and type of stresses, it is also crucial to have appropriate methods for measuring them. There are a number of methods for determining stresses, including non-destructive, destructive or semi-destructive methods. While non-destructive methods do not change the functionality of the tested components or mechanical strength, semi-destructive methods cause some damage to the component without degrading its functionality. For this reason, non-destructive methods are the most popular, and one of the most important is a method based on X-ray diffraction. On the basis of diffraction studies, the size of the area in which stresses of a given type are balanced and their effect on the diffraction pattern are used as criteria for division. Thus, a distinction is made between first order stresses called macro-stresses and second order stresses called micro stresses [1,5–8]. First order stresses are a constant component in the large part of the sample being tested or in the entire sample under external load. They cause the diffraction lines to shift in the appropriate direction, and on this basis they can be determined. First order internal stresses arise during mechanical processing, non-uniform heating and cooling (such as during welding), casting and solidification or assembly of structural components. They occur, for example, in specimens after rolling; they generally cause to arise normal components of macro-stresses in the rolling direction and in the transverse direction (these directions are consistent with the symmetry axes of the specimen) [1,9]. During plastic deformation, thermal processes as well as phase transformation intrinsic stresses of the second order occur. These stresses vary from grain to grain due to grain mismatches caused by differences in thermal or phase transformation-induced expansion/contraction, or by plastic deformation of individual grains. Usually the second order stresses are defined as the deviations from the macro-stress values (first order stresses) for particular grains [7,8,10]. Therefore, their average over a large volume of the sample, containing a large number of polycrystalline grains, is equal to the first order stress determined for this volume (the average is zero when the volume of the entire unloaded sample is considered). The second order stresses describe the state of the sample at the microscopic scale strictly related to the microstructure and texture of the material. First and second order residual stresses, remaining in the material after different processing, are of great practical importance and offer the possibility to increase strength and reliability of equipment components, however, they can also be destructive, depending on their nature and magnitude.
The first and second order stresses play an important role in polycrystalline materials, which consist of a large number of grains having different orientations. Elastic deformation of each grain depend on its elastic constants, which are generally anisotropic and intergranular interaction between grains. The grain stresses can arise due to external loading of the material or its part, or they also can result from irreversible mismatches between grains. In the case of external loading of the sample or presence of macroscopic stress, the grain stresses  resulting from elastic responses (er) of grains to the external load, can be related to the macro-stress using linear elasticity, i.e.:
	                            
	(1)


where  is the stress concentration tensor and the summing over repeated indices is applied. The stress concentration tensor, , is calculated for each grain embedded in polycrystalline material using different models [8,11–13]. In general, the  tensor depends on the internal structure of the sample such as the grain shape, elastic anisotropy of grain and of the sample, elastic coupling between grains and the presence of different phases.
It should be emphasized that the grain stresses  , including second order and first order components, are linearly related to the macro-stresses . Therefore for known concentration tensor  (e.g. from calculations), the experimental methods are focused on determination of   tensor only [1,9,14,15].

In a real material after mechanical processing, thermal treatment or phase transformation, the situation is more complex, because the grain stresses depend not only on the first order ones   and there are other causes for the generation of second order stresses than the elastic response described by Eq. 1.  One of them is the anisotropy of thermal expansion coefficient or its difference between phases. This effect is responsible for generating stresses of thermal origin caused by differences in the volume and/or shape of the grains, leading to mismatches (incompatibilities) between them. Similar incompatibilities and corresponding stresses can arise due to phase transformation. Another important reason of residual stress appearance is the anisotropy of plastic deformation. It is known that basic mechanisms of plasticity is the slip on crystallographic planes and twinning phenomenon. This leads to different plastic deformations for different grains having different lattice orientation, in which different slip or twinning systems are activated. The misfit (incompatibility) of plastic deformations between neighbouring grains is the source of additional second order stresses in material. They are known as plastic incompatibility (pi) stresses. It should be emphasized that the second order stresses defied for grain  caused by thermal effect (), phase transformation  and plastic incompatibilities  remain in a material even if the external forces are removed, i.e., when . Finally, using Eq. 1, and taking into account second order stresses having different origins, the total grain stress  can be written as:
	         .
	(2)


The stresses in polycrystalline material can be determined using diffraction (X-ray, synchrotron or neutron) techniques. The occurrence of stresses in the material leads to systematic changes in interplanar distances within grains, which can be measured by diffraction methods (X-ray, synchrotron or neutron techniques, e.g. [1,9,15–17]). The lattice strain  determined in the direction of the scattering vector being perpendicular to diffracting planes  is equal to: 
                   (3)
where angles  define orientation of the scattering vector with respect to the sample (cf. Fig. 1),  are the diffraction elastic constants depending on concentration tensor  and calculated for given  reflection, using appropriate model of grain interaction [1,8,9,15],  is the mean interplanar spacings for planes  measured in the direction of scattering vector,  is the strain-free interplanar spacing for these planes and the strain  reflects the influence of  ,  and  stresses on the measured lattice strain. It should be also emphasized that the mean value defined denoted by  is defined for these grains which fulfil diffraction condition, taking into account crystallographic texture. In this work, three indices hkl are generally used to denote the type of reflection (this is valid for any structure), while due to the hexagonal structure of the studied material, four indices are used to determine the crystallographic planes (in accordance with the Miller-Bravais convention, i.e. {hkil}).
[image: ]
Fig. 1. Geometry of strain measurement using in situ X-ray diffraction with definition of   angles with respect to rolled sample (RD – rolling direction, TD – transverse direction and ND – normal direction). The macroscopic stress applied during in situ tensile test along TD is shown. 

In the case of standard X-ray diffraction stress analysis, the measurements are performed for different values of angle and for constant angle  (Fig. 1). Then, such measurements are repeated for selected values of angle , depending on the tensor components to be determined. In analysis of experimental data only non-zero first order stresses  are determined using least square procedure (for textured sample) or simple linear regression (for random grains orientation and zero shear first order stresses) [1,8,9,15]. To find the first order stresses, the values of  are varied to match the lattice strains resulting from Eq. 3 (or interplanar spacing) with the experimental ones. Typically, in standard procedures the second term of Eq. 3, i.e.  is neglected, i.e. the corresponding second order stresses are not taken into account. A more advanced analysis also takes into account the second part of Eq. 3 and with the support of a Self-Consistent Elastic-Plastic (EPSC) model, it allows the determination of plastic incompatibility stresses  [7,8,18]. Particularly interesting is the X-ray method used in this work called Multireflection Grazing Incident X-ray Diffraction (MGIXD), which is intended to analyse stresses in the near-surface volume of the sample [19–23]. The idea of this method comes from the LIBAD method, previously proposed and tested for cubic crystallite structure [24,25]. The second order plastic incompatibility stresses were also determined applying the MGIXD method for cold rolled zircaloy [26] and magnesium alloy under tensile load [27]. The aim of present work is the stress analysis in Ti40 titanium alloy subjected to external uniaxial tensile load, using methodology which was successfully tested in the case of magnesium alloy AZ31 [27]. As a result, the evolution of first order stresses and plastic incompatibility stresses as a function of the applied load will be investigated. Moreover, the activation of various slip systems caused by the stresses concentrated in individual grains will be determined and correlated with the orientations of the grain lattice.

2. Methodology
The stresses occurring during tensile test and unloading of the studied sample were determined using in situ the Multireflection Grazing Incident X-ray Diffraction (MGIXD). This method is based on  uses an asymmetric diffraction geometry in which the scattering vector, lying in the diffraction plane, is inclined by an angle ψ with respect to the normal to the sample surface (cf. Fig. 2) [19–23]. 
	[image: ]

	Fig. 2. Geometry of the MGIXD method. The incident angle α is fixed during measurement, while the orientation of the scattering vector is characterised by the ψhkl angle determined by Eq. 3 for given reflection hkl.



The basic assumption of the MGIXD method is the constant incident angle  of the primary beam and the use of many different diffraction lines hkl corresponding to different scattering angles . The combination of angle  and  allows to determine the inclination angle  defined in Fig. 2:
                                                                                                         (4)
where:  are the diffraction angles corresponding to these reflections hkl for whitch the peaks are measured. A detailed description of the MGIXD technique can be found in [19,28]. 
The main advantage of this method is almost constant information depth (named “penetration depth”) for a fixed  value and for X-ray radiation with given energy. Moreover, the penetration depth can be changed by selection of the appropriate incidence angle  [19]. In the previous works the MGIXD method has been used to measure the stress gradient under sample surface and the results were compared with synchrotron radiation based methods in the work [19–23].
Similarly to the standard stress analysis, in the case of the MGIXD method, interplanar spacings  are determined for different orientations of the scatter vector, but the difference is that the measurement is made using different reflections hkl. Therefore, in order to establish the same reference value of the strain free parameter  for all measurements, further analysis is based on the values of equivalent lattice parameters   corresponding to , which for the hexagonal structure are equal to:
                (5)
where  is defined for strain free lattice. 
In the present work the MGIXD was used to determine both the first order stresses  as well as the second order plastic incompatibility stresses (cf. Eq. 2) arising during plastic deformation of the studied alloy. To do this, Eq. 3 was rewritten in the modified form, substituting  by  and assuming that thermal and phase transition stresses are not present () [8,27]:
        (6)
where the lattice stains caused by second order incompatibility stresses  are replaced by the corresponding values from the model, rescaled by the factor q, i.e. .        
It was assumed that the experimental lattice strain caused by plastic incompatibility stresses  are correctly predicted by the model, except of their magnitude. Hence, for the known parameter q, the plastic incompatibility stresses in the studied material can be estimated from the equation [8,27]:
                                                 =                                  (7)
where  are model predicted plastic incompatibility stresses.
The additional scaling factor q plays the role of a fitting parameter when, using the least squares procedure, the values of  calculated by Eq. 6 are adjusted to experimental ones. It should be noted that if the determined value of q is close to 1, the model correctly predicts the magnitude of the plastic mismatch stresses, if q < 1, the theoretical stresses obtained from the model are overestimated, while if q > 1, they are underestimated. The other adjusting parameters in Eq. 6 are the  first order stresses and strain free parameter . It should be emphasized that in the procedure used, the values of  are calculated from the measured interplanar spacings  using Eq. 5, which requires knowledge of the  parameter. This parameter  can be done using additional interaction procedure by Marciszko et al. [28]. 
The described above methodology for determination of the second order plastic incompatibility stresses for polycrystalline material having hexagonal structure was already successfully applied for magnesium alloy [27]. In that work, similarly as in the present study, the EPSC model was used to predict stresses and resulting lattice strains . It should be emphasized that to obtain a reasonable prediction of elastic-plastic deformation, the model parameters must first be found. To do this, the lattice strains for different reflections hkl in the direction normal to the sample were also measured in situ during tensile test. These measurements were performed for each load, prior to MGIXD measurements, using a symmetric θ-2θ diffraction geometry for selected reflections and fixed angles:   and  (cf. Fig. 1). From the so measured interplanar spacings the relative lattice strains  in the ND caused by applied loads  (Fig. 1) were determined from formula:
                                                                           (8)

where  and  are the measured interplanar spacings, measured in ND for the sample under applied load  and the non-loaded initial sample (), respectively. 
Experimentally determined lattice strains  as well as the measured macroscopic stress-strain macroscopic dependence are then compared with prediction of the EPSC model proposed by Lipiński and Berveiller [29] and developed for hexagonal structure in [17,27,30]. The calculations were done for 100 000 spherical grains with lattice orientations corresponding to the initial crystallographic texture. The single-crystal elastic constants used in this model are: C11 = C22 = 162.4 GPa, C33 = 180.7 GPa, C12 = 92 GPa, C13 = 69 GPa and C44 = 46.7 GPa [31]. Plastic deformation of a grain  occurs due to crystallographic slips if the Schmid law is fulfilled, i.e. the Resolved Shear Stress (RSS)  on the slips system s equals its critical value  (CRSS):
                                        	              (9)
where the Schmid factor  is defined for the slip system s in given grain , n = [n1, n2, n3] is the versor normal to the slip plane, and m = [m1, m2, m3] is the versor parallel to the slip direction.
All typical slip systems that are commonly observed in titanium [32] were taken into account in the calculations, i.e.: Prismatic  P , Basal  B  , Pyramidal <a> 
, Pyramidal 1<c+a> . To describe the evolution of hardening during nonlinear deformation, the Voce law was applied, in which the critical resolved shear stresses (CRSSs)  evolution on system  in grain  [33]:
	
	    
	(10)


where:  is the total shear strain on all active slip systems,  is the current value of initial critical resolved shear stress (CRSS) on slip system  in grain , while  are phenomenological hardening parameters for the given slip system  (equal for all grains) which must be found out from available experimental results and/or a model.
The initial values of the model parameters were taken from the literature [34,35]. Then, the parameters of Voce law were tailored to obtain optimal values for which the model predicted lattice strains  (cf. Eq. 8) and the micromechanical stress-strain dependence fits best to the experimentally determined ones.  

3. Material and experimental technique
 
3.1 Material

A 2 mm thick sheet of commercially pure titanium alloy Ti40 (grade 2) was used in the experimental study. The initial microstructure of the tested sample was examined by Electron Back Scatter Diffraction (EBSD) technique. EBSD analysis was performed using a Cambridge S360 scanning electron microscope (W-GUN) equipped with automatic TSL OIM Analysis v6.0. software (from TSL). For each sample, a orientation map with dimensions of 500 µm x 500 µm was measured with a step of 1µm. No cleaning procedure was applied to the maps. During the analysis, only one filtering procedure was used to exclude grains smaller than 3 points, i.e. two points clusters and single, isolated points were excluded. The orientation maps for the [001] direction obtained for the as-received material (RD x TD plane) is presented in Fig. 3. The determined EBSD map showed that the initial microstructure consisted of equiaxed, fully recrystallized grains with an average size (diameter) of  23.17 µm with a standard deviation of 8.3 µm. The analysis of misorientation profiles (volume fraction of twin boundaries) also showed that there are no twin microstructures in the initial material.

	[image: ]

	Fig. 3.   The orientation maps for the [001] direction of as-received Ti40 titanium alloy determined by EBSD method (RD x TD plane)
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                                                                              a)
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                                 b)                                                                       c)

	Fig. 4. Pole figures (a) and orientation distribution function (b) determined from EBSD measurements for the studied as-received Ti40 titanium alloy. The sections (1 = constant) through Euler space with a step of 5° along 1 axis are presented for the main part of Euler space:  and  The Euler angles are defined with respect to the directions of rolling: RD, TD and ND. Orientations of the hexagonal cell with respect to indicated tensile stress  are shown on section 1 = 0º (c).




Crystallographic textures, graphically shown using pole figures for the crystallographic planes , ,  and orientation distribution function (ODF), were determined from EBSD measurements (Fig. 4). The ODF was calculated as the superposition of Gaussian-shaped functions, defined for Euler space as in [36], located at the measured orientations. In Fig. 4 a, the ODF is presented using Bunge convention for definition of Euler angles: 1, Φ and 2 [37]. The main part of the Euler space is shown, reduced due to the hexagonal symmetry of the crystallites and the orthorhombic symmetry of the sample [37]. In Fig. 4 c the typical ideal orientations texture of rolled titanium are indicated. Analysing the experimental ODF, it was found that the crystallites have preferred orientations close to the ideal ones (cf. Fig. 4 b, c). For most crystallites, the normal to the  crystallographic plane is deviated from ND by an angle from about 20° (R2 orientation in Fig. 4 c) to almost 90° (T orientation in Fig. 4 c). This type of crystallographic texture is typical for rolled titanium, as confirmed by Wang [38].
In many previous works (e.g. [39,40]) it was found that when a rolled titanium sample is stretched in the transverse direction (TD), twin structures are formed. In the case of the studied material, EBSD measurements were performed before and after the tensile test. The volume fraction of   twins (called tensile twins) characterized by a misorientation of 84.780  around the   axis was determined. The analysis was performed based on the length of coherent twin boundaries, as proposed in [25]. It was found that a very small fraction of twins (less than 0.5%) was observed in the microstructure of the deformed sample. Therefore, the twinning phenomenon was not taken into account in further considerations and modelling.

3.2 Experimental

Using electrical discharge machining (EDM), a dog-bone shaped sample was cut from a 2 mm thick sheet and prepared for in situ X-ray measurements during in situ tensile test along TD (cf. Fig. 1). The sample was mechanically polished with silicon carbide paper down to grade 4000 and then electropolished in Struers solution A3. As a result of polishing, a layer about 30 µm thick was removed. A small tensile device with a maximum load of 5 kN manufactured by Deben UK Ltd (MT5000) was mounted on a Philips X'Pert Pro PANanalytical X-ray diffractometer. The tensile test was carried out in accordance with ASTM E8 specifications at room temperature at a strain rate of 10‒5 s‒1 up to maximum sample strain of 11%. The macroscopic mechanical behaviour of the sample, i.e. macroscopic stress-strain dependence was determined by the force sensor and extensometer.
All X-ray measurements were performed using Cu-K radiation and parallel beam geometry, with Göbel mirror in the incident optics and a parallel plate collimator (0.18º) in the diffracted beam optics. The MGIXD measurements were done for selected applied 12 loads during tensile test and sample unloading. For each load strengthening of the sample was stopped at constant sample strain and the X-ray measurements were performed after period of time necessary for macroscopic stress decrease (due to creep effect). For each load, before MGIXD measurements, also the lattice strains in ND direction (cf. Eq. 8) for different hkl reflections were measured. The measurements were performed for α = 17.50 , corresponding to the penetration depth τ = 3,1µm.


4. Results and analysis

4.1. [bookmark: _Hlk107863709] Determination of CRSS using model prediction

The macroscopic stress-strain plot obtained for performed tensile test is presented in Fig. 5 (black dots), where the true stress  versus true strain  is shown. The true stress  was determined as the ratio of the force applied (measured by load cell) to the current cross section and true strain  was calculated based on the engineering strain measured by extensometer. For the macroscopic true stress up to approximately  () linear elasticity is observed, based on which the Young modulus determined in the TD, i.e. the direction of applied load, is equal to 125 GPa (the same value of Young modulus was obtained for unloading of the sample). Then, in the range , a transition from elasticity to plasticity occurs. For higher sample strain (), the studied material deforms plastically and the stress-strain relationship is again almost linear. The macroscopic stress  measured by the diffraction method using the MGIXD is also shown in Fig. 5 using red dots. Comparing the true stress applied to the specimen  with the diffraction measured stress , a significant difference was found. While in the elastic range both values are approximately equal (), in the plastic range the stress value obtained with diffraction is significantly smaller than the applied macroscopic true stress, i.e. . Such behavior suggests that non-uniform plastic deformation of the sample is responsible for this effect. Indeed after sample unloading (i.e.  the surface stress measured by diffraction reached high compressive value , indicating larger plastic deformation of the surface compared to the bulk sample. This effect would be the result of different activity of slip systems in surface layer, as studied in [41]. Another reason of significant difference between behaviour of surface layer and bulk material would be a difference in mechanical concentration of the stresses during tensile test.
Since this work considers the stresses in polycrystal grains measured by the X-ray diffraction method, the predictions of the EPSC model should also be related to the diffraction measurement carried out in the sub-surface volume of the sample (penetration depth of about 3,1 µm). Therefore, in further analysis the macroscopic curve  versus  is compared with model simulations. 



Fig. 5. Tensile test and unloading: macroscopic true stress  (red points) and first order stress  measured by diffraction (black points) compared to the prediction of EPSC model (solid line) as a function of true strain  (a). Figure (b) shows the zoom of the graphs for small deformations.

Certainly, analysis of the macroscopic curve  versus  alone does not give a complete picture about the behaviour of the crystallites. This is why, the model prediction of this dependence as well as the simulated relative lattice strains in ND direction (cf. Eq. 8) were compared with the experimental results to obtain the best agreement for the optimal parameters of Voce law (Eq. 10). The experimental and simulated results are compared in Figs. 5 (macroscopic stress-strain plot) and 6 a-f (lattice strains versus  and ), while the corresponding optimal initial values of CRSS () used in EPSC model are provided in Table 1, together with the results from literature. The other parameters of Voce law, describing hardening of the crystallographic slips, are assumed to be the same for all systems s (i.e. and ). This is because the difference between them is practically undistinguishable due to small work hardening and relatively small total deformation of the sample during experiment. Analysing the interplay between lattice strains on the   versus  (Fig. 5 a, c, e) obtained by model and its good accordance with experiment, it can be concluded that the above assumption is sufficient. The transfer of the stresses between grains during studied plastic deformation range is caused mostly by the initial values of CRSS, which are different for different grains (Table 1). Additionally, Figs. 6 g, h shows the predicted relative activity of the slip systems versus  obtained by the EPSC model. The relative activity is defined as the ratio of the total shear strain  for given active system s to the total shear strain calculated over all slip systems , i.e.: ). The total values  and  are calculated as the sum of all shear strains in all grains in the sample during the entire plastic deformation.
In Figs. 6 a, c, e, g  vertical auxiliary dashed lines are marked to indicate the extent of the elastic-plastic transition observed in the macroscopic stress-strain curve (cf. Fig. 5 b) , i.e. from   (the end of linear elasticity) up to about  (the point at which the plastic deformation stabilises and then proceeds  linearly). The corresponding range in terms of sample deformation, i.e. from  to , is shown in the in Figs. 6 b, d, f, h.
Slip activity plots, presented in Fig. 5 b, show that for , the prismatic slip system P  is activated at about , and initially is the only active slip in the sample. Activation of this slip does not immediately alter the trend in the lattice strains  on first order stress  dependence (dotted vertical line in Fig. 6 a, c, e) and the macroscopic stress-strain relationship (Fig. 5 b). The value of CRSS for the prismatic system was chosen to ensure that these relationships are consistent with experiment in their subsequent course. The activations of other systems are clearly indicated by the changes in the trends of the lattice strains  vs. stress  or sample strain  (dashed vertical lines in Fig. 6).  At about  the pyramidal slip 1 <c+a>  is activated, leading to a significant decrease in prismatic slip activity. Further changes in slip activity and, consequently, further changes in trends  vs. ,  occur mainly in the marked area of the elastic-plastic transition, where the base B  and  are activated and gradually leads to a decrease in activity of  the P  system. Finally, at approximately , slip activity stabilizes at certain values and the plastic deformation proceeds linearly. The operation of the slip systems simulated by the EPSC model for the values of CRSS given in Table 1 leads to correct prediction of   vs.  dependence, which matches experimental results (Figs. 6 a-f).  Also, the macroscopic stress-strain curve  vs.  is correctly predicted (Fig. 5).






Fig. 6. Lattice strains  measured in ND using different hkl reflections (a-f) and predicted slip system activity (g, h) as a function of the first order stress   (a, c, e, g) and true strain  (b, d, f, h). Experimental results (points) and model prediction (lines) are presented.

Table 1. Optimal initial CRSS values used in EPSC model leading to the best fit with X-ray data compared with literature. 
	Slip systems
	Miller indices
	Initial CRSS values  (MPa) and in relation to prismatic system P (in brackets)

	
	
	X-rays + EPSC, this work
	Slip line analyses [42] 
	Slip line analyses + TEM [43] 
	EPSC modelling [35]

	Prismatic, P
	
	80
	90
	120
	90

	Basal, B
	
	120 (1.5)
	108(1.2)
	180 (1.5)
	180 (2.0)

	Pyramidal,  <a>
	
	 115 (1.44)
	 100 (1.1)
	     144 (1.2)
	140 (1.6)

	Pyramidal, 1 <c+a>
	
	 115 (1.44)
	-
	    240 (2)
	210 (2.3)




4.2.  Stress analysis during tensile test using MGIXD

The stress analysis, including plastic incompatibility stresses, was performed using the MGXD method. At first, the least square procedure, based on Eq. 6, was applied to the non-loaded initial sample in which the stresses are close to zero. In such a case the value of  was found and this value was later used in data treatment carried out for applied loads as well as during unloading. In all other calculations the least quare fitting was applied to determine normal first order stresses (,  and ),  parameter and possibly q factor. In the case of q factor the analysis was performed twice with two different assumptions: q = 0, i.e. the influence of plastic incompatibility stresses is neglected or q is determined as a fitting parameter when the  stresses and corresponding lattice strains  are taken into account. In all calculations performed, the model values  obtained from simulation of the entire deformation followed by unloading were used in Eq. 6. Example results of the least square fitting are shown in Fig. 7 in the form of the  vs.  graphs. In these figures, the experimental values of  are compared with the lattice strains calculated using Eq. 6 after least square adjustment. The black line shows the plot fitted assuming zero value of the second order incompatibility stresses (i.e. substituting q = 0 in Eq.6), while the red line is obtained using procedure based Eq. 6 and taking into account the strains caused by plastic incompatibility stresses. To do this, the value of parameter q was adjusted substituting the model lattice strains calculated for deformed and unloaded sample (cf. Eq. 6).
The first example, in Fig. 7 a, is shown for measuring point “1”, marked in Fig. 5, almost at the end of elastic deformation, i.e. for  (. It was found, that both lines almost overlap indicating that the second order stresses are not present in the sample. The figure of merit χ2 parameter (characterizing the quality of least square fitting) is 1.42 for the case in which the second order stresses are neglected (q = 0), and 1.34 for the case in which the second order stresses are taken into account. The χ2 parameter is defined as:
                                            (11)
where  and  are the experimental and calculated lattice parameters, respectively,  is the measurement uncertainty (standard deviation) of  for the n-th measurement, N and M are the numbers of measured lattice parameters and fitting parameters, respectively.
Next, the relationship  vs.  is shown in Fig. 7 b for sample strain . This measurement point is in the advanced plastic deformation, marked as “2” on the macroscopic tensile curve in presented in Fig. 5. A significant scatter in the experimental values  vs.  is observed due to presence of the second order stresses. The black plot, representing the analysis in which second order stresses were neglected (q = 0), poorly fits the experimental points ( χ2 = 2.91). The quality of the fit improves when second order stresses are taken into account and the red curve matches the experimental points better, reducing the figure of merit by 40% to a value of χ2  = 1.72. It means that the second order stresses became significant.
Similar conclusions can be drawn for the  vs.  plots measured and analysed for the sample after unloading.  Fig. 7 c shows that the quality of the fit is much better when the plastic incompatibility stresses are taken into account in the analysis and a significant decrease in the value of the χ2 parameter is observed. The scatter of experimental points caused by second order stresses is clearly visible and undisturbed by the effect of the applied stress. It can also be emphasised that second order stresses remain in the sample even after unloading. It was found that the value of determined factor q is very close to zero (q = 1.04), i.e. the magnitude of plastic incompatibility stresses are well predicted by model for the unloaded sample.


                                                                            a)


                                                                              b)


                                                                               c)
Fig. 7. Measured lattice parameters (points) and theoretical results (lines) vs. sin2  for the sample strains: (a)   in elastic range, (b)  during advanced plastic deformation  and (c) after sample unloading (points 1, 2 and 3 marked in Fig. 1, respectively). Red lines are used for q  0 (fitted parameter) and black lines are shown for q = 0.

The evolution of first order stresses obtained using MGIXD during in situ tensile test and unloading versus macroscopic true stress  is shown in Fig. 8. It was found, that in elastic range of deformation, the stress component , measured using diffraction in the direction of the applied load, is close to the value of the macroscopic true stress  (cf. Fig. 8 a). Then, during significant plastic deformation the surface stress  becomes smaller than the macrostress  and finally the residual stresses of  was generated after deformation and unloading. As mentioned above, this effect can be explained by heterogeneity of the plastic deformation through the cross section of the sample. The stresses in the transverse directions ( and , defined with respect to xi coordinates, cf. Fig. 1) show a similar evolution during tensile test and unloading (Fig. 8 a and b). For elastic deformation, these components of the stress tensor have a low tensile value, not exceeding 20 MPa, then during plastic deformation they decrease to zero, and finally, at the end of the tensile test, they change to a compressive value, which is less than -35 MPa. This small compressive stress remains as residual stress caused by the heterogeneity of plastic deformation.


Fig. 8. Evolution of stress tensor components ,  (a) and  (b) versus true stress  during tensile test and unloading.

A unique feature of the MGIXD used is the ability to determine the  ratio for a strain free material based on a diffraction measurement performed for a sample under load. This means that during the analysis the influence of stresses on the lattice strains is eliminated to determine the  value for stress free sample [28]. The values of the strain free  parameter was previously determined for the AZ31 magnesium alloy during tensile test showing almost constant value in spite of the applied loads [27]. This is because the mechanical test should not change crystal structure, excluding the elastic strains. In this work the  ratio was determined for the Ti40 alloy under tensile load and during unloading (presented versus    and    in Figs. 9 a and b). It was found that value of = 1.5876 ± 0.0003 is stable for entire tensile test and unloading, showing small decrease with applied load and then increase during plastic deformation. However, such small variations are caused rather by the inaccuracy of the methodology than the change in the crystal structure of the studied material. It was also checked that such changes in value of  have insignificant influence on the first and second order stresses determined in this work.   
The evolutions of fitting quality parameter χ2  in function of first order stress  and sample strain  are presented in Figs. 9 c and d, respectively. Analysing these plots it can be concluded that value of the parameter χ2 is almost constant up to = 0.026, i.e. after the point where the second order stresses starting to appear (= 0.007, dashed vertical line in Fig. 9 d) and after the elastic-plastic transition range (= 0.0017 – 0.01, between dashed vertical lines in Fig. 5 b). The values of the fitting parameter χ2 are almost the same regardless of whether the plastic incompatibility stresses were taken into account or not. Then, there is an increase in the χ2 parameter, which is more significant in the case of neglected plastic incompatibility stresses   (q = 0) comparing to the analysis in which the stresses  are determined (q  0). The significant difference in χ2 in both analysis cases persists during sample unloading, when stresses  remain in the sample. The evolution of the figure of merit χ2 proves that the fitting of the q parameter improve significantly quality of fitting, i.e. the model predicted lattice strains  (cf. Eq. 6) coincide with these generated in the sample by stresses .

To characterize the magnitude of the mean plastic incompatibility (second order) von Mises stress  was calculated according to formulas:

    and    ,             (12)

where  is obtained from Eq. 7  for factor q found from fitting procedure,   is the von Mises plastic incompatibility stress for a grain  and the mean value  is computed over all N grains in the model sample.
As shown in Figs. 9 e and f, the mean von Mises stress increases  for the sample strain 0.007 ( 260 MPa, see vertical lines in Figs. 9 e and f), i.e. at the end of elastic – plastic transition, when the slip systems are close to stabilisation (cf. Figs. 5 and 6). Then, the value of  increases up to approximately 70 MPa at the end of tensile test, which value remains during unloading. This mean von Mises plastic incompatibility stress  characterises the level of plastic incompatibility residual stresses generated during tensile test.



Fig. 9. Evolution of  ratio (a, b), fitting quality parameter χ2 (c, d) and von Mises plastic incompatibility stress  (e, f) vs. first order stress  (a, c, e) and sample strain  (b, d, f), during tensile test and unloading. For the results presented in figures a, b, e and f, the q factor was adjusted.



5. Discussion

The first part of this work concerned determination of critical resolved shear stresses for slip systems in titanium and these results are provided in Table 1 together with the typical values of CRSS found in the literature [35,42,43]. The comparison of many data from TEM microscopic observations, simulations with crystallographic models (self-consistent, Taylor or FEM modelling of single crystals) can be found, among others, in the work of Amouzou [35].
Common to all works, including the current one, is that the CRSS value ​​for the first activated slip system, which is the prismatic slip P , reaches value ​​around 100 MPa (90 MPa in this work). Relatively higher are the pyramidal systems, for which the reported ratios of CRSS with respect to prismatic are from 1.1 to 1.6 for <a> system and above 2.0 for 1 <c+a> system. In this work the optimal values of relative CRSS are the same for both systems and equal to 1.44. Also, the CRSS for basal system is higher than for prismatic with relative value between 1.2 - 2.0 as reported in literature and 1.5 found in present work. In general the comparison with the literature showed that the order of activation of slip system in Ti40 alloy agree with the previously published data. It should be also emphasised that the activation of the slip systems in Ti alloys is different from that in Mg alloys, in which the basal system is activated as the first and it exhibit very small value of CRSS [17,44–46]. Therefore it is very interesting to compare the stress state, especially plastic incompatibility stresses evolution for the Mg and Ti alloys. This will be done on the basis of the current results (Ti40) and those obtained previously by Baczmański et al. [27] for AZ31 magnesium alloy, using exactly the same method.
The results presented in this work, showing the influence of second order stresses on the fit quality, are consistent with the results obtained for the AZ31 magnesium alloy, which were published in [27]. It should be noted, that greater nonlinearities were observed in the plots  vs.  measured for AZ31 alloy compared to Ti40. The experimental nonlinearities were correctly predicted by the EPSC model for both AZ31 and Ti40. For the magnesium alloy, an almost five-fold decrease in the fitting quality parameter χ2 was observed at the sample strain of approximately = 10%-11%, if the second order plastic unconformity stresses were taken into account in the analysis [27]. The decrease in χ2 is much smaller for Ti40 (about 1.7 times at a similar sample deformation), but it occurred at the same stage of the sample, i.e. at a small plastic deformation of the sample and remined in the sample after unloading. The magnitude of second order plastic incompatibility stress, expressed by the average von Mises stress , reached a similar value of approximately 65 MPa for both materials tested, however, the ratio  is lower for the Ti40 alloy (25%, [27]) compared to the AZ31 alloy (37%, this work). The difference in the evolution of plastic incompatibility stresses is that  relaxes by approximately 50% after unloading of the AZ31 alloy [27], while they remain unchanged for the Ti40 alloy. This effect was confirmed by the EPSC model and results from the much softer behaviour of the AZ31 alloy compared to the Ti40. It is also found that activation of the first slip system, i.e. the prismatic system in the Ti40 does not lead to generation of significant second order stresses, while the first active basal system in the Mg alloy causes significant second order stresses (cf. [27]).
The orientation distribution of plastic incompatibility stress   was determined for the maximum loaded and unloaded sample substituting factor q =1 into Eq. 7 (the values of q obtained from least square procedure were 0.99 and 1.06, respectively).  Then the orientation distribution of corresponding von Mises stress  was calculated from Eq. 12 and presented in Fig. 10 together with ODF for the initial and deformed sample. Comparing experimental ODFs for initial and deformed samples (Figs. 10 a and b), it was found, that during tensile test carried out along TD the change in texture is observed mostly in the section . As a result of deformation, a strong preferred  orientation for  and  (cf. R2 orientation defined in Fig. 4 c) shifts toward orientation D2 (Fig. 4 c) defined by Euler angles:  ,  and . The orientation D2 can be obtained from orientation by rotation around c – axis by . Comparing the experimental texture after deformation and that predicted by the model, it can be concluded that the EPSC model correctly predicted the crystallographic texture after deformation, which confirms the correct choice of model parameters. The comparison between the crystallographic texture and the plastic incompatibility stress distribution in the deformed sample (Figs. 10 c and d) showed no direct correlation between the texture maxima and the maxima of stress  maxima. Similarly as in the case of AZ31 magnesium alloy [27], the majority of the preferred grain orientations are correlated with small values of the plastic incompatibility stresses (compare Figs. 10 c and d). 
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	Fig. 10. Orientation distribution functions (ODFs) measured for the initial (a) and deformed sample (b). Determined orientation distribution of stress  (c) compared with ODF  predicted by EPSC model (d). The sections (1 = constant) through Euler space with a step of 5° along 1 axis are presented. The Euler angles are defined with respect to the directions of rolling: RD, TD and ND.




According to Schmid law (Eq. 9), grains exhibiting high Schmid coefficient values are more susceptible to plastic deformation, which in turn will generate higher incompatibility stress values. Correlations between the value of the Schmid factor (for the basal system) and stress in the case of titanium have been presented in the work [47], where FIB-DIC micro-ring-core milling measurements and crystal plasticity FE modelling were used for stress analysis. In  this work, orientation distribution of plastic incompatibility stress  are compared with Schmid factors  (cf. Eq.9) calculated for the most loaded active slip systems denoted by s. It should be emphasised, that Schmid factor  is the most significant in calculation of RSS because it reflects the impact of largest stress component   on the value of . Fig. 11 shows the  orientation distribution in Euler space for the slip systems used in the simulations: Prismatic P , Basal B , Pyramidal <a>  and Pyramidal 1<c+a> . Comparing orientation distribution of   (Fig. 11) with ODF for the initial material (Fig. 10 a) it can be concluded, that the best coincidence between preferred orientations and    values occurs for the Basal B  system. However, this system is not the dominant one during plastic deformation as shown by EPSC model (cf. Fig. 6 g, h).  Indeed, no correlation between orientation distributions of plastic incompatibility stress  and   values was observed for basal system (cf. Fig. 10 c and Fig. 11 a). The main slip system dominating in the first stage of plastic deformation is the Prismatic P  system, which is then exchanged mostly by Pyramidal 1<c+a>  and partly by Pyramidal <a>  and also Basal B  systems. It was found that there are some correlations between the maxima of  and maxima of  for non-basal systems Pyramidal <a>, Prismatic P, and mostly for  Pyramidal 1<c+a> system. Comparing Figs. 10 c and 11 d, it can be concluded, that the maximum stress  occurs for the orientation ,  on the section  and also at this orientation the highest value of the Schmid factor  for the π1 <c+a> system is observed. The second area of occurrence of high stress  values are two fibres for  and  on the section , where the highest values of the Schmid factor  are also seen for 1<c+a> system. This means, that the most active system at the end of tensile test (cf. 1<c+a>  in Fig. 6 g, h) plays a key role in generating intergranular stresses. The latter conclusion differs from that drawn for the AZ31 alloy, where the B Basal system mostly led to generation of plastic incompatibility stresses. This is due to the much lower value CRSS for this system compared to non-planar systems in magnesium alloys. In the case of the Ti40 alloy studied in this work, the difference in CRSS for all active systems is not so large, therefore the system that exhibits the greatest activity at a given stage of deformation has the greatest impact on the generation of intergranular incompatibility stresses.
Finally, it should also be emphasized that the local stress state at a given grain is not an ideal uniaxial state, as assumed when discussing the correlation between  and incompatibility stresses. This may result in the fact that the slip systems with the highest  do not always show the maximum RSS value, which leads to some differences in the activation of the slip systems compared to the uniaxial stress state. Considerations on the influence of the Schmid factor on the actual grain stress state are presented in [48]. 

[image: ]

Fig. 11. Orientation distribution maps of the maximal Schmid factor  for different slip systems (defined in Table 1) presented in the sections through Euler space. The uniaxial tensile stress along the TD was assumed. The Euler angles are defined with respect to the directions of rolling: RD, TD and ND.

6. Conclusions

In this work, a non-standard method based on X-ray diffraction, Multireflection Grazing Incidence Diffraction (MGIXD), was used to measure lattice strains in the near-surface layer. Measurements were made in situ on a textured Ti40 titanium alloy, subjected to a tensile test along the TD to a sample strain of approximately 10%, after which the load was removed. The use of a non-standard methodology for interpreting experimental results allowed us to characterize the stress field on both macroscopic and microscopic scales.
Measuring the lattice strains in the direction perpendicular to the sample surface and comparing the obtained results with the predictions of the EPSC model made it possible to determine the CRSS value for various slip systems. It was found that the Prismatic P  system exhibits the lowest CRSS value, and at the same time it is the most active slip system during the transition from elasticity to plastic deformation. The other systems have CRSS values approximately 1.5 times higher. The prismatic system P  quickly ceases to dominate and then the pyramidal 1<c+a>  system dominates in a wide range of plastic deformations. Prismatic system is exchanged mostly by Pyramidal 1<c+a>  and partly by Basal B , as well as Pyramidal <a>  systems. 
The analysis of macrostresses (first order stresses) showed that the stress applied to the sample corresponds to the measured stress  in the elastic range. During plastic deformation, the measured by MGIXD stress  is much lower than the applied true stress . This fact results from the heterogeneity of plastic deformation inside and on the sample surface. The transverse stress components  and  are small and during deformation are almost equal to the values in the initial sample. After unloading significant residual first order stress  MPa was determined using MGIXD method.
An analysis of the second order plastic incompatibility stresses expressed by  was carried out as a function of the grain orientation g. During plastic deformation, the formation of second order plastic incompatibility stresses  was observed, which remained in the sample after unloading. Their occurrence cause the non-linearity of the graphs  vs. . Calculations using the EPSC model allowed us to determine the values of . Taking their existence into account during data analysis resulted in a significant improvement of agreement between experimental and fitted functions  vs. .
It was shown that the highest values of stresses  do not correlate with the main orientations of the crystallographic texture. The correlation of the stress orientation distribution  with the orientation distribution of the Schmid factor  was found for the non-basal systems, especially Pyramidal 1<c+a> system, showing that these systems play a key role in generation of the plastic incompatibility stresses.
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