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Abstract. A generalized Cauchy problem for quasilinear hyperbolic functional differential
systems is considered. A theorem on the local existence of weak solutions is proved. The
initial problem is transformed into a system of functional integral equations for an unknown
function and for their partial derivatives with respect to spatial variables. The existence of
solutions for this system is proved by using a method of successive approximations. We show
a theorem on the differentiability of solutions with respect to initial functions which is the
main result of the paper.
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1. INTRODUCTION

For any metric space U and V we denote by C(U,V) the class of all continuous
functions from U into V. We use vectorial inequalities with the understanding that
the same inequalities hold between their corresponding components. Suppose that
M e C([0,a],R%), a > 0, Ry = [0,+00), is nondecreasing and M (0) = Op,], where
O = (0,...,0) € R™. Let E be a generalized Haar pyramid

E={(t2)eR"™™: tc[0,a], —b+M(t) <z <b— M)},
where b € R and b > M(a). Write Ey = [—bg, 0] x [—b, ], where by € R and
Ey; = (EoUE)N ([~bo,a;] xR™), i=1,...,k,
where 0 < a; < a for 1 <i < k. For (t,z) € E define

Dlt,z] ={(r,y) eR™™: 7 <0, (t+7,2+y) € By UE}.
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Set
Dylt,z] = [=bg — t,—t] X [-b—x,b— x],

Dilt,z] ={(r,y): —t<7<0, =b—z+M(r+t)<y<b—z—M(T+1t)}
Then DI[t,z] = Do[t,x] U D,[t,z) for (t,z) € E. Write ro = —bg — a, r = 2b and
B = [~70,0] x [=r,7]. Then D[t,z] C B for (t,z) € E. Given 2z : Eg U E — R* and
(t,z) € E, define z(; o : D[t, x| — RF by

Z(t,w)(Tv y) = Z(t +7T+ y)v (T7 y) € D[tv ‘T]

Then 2, is the restriction of z to (Eo U E) N ([—bo7 t] x R”) and this restriction is
shifted to D[t, z].

Suppose that ¢g : [0,a] — R and ¢ = (¢1,...,¢,) : E — R™ are given functions
such that 0 < ¢o(t) < t and (¢po(t), #(t,x)) € E for (t,z) € E. Write p(t,z) =
(90(t), 6(t,2)) for (t,2) € B,

Let Mj«, denote the set of all £ x n matrices with real elements. If X € My,
then X7 is the transpose matrix. The scalar product in R™ is denoted by “o”. Put
Q = E x C(B,RF) and suppose that

F: Q= Myxn, F = [Fy] , G:Q—=RF, G =(Gy,...,Gh),

=1,k j=1,...,n

are given functions of the variables (¢, z,w), x = (x1,...,2,), w = (w1, ..., wy). For
the above F' we put Fy; = (Fi1, ..., Fi,) where i =1,... k.

We will say that F' and G satisfy condition (V) if for each (¢,z) € E and for w,w €
C(B,R¥) such that w(r,y) = w(r,y) for (7,y) € D[p(t,z)] we have F(t,z,w) =
F(t,z,w) and G(t,z,w) = G(t,z,@). The condition (V) means that the values of F'
and G at the point (t,z,w) €  depend on (t,z) € F and on the restriction of w to
the set D[p(t,x)] only. Let us denote by z = (21, ..., zx) an unknown function of the
variables (t,z). Given v; : Eg; — R, i =1,...,k, we consider the system of functional
differential equations

atzi(t7x)+F[i](t7zvzzp(t,a:))Oazzi(ta‘r) :Gi(taxazgo(t,w))a i = 17"'7k7 (11)
with the initial conditions
zi(t,x) =i(t,x) on By, i=1,...,k, (1.2)

where 0,2; = (0p,2iy..+,0z, %), 1 < i < k. We assume that F and G satisfy the
condition (V). System (1.1) with initial conditions (1.2) is called a generalized Cauchy
problem. If a; = 0 for i = 1,...,k then (1.1), (1.2) reduces to the classical Cauchy
problem.

Write k = min{a; : 1 <i <k}, R =max{a;: 1 <i<k}and

E, = (EgUE)N ([=bo,t] x R™), Sy =[-b+ M(t),b—M(t)], 0<t<a,
Iz ={t €las,c]: =b+ M) <z <b—M(t)}, i=1,...,k,
Izl ={t €[0,a] : =b+ M(t) <z <b— M(t)},

where x € [—b,b] and & < ¢ < a. We consider weak solutions of initial problems.
A function Z : E. — R¥, Z = (%1,..., %), where @ < ¢ < a, is a solution of (1.1), (1.2)
provides that:
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(i) Z is continuous and the derivatives 0,%; = (0x, Zi, ..., 0z, Z;) exist on
E N (Jai;,c] xR™) for 1 < i <k,
(i) for each i, 1 < i < k, and & € [-b,b], the function Z;(-,z) : I.;[x] — R is
absolutely continuous,
(iii) for each x € [—b,b] and for 1 < i < k, the i-th equation in (1.1) is satisfied for
almost all ¢ € I ;[z] and conditions (1.2) hold.

The following problems are considered in the paper. Under natural assumptions on
given functions we prove that there exists exactly one solution to (1.1), (1.2) defined
on E. and we give an estimate of the constant ¢ € (&, a].

Denote by X the class of all ¢ = (¢1,...,%%), ¥; : Eo; — R for 1 < i <k, such
that there exists exactly one solution Z[¢] = (Z1[¢], ..., Zx[¢]) to (1.1), (1.2). We give
a construction of the space X. Denote by A;[¢], 1 < i < k, the i-th bicharacteristic
of (1.1) corresponding to ZE[i)]. We prove that for each ¢ € X there exists the Fréchet
derivatives 0Z;[¢)] and OA;[¢)] of Z; and A; at the point ¢ € X, 1 < ¢ < k. Moreover,
if 1,9 € X then the functions (0Z;[¥]9, ..., 02[¢]9) and OA;[¥]9, 1 < i < k, are
solutions of a linear integral functional system generated by (1.1), (1.2).

Numerous papers were published concerning various problems for first order par-
tial functional differential equations or systems. The following questions have been
considered: functional differential inequalities generated by initial or mixed problems
and their applications, uniqueness of solutions and continuous dependence on ini-
tial or initial boundary conditions, existence theory of classical or weak solutions of
equations or finite systems with initial or initial boundary conditions, approximate
solutions of functional differential problems. It is not our aim to show a full review
of papers concerning the above problems. We shall mention only those which contain
such reviews. They are [1-3,5-9,12,16,18-21,23] and the monograph [15].

In the paper we start investigations of the differentiability of solutions with re-
spect to initial functions. The monographs [11,17] contain results on the regularity of
solutions of initial problems for ordinary functional differential equations. Differential
systems with deviated variables and differential integral problems are particular cases
of systems considered here.

2. INTEGRAL FUNCTIONAL EQUATIONS

For z € R*, p € R¥, X € Mjxn, where x = (z1,...,2,), p = (D1,---,D),

X = [mij]ifl kel W€ define the norms

n

el =Y Lzl lIplloe = max{lpi -

i=1

1 X [kxn = maX{Z |zl : 1<i< k}

j=1

—
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For z € C(Ey U E,R¥), v € C(Ey U E,R"), u € C(Ey U E, Myxy), we define the
seminorms

121l ¢t rry = max{[[2(7,9)lloc = (T9) € Ev}, ([0l ) = max{[lo(m )] = (7y) € Ex},

[l 0110) = max{lu(T y)llexn = (1,y) € Ei},y

where ¢ € [0,a]. The norm in the space C(B,R¥) is given by
lwl|p = max{|w(r,y)lle : (7,y) € B}.

We denote by CL(B,R) the set of all linear and continuous functions defined on
C(B,R) and taking values in R. Let || - ||x be the norm in CL(B,R) generated by
the maximum norm in the space C(B,R). Let CL(B, Myxy») be the class of all Y =
[Yij]izlwk’jzlwn such that V;; € CL(B,R), i = 1,...,k, j = 1,...,n. For Y €
C’L(B,kan) we put

|kan;*=maX{Z||Yz’j*i m:szc}.

Jj=1

In a similar way we define the space CL(B,R¥). Let L([r,t], Mxxn), [7,t] C R, denote
the class of all integrable functions W : [1,¢] = Myx,. In a similar way we define the
space L([r, ], RY).

We will say that F© : Q@ — My, satisfies the Carathéodory conditions if
F(,z,w) € L(I[z], Mgxn), where (z,w) € [-b,b] x C(B,R*) and F(t,-) : S; x
C(B,R*) — My, is continuous for ¢ € [0, a]. In a similar way we define Carathéodory
conditions for G : Q — R* and for the derivatives
i=1,...,k.

p=1,....kv=1,...n’ pv=1,....n’

Suppose that there exist the Fréchet derivatives

0w I (P) = [BMVFW(P)] P=(tz,w)e, 1<i<k,

p=1,...,n,v=1,...k
and 0y F;)(P) € CL(B, Myxy) for P € Q, 1 < i < k. We will say that 0, F];,
1 < i < k, satisfy the Carathéodory conditions if the functions 9, Fy;(t,-) : S x
C(B,R¥) — CL(B, M), 1 <i <k, are continuous for ¢ € [0,a] and for (z,w) €
[—b,b] x C(B,R¥), w € C(B,R) we have

O Flip (-, 2, w)d € L(I[z], Myxy), i=1,...,k,

where
OwFy)(t, o, w0 = [&UV F(t,x, w)u?]

p=1,...nwv=1,...k’

In a similar way we define Carathéodory conditions for the Fréchet derivatives

0wG(P) = [0u,Gu(P)] , Peq.

w,v=1,....k
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Assumption Hy[F]. The function F': Q — My, satisfies the condition (V') and
1) the Carathéodory conditions for F hold and there is L € L([0,a],R7),
L= (Ly,...,L,), such that
(|Fi1(t7m,w)|, ol |Lm(t7x,w)|) < L(t) on Q for 1 <i<k,

2) for t € [0, a] we have

t
M(t) = /L(T)dT.
0
Assumption Hp]. The functions ¢¢ : [0,a] = R, ¢ : E — R™ are continuous and

1) 0 < ¢o(t) <tfortel0,a] and ¢(t,x) = (¢o(t), p(t,z)) € E for (t,z) € E,
2) there exist the derivatives

6a:¢(t7 J}) = [aﬂ?u ¢IJ« (t’ .I‘)] pn,rv=1,....,n

and 0,¢ € C(FE, My xn),
3) the constant @ > 0 is defined by

Q = max{[|0.6(t, ) |[nxn = (t,7) € E}
and there is @y € Ry such that

Given ¢ = (co,c1,c2) € R3, we denote by X the set of all ¢ = (¢1,...,) such
that for each 7, 1 < i < k we have:

(i) ¥; € C(Ep4,R), the derivatives 9,¢; = (0y,¢i,...,0.,1;) exist on Ep,; and
8.£¢7, S C(EOL7Rn)7
(ii) the estimates
[Vi(t, )| < co, [|029i(t, 2)[| < e,
1029 (t, @) — Ouibi(t, y)|| < callz — y|
are satisfied on Ey ;.

Let ¥ € X, ¢ = (¢1,...,¢x), be given and k£ < ¢ < a. We denote by Cy . the
class of all z € C(E,,R¥), 2z = (21,...,2x), such that z;(t,x) = ¥;(t,x) on Epy; for
1 < i < k. For the above 9 and ¢ € (R, a] we denote by Cay, ., 1 <1i <k, the class of
all v € C(E.,R"™) such that v(t,z) = 0,1 (t,x) on Eg ;.

Suppose that Assumption H[p], Ho[F] are satisfied and ¢ € X, z € Cy.,
i < ¢ < a. Let us denote by gj;[2](-,t, ) the solution of the Cauchy problem

0 (1) = Fy(1,0(7), Zp(r () 0(t) =, (2.1)

where (t,2) € E. and a; <t < ¢. The function gp;)[2](-, ¢, z) is the i-th bicharactersitic
of (1.1) corresponding to z.
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Lemma 2.1. If Assumptions H[p], Ho[F] are satisfied and v € X, z € Cy.,
k<c<a,1<i<k, then the bicharacteristic gy)[2](-,t, ) is defined on [a;,t].

Proof. The local existence of a solution to (2.1) follows from classical theorems on
Carathéodory solutions for ordinary differential equations. Suppose that [tg, ] is the
interval on which the bicharacteristic gp;[2](-,t, ) is defined. Then

—L(7) < digm [2](T,t,2) < L(r) for T € [ty,1]
T
and consequently
—b+ M(7) < gigl2](r,t,2) <b—M(7) for 7€ [to,t].

Then the bicharacteristic gj;)[2](-, ¢, z) is defined on [a;,t]. This is the desired conclu-
sion. O

Write F[z] = (Fy[z],...,Fi[z]), where

Fi[z](t,x) = ¢;(t,z) on Egy., (2.2)
and
F;[2](t,z) = Yi(ai, g [2](as, t, )+
t
(2.3)
+ / GiTa 9[q] [Z](T7 t, Z‘), Zcp(‘r,gm [Z](’T,t,:l}))) dr on E. \ Eo i,

where i = 1,..., k. We consider the functional integral equation
z =Fz]. (2.4)
It is easy to give sufficient conditions for the existence and uniqueness of a continuous
solution 7 : B, — R*, 2 = (%1,..., %), of (2.4). We consider solutions to a functional
differential problem (1.1), (1.2). Then the main question in our investigations is to
prove that there exist the derivatives 0:Z;, 0,2; = (0, Zi, ..., 02, %) on E. \ Ey; for

1 <4 < k. We show that under natural assumptions on given functions there exists
Ui Be = My, =[]y iy, Such that @y = (T, @in) € Coy,.c and
) = 0zZ; on B\ Eo i, where 1 <i < k.

Assumption H,[F,G]. The function G : Q — RF satisfies condition (V) and

1) the Carathéodory conditions for G hold and there is a € L([0,a],Ry) such that
|G(t, x,0)||c < (t) on E, where § € C(B,R") is given by 6(7,y) = O on B and
Oy = 0,...,0) € RF,

2) Assumption Hg[F] is satisfied and there exist the derivatives

0,G = [81,,GH] y awF[z] = [(%VFW]

pn=1,..., k,v=1,..., n w,v=1,..., n

and the functions 0,G , 0, F};), i = 1,.. ., k, satisfy the Carathéodory conditions,
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3) for P = (t,z,w) € §Q there exist the Fréchet derivatives

OuG(P) = [0u,Gu(P)], ., o OuFu(P) = [0u, Fin(P)]

.....

p=1,...n,v=1,...k

and the functions 0,,G, 0 F3), i = 1,. .., k, satisfy the Carathéodory conditions,
4) there is f € L(]0, a],R4) such that

”am’G(tvx?w)Hana ”awG(tvx?w)Hka;* Sﬁ(t) on 2
and
102 Fiiy (t, 2, w) lnxns 1|00 (t 2, w) |lnxks < B(E) on Qfor i=1,... k.

For © € CL(B,R) and w € C(B,R"), w = (w1,...,W,) we define © x w =
(©wy,...,0w,). For a function v : B, = Mpxp, u = [ we put
ug) = (Uit, - - -, Uin) and

Wijli—1, .k, j=1,....n

U(t,z) = [(uij)(tﬂ?)]i:l,...,k,j:l,.. n’ (u[i] )(tﬂ:) = ((“il)(t,m)a — (Uin)(t,x) ), 1 <i<k.

Let us denote by V; [z, u], Wglz,ul, i = 1,...,k, p = 1,...,n, the functions given
by

k
‘/['L ] [Zv u](tv .’E) = azFiu(t’ z, Zga(t,ac)) + Z 8w,, Fi,u(ta z, Zap(t,af)) * ( Uy )Lp(t,a:) am¢(t7 x)a

v=1

W[i][z,u](t,x)zaxG tx Ro(t,z) JFZ&UUG tCC R ) (u[l/])tp t,x) ac¢(t 1‘)

The functions () )y(t,2) Ox(t, ) : D[cp(t, x)] > R, v=1,...,k, are defined by
('LL[,,] p(t,z) = (Z uu] p(t,x) az1¢](t {E) Z(uvj )cp(t,ac) amn¢j(tax)>'
j=1 j=1

Let ¢ € X, ¢ = (¢1,...,%1), be given and &k < ¢ < a. Write

Glz,u] = [Gij[z,u}] Gpilz,u] = (G“[z,u},...,Gm[z,u]),

i=1,....k, j=1,....,n°

where
Gy lz, u)(t, x) = 0x9i(t,x) on Ep, (2.5)

and

Gy lz, u)(t, ) = Oxtbi(as, gy 2](as, t, x)) + / Wi lz, ul(7, gy [2](7,t, ) dT—

a;

(2.6)
- Z/V[W z u](T g[i][ ](T 3 x))uw(T g[z][ ](T t x))d

ul
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We put i = 1,...,k in (2.5), (2.6). We consider the system of integral functional
equations consisting of (2.4) and

u = G|z,u]. (2.7)
We first give estimates of solutions to (2.4), (2.7).

Lemma 2.2. Suppose that Assumptions H[p], H,[F, G| are satisfied and

1) veXand k <c<a,
2) the functions Z: E, — R¥ @i : B, — Mj.xn, are continuous and they satisfy (2.4),
(2.7).

Then
120l erry < C@)s Nl ninn) < X(E),  t € R,
where
C(t) = co exp [ / B(r) dT] + / a(€) exp[ / 5(7)d7] d, (2.8)
K K ¢
0 =[a+0+Qe) [Boar][1-Q.0+@e) [smar] T @)

and Q, = max{l, Q}.
Proof. Write 3
¢(t) = ||

It follows from Assumption H,[F,G] and from (2.2), (2.3), (2.5), (2.6) that (¢, X)
satisfy the integral inequalities

(t,R*)» X(t) = Hﬁ”(t,kan)v te [H,C].

t

aﬂSm+/hm+ﬁm&ﬂwn

K

ﬂws@+/Mﬂﬂ+@ﬂﬂfm,tem4

The functions (¢, x) satisfy integral equations corresponding to the above inequalities.
This proves the lemma. O

In the next part of the paper we assume that ¢ € (k,a] is such a small constant
that

Q.1 +Q*cl)/ﬂ(7) dr < 1. (2.10)
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3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

Suppose that ¢ € Xand (, x : [k, ¢] = R4 are defined by (2.8), (2.9). Givend, h € Ry,
d > c1, h > ¢3. We denote by Cy .[(, d] the class of all z € Cy_ ., such that

2l (e rey < C(8) for ¢ €[5, ¢ and [[z(t,2) = 2(t,y)[lc < d[lz—y[| on E.

We denote by Cay, .c[x, h], 1 <i <k, theset of all v € Cagy, . satisfying the conditions:
ol < x(8) for ¢ € lasc] and [o(t,a) — oty < hlla— gl on B\ By

Write A = ((a), C = x(a) and Q[A] = E x K¢ (p rr)[A], where

KeornlAl ={w e C(B,R*): ||w||p < A}.
Assumption H[F, G]. The functions F : Q — Mj,x,, G : Q — R satisfy Assumption
H,[F,G] and there is v € L([0, a], R4) such that the terms

||awF[z] (ta m,w) - awF[z] (ta j7w)||nxk;*7 1= 17 LR ka
and
||85L’G(t7x7w) - 8IG(t,.’E,’lZJ)||an, HawG(ta wi) - awG(tajvw)”ka;*

are bounded form above on Q[A] by v(t)[||lz — Z|| + [|lw — @||5].

Remark 3.1. It is important in our considerations that we assume the Lipschitz
condition for 9, G, 0wG, 0:Fjj), OwFjy), 1 < < k, on the bounded domain Q[A]. Tt is
clear that there are functional differential systems such that Assumption H[F, G] holds
and the functions 0,G, 0, G, 0. F), OwFly), 1 < i < k, do not satisfy the Lipschitz
condition with respect to w on €.

Remark 3.2. Note that the theorems on the existence of solutions to hyperbolic
functional differential systems presented in [13,14] are not applicable to (1.1), (1.2).

Lemma 3.3. Suppose that Assumptions H[p], H[F, G| are satisfied and i, veX, ze
Cy.cl¢,d], Z € C [(,d]. Then the bicharacteristics g;)[2](-,t,z) and gj;)[Z] (-, t, x) eist
on intervals [a;,0[z;t, x] ] and [a;, 6[Z;t, x] | such that for § = d[z;t, x], £ =0z t, x] we
have: (&, gp)[2](€,t, 7)) € OF., (&, g1412](§,t,7)) € OE., where i =1,...,k and OF, is
the boundary of E.. For each i, 1 < i <k, the solution of (2.1) is unique and we have
the estimates

o l(r ) — ggal)r ) < e — ol exp{c‘ / 8(6) df\} (3.1)

and

laalelr ) - gl )l < | [ 501z = Hcam | e { €] [ s©0ae]}. 2

where C = 1+dQ, (t,x), (t,y) € E.\ Fos, 1 <i< k.
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Proof. The existence and uniqueness of the solution to (2.1) follows from classical
theorems on Carathéodory solutions of ordinary differential equations. We prove that
the integral inequalities

llgra1 [2](7 ¢, @) = gpa [z (7, £, y) | < x—y+0‘//3(€) IIQ[i][Z](&t,x)—g[i][Z](é,t,y)lld§‘

(3.3)
and

Hg[i] [Z](T,t,]?) — 94 [2](T7t’ .TJ)H <

< C‘/tﬂ(é“) ”g[i][z](f,t,.%')_g[i][é](f,t,x)”df‘ +’/t5(§) ||Z—2||(§,Rk)dg‘ (3.4)

are satisfied for 1 < i < k. It follows from (2.1) that

T

g l2l(7,t,x) = + / Fii (&, 9216, 8, @), 2p(e.g1 (21 (Et,2)) ) dE-
t

Note that the functions Zo(€,g1a[2) (€t,)) and z,(¢ g L2 (E,t.)) have different domains.
We need the following construction. Write E, = [Lbo, a] X [=b —r,b+ r]. There is
7 : E, — R* such that:

(i) Z is continuous and ||Z(t,x) — Z(t,y)|leo < d||Jx — y|| on E,,
(i) Z(t,x) = 2(t,x) for (t,x) € E.

Then we have Z@(i,g[i][z](ﬁ,t,x)% Z«p(ﬁ,g[i][z](ﬁ,t,y)) : B — R*. We conclude from As-
sumptions H[p], H[F, G] that

lgral2l(T,t, ) — g [2](1, ¢, v) || <

<l —yll+
| [ 1F(E 906 8.0, Zote o)
t
— Fiiy (&, 91 216, 8, 9), Zoe, g1 216 t.0)) | dE| <
<l —yll+
+ / B g6, 1, 2) — gpa 21 (6, £,9) 1+
t

F 1 Zp (e gl te)) = Zo(ea et | B] dE
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This gives (3.3). In a similar way we prove (3.4). Then we obtain (3.1), (3.2) from the
Gronwall inequality. O

Write

t t

T = exp { e /6 )ie}[ca +ca /v € ds + (hQ? + CQy) [ 5(6) e

K

L(t) = (1+ O)To(t) + [c2 + h(1+CQ)] exp{ /B €) d&},

() = e {C j By f [or+ € ] 5(6) de].

Assumption H[c]. The constant ¢ € (k,a] is small enough to satisfy (2.10) and
I'(c) < h, I(c) < d.

Theorem 3.4. Suppose that Assumptions Hlp|, H[F, G|, H[c| are satisfied and ¢ € X.
Then there exists a solution z : E. — R¥ of (1.1), (1.2). If Y € X, ¢ = (Y1, ..., 9%1),
and % : E. — R¥ is a solution of (1.1) with the initial conditions

zi(t,x) = 1[}1»(15795) on Ey; for 1<i<k,

then there is ® € L([k,c],R) such that

t

12 = Zllmey < 16— Bllo exp { o d5}7 te [k, (3.5)

K

where

I = ¥llo = mae max{fui(t,2) = d(t.2) : (t.2) € B}

Proof. The proof falls into three parts.
Part I. We define the sequences {z(™}, {u(™}, where

2B S RE M) = (zﬁm), . .,z,im)), uw™ B, = My,

w(m — [u(m)

(m) _ ¢ (m) (m) :
ij L:l,...,k,j:l,.“,n’u[i] = (g -ty ) for 1<i <k,

in the following way. Write
(0) — b B 20 — ilas EN\E,.
Zi (ta ':E) - wl(ta LU) on 0.7 Zi (tv ':C) - ¢Z(a27 1’) on c \ 0.7

fﬁ)(t x) = Ox0i(t,x) on Eg,, ug})(t,x) = 0¥;i(a;,x) on E.\ Ey;,
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where i = 1,...,k. If 2™ : E, — R*¥ and v™ : E, — My, are already defined,
then uE] M) ig a Solutlon of the equation
v = Q[l] [ ]7 (3'6)
where v = (v1,...,v,) and
Qi [l(t,2) = Buthi(t, x) on Eq, (3.7)
@[l] it ) =
= a:wz(ahg[Z][Z(m)(al,ta'r))+
t
+ / Wi [z, u™)] (7, gy [20™)](7, 8, 7)) dr— (3.8)
¢
- Z / Va2 a7, g1l (r,1,2)) v (7, gy (=) (7, . 2) - om B\ By

We put i =1,...,k in (3.6)(3.8). The function z(™*1 is given by
2D (¢ 1) = F[z™)](t, ) on E.. (3.9)

We prove that:
() the sequences {z(™} and {u(™} are defined on E, and for m > 0 we have

2™ € Cyl¢, d), uf:]”) € Coy,.c[x; h] for 1 <i <k,

(I1,,) there exist the sequences {&vzgm)}, 1 <4 <k, and for m > 0 we have

Oz z (t x) = E;]n)(t,a:) on Fy,; for 1 <i<k.

We prove (I,;,) and (I1,,) by induction. It is clear that conditions (I) and (1) are
satisfied. Suppose that (I,,,) and (II,,) hold for a given m > 0. We first prove that

there is
u(m+l) :Ec — MkX’m u(m+1) = [u(m+1)]z 1

ij =1,....k, j=1,....n’
uf;]nﬂ) = (ugnﬂ), . ,ul(:f“)) for 1 <4<k,
and UETH_ ) ¢ Coy,.c[x, h] for 1 <1i < k. We claim that

Suppose that v € Cyy, c[x, h]. It is easily seen that the terms

t
/H Wi [z, "™ (7, gy (1,8, 2)) = Wiy [z, w™ (7, ¢,)) || dr,

a;
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/H Vv[l,u] [Z(m)a u(m)](T> 9[4) (77 L, .’1?)) - VY[Z,LL] [Z(m)’ u(m)} (Ta t, y)) || dr

can be bounded from above by T'o(t) ||z — y||. This gives
Q[ W]t @) — QI )| < T(t) lo =yl on B\ Eos fori=1,....k (3.11)

It follows from Assumptions H[y], H[F, G] that

HQM (t,x)” <ec + /B(T) [1+ Q. x(t)]2 dr, (t,z) € E.\ Ey.,

and consequently
QU ]l oy < X() for ¢ € [ai,cl. (3.12)

Estimates (3.11), (3.12) and (3.7) imply (3.10).
It follows that there is K € L([k, c],R4) such that for v, ¥ € Cay, [, h] we have

QU e, ) — QP[5 ||</K o — ol gy dry (t,2) € Bo\ Eo..

For the above v, v we put

t

v — 3] :max{||v—@||(t,w)exp {-2/1{(7)% te [ai,c}}.

aj

Then we have

t

IIQ@T) [v] (¢, z) — Qf{]”) [0]]| < [Jv — o] /K(T)exp {2/K(§)d§}d7 <
a; a;
) t
< gl —ollew {2 [ K@ac}. (.)€ B\ s

and consequently

m 1 -

[l 1] - @ [8]) < 3w —all.

From the Banach fixed point theorem it follows that there exists exactly one ufTH) €

Coay..c[X, h] satisfying (3.6). Then u(™*V) is defined on E,. It is easily seen that z(m+1)
given by (3.9) satisfies the conditions

120" D [ mmy < €1, ¢ € [w,6],
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1240t 2) = 2t y) | <T() Iz —yll on Ee.
It follows from the above estimates and from (2.2) that 2"+ € Cy [¢,d] which
completes the proof of (I;,41). Write
WD (2, y) = 2" (1) = 2Dt 2) — uff Y (L 3) o (y — @),
(t,l‘), (t7y) € EC7 1 S i S kv
and Wm+h = (Wl(mH),...,WIEmH)). It follows that there is C'(™*1 ¢ R, such

that
WD (2 g) oo < OOl — gl (L), (by) € B (313)

We conclude from (3.13) that there exists the derivatives awzl-(mﬂ), 1 <7<k, and
Gzzl(mﬂ)(t,x) = uff]nﬂ)(t,x) on E.. This proves (I ;1)

Part II. We prove that the sequences {z(™} and {u(™} are uniformly convergent
on E.. Write

20 () = (2 = 2D gy, UO(E) = [l —

where ¢t € [k,c], m > 1. We conclude from Assumptions H[p], H[F, G| and from
(3.6)—(3.9) that there are Ko, K1, Ko € L([x,c],R4) such that

ZmF () / Ko(1)Z™) (1)dr (3.14)
and
¢ t
Umm@s/mmwmeﬂWWHm+/mmvwmmm,(mm
where m > 1, t € [k, ¢]. From (3.15) it may be concluded that
' t
U t(t) < / Ky(7) [20(r) + U™ (7)] dr exp { / Ky() dT} (3.16)

where m > 1, t € [k, ¢]. It follows from (3.14), (3.16) that there is K € L([x,c],Ry)
such that

ZmH) () 4 U+ (¢ /K W)+ U™ ()] dr, te [k,c, m>1. (3.17)
Write V™) (t) = Z0)(t) + U™ (t), t € [k, ], m > 1, and

[[V(™)]] = max {v<m> (t) exp{ - 2/tK(T) dT} ‘te [k, c]}.
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We conclude from (3.17) that

1
VO < SV for m > 1.

[\

There is C; € R, such that [[V(V|] < C;. From the above recurrent inequality we
conclude that

lim [[V™|] =0
m—0o0
and consequently there are
Z:E. - RN z2=(z,...,%),
U Ee = Mgxn, U= [’U’ijjlizl 7777 k,j=1,...n’ ’a[z] = (uzla 7’ain)a 1<i< ka

such that

Z(t,z) = lim 2" (t,2), a(t,z) = lim u™(t,z) uniformly on E,.

m—ro0 m—r o0

We conclude from (I,,), (II,,) that there exist the derivatives 0,%;, 1 < i < k, and
0,Zi(t, ) = up(t,z) on E, for 1 <i < k. It follows from (3.9) that

t
24t g 2] ars ) = i (as, @) + / G (7, g 217 @6, 2), Zo(rgry l(riaeseyy) A7

= ;(t,z) on Eg;, 1 < i < k. It is easily seen that z is a solution

and zZ(t,x)
(1.2).

to (1.1),

Part III. We prove (3.5). It follows that the function Z — Z satisfies the integral
inequality

t
12 = Zlemey < [0 = Fllo+ [ B} 12 = Zlrasydry ¢ fincl
K

where

a(r) = 6<T>{1 +exp [c / 5(6) ds} {cl e / 8(6) dé} }

It follows from the Gronwall inequality that (3.5) is satisfied with the above given ®.
This completes the proof of the theorem. O

Remark 3.5. Note that results presented in [4, 10, 22| are not applicable to our
generalized Cauchy problem.
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4. DIFFERENTIABILITY OF SOLUTIONS

Given ¢ = (¢, c1,¢2) > (0,0,0). In this part of the paper we denote by X the set of
all ¢ = (¢, ..., 1) such that for each i, 1 < ¢ < k we have:

(i) ¥; € C(Ep4,R), the derivatives 9,¢; = (0x,¥i,...,0:, ;) exist on Ey,; and
0z € C(Ep.i, R™),
(ii) the estimates

[i(t, z)| < co, [1029i(t,2)]| < e,
1020i(t, ) — Outbi(t, y)|| < c2llz — y|
are satisfied on Ey ;.

Suppose the Assumptions H[p], H[F,G], H[c] are satisfied and ¢ € X. Let us
denote by z(-,9) the solution of (1.1), (1.2). Let gj;[2(-,%)], 1 < i < k, denote the
i-th bicharacteristic of (1.1) corresponding to z(-, ). Write

Sei={(nt,x): tx)eE: a;<t<c¢, a; <7<t} i=1,... k.

We will use the symbols = = (Z;,...,Z;) and A = (Aq,...,Ax) to denote the opera-
tors defined on X in the following way:

Then we have: Z: X — C(E,,RF) and A; : X = C(Z.4,R") for 1 <i < k.

We prove that for each ¢ € X there exist the Fréchet derivatives 9Z;[¢], OA;[¢)]
of Z; and A; at the point ¢y € X, 1 < i < k. Moreover, if 1,9 € X then the
functions (0=Z1[¢]9,...,0Z[¢]9) and OA;[¢]9, 1 < i < k, are solutions of linear
integral functional systems generated by (1.1), (1.2).

The following notations will be needed throughout the paper. For
Y € CL(B, M), U € CL(B, Myx,), Y € CL(B,R¥), & € C(B,R¥), ¢ € R",
where

U= [Uw]

i=1,...,n, j=1,...,k’ =1,...,k, j=1,....,n°

Y:(Yl,...,yk), w:(wl,...,@k)T, q:(ql,,qn) s

re= (X

we write

”M”

k T
1J’LUJ,...,E Ynjwj> ;
j=1

5

1JQJa .- Z Ukj%)
J

Let z = (z1,...,2;)T and Arp = (A, .-+, Agn), 1 < i < k, denote unknown functions
of the variables (¢, z) and (7, ¢, z) respectively. Suppose that ¢, ¥ € X. We construct a

=~
<&

IS}

Il
(]~
. t
=)

1
n

-
Il

Uq

I
—
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linear system of integral functional equations for 0Z;[¢]9, OA;[¥]9, 1 < i < k. Write
U(,'(/)) = 8wz(a ¢)a and

U(l) (Ta t,x, A[l]) = (’LL(7 ¢)) (7,914 [2( )] (7,,)) [8z¢(77 g4 [Z(, 1/J)] (Ta t, :E))A[Z] (Ta t, (Eﬂ )

0; (7'7 t, CC) = (Ta 9[4) [Z(v ’l/))] (T’ t, .’L‘), (Z(, w))tp(ﬂg[i] [Z('»ﬂ))](""tax)))’

where 1 <4 < k. It follows from Theorem 3.4 that
Z(a¢) B — Rk7 U(,’l,[)) cEe — MkXTm 914 [Z(7¢)] 1 Xei = Rn7 1<:i< k)
are known functions. We consider the system of integral functional equations

zi(t, ) = 9(ai, g [2(, ¥)] (@i, £, 7))+
=+ axqz[}i(aizg[i] [Z(v 1/))}(%'7 t, LE)) © A[l](al’ t 1‘)—|—

t

a;

t
+ / 0wGi(0: (&1, @) © 2 g 20 (€ t0)) D&+

a;

t

with the initial conditions
Zz(t,l‘) = ﬁl(t,x) on EO.'L' (42)

and

t

+ / OuwFli1 (0: (&5 1, 7)) 26,910 12 (6 ,t2)) D+ (4.3)
t

T / OwFyy (036, 1, 2)) UD (€, , 2, Apy) de.
t

Weput i =1,...,k in (4.1)-(4.3).
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We formulate the main theorem of the paper.
Theorem 4.1. If Assumptions H[p|, H[F, G|, H[c] are satisfied and ¢ € X, then:
(i) there exist the Fréchet derivatives 0Z;[¢], OA;[¥], 1 < i <k,
(i) if 9 € X then the functions O=;[y]3, ON;[Y]9, 1 < i < k, satisfy (4.1)—(4.3).
Proof. The proof will be divided into three parts. ~ B
Part I. We prove that there exists exactly one solution (Z, Ay, ..., Ap)) of system
(4.1)-(4.3) and Z € Cy.., Ay € O(Z.;,R") for 1 < i < k.

Suppose that z € Cy.. is given. Let us consider system (4.3) with the above fixed z.

It follows that for each i € {1,...,k} there exists exactly one solution Af;[2] of (4.3)
and Ay [z] € C(Xc.5,R™). Moreover, there is v, € L([x, ], R) such that

t

18w [z](rt, 2) = Al2l(r, ¢, 2)]| < /’Mé) 12 = 2l ¢ ) A€, (4.4)

T

where (7,t,2) € ¥.; and z, Z € Cy... Denote F[z] = (F1[z], ..., Fx[2]), where

Fi[2] = 0(ai, g [2(, )] (ai, t, @)+
+ Opi(ai, g [2(- ¥)(ai, t, w)) o Ay [2](ai, t, 2)+

t
+ / .G (0:(€.1,2)) 0 Ay [#](&, 1, ) dé+

a;

t
+ /3wGi(9i(€af»x)) O Zop(€, 910 [2( )] (6.t,2)) AEF

a;

t
+ /6sz(91(€atax)) < U(l) (f,t,l‘, A[z] [Z]) df
for (t,z) € E.\ Ep.; and F; [2](t,z) = ¥;(t,z) on Ey,;. Weput i =1,...,k in the above

definitions. We consider the integral functional equation

z =T[z]. (4.5)

It follows from Assumption H[F, G| and from (4.4) that there is vo € L([x,c],Ry)
such that
¢
IF[=)(t, ) = F[](t, @)llo < /%(5) Iz = 2l rey d€,  (t,7) € Ee, k<t <c,
where z, Z € Cy. For the above z, Z we put
¢
I — 21 = smax I~ laey ex0 | ~2 [ ro(e)de] = e€ frid .

K



Existence and regularity of solutions for hyperbolic functional differential problems 235

Then we have

[ F[e) — 2] ] <

[l = =]

l\D\»—l

From the Banach fixed point theorem it follows that there exists exactly one solution
Z € Cy. of (4.5). Then (Z,Ap[2],..., ApylZ]) is the desired solution of (4.1)—(4.3).

Part 1I. Write
2Ot 2) = ~[a(t, 2, + 9) — 2(t, 7, 9)]
S

AW (7, t,2) = %[g[i] (20, + $9)](r, 1, 2) — gyl B))(7, ,2)] T,

where s € R, s #0, ¢ =1,...,k. There is g > 0 such that for s € (—eg,&0), s # 0,
we have: ¢ + s € X.

We write integral functional equations for (z(s),AEf]), .. .,AE;]) ) More precisely,
we prove that the above functions are approximate solutions to (4.1)—(4.3). We use
the Hadamard mean value theorem. We need the following intermediate points:

POt ) = (& (1= N[0 (€1, 2) + Agial2(, ¥+ s9)(E, ),
(L =N e g l=cmleE s T AE0Y+59))pe gy [z<~,¢+ﬂ>]<s,t,x>>)a

QES)(/\’g’ta l‘) = ((1 - A)@(fvg[z] [Z(a¢)](fat,$)) + A@(&Q[i] [Z<7'(/) + 319>](§,t,$))>7

SOt x) = (€ (1= Ngpl2(, 0)(€, b 2) + Agpl(, ¥ + s9)] (€, 1, 2)),

where A € [0,1] and ¢ =1,..., k. Write

U (r,t, A(.S)) =

1
/ Q) (Arritia) dA /&ﬁb T,,Sls)()\ Tt :C))d)\AE])(T,t,a:),
0

where the function

1
/ Q(s> Mt dA: B[QES)(/\,T,t,JJ)] = Mixn
0
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is defined by

1 1
(/( u('a Qi(\,s,7,t,x) d/\ / Qi(N\,s,7,t,x) (Ta y) dA.
0 0

It follows from Assumption H[F, G] and from the Hadamard mean value theorem that

zgs><t,x):19(w [2( 9 + s9)](ai, t,2))+

+ / 0ei(S°) (N, @i, t, ) dX o ALY (as, 1, )+

t 1
+//a Gi(PP (A& t,3)) dX o ALY (€, 8, @) de+

t 1

(s)
+//awGl EPOE @) dho (29) e o pranienen 96T

a;

e}

1

+ /8wGl (PN €, 2)0dA o UG (€ ¢, A )dg on E. \ Eq.;,

S —

(=)

Qag

2 (t,x) = 9(t,x) on Eo,

and

A9 (7t 2) =

(3

nan (Pz,(s)()\,&t,x)) d\ (Z(s) s+

)w(f,g[i] [2(-,p4+0)](&t,2))

B ﬁ\q O\H
o _ O\H

OBl (PP (N €. 4,2) AN UG (€t 0, Ay dE - on B,

!/

It is clear that integral functional equations (4.1)—(4.3) are generated by the above
relations.



Existence and regularity of solutions for hyperbolic functional differential problems

237

Part III. We prove that

1in(1) 28 (t,x) = Z(t,z) uniformly on E,,
S—r

lim A (r,t,2) = A[Z—] (r,t,x) uniformly on X.;, i=1,...,k.
s—0 [é]
It follows from (4.1)—(4.3) that

4i(t,z) — 2 (t,z) =
= Outbi(as, g [2( )] (0, b, @) © [Apy (ai, t,2) — A (s, 8, 2)]+
t

t
+ / OwGi(0:(&,1,2)) © [Zp(e.gu (200 (€ 1)) —

a;

= Cotegule pramieran] dét
t

[£2

and

Ap (1t x) — Af;i) (r,t,z) =

:/@ﬂmwammomm@a@—Aﬁ@umh
t
+ / O F1ay(05(€, 1, 2)) © [Zp(e g0 [ )€ b)) —
t

= (et srsoienan] At

+ /awF[l](gl(ga t, I) < U(Z) (57 t,x, A[z] - AE;])) d§ + Bi(sv T, %, ‘T)7
t

(4.8)

(4.9)
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where

Ai(s,t,x) =

= ﬁi(aivg[i} [Z('vw)}(aivtvx) -7 (alvg[z [ ( Y+ Sﬁ)](aiﬂtvx)"_

+ / [0uthi i gp (20, )] (@i 1, 2)) = 0utbs(SV (N, @iy t,2))] dX o Al (a8, )+
0
t

1
+ / / [0Gi(0:(€, 1, 2)) — 0.Gi (P (X, €, 8, 2))] dX o AlY)+

ajg

i ) (4.10)
+ [ / 0:(¢.t,2))

a;

— BuGi(PL (&, 2))] dX o (29)) (e g1 (=it s)] )y A+

t
+ /[QUGi(Gi(fa t,x)) o UM (¢ ¢, x, Afis]))_

1

N / OwGi(PL (N &t 2))dN o U (€, 1,2, AfY) | dg

0
and

Bi(s,T,t,x) =
T 1

= [ [[0cFuoite ) ~ 0.5 (P& )] d A (€t e+
t

+

ﬂ\\‘o

0

, (4.11)
— B Fy (P (0 €4, 2))] A=) e, o cprso) €.ty dEF

+ |:a711F[1](91(§7t7"E))U(z)(é’t’z’Afj))i

“\ﬂ

= [ 0B (P&t a) AU 6t A e
0
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We put ¢« = 1,...,k in (4.8)—(4.11) It follows from (4.9), (4.11) that there are
fo € C([0,1],Ry4) and 79, 71 € L([k, c],R4) such that

1A (rt,2) — AL ()| < fols) U% )z = 2 ey |+
+] [ a - AP Erola (o€ B
t
and fo(0) = 0. We conclude from the Gronwall inequality that

4.12
From (4.8), (4.10), (4.12) we deduce that there are f € C([0,1],Ry) and ¥ €
L([&, c],R4) such that

elfes)

t
|w—%wmwgsﬂ@+/€@wz—%ﬂuﬂm%,te%mL

and f(0) = 0. Then we have

uz®mmq§f@em{/€@w%} te .. (4.13)

K

We conclude from (4.12), (4.13) that relations (4.6), (4.7) hold. This completes the
proof of the theorem. O

We give comments on particular cases of problem (1.1), (1.2). Suppose that there
is M = (My,...,M,) € R? such that M(t) = Mt for t € [O a]. Then F is the classical

Haar pyramid. Suppose that k > 0,0 < kg < Kk and h < Mk, h = (h1,...,hy) € RY.
Consider the functions

o o ) |
B xR = Mo, F=[Fy] Ly g o= (B Fa), 10k,
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where (t,z,w) € Q and a; <t < a, and

h h
F[Z] (t7 Z, U)) = F[z] <ta Z, / ’UJ(O, y) dy) ) Gl(tv z, w) = Gz (tv z, / 'U}(O, y) dy> )
“h ~h
where (t,z,w) € Q and 0 <t < a;. We put i = 1,...,k in the above definitions. Note
that the i-th equation in (1.1) is considered for a; <t < a and (¢,z) € E.

Suppose that o(t,z) = (¢,z) for (¢,2) € E. Then (1.1) reduces to the differential
integral system

x+h

atzi(tax) + F[’L] <t,£€, / Z(t - Han) dy) © amzz(tvx) =
z—h
. (4.14)
:éz(t,x, / z(t—mo,y)dy>, 1=1,...,k.
r—h

It follows easily that Theorem 4.1 can be applied to (4.14), (1.2).
For the above F' and G we put

F(t7 Z, U)) = F(ta z, U.)(O, O[n}))v G(t7 €T, ’LU) = G(t7 xz, U}(O, O[n]))
Then (1.1) is a system of quasilinear differential equations with deviated variables
Orzi(t, ) + F[i] (t,z, z(p(t,x)) 0 Opzi(t,x) = Gi(t, x,z(p(t,x)), i=1,...,k (4.15)

It is clear that Theorem 4.1 can be applied to (4.15), (1.2).
Let us consider the quasilinear system

Opzi(t,x) + Flj(t, 0, 2(1,2)) © Op2i(t, ) = Gi(t, 4, 2(,0)), 1=1,...,k, (4.16)

which is a particular case of (1.1). The functional differential problem consisting of
(4.16) and (1.2) is a generalized Cauchy problem.

This is the following motivation for investigation of (1.1), (1.2) instead of (4.16),
(1.2). Quasilinear systems with deviated variables are obtained from (4.16) in the
following way. Write

. (4.17)
G(t,z,w) = G(t,z,w(p(t, x )

~—
I
e
Q&L
8
~—
~—
~—

Then system (4.16) is equivalent to (4.15). Note that the functions F' and G given by
(4.17) do not satisfy Assumption H[F, G]. More precisely, the derivatives 0,G, 9, Fj;,
1 <i <k, do not exist on .

With the above motivation we have considered problem (1.1), (1.2).
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