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POSITIVE SOLUTIONS OF
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Abstract. Consider the problem —Au = Af(-,u) in Q, v = 0 on 90, u > 0 in 2,
where € is a bounded domain in R™ with C? boundary when n > 2, A > 0, and where
f € C(Qx[0,00)) satisfies lims_,o0 s f(,s) = 7 for some p € (0,1) and some
v € O(Q) such that v # 0 a.e. in Q and, for some positive constants ¢ and ¢/,
v~ < cd?2 for some 3 € (21 00) and (—A)~!y > /dg, where dg(z) := dist (z, 09)
and v~ := —min(0,7). Under these assumptions we show that for A large enough,
the above problem has a positive weak solution u € C'*(€) such that, for some constant
" >0,u>c"dg in Q.
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1. INTRODUCTION

Let ©Q be a regular enough bounded domain in R™, let A € (0,00), and let
fec (ﬁ x [0, oo)) The existence of positive solutions of nonpositone elliptic problems
of the form

—Au=Af(-,u) in Q,

u=0 on 0f), (1.1)

u >0 in €,

(i.e., in the case when f changes sign in Q x [0, 00)) have received considerable interest
in the literature and was studied in several works. Let us mention some of them.

Castro and Shivaji studied in [5] existence and uniqueness of classical solutions of
problem (1.4) in the one-dimensional case when = (0,1), m =1 in Q, [ € (0,00),
and with h such that h(0) = 0; and the same authors addressed in [6] the analogous
n dimensional radial problem in the case when {2 is an open ball in R™ centered
at the origin.
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Castro, Garner, and Shivaji studied in [7] sublinear problems of the form

—Au = Ah(u) in Q,
u=0 on 09, (1.2)
u>0 in €,

where  is a regular enough bounded domain in R™, A € (0,00), and h: [0,00) = R
is a smooth function such that h’ is bounded from below, and satisfies h(0) < 0,
and k(o) > 0 for some o > 0. By using the sub-supersolutions method, and under
some additional assumptions on h, they proved the existence of positive solutions of
(1.2) for X positive and large enough, and that the obtained solution v = u, satisfies
limy 00 SUP,eq |ua ()] = oo.

Concerning superlinear nonpositone problems let us mention the following works.
Ambrosetti, Arcoya, and Buffoni studied in [1], superlinear subcritical problems of the
form (1.1) in the case when € is a smooth bounded domain in R™, A > 0, and with
fecC (ﬁ x [0, oo)) satisfying that maxg f(-,0) < 0 and that lim, o s7Pf(-,5) = 7
uniformly on Q with v € C(Q) such that mingy > 0 and p € (1,2* — 1) (where
2% = % if n >3 and 2* := oo if n = 1 or n = 2). Under these assumptions, by using
bifurcation results and degree theoretic arguments, they proved, in Theorem 5 of [1],
that there exists A* > 0 such that (1.1) has a positive solution for any A € (0, \*),
and that A = 0 is a bifurcation from infinity for (1.1).

Berestycki, Capuzzo Dolcetta, and Nirenberg investigated in [3] the existence of
positive solutions of superlinear subcritical problems of the form

(1.3)

—Au =~vh(u) in Q,
u=20 on 0f,

where ) is a bounded and smooth enough domain, with v € C?(Q) such that:
(B1)

O ={2€Q:9@)>0}#£9, Q ={2€Q:7(z)<0}#9,
I:=0+NQ-cQ and Vy(z)#0 for any 2 € T,

and with h € C1([0,00)) such that:

(B2) there exists s; > 0 with the property that h(s) > 0 for any s > s1,
(B3) h(0) = n'(0),
(B4) limy_,c s Ph(s) =1 for some p € (1,2£2) and [ € (0, 00).

Under these assumptions [3] proved some Liouville type theorems which give,
via a blow-up method inspired in [14], a priori estimates of the solutions of (1.3).
From these estimates, and by using Leray—Schauder degree arguments, [3, Theorem 1]
proves that (1.3) has at least a positive solution.

It is worth to mention that [3] covers also more general second order linear operators,
and with more general boundary conditions allowed.
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Costa, Ramos Quoirin, and Therani, addressed in [9] problems of the form

—Au = Am(h(u) —1) in Q,
u=0 on 052, (1.4)
u >0 in Q,

where m : Q@ — R, I € (0,00), h : [0,00) = R, and A € (0,00), with h superlinear,
subcritical, and regularly varying at infinity, and with m allowed to change sign in €2,
and vanish on an open set in ). By using variational methods they proved the existence
of positive solutions for A positive and small enough.

Garcia-Melian, Iturriaga, and Ramos Quoirin studied in [13] problem (1.3) in
the slightly superlinear case when h is regularly varying at infinity with index one
at infinity, and v € C() is such that QF = {z € Q: v(z) > 0} # @ and satisfies
one of the following assumptions:

(G1) v>01in Q,
(G2) Ot C Q and v > 0 in a neighborhood of 992,
(G3) 90T is an n dimensional manifold of dimension n — 1 and, for some positive

constants ¢; and ¢, ¢; < d,f(g) < ¢9 on a neighborhood of 99).

Under these hypotheses they proved, in [13, Theorem 1.1], that (1.3) has at least one
positive solution.

Ma, Zhang, and Zhu studied in [22] problem (1.4) in the case when  is a regular
bounded domain of RY with N >3, X and [ € (0,00), m € C (Q), h: [0,00) — [0, 00)
is superlinear at infinity and has regular variation at infinity of index p for some
p € (1, 5£2). They assumed also that h(0) = 0, h(s) > 0 for any s > 0, and that
lim,_, o s7Ph(s) = ~ for some v € (0,00). In addition, there it was assumed also
that m satisfies one of the following three conditions:

(M1) m >0 in €,

(M2) QF C Q, where QF := {z € Q : m(x) > 0}, and m > 0 in a neighborhood
of 9T,

(M3) 99T is a n — 1 dimensional C' manifold, 9QF C 2 and there exist positive
constants ¢, ¢1, and c¢o, such that ¢; < ’d;zqm‘ < ¢ in a neighborhood of 9Q*.

Under these hypotheses, by using Leray—Schauder degree arguments and a priori
estimates for the solutions of (1.4), they proved in [22, Theorem 1.2] that there exists
Ao > 0 such that (1.4) has a positive solution for any A € (0, Ag).

Concerning sublinear nonpositone problems, Dancer and Shi studied in [11] problem
(1.3) in the case when v =1, A > 0, and  is a bounded and C? domain in R™ which
satisfies an uniform inner ball condition. They proved, in Theorem 1.1 of [11], that
if h satisfies:

(D1) h e Ch%(]0,00)) for some a € (0,1) and h(0) < 0,

(D2) for some S > 0 it holds that h(s) > 0 for any s > 8 and F(s) < 0 whenever
s € (0, 8), where F(s) := [; f,

(D3) lims_y0o s~ 1h(s) =0,
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(D4) liminfs o (h(s) — sh/(s)) > 0,
(D5) there exists sg > 0 such that h'(s) > 0 for any s > so,

then (1.3) has a unique weak positive solution for A positive and large enough. They also
proved that if (D3) is replaced by

(D3) limsup,_, ., s th(s) >0,

(i.e., in the superlinear case of (1.3)) then (1.3) has no positive solutions for A large
enough.

Costa, Tehrani, and Yang considered in [10], via variational methods, problem
(1.3) in the case when h € C ([0,00),R) and h(0) < 0. In the sublinear case (when
lim, 00 s~ h(s) = 0) they proved the existence of positive solutions for A\ large
enough. They studied also some superlinear subcritical cases of (1.3), namely those
where lim,_,o s Ph(s) = co and |h(s)| < C (1 + sP72) for some p € (0,2* — 2) (with
2% = n2f2 when n > 2 and 2* = co when n = 1,2), and for these superlinear problems
they obtained positive solutions for A\ positive and small enough.

Kaufmann and Ramos Quoirin addressed in [18] sublinear cases of problem (1.4).
They assumed that h € C(R) satisfies h(0) = 0, lims_,oc s Ph(s) = 1 for some
p € (0,1), and that m € C (ﬁ) is such that m™ is sufficiently small with respect to
m™ in the sense that: There exists § > 0 such that the problem

{—Aw =1 —-8)mTwP —m~wP inQ, (15)

u=20 on 01,

has a solution w € Pgl where
B

@)’

C5(Q) :={ueC'Q:u=0ond0}
and Pg}s @
m* := max(m,0) and m~ := —min(m,0). Under these assumptions, by using the
sub-supersolutions method, they proved, in Theorem 1.2 of [18], that there exists
Ao > 0 such that for any A > Ag problem (1.4) has a solution u = ux € P, which,

denotes the interior of the positive cone in Cllg(ﬁ) and with, as usual,

1 (ﬁ) I
B
in addition, satisfies limy_,o ux(2) = 0o any x € Q.

On the other hand, Bachar, Maagli, and Eltayeb studied in [2] the existence of
nonnegative solutions of semipositone problems of the form

{—Au =a+Af(,u) nQ, (1.6)

u =0 on 0f,

where Q is a C%! bounded domain in R”, n > 2, a : 2 — R is a nonnega-
tive nonidentically zero function in a suitable Kato class K(Q2), A € (0,00), and
f Q2 xR — R is measurable and such that, for some nonnegative and nontrivial
q € K (), it holds that

|f(z,s) = f(z,t)] < g(x)|s —t| for a.e. (x,s) € Qx(0,00), (z,t) € Q x (0,00).
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Under these assumptions it was proved in Theorem 3.3 of [2] that there exists A* > 0
such that (1.6) has a nontrivial and nonnegative solution (in the distributional sense)
for any A € (0, A*). Estimates from above and from below for the found solution were
also given there.
Additional references on semipositone problems and some comments on the state
of the art for these problems, can be found in the excellent surveys [8, 21, 25], and [28].
Let us present our result. Our aim in this paper is to prove the following theorem:

Theorem 1.1. Let () beﬁ bounded domain in R™ with C? boundary when n > 2,
let A € (0,00), and let f:Q x [0,00) = R. Assume the following conditions:

(H1) feC(Qx][0,00)),
(H2) lims—o0 5P (-, 8) = 7 uniformly on €, for some p € (0,1) and some v € C ()
such that
(—=A)"ly > edg in Q

for some positive constant ¢, and such that
v < ddy (1.7)
with ¢’ and 8 positive constants such that § > an

Then exists g > 0 such that, for any A > Ao the problem

—Au=Af(-,u) inQ,
u=0 on 09, (1.8)
u>0 in €,

has a weak solution u € C};Lﬁ), Moreover, it satisfies u > cdg in Q, with ¢ a positive
constant ¢, and where dg : Q0 — R is the distance to the boundary function defined by

do(x) := dist(z, 0). (1.9)

We assume, from now on, that €2 and f, satisfy the assumptions of Theorem 1.1,
and that A > 0.

We stress that our nonlinearity f is rather general, in the sense that no conditions
on the sign of f are imposed, except for those implied by (H2). Notice also that (1.7)
is automatically fulfilled if v is nonnegative in a neighborhood of 0f2.

The paper is organized as follows. In Section 2 we introduce some notations and
general facts we use.

In Section 3 we introduce the operator T': C'(Q) — C%(Q) defined by

T(u) = (-A)~" (v (uh)").

Lemma 3.8 shows that T is continuous and compact, and Lemma 3.9 says that
T : D — CL(Q) is continuously Fréchet differentiable, where D is the open set
in Cj (Q) given by
D :={u € Cx(Q) : inf5 (udy") > 0},
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and Remark 3.6 says that T has a unique fixed point u in C}(€2) and that it belongs
to D. By defining O as the open ball in Cj(Q) centered at u and with radius p,
for a suitable carefully chosen p > 0, Lemma 3.18 shows that the Leray—Schauder
degree deg; o (I — T, 0,0) is well defined and that deg;q (I — T,0,0) = £1.

In Section 4 we prove Theorem 1.1. To do it we follow an approach inspired
in [22], used there to study some semipositone superlinear subcritical problems. Fol-
lowing [22], for a € (0,00) and v € O, we define T, (v) by

Ta(v) = (=) (a?f (=) =707).

and we show that there exists ay > 0 such that, for any « € (0, «g), the Leray—Schauder
degree deg; g (I — (T +T),0,0) is well defined and satisfies

deg; s (I — (T +T),0,0)=deg, s (I —T,0,0) = £1,

and then, for such «, the problem —Av=a? f(-, Z) in Q, v = 0 on I has a solution in O.
Therefore, by defining u = £, we see that, for any A > \g := 0%7 u is a weak solution

of problem (1.1) which belongs to = D,and so it satisfies u > cdg for some ¢ > 0.

2. PRELIMINARIES

Let us introduce some notations and assumptions we use along our work. Along
the whole paper dg will denote the distance function defined by (1.9) and we assume,
also from now on, the conditions (H1) and (H2) stated in Theorem 1.1.

If h is a real function defined on € (respectively defined a.e. in ), we will write
h* and h~ for the functions defined on Q (resp. defined a.e. in Q) by

ht(z) := max(0,h(x)) and h~(x):= —min(0,h(x)).
CE(€) will denote the Banach space
C(Q):={ueC'(Q):u=0o0n 09},
endowed with the norm
[ulloy @y = lullei@) + VulllLo @)

For u € C§(Q) and r > 0, we will write By.(u) (respectively B,.(u)) to denote
the open (resp. closed) ball in C4(€2) centered at u and with radius r.
Also, PC,}; (@) Will denote the positive cone in C%(9Q), defined by

P

C@)::{uEC}S(Q):uZOinQ},

1
B

and we will write Pgé @ for the interior of Pcll3 (@) in C}(€2), which can be described as

o — ou )
Pclli(ﬁ) = {u € Cx(Q):u>0and W < 0in 89},
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where v is the outward unit normal at 0f2, or, alternatively, by

Por@)

- {u € CLQ) : infudgy > o} .
Q
As usual, (=A)7": L¥(Q) = N< g W(Q)N Wy %(Q) will denote the solution
operator of the problem -

{—Au =h in Q, (2.1)

u=20 on 0},

i.e., the operator defined, for h € L>(Q), by (—=A)~'h =: u, where u is the unique
solution of (2.1). We recall that, for such a h, by the embedding theorems for Sobolev
spaces, (—A)~'h € C§(Q) and that, for r > n, (=A)1LT(Q) — CE(Q) is a contin-
uous and compact operator.

If g and h are real functions defined on  (respectively defined a.e. in §2), we will
write g < h to mean that, for some positive constant ¢, g < ch in Q (resp. g < ch a.e.
in Q. Also, g £ h will mean that h < ¢, and g = h will mean that g < h and h 5 g.

If h € C(2) we will write A > 0 in Q to mean that h(z) > 0 for any z € Q; and
if h is defined a.e. in Q (for instance when h € L(Q2) for some g > 1), we will write
h > 0 in © to mean that h(z) > 0 for a.e. x € Q,

If b e L"(Q2) for some r > % and b # 0, we will denote by A\;(—A,b) the unique
positive principal eigenvalue of —A on Q with weight function b, that is, A\;(—A,b) is
the unique positive number p such that the problem

—Ap = pbp in Q,
p=20 on 012,
>0 in 00

has a weak solution (called a positive principal eigenfunction). If » > n then, elliptic
regularity, any such a ¢ belongs to Cj (Q2). We recall also that A; (—A, b) is a simple
eigenvalue of the eigenvalue problem

—Ap = Abyp in Q,
p=0 on 012,

and that, if ¢ is a positive principal eigenfunction, then ¢ ~ dqg in 2. Moreover,
A1 (—A,b) is given by the Rayleigh variational formula

. fQ |V’UJ‘2
A (=A)D) = inf S (2.2)
ueCH@): [, bu2>0 Jo bu
For more details about principal eigenvalues with weight and their associated eigen-
functions, see, e.g. [12].
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3. SOME FACTS ABOUT AN AUXILIARY PROBLEM

Lemma 3.1. Let v € C(2) — R be such that y© # 0 and v~ < cdq for some
positive constant c, and satisfying that (—A)~ly € (ch(ﬁ)) fu € C4() s

a non-identically zero weak solution of

{—Au =~ Wt inQ,

3.1
u=20 on 0N, (3:-1)

then:

(i) w>0in Q,

(ii) {z€Q:u(z) =0} Cc{z e Q:v(zx) <0}.

Proof. We first prove (i). Let U := {z € Q : u(z) < 0}. Then U is open in Q. We
claim that U = @. Indeed, suppose that U # @, then u < 0 on 9U. Let us see that
u = 0 on OU. By the way of contradiction suppose that € U and that u(z) < 0.
Then either x € Q or x € 90, but = € 9N is impossible because © = 0 on 9€2. Thus,
x € , and so, since u is continuous in €2, there exists a neighborhood N, of z such
that u () < 0 in N,, which is impossible because, since x € 9U,

N, N (Q\U) # 2.

Thus, © = 0 on OU. Now, in the sense of distributions,

~Au=vw")’ =0 inU,
u=0 on OU.

Then, by the weak maximum principle, as stated, e.g. in Theorem 8.1 of [16], u = 0
in U, which contradicts the definition of U. Thus, U = @ and so u > 0 in €. Therefore,
(i) holds.

To prove (ii), consider the sets 4 and Qg ,, given by

Qpi={xeQ:y(x) >0}, Qo,:={zeQ:ulx)=0}

and let C+ be an arbitrary connected component of Q. We claim that Qg ,NCq+ = 2.
Indeed, suppose that €, N Co+ # @ and let x € Qg N Co+. Then y(z) > 0 and
u(z) = 0. Thus, for r positive and small enough, B,.(z) C Q and v > 0 in B,(z), where
B,.(z) :={y € R™: |y — z| < r}. Now, in the distributional sense,

~Au=~w")’ >0 in B, (z),
u>0 on 0B, (z),

u € C' (B,(z)) and so clearly ming, (,)u is attained at z. Since v (u™)” € L%(1)
for any ¢q € (1,00), the generalized strong maximum principle, as stated, e.g. in [16,
Theorem 9.6], implies that v = 0 in B,.(z). Thus, B,(z) C 9, NCq+ and so Qg ,NCo+
is open in Cq+. On the other hand, v € C(Q) and so Qg N Cq+ is closed in Co+.
Then, since Cq+ is connected, 2y, N Co+ = Cq+ and so Cq+ C g ,,. Since this holds
for each connected component of Q1, the lemma, follows. O
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Lemma 3.2. Let vy be as in Lemma 3.1. If u € C5(Q) is a non-identically zero weak

a1
solution of problem (3.1) then there exists a positive constant ¢ such that u > cdy™”
in Q.

Proof. Notice that v (u™)? € C5(Q) and then u € W29(2) N W, %(Q) for any ¢ €
[1,00), and so u is a strong solution of (3.1). By Lemma 3.1, u > 0 in Q. Let € > 0.
Then x ﬁ(u +£)!7? (z) belongs to Cj(Q) and a direct computation shows that

“A((w+e)' P =) = —(L=p)(ute) PAutp(L—p) (u+e) PV

(=P e 01— ) o) [T
>(1 *MV% in €,

and since (u 4 €)17P — e!=P = (0 on 91, the weak maximum principle gives
(u+e)' P —e"P > (1 —p)(—A)~! <7u1’p> in Q. (3.2)
(u+e)
Let r € (n,00), and let g, be defined as in the proof of Lemma 3.1. Thus,
yu?

lim ——— =~in 2\ Q
S ey =7 O\ o

and we have also, for any € > 0, % =0 in Qg . Since
yuP " 1
— ] < reLH(Q),
2| <l e @)

then, by the Lebesgue dominated convergence theorem, lim,_ o+ % =YX\ Q0.
with convergence in L"(£2) and so

with convergence in C5(€) and so, from (3.2),

u'"P > (1—p)(-A)! (VXonQp..) in Q.
By Lemma 3.1, v < 0 in Qo and then yxa\q,, = 7, Thus ut—P > (fA)f1 (v) > cdq
in , with ¢ a positive constant, and the lemma follows. O

The next lemma improves Lemma 3.2.

Lemma 3.3. If u € C(Q) is a non-identically zero solution, in the sense of
distributions, of problem (3.1), then there exists a positive constant ¢ such that
u > cdg in €.
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Proof. By Lemma 3.1 u > 0 in 2, and, as observed within the proof of Lemma 3.2,
U € Nicyeon W24(Q) N W, Q) for any ¢ € (1,00) and u is a strong solution of (3.1).

1
By Lemma 3.2 and (H2) we have u > cdf, ” and, for some 3 € (%1, 00), 7~ < ddp
in Q with ¢ and ¢’ positive constants. Then,
el _
—Au + %u > -Au+ du=—-Au+y uP =4TuP inQ, (3.3)
u=0 on 0f).

/B
Notice that, since 8 > ”771, we have that 0 < % € L"(Q) for some r > n.
We study first the case n > 2. For ¢ > 0, consider the mapping
O : 90 x (—¢,e) — R”™ defined by

D(y,t) =y +tv(y),

where, for y € 99, v(y) denotes the unit outward normal to 2 at y. Since Q is
a C? bounded domain, we have that ® € C! (9 x (—¢,¢)) Then, for ¢ positive
and small enough, N; := ® (09Q x (—¢,¢)) is a tubular open neighborhood of 9§
(see, e.g. [17, Chapter 4, Section 5], see also [21, Theorem 6.17]) and [4, Chapter 6,
Section 6.2]), and ® is a O diffeomorphism from 9§ x (—¢,¢) onto N.. Moreover,
if N7 is defined by N7 := ® (99 x (—¢,0]) then, taking into account that v is the
outward unit normal we have, again for ¢ positive and small enough, N = A., where
Ac = {z € Q:dg(z) <e}. We fix such a ¢ with the above properties.

From the Hopf boundary lemma, as stated in [27, Theorem 1.1], and taking into
account (3.3), we have that g—Z(y) < 0 for any y € 09, i.e.,

A(uo ®@)(-,1)

ot [t=0 = <(Vu)(y)7 V(y)> < 0 for any y € on.

Therefore, since u € C1(£2) and since v € C* (99) (because 2 is a C? domain), we have
that, by diminishing ¢ if necessary, there exists a positive constant ¢; such that

W < —¢p in 99 for any y € 9Q and t € (—¢,0].

For x € A., we have x = y+tv(y) for some y € 9Q and ¢ € (—¢, 0] (which, in particular
implies that dg(z) < |t|) and so

u(x) =u(y +tv(y)) —u(y) = (uo @)(z,t) — (uo @) (,0) (3.4)
/ uo<I> ds
I(uo?®)(y

t
= ai)ds > c1|t] > erdq(x) for any x € A..
s

—Itl
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Let m := ming\ 4_ u. From (3.3) and the strong maximum principle (as stated, e.g.
in Theorem 9.6 of [16]) we have that m > 0. Now, do <& = Zm < Zu in A. and so

u>"dg in A, (3.5)
€
and thus, from (3.4) and (3.5),
u > max {cl, E} dq in A,
€

which ends the proof of the lemma when n > 2.

Consider now the case n = 1, i.e., the case when Q := (a,b) with —oo < a < b < 0.
In this case % (a) = —u/(a), %(b) := u/(b). Notice that the assumption on the
smoothness of Q) was used in Theorem 1 of [27] only to guarantee that  satiisfies
the inner ball condition which, in the one-dimensional case, clearly holds. In fact, for
any p < b—a, the interval (a, a+p) (respectively (b—p, b)) is an inner ball whose closure
intersects 00 only at a (resp. at b). Then, by Theorem 1 of [27] we have that % <0
on 9. Therefore, since u € C1(€2), there exist § > 0 and 7 > 0 such that u/(x) > 7 for
any z € (a,a+9) and u/(z) < —n for any x € (b,b — §). Then, since u(a) = u(b) =0,
the mean value theorem gives that, for some positive constant c,

U > CdQ in A(;,

Also, by the strong maximum principle, u > 0 in © \ As, and now the proof ends as
in the case n > 2. O

Lemma 3.4. Hud51||Lm(Q) < ||u||Cé(§) for any u € CL(9).

Proof. For x € Q, let y, € 9Q be such that dg (z) = |x — y.| and let
I ={0z+(1-0)y, : 0< 0 <1}.

Then I, C Q. Indeed, if not, then for some 6 € (0,1), 6z + (1 — 0)y, ¢ Q and so
there exists 6 € [, 1) such that z := 6z + (1 - 5) Yz € 082, but this contradicts the

definition of dg because |z — z| < |z — y,| = da(x). Thus, I, C Q. Now, from the mean
value theorem,

lu()|  |u(z) —u(ype})] _
o)~ bowl Vel loe

and the lemma follows. O

In what follows, we put

D= {ue Cy@) s inf (udg') >0} (3.6)
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Remark 3.5. Notice that D # @& (for instance, if ¢ is a positive principal eigen-
function for —A in ), with weight function 1 and homogeneous Dirichlet bound-
ary condition, then 1 € D). Moreover, D is open in C(Q). Indeed, for u € D,
let p := infq (udg'). Then, for any v € C§(Q) such that ”””Cé(ﬁ) < 1p, we have

u+v € Cx(Q) and

— _ — P .
(u+v)dg' > p+vdg' > p— |jvdgt|| L > p— H“”cg(ﬁ) >3 in Q.
Thus u+v € D, ie. By,(u) C D.
Remark 3.6. If u € C}() is a non-identically zero weak solution of problem (3.1)
then, by Lemma 3.3, u > 0 in Q and u € D. On the other hand, by [19, Theorem 1.1],
(3.1) there exists v € H}(Q) such that v is the unique positive weak solution of (3.1).

Then it follows that (3.1) has a unique non-identically zero weak solution u € Hg (£2)
and that such a u belongs to C5(Q) N D.

Definition 3.7. Let T : C(Q) — C5(Q2) be defined by
T ()= (=8)7" (3 (u")").

It is clear that vy (uT)” € C(Q) for any u € C(€). Then T'(u) is well defined
and T'(u) € W29(2) N Wy () for any ¢ € [1,00). In particular, by taking ¢ > n,
T(u) € CE(Q).

Lemma 3.8.

() T:C () — Cx(Q) is continuous.
(i) T: Cj () — Cx( ﬁ s continuous.
(iii) T : C} (ﬁ) — CE(Q) is a compact operator.

Proof. To see (i), observe that if a > 0, b > 0, and 0 < p < 1, then [a? — bP| < |a — b|?.
Let u € CE(Q) and let {u;}t,cn be a sequence in C5(Q) that converges to u in C(Q).
Then

v ()" = ()] < Iyl Juff = | in ©
and thus {v (u;r)p}jeN converges to v (u™)’ in C(Q) (i.e. v — ~vP is continuous

from C%(Q) into C(2)). Then {(—-A)~* (v (u;')p) }jeN converges to (—A) ™! (v (u™)?)

in W24(Q) for any q € [1,00) and so, by taking ¢ > n,
—1 +\P 1P _
JILHQC [(=2)7" (v (u)" = (u?) )Hcé(ﬁ) =0 (3.7)
which gives (i).
Since the inclusion C (22) < C(Q) is continuous, (ii) follows immediately from (i).
To see (iii) notice that, as observed above, v+ 7 (v +)? is continuous from Cj(9)
into C(Q), Also, (—A)~!: C(Q) — W24(Q ) is continuous for any ¢ € [1,00) and
recalling that, for any ¢ > n, the embedding W29(Q) N Wy4(Q) — CE(Q) is compact
(with W29(Q) N Wy*?(Q) provided with the topology inherit from W29(Q)), we get
that T : C(Q2) — CE(Q) is compact. O
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Lemma 3.9. Let D and T be as given by (3.6) and Definition 3.7, respectively. Then
T:D — gé(Q) is continuously Fréchet differentiable and its Fréchet differential
D,T : C(Q) — C5(Q) at u € D is given by

(D.T) (¥) = p(=A)~" (yuP~"9) for any ¢ € C(Q). (3.8)

Proof. Let u € D, let p:= infq (udgy') and let ¢ € C§(Q) be such that lelley @) < 4
Then u + ¢ € D and the mean value theorem gives

T(u+ ) = Tu) = (~A) 7 (7 (u+ @) =) = (~A)7" (p ((w+ 00/ ¢))
for some 6 : 2 — R such that 0 < § < 1 in Q. The mean value theorem gives
(—a)~! (vp ((u +0p)P ! w))
= p(=A)7! (1) + p(p — 1)(=A) 7" (3 (ut On)” (0 - 1)¢?)
for some 7 : Q2 — R such that 0 < 7 < 1 in Q. Then
T(u+ @) =T(u) + (DuT) (¢) + plp — )(=A) " (v(u+Onp)P (0 — 1)¢?)  (3.9)

with D, T defined by (3.8). Notice that D,T is well defined on C(€2) and that it
is continuous from C%(Q) into L>°(Q). Indeed, for ¢ € C5(Q) and u € D, we have
u > cdg in §) for some positive constant ¢ (with ¢ depending on «). Then

=] = [l (dg* )" |vdg!| < ' Il ldall, [vdg'|

and so, by taking q > n, H’yup_lz/JHq < Yl o (@)> Where ¢’ is a positive constant
B
independent of 1. Thus,

-1 —1
< ey, < ¢ ledg | < IYlloym)
with ¢, ¢’ and ¢ positive constants independent of ¢t. Then D, T : C5(Q) — C5(Q)

is continuous. -
On the other hand, for ¢ € C5(£2), we have

1T+ 9) = T() = (DuT) (D)l ey = | (=207 (3 (w+ )2 (0= 1)?)|

(wdg)’|

Cp(@)

<d H (u+ 97790)”_24,02Hq <

oo

< Nl o

and so
_ 1T (u + @) = T(w) = (DuT) (2)ll oy, ()
lim =0

ey (m) =0 lelloy @)
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Then T is Fréchet differentiable at u and its Fréchet derivative (at u) is D,T.
Finally, for u € D, v € D and ¢ € C§(Q), from (3.8), by the mean value theorem
we have

(DT = DuT) ()l oy @) = [[(=A)71 (v (uP~t —oP71) @) ||c;(§)

3.10
=p(1—p)|(-A)"" (755}2(u_“)¢)||c;5(§)’ 10

where &, , : 8 = R is a function such that, for any « € Q, &, ,(x) belongs to the open

segment with endpoints u(x) and v(x). Since u € D there exists a positive constant

cy such that u > c,dq in Q and, by Lemma 3.4, |u — v| < dallu — v|| @ n €. Thus,
B

for v € Beu (u), we have
2
v=u—(u—v)>c,dg—dqlu— v||0113(§) > (cu - %u) do = %dQ in Q. (3.11)

Therefore, since also u > G-dg in €, it follows that £, ., > F-dq in . Again by
Lemma 3.4, || < |l¢l[c1 ) Thus, for v € B cu (u),
B cQ

p—2 c\P2 1 :
e =)ol < Il (5) " bl = vloym Ielloym i 2
Q

and so
[vgis(w =)l , < cllu=vlcy@leloym
with ¢ a positive constant independent of v and ¢ (for v € Beu (u)). Then, from (3.10),
for such v,
(DT — DuT) (‘P)”cls(ﬁ) < flu— U”cé(ﬁ) ||90||cé(§)

with ¢ independent of v and ¢, which concludes the proof that T is continuously
differentiable. O

Definition 3.10. From now on we will denote by u the (unique) non-identically zero
fixed point of T in Cx(Q2).

Remark 3.11. There exist positive constants ¢, and ¢,, such that ¢, dg < u < ¢, dg.
Indeed, since w € D there exists a constant c¢,, > 0 such that w > c¢,dgq in 2 and,
by Lemma 3.4 we have also, for some constant ¢},, u < ¢}, dq in Q.

Remark 3.12. Since I — T : D — Cj(Q) is continuous, and since u # 0 and
Tu = u it follows that there exists po > 0 such that ||7'(v)]| @ = 3wl (@) for any
B B

v € B,y (u).

Lemma 3.13. Let u be as given by Definition 3.10. Then D, T : C5(Q) — C5(Q2)
18 a compact operator.
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Proof. As seen in the proof of Lemma 3.9, Dy, T : C(Q) — C§(Q) is continuous.
To see the compactness of D,, T consider an arbitrary bounded sequence in C}(£2) and,
for j € N, let vj := D, T (¢;). Then

(3.12)

—Avj = pyuP~l; in Q,
v; =0 on 0f.

For z € Q let y, € 90 be such that dg (x) = |x — y,|. Then, as seen in the proof
of Lemma 3.4,

L={0z+(1-0)y,:0<0 <1} CQ.

Thus, for x € 2 and j € N, the mean value theorem gives
[ (@) = |v; (@) = ¥ (h)] < IVl 2 = val < 1950y m) dal®),

and so ¥;(z) < cdq(x) with ¢ a positive constant independent of = and j. On the
other hand, as observed in Remark 3.11, we have u(z) > cuda(z) with ¢, a positive
constant independent of z, and so, since p < 1 and v € C (2), we get that

[py(@)uP " (2); (x)| < ech'p Iyl -

Then {p'yup_le}jeN is bounded in L>°(2), and so, by elliptic regularity, {v;}._y has

JEN
a subsequence that converges in C}(€). O
Definition 3.14. We define O := B, (u) where p > 0 is such that:

(1) Bs, (u) C D, with D as given by (3.6),
(2) p< %cu with ¢, as given by Remark 3.11,
(3) p < po with pg as given by Remark 3.12.

Notice that O is an open and bounded set in C(Q2). We will write O for the closure
of O in Cx(Q).

Remark 3.15. Notice that there exist positive constants co and ¢» such that
coda < v < cpdg in Q for any v € O. Indeed, let ¢, bejs given by Remark 3.11 and
let p be as given by Definition 3.14. Then, for any v € O,

1 .
V= u — (U . U) > CudQ _ ||u — UHCZl;(ﬁ) dQ > CudQ - de > icudﬂ in Q.
Also,
v= (=) +u< o= ulg @ da+ [ulloym do < (p+ [ulloy @) ) do

and thus, by taking ¢}, := (p + [|ul[ o (ﬁ)) we have v < cfpdg in © for any v € O.
B

The proof of the following lemma is an adaptation of part of the proof of
[15, Theorem 3.1].
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Lemma 3.16. Let D, T be the Fréchet differential of T : D — CE(Q) at w. Then

DT has no eigenvalues in (p, 00).

Proof. Let o € R be an eigenvalue of D, T, and let z € C5(Q) be an associated

eigenfunction. Thus,

z=0 on 0f2.

{—Az = %pvupflz in Q,

and thus, by taking z as a test function in (3.13),
ol — fQ V2|?
Japrwr—tz2

Also,

—Au =~uP in Q,
u=0 on 0f).

For ¢ > 0, we take —— as a test function in (3.15) to obtain

2
/<Vu,V(Z )>=/7u”z .

u—+ e u—+ e
Q Q

u+e

i.e.
2
/ V. Qszi zVu2 :/’Yup
ute (u+e)
Q Q
that is,
2 2
/ _z |Vu|2+< 2% Vu,Vz> :/'yup
(u+e¢) u+te
Q Q
Now,
2 2
2
_Z |Vu|2 +< - Vu,Vz> < |Vz|?,
(u+e) u+te
and so

2
z
Va2 > uP
/| Z|_/7 u-+e
Q Q

which, by taking the limit as ¢ — 07, gives

/|Vz|2 > /vup_lz2

Q Q

and thus, by (3.14), o < p.

(3.13)

(3.14)

(3.15)
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Remark 3.17. We recall that if X is a Banach space, if I/ is a open bounded
set in X, and if F : U — U is a continuous and compact operator such that
0¢ (I —F)(0U), then the Leray—Schauder degree deg; ¢ (I — F,U,0) is a well defined
integer which has the following properties (see, e.g. [29, Chapter 13, Section 13.6], see
also [24, Chapter 3, Section 3.2]).

(l) degLS (Iaua 0) =1

(i) If degyg (I — F,U,0) # 0 then F has at least a fixed point v € U.

(iii) If F: U — X and F : U — X are two continuous and compact operators such
that 0 ¢ (I — F) (9U) and 0 ¢ (I - ﬁ) (AU) and if
F(v) = F(o)|| < inf IF
sup H (v) = F(o)|| < if [F(v)lx

then _
degy s (I — F,U,0) = deg; ¢ (I _F.u, o) .

(iv) (homotopic invariance) If H € C ([0,1] x U, X) is a compact operator such that
0¢ (I—H(t-))(OU) for any t € [0,1] then t — deg; g (H (¢,-),U,0) is constant
on [0,1]. In particular,

degLS(I - H(O7 )72’{70) = degLS(I - H(la )au70) .

(v) If Up is an open subset of U and if F : U — X is a continuous and compact
operator such that 0 ¢ (I — F) (U \ Up) then

degpg (I — F,U,0) = degpg (I — F,Up,0).
Lemma 3.18. Let O be as given by Definition 3.14. Then
degLS (I - T, 0,0) - :t]..

Proof. By Lemma 3.8, T : C5(Q2) — C§(9) is a continuous and compact operator,
and, since T has a unique fixed point in C(€2), which, by the definition of O, belongs
to O, then T has no fixed points in 0O, and so deg; o (I — T, 0,0) is well defined.

By Lemma 3.9, T : D — Ck(Q) is continuously Fréchet differentiable and its
Fréchet differential D, T at an arbitrary u € D is given by

(DuT) (%) = p(=A)7" (yul~'9) (3.16)

for any ¢ € Cj(Q). We recall that, by Remark 3.6 and by the definition of wu,
the function u is the unique fixed point of 7" in C5(£2) and so

{veCs(Q):veI-T)""0)} = {u}. (3.17)

We claim that I — D, T : C5(Q) — Cx(Q) is invertible with continuous inverse. Indeed,
if p € C5(Q) \ {0} and ¢ — (D, T) (¢) = 0, then 1 would be an eigenvalue of D, T,
in contradiction with Lemma 3.16. Thus, I — D, T is injective.
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On the other hand, by Lemma 3.13, D, T is compact, and since u is not an eigen-
value of D,,T, 1 does not belong to the spectrum of T’ and so D, T : C5(Q) — CE(Q)
is surjective, and then the open mapping theorem (as stated, e.g. in [26]) gives that
I—-D,T : Cs(Q) — Cj(Q) is invertible with continuous inverse. Now (see, e.g.
23, p. 197),

degrs (I -T,0,00= > (-1)7"), (3.18)

ve(I-T)~1(0)
where o(v) denotes the sum of the algebraic multiplicities of the eigenvalues of D,T
contained in (1,00) (with the convention that o(v) = 0 if no such a eigenvalue exists).
By (3.17), the sum in (3.18) reduces to only one term (namely for v = u) and since

o (u) = 0 (because, by Lemma 3.16, D,,T has no eigenvalues in (1,00)) we conclude
that deg; g (I —T,0,0) = £1. O

4. PROOF OF THE MAIN RESULT

We recall our assumptions, stated at the introduction, on f: Assume the following
conditions:

(H1) feC(Qx]0,00)).
(H2) limy_,o0 5P f(+,s) =7 uniformly on €, for some p € (0,1) and some v € C ()
such that for some positive constants ¢, ¢’ and 3, with 8 > "771,

(=A)" 'y >cedg and 47 < c'alf2 in Q.

We recall also that we will write u to denote the unique non identically zero fixed
point of T in Cj ().

Definition 4.1. Let f*:Q x (0,00) — R be defined by f*(-,s) := s Pf(-,s).
Lemma 4.2. Let O be as given by Definition 3.14. Then:

(i) for anyv € O,
lim o f (~7 E) =~yvP in Q,
a—0t [0

(ii) for any o € (0,1), v € O and r € [1,00), the function o f (-, L) belongs to L" (1Y),
and the map v — oP f (-, 2) is continuous from O into L" ().
(iii) for any v € O, limy_,o+ oP f (-, %) = P with convergence in L"(Q) for any

r € [1,00).

Proof. (i) follows immediately from (H2).

To prove (ii), consider an arbitrary function v € O. By Remarks 3.11 and 3.15,
there exist positive constants ¢, and ¢}, such that c,do < u < ¢, dg in 2, and there
exist positive constants co and ¢}, such that codno < v < ¢pdg in Q for any v € 0.
Then there exist positive constants ¢, and cg such that

"

ch < — < cp in Q for any v € O. (4.1)

SRS
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Therefore, by (H1) and (H2), it follows that, for any o > 0, a.f (-, £) € L*°(Q). Then
af f (-, ) belongs to L" () for any r € [1,00), and so the first assertion of (ii) holds.
To see the second assertion of (ii), consider, for an arbitrary v € O, a sequence

{vitjen C O such that {v; }jen converges to v in CE(Q). For a € (0,00) and r € [1,00)

we have, by (H1),
s ) or (.2

Also, by (4.1), we have 2 € L°°(Q2) and that {%}jEN is bounded in L*°(2). Then, by
(H1), there exists M > 0 such that, for all j € N.

s () = (-3)

Therefore, since Mu'™ € L (), by (4.2), (4.3), and the Lebesgue dominated conver-
gence theorem we get that
0rf (2 5) —arf (+2)
@ a

and so the second assertion of (ii) holds.

To prove (iii), consider € > 0 and an arbitrary function v € O. By (H2), there
exists tg = to(e,v) > 0 such that |f*(-,t) — 4| < m in Q whenever t > to.
For a > 0, let

T

lim =0ae. inz € Q. (4.2)

j—o0

' < M ae. in Q. (4.3)

lim
j—o0

:07

T

Epae={zecQ:v(zx) > aty(e)}, (4.4)
Foae={zeQ:v(z) <aty(e)}. (4.5)
Let f* be as given by Definition 4.1. Then

o3 (o) o (2 7 ()

‘apf (-, E) — 'yvp‘ < £ in Ey e (4.6)
« 2

/

E'u,a,a

and so

3 (-5

< (%) ). (4.7)

On the other hand, by Remark 3.15, there exists a positive constant ¢ such that

v(x)

a(x)

> cin Q for any v € O and a € (0,1), (4.8)
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and, by (H1) and (H2), f* is bounded in © x [c,00). Let M** > 0 be such that
|f*| < M** in Q x (c,00). (4.9)
Thus, taking into account the definition of f*, and (4.8), and (4.9), we get that, for any
veOand ae (0,1),
v

o (o 2) =0t = o7 (1 (+ 2) =7)| s P e+ lle) (@20)

o
< aPty(e,v) (M* + [[7]loc) in Fyge-
Let ag := ag(e,v) be defined by

1

ao(e,0) i= (5)" tole, o) [0 +nlle) IR @

Then, for r € [1,00), by (4.10),

T T
/ o f (~, E) —yP| < (g) whenever 0 < a < ag, (4.12)
@
Fv,a,s
and so (iii) follows from (4.7) and (4.12). O

Definition 4.3. For a € (0,00) and v € O let T, (v) be defined by
e AV (a2 (V) Ap
To(v) = (=8)7 (af (=) = 707).

Lemma 4.4. For o € (0,00) and v € O, T,(v) is well defined, belongs to C(Q),
and T, : O = C§(Q) is a continuous and compact operator.

Proof. From Lemma 4.2 the mapping v — oP f (~, %) is continuous from O into L4(Q)

for any g € [1,00). Then, since (—A)~! : LI(Q) — C4(9) is a continuous and compact
operator, and since, as seen in the previous section, v = T(v) := (=A)~!(yvP) is
a continuous and compact operator from O into C%(£2), the lemma follows. O

Lemma 4.5. lim, ¢+ sup, .5 ||Ta(v)||cé(§) =0.

Proof. Let f* be as given by Definition 4.1. Let v € O, o € (0,1). Then

apf ('7 E) - ,y,Up =P (f* ('7 3) - 7) ) (413>

@ e

Also, by (H2), lim;_,, f*(-,#) = v uniformly on . Let € > 0. Then there exists

to = to(e) > 0 such that |f*(z,t) — v(z)| < € for all x € Q whenever t > ty(e). Let

Eqve and Fy , . be defined by (4.4) and (4.5), respectively, and let r > n. Then

|f* (~, g) — 7| <ein Ey . Let T be as given by Definition 3.7. Since v € O := B, (u)
and taking into account the conditions imposed on p (cf. Definition 3.14), we have

o] < lolloy @y < o =l oy @y + lloy @) < Nelloy @) + 3u
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with ¢, (which is independent of v) as given by Remark 3.11. Thus, by (4.13),

syl = [ (e () -9)

Bav,e Eav.e (4.14)
A"
< (Haloymy + 50u) 192

On the other hand, by Remark 3.15 there exists a positive constant ¢ such that
L > cforany v € O and o € (0,1). Since v < aty in F, ., from (H1) it follows
that there exists M** > 0 such that |f (-7 %)‘ < M**in F, ,. for any v € O and
a € (0,1). Therefore, since v < atg in Fy ,c wWe get

[ s () = = fors (3) —w”\r

Lr(Fa,u.e)
Fo,v,e

.,
D D
( “ f L (Fayu,e) Tl ”LT(FC””’E))

MR + [0 [07]] o )

T

IN

IN
Af\

M| + [ lsce?th () 917 )
< o (M* + |1l th(2))" 19
Let

1
~ LNP7 1 e 1
ap(e) = <2) er (M™ +|l7llstt(e)) 7 Q7.

Then, for any v € O,

—_

/ ‘apf (., 2) - “va‘ < §5T whenever 0 < o < g (¢) . (4.15)
Fa,u,s

Then, by (4.14) and (4.15) we have, for any v € O,

s (.2) =
« r

where ¢ is a positive constant independent of o and v. Thus, for another positive
constant ¢’ independent of o and v, we have,

< ceif a > ap(e)

<de ifa>a(e)

sup [ Ta(0) oy ) = ngH<_A>—1 (27 (- 2) 7))

ve0 cL(9)

which gives the lemma. O
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Lemma 4.6. inf,co0 ||v — T(U)Hcé(ﬁ) > 0.

Proof. We proceed by the way of contradiction. Suppose that there exists a sequence
{vj}jen C 0O such that

jlgrolo ||vj — T(U{j})HCé(ﬁ) = 0. (4.16)
Now, {v;},cy is bounded in CL(Q)and T : CL(Q) — CL(Q) is compact then, after pass
to a subsequence if necessary (still denoted {v;}, ) we can assume that {T(v{j})}jeN
converges, in Cp(92), to some v € CE(Q). Thus, from (4.16) it follows that {v;},

converges to v in C5(Q). Since T : C5(Q) — CL(Q) is continuous, we conclude that
T'(v) = v. But v € 0, which contradicts the fact that T has a unique non-identically
zero fixed point in C5(Q) (namely u, which belongs to O). O

Lemma 4.7. For a positive and small enough,

(1) supyeo [Ta (V)llcy @) < mfveoo [lv = T)lcy @)
(ii) T 4 Ty, has no fized points in 0O.
Proof. (i) follows immediately from Lemmas 4.6 and 4.5.

To see (ii) we proceed by the way of contradiction. Suppose that v € 90 and
(T +T,) (v) =v. Then v — T'(v) = T, (v). Since T, is continuous, we have

sup HTa(U’)Hc}S@) = Slelg ||Ta(w)||cllg(ﬁ) .

wed
Thus,
sup (| To(w)llcy @y 2 1Ta(W)lloy@ = v =Ty @
() () ()
weO
> il o Tw)ley
which contradicts (i). O

Lemma 4.8. inf,cp0 ||T(U)||Cé(§) > 0.
Proof. The lemma follows immediately from Remark 3.12 and Definition 3.14 of ©. O

Proof of Theorem 1.1. To prove the theorem we follow some ideas of [22] used there
to deal with superlinear problems. By Lemma 3.8, T : O — C4(Q) is a continu-
ous and compact operator, and by Lemma 3.18, T" has no fixed pints in O and
deg; o (I —T,0,0) = £1. On the other hand, taking into account Lemma 4.4, Lemma
3.8 gives that for a > 0, T+ T, : O — C}() is a continuous and compact operator,
and Lemma 4.7 says that, for « positive and small enough, T + T, has no fixed
pints in 0O (and thus deg; g (I — (T +T4),0,0) is well defined). By Lemma 4.8,
infyepo HT(U)HC}S(§) > 0, and by Lemma 4.6,

li T, ey = 0.
3, sup [ Ta ©)llcy @)
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Then, for « positive and small enough,

S Ty, = inf ||—-T =
:161%” (’U)”Cé(Q) < 1)16%0 I (U)Hcé(g)

and thus, by Remark 3.17(iii), for such o we have
degps (I = (Ta +T),0,0) = degpg (I = T,0,0) = £1.
Then there exists ag > 0 such that, for 0 < a < ap, the problem

—Av =aPf (,%) in Q,
v=20 on 0f),
v >0 in Q

has a weak solution v in O. By writing u = 2 it follows that, for 0 < a < ag, the
problem

—Au=aoP 1 f(-,u) in Q,

u=20 on 0f),

u >0 in Q

has a weak solution u € D. Then, for A > £ " problem (1.8) has a weak solution u € D,
which, by the definition of D, satisfies, for some constant ¢ > 0, u > cdg in Q. ]
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