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Abstract. Given a dissipative operator A on a complex Hilbert space H such that the
quadratic form f — Im(f, Af) is closable, we give a necessary and sufficient condition
for an extension of A to still be dissipative. As applications, we describe all maximally
accretive extensions of strictly positive symmetric operators and all maximally dissipative
extensions of a highly singular first-order operator on the interval.
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1. INTRODUCTION

The purpose of this paper is to contribute towards the extension theory of
dissipative operators A on complex Hilbert spaces H, for which the quadratic form

qa: [ Im(f Af)

is closable, which we use to define an “imaginary part” V4 of A.

The extension theory of symmetric, sectorial, accretive and dissipative operators
is an extensively studied subject and it would go beyond the scope of this paper to
give a complete overview over this subject (for more background information, we
recommend the surveys [3,4] as well as the monograph [6] and the references therein).

Since finding the dissipative extensions of a dissipative operator is equivalent to
finding the contractive extensions of a given contraction (via Cayley transforms, cf.
[14, Theorem 1.1.1]), this problem has in principle been completely solved by Crandall
[7, Theorem I and Corollary I|. Given a contraction defined on a closed subspace
C C H, Crandall gave a description of all its contractive extensions on the whole
Hilbert space H (cf. also the results in [5]). However, for practical applications, it can
be very difficult to explicitly compute the operators involved.
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An approach which therefore can be taken is to make additional assumptions on
the structure of the dissipative operators under consideration. For instance, in [8], the
dissipative extensions of operators A of the form A = S + iV, where S is symmetric
and V' > 0 is selfadjoint, were studied. Similarly, in a series of previous papers [10-12],
we studied extension problems of dissipative and sectorial operators A of the form
A =5 +1iV, where S and V are symmetric. Hence, requiring that A is a dissipative
operator such that g4 is closable is more general, since it is always satisfied by operators
of the form A =S +iV.

We will proceed as follows.

In Section 2, we review some basic definitions and previous results concerning
dissipative operators and closable quadratic forms. Moreover, given a dissipative
operator A such that the quadratic form g4 : f — Im(f, Af) is closable, we introduce
the “imaginary part” V4 of A to be the non—negative selfadjoint operator associated
to the closure of ¢4 (Definition 2.4). By construction, it follows that D(A) C D(Vj/z),
but we show in Counterexample 2.7 that it is in general not true that D(A) C D(Va).

We then prove our main theorem (Theorem 3.1) in Section 3. Provided that the
imaginary part V4 is strictly positive, we give a necessary and sufficient condition for
an extension B of A to be dissipative, which we only have to check for the elements
of an arbitrary fixed subspace V that is complementary to D(A) in D(B). While our
main result involves operators that generally can be difficult to compute, we discuss
two applications where everything can be done explicitly and believe that our result
can be of use for future applications.

The remainder of this paper is dedicated to discussing these two applications of
Theorem 3.1. In Section 4, we consider the problem of finding the accretive extensions
of a given strictly positive symmetric operator S (Theorem 4.8). In particular, we
will show that for an extension of S to be accretive, it is necessary that its domain
be contained in D(S;(/Q) — the form domain of the Krein—von Neumann extension
of S (Lemma 4.5). As an example, we discuss the maximally accretive extensions
of the Schrédinger operator —% +V on L*(R*), where we assume V € L®(RT) and
V > e > 0 almost everywhere (Example 4.9).

In Section 5, we discuss the dissipative extensions of the highly singular first-order
operator i% +1id on L?(0,1), where v > 0. It turns out that the concrete structure
of this operator makes it possible to compute all conditions given in Theorem 3.1
explicitly and therefore give a full description of all its maximally dissipative extensions
(Proposition 5.1).

2. PRELIMINARIES

To begin with, let us introduce the following conventions: all inner products considered
here are linear in the second component, i.e. for any f,g € H and any A € C, we have
(g, \f) = Mg, f) = (Mg, f). Moreover, for an operator A on a Hilbert space H, let
D(A),ran(A), ker(A) and A denote its domain, range, kernel and closure, respectively.
Lastly, for any subspace D C D(A), the restriction of A to D is denoted by A |p.
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Let us now give a few basic definitions.

Definition 2.1 (Dissipative operators). A densely defined operator A on a Hilbert
space H is called dissipative if and only if

Im(f, Afy >0

for any f € D(A). Moreover, if A is dissipative and has no non-trivial dissipative
operator extension, then it is called mazimally dissipative.

Definition 2.2 (Closable quadratic form, cf. [13, VI, §1, Section 4]). Let ¢ be
a quadratic form. Then, g is called closable if and only if for any sequence { f,,},» C D(q),
we have that if

[fal =50 and g(fu = fm) "F570,

then this implies that
n—oo
q(fn) — 0.

If g is closable, its closure ¢’ is given by [13, VI, Theorem 1.17]:

¢ D) ={f €H:3Hfuln CD(@) s:t. | fu— fI =370 and q(fn = firn) "= 0}
q'(f):= lim q(fn).

Let us also recall the following useful Lemma:

Lemma 2.3 (Mentioned in [8], see also [9] for a proof.). Let A be a closed and
dissipative operator on a separable Hilbert space H such that dimker(A* — i) < oo.
Moreover, let A be a disstpative extension of A. Then, A is maximally dissipative
if and only if

dim D(A)/D(A) = dim ker(A* — 7).

If a dissipative operator A is such that g4 is closable, let us now define the imaginary
part associated to A.

Definition 2.4. Let A be a dissipative operator. We then define the quadratic form
qa as follows:

qa: D(ga) =D(A), [ Im(f, Af).

If g4 is closable, let V4 denote the non-negative selfadjoint operator associated to ¢/y.

There are of course well-known examples of non-closable quadratic forms, which
we use in the following to construct a dissipative operator which has a non-closable
imaginary part:

Counterexample 2.5 (Momentum operator on the half-line). Let # = L?(R*) and
consider the operator

A: D(A)=H'R"Y), f——if,
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where here and in the following f’ denotes the weak derivative of f. For any f € D(A),
using integration by parts, we have

0P

t(f, Af) = Tm{f,—if) = L5 > 0,

which means that A is dissipative. But the form given by

qa(f) :==Im(f, Af) = |f(§)|2

with domain D(q4) = H'(R™) is easily seen to not be closable.

Remark 2.6. In previous papers [10-12], we studied the dissipative extensions of
dissipative operators A that can be written in the form A = S + iV, where S and
V > 0 are symmetric and D(A) = D(S) = D(V) are dense. Note that in this special
case, the quadratic form ga(f) = (f, V f) is always closable [13, Theorem VI, 1.27].

Even though by construction we have D(q4) = D(A) C D(Vj/g) = D(q)), it is not
in general true that D(A) C D(V4) as the following counterexample shows:

Counterexample 2.7. Let b be such that Re(b) > 0 and Im(b) # 0 and consider the
maximally dissipative operator A on H = L?(R*) given by

A D(A) ={f € HX®Y): f(0) = bf(0)}, frs —if" +if.

The quadratic form g4 induced by the imaginary part of A is given by

%mzmmwwmn/ﬁawﬂmmx+ww
0

=Re() - [F(O))* + I'I* + IFI* = 0

and since

o0

F(0)*] = /2Re(mf'(x))dx < 2/\f($)||f’(x)ldx <IAP -+ @21
0

0
we have -
AP+ 112 < qalf) < L +Re®) (IF12+1£17)

which means that the norm induced by ¢ is equivalent to the first Sobolev
norm, which implies in particular that g4 is closable. Closing D(A) with respect
to this norm just yields the first Sobolev space H*(R') and the selfadjoint operator
V4 associated to the closed form ¢’y is given by

Va: D(Va)={f € H*R"): f(0) =Re(d)f(0)}, [+ —f"+f.

Hence, since b # Re(b), we have constructed an example where D(A) ¢ D(Vy).
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3. THE MAIN THEOREM

Let A be dissipative and assume that it induces a strictly positive closable imaginary
part ga. In the following, we will determine a necessary and sufficient condition for
an extension A C B to be dissipative.

Theorem 3.1. Let A be dissipative and let qa be the quadratic form as defined
in Definition 2.4. Assume that qa is closable and that there exists an € > 0 such that

qa(f) > el fI? (3.1)

for all f € D(A) =D(qa). Let V4 be the selfadjoint operator associated to the closure
of qa. Moreover, let W4 be the operator given by

Wa: DWa)=ran(Vy” Ip), g+ AV g,

Let B be an extension of A and pick any subspace V that is complementary to D(A)
in D(B), i.e. D(A)NV = {0} and D(B) = D(A)+V. Then, B is dissipative if and
only if V C D(W}) and the inequality

1 _
Im(v, Bv) > Z[|(Vi' 2B = W)l (3.2)

is satisfied for every v € V.
Proof. We need to show that Im(f +v, B(f +v)) > 0 for any f € D(A) and any v € V.
Using that for any f € D(A), we get Im(f, Af) = ||Vj/2f|\27 we can write
Im(f + v, B(f +v)) = Im(f, Af) + Im(v, Bv) + Im(f, Bv) + Im(v, Af)
= ||Vé/2f||2 + Im(v, Bv) + Im(f, Bv) 4+ Im(v, Af).

Now, since V4 > ¢, it follows that Vj/ 2 s boundedly invertible. Hence, for any
feDA) C D(ij), there exists a unique g € H such that f = VA_l/Qg. Moreover,
note that 1f3m(V1§/2 ID(a)) is dense in H. This follows from the fact that ran(Vj/Q) =H
and that for any Vj/Qf, where f € D(ij), there exists a sequence {f,}, C D(A)
such that Vj/zfn — Vj/Qf since D(A) is a core for VQ/Q. This means that Wy is

a densely defined operator. Now, let us write
Im(f +v, B(f +v)) = Im(Vy /g + 0, BV g+ 0))
= ||V:i/2‘/:;1/zg||2 + Im(v, Bv) + Im(VXl/zg, Bv)
+Im(v, AV, /%g)
= |lgl|* +Tm(v, Bv) + Im(g, V; '* Bv) + Tm(v, Wag). ~ (3.3)

Assume that v ¢ D(W}), which would mean that the map g — (v,Wag) is

an unbounded linear functional on D(Wy) = ran(Vj/ 2 Ip(a)). Hence, there exists
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n—oo

a normalized sequence {g,}, C D(W4) such that Im(v, Wag,) — —oo. Plugging
this into Equation (3.3), we obtain

lgal® + Im(v, Bv) + Im{g,., Vi /* Bv) + Im(v, Wagn)
<1+ Im(v, Bv) + HVXl/szH + Im(v, Wagn) =3 —o0,
which means that B cannot be dissipative in this case. Thus, suppose that for any

v € V, we have v € D(W}) from now on. Let us now show that if (3.2) is satisfied for
all such v, this implies that B is dissipative. We proceed to estimate (3.3):

g]|> + Im(v, Bv) + Im(g, V. /> Bo) + Im(v, Wag)

(3.2) 1 B _
gl + (V2B = WR)oll® + Im(Wiv, g) — Im{V /% B, g)

v

1 —1/2 * —1/2 *
lgll2 + 1V /2B = Wiyl = lglll (Vi /*B = Wi)el

2
1172 X
(1ol 51073725 = Wi ) >0,

which shows that (3.2) is sufficient for B to be dissipative. Let us finish the proof by
showing that it is also necessary. To this end, assume that there exists a v € V for
which we have

1 _
Im(v, Bv) = | (Vi'/*B = Wi)o|* < —
for some € > 0. Since D(Wy) is dense, we may pick a sequence {gy}, C D(W4) such

that g, "— %(VA_UQB — W3 )v. Plugging this sequence into (3.3), we get

g2 + Im(v, Bv) + Im((W}; — V;; “/* B)v, g,.)

n—qo 1, - G
=3 Im(v, Bo) — (V4 V2B W |? < —e.

This shows that B cannot be dissipative in this case either, which finishes the proof. [

4. ACCRETIVE EXTENSIONS OF
STRICTLY POSITIVE SYMMETRIC OPERATORS

In this section, we apply Theorem 3.1 in order to determine the accretive extensions of
a strictly positive symmetric operator S. We start with the following two definitions.

Definition 4.1 (Strictly positive symmetric operator). A symmetric (and in particular
densely defined) operator is called strictly positive if there exists a € > 0 such that

(f,Sf) = ellf|I?
for any f € D(9).
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Definition 4.2 (Accretive operator). An operator A on a Hilbert space H is called
(maximally) accretive if and only if (iA4) is (maximally) dissipative.

Clearly, the problem of determining accretive extensions of a strictly positive
symmetric operator S is equivalent to determining the dissipative extensions of the
dissipative operator A := 4.5, for which we have a result formulated in Theorem 3.1. We
will thus only consider the latter problem from now on, while noting that an operator B
being a dissipative extension of A = (4S) implies that (—iB) is an accretive extension
of S. Before we proceed and prove the theorem, we need to recall the definition of the
Krein—von Neumann extension of a strictly positive symmetric operator S and some
of its properties.

Definition 4.3. Let S be a strictly positive symmetric operator. Moreover, let Sg
denote the Friedrichs extension of S (for more details about how SF is constructed,
see for example [15, Chapter 2.2]). We then define the Krein—von Neumann extension
of S, which we denote by Sk, as follows

Sk D(Sk)=D(S)+ker(S"), Sk =5"Ipsy) -
Proposition 4.4. The domain of S;(/Q s given by
D(S}/%) = D(S}?)+ ker(S*) (4.1)
and for any f € D(S}T/Q) and any v € ker(S*), one has
182 + o)l = IS A1 (42)
Moreover, D(S;(/Q) can also be characterized as follows:
DS} =S heH: sup [(h, S} ?g)| < o0y . (4.3)
geran(Sy/* 1p(s)):llgll=1

Proof. Formulas (4.1) and (4.2) are a well-known result and are for example discussed

in [1]. The characterization (4.3) of D(S}{/z) is shown in [10, Corollary 2.4] and is
a corollary of a result by Ando and Nishio [2, Theorem 1]. O

Lemma 4.5. Let A = iS, where S is a strictly positive symmetric operator and
let Sp denote the strictly positive and selfadjoint Friedrichs extension of S. Then,
the operator W3 is given by

Wi: DW3) =D(SK?) =D(SY )t ker(S*), frs —iSy*Pf,  (4.4)

where P is the (unbounded) projection onto D(S;/Q) along ker(S*) according to
the decomposition D(S}(/Z) = D(S},/Q)—i— ker(S*).
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Proof. Firstly, observe that for A =4S, the quadratic form ¢4 is given by

which is closable by [13, Theorem VI, 1.27] from which we also get that V4 = Sp.
Thus, the operator W, is given by

Wa: DWa)=ran(Sy> Ipgs)), [ iSSp?f.

Let us now show (4.4). We start by assuming that v € D(Sllf) = D(S;/z)—i— ker(S*).
For any f € D(W4) = raun(bﬁ,ﬂ/2 ID(s)), we then get that

(v, Waf) = (v,i8S5 "2 f) = (Pu,iSSE "2 f) + (1 = P)v, i8S f)

=0

= (Po,iSy*S{*Sp ! ) = (~isy*Pu. 1),

which shows that D(S3/?) = (D(S}*)+ ker(S*)) € D(W3) and that Wiv = —iSy/ *Pu
for v € D(S}/?).

Let us now show that D(W}) C D(S;(/z). Assume that this is not true, i.e. that
there exists a v € D(W}) such that v ¢ D(S}(M). If v € D(W}), this means that there
exists a C' < oo such that for any f € D(Wy) = 1%111(51117/2 Ip(s)) we have

(v, Waf)l < ClIfII- (4.5)

Note that [(v, Wa f)| = [{v, SS;I/2f>| = (v, S;/2f>|. Since v ¢ D(S}{m), it now follows
from Proposition 4.4, that there exists a normalized sequence {f,}, C ran(Sll,/ 2 ID(s))
such that lim, . |{v, S;/2f7l>| = +00. But this means that (4.5) cannot be satisfied

in this case, which shows that D(W?}) C D(Sll(/Q) and thus (4.4), which finishes the
proof. O

The previous lemma shows that any dissipative extension of A has to have domain
contained in D(S}f). We will therefore introduce the following characterization of
possible dissipative extensions of A:

Definition 4.6. Let A =4S, where S is a strictly positive symmetric operator. Let
VY C D(Sll(ﬂ) be a subspace such that VN D(A) = {0}. Moreover, let £ be an operator
from V to D(Sp). We then define the operator Ay . as follows:

AV,L : D(Av,c) = D(A)+V, f + U= ZSf + Z'SFCU,

where f € D(A) and v € V.

Lemma 4.7. The operators Ay o are well-defined. Moreover, they characterize all
possible extensions of A that have domain contained in D(S%Q).
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Proof. Well-definedness follows from the assumptions made on V and L. Let B with

D(B) C ’D(S;(/Q) be an extension of A. This means in particular that there exists
a subspace Vg such that D(B) = D(A)+Vp. Now, for any v € Vg, let us define the
operator Lpv := —iSEle. Note that invertibility of Sg follows from the assumption
that S is strictly positive. It is then not hard to see that B = Ay, »,,. O

We are now prepared to show the main theorem of this section:

Theorem 4.8. Let A =15, where S is a strictly positive symmetric operator. Then,
all dissipative extensions of A are described by the operators Ay o, where V and L are
as in Definition 4.6 and satisfy the condition

Re(v, SrLo) > 1ISK2(Cv + )|

foranyveV.

Proof. From Theorem 3.1 and Lemma 4.5, we know that the domain of any dissipative

extension of A has to be contained in D(S;(/Q) and from Lemma 4.7, we have that any

such extension can be written in the form Ay . as defined in Definition 4.6. Now, using

that for any v € V C D(Sil(/z), we have that Ay (v = iSpLv and Wiv = —iS;/27311,

we may rewrite Condition (3.2) as follows:
1 _
(v, Ay cv) > |(Vy 2 Ay o = Wo?

1 _

& Im(v,iSpLo) > Z||¢<SF1/25F,C + 512 P)w)?
1

& Re(v, SpLy) > Z||5;/2(£v +Pv)|?
1, 41/2 9

< Re(v,SpLov) > Z”SK (Lv + )|,

where we have used (4.2) for the last line. This shows the theorem. O

Example 4.9. Let us apply this result to the operator A =iS on L?(R"), where S
is given by

St D(S)=HiRY) ={f € H*R"): f(0) = f(0) =0}, fr>—f"+Vf

and V is the operator of multiplication by a strictly positive bounded potential, i.e.
0 < e < V(x) almost everywhere and V € L (R*). Now let, n € H?(R") satisfy

' (x) = V(x)n(x),

n(0) =1, (4.6)

which means that 7 spans ker S*. Then, using that

SE7: DISH) = HYRY), [ If1°+ (£ V)
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and the decomposition in (4.1), we get
D(SK?) = D(SH?) ker(S*) = HA(R")Fspan{n} = H'(R*),
A calculation now shows that for any f € H!(RT), we obtain

18K = 1712+ (£, V) + o (O)]F(O).
Now, since S is limit-circle at zero and limit-point at infinity, we get
dimker(S* +1i) =1
and since S is strictly positive, this implies that
dimker(S™ £+ i) = dimker(S* + 1) = dim ker(A* —4) = 1.

Thus, by Lemma 2.3, we have only to look for extensions Ay , where dimV =1 and
VN HZ(RT) = {0} in order to describe all maximally dissipative extensions of A. Let
v be such that span V = span{v} and define Lv =: £. Moreover, denote A, ¢ := Ay ¢,
which means that A, ¢ is given by

Apr: D(Ayy) = HE(R)Fspan{v}, f+ M Af +id(—¢" + V1),

where f € HZ(R*) and A € C. Applying Theorem 4.8, we then find that A, , is
maximally dissipative (and thus (—i4, ) maximally accretive) if and only if

(a) ve HY(RT), but v ¢ HZ(RT),
(b) v and ¢ satisfy the following condition:

Re (10¢(0) - P 2poyz > L -+ [ 1@ - )PV |
0

where 77 was determined by the conditions given in (4.6).
5. DISSIPATIVE EXTENSIONS OF i-L +i2 ON L?(0,1)
Consider the closed dissipative operator A on the Hilbert space H = L?(0,1) given by
A: D(A) = H;(0,1) = {f € H'(0,1) : f(0) = f(1) =0},
. Y
(Af) @) = if! () + i f @),

where v > 0. In what follows, we will give a full description of all maximally dissipative
extensions of A.

Firstly, note that it can be shown that ker(A* — i) = span{z7e”} and thus
by Lemma 2.3, all maximally dissipative extensions B of A have to satisfy
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dim(D(B)/D(A)) = 1. This means that for each maximally dissipative extension

B of A, there exists a v ¢ HJ(0,1) such that D(B) = D(A)+span{v}. Next, let the

operator Ag be the restriction of A to the set of compactly supported smooth functions
n (0,1),ie Ag:=A [cs<(0,1), Where it can be shown that Ay = A.

Now, since C°(0,1) is a core for A, it follows that C°(0,1)+span{v} is a core
for B. Thus, we apply Theorem 3.1 to extensions By of Ag, whose domain is of the
form D(By) = D(Ag)+span{v}, where v ¢ HZ(0,1). If By is dissipative, then we get
that B := By is a maximally dissipative extension of A. Now, by Theorem 3.1, By is
dissipative if and only if v € D(W} ) and v satisfies

1, —1/2 .
m(v, Bov) = 7 [[(V,*Bo — Wi, o>

Let us now determine the imaginary part Va,. Since g4, is given by

1
q4a, : Dl(ga,) =C(0,1), fr1Im(f, Aof) =

0
we see that V4, is given by the selfadjoint maximal multiplication operator by the

1/2

function 2. This implies that V), */ is the bounded selfadjoint operator of multiplica-
0

tion by \/% In order to be able to apply Theorem 3.1, let us firstly determine ’D(WZO).

Observe that ,
D(Wa,) = ran(Vy"? Ip(ay)) = C(0,1).

This follows from the fact that D(Ag) = C°(0,1) and Vj({ ® — the operator of multipli-
cation by /2 — is a bijection from €2°(0,1) to C°(0,1). We therefore get

Wa,: DWa,)=C(0,1),

wah@) = (15 +i2) (2r@) =2 (i) + 2 10)
Now, v € D(W} ) means that the map
f— Oflu(x)\/f <z’f’(x) +i272¥1f(z)> dz

is a bounded linear functional on C2°(0,1). This implies that v € D(W} ) if and only
if (v(x) \/%> € D(K*), where K is the operator given by

D(K) =C2(0,1), (Kf)(x)=if"(z)+ 2.272;% :

Now, it can be shown that

f(@).

2y +1
2x

K*: D(K*)= H}(0,1)+span {var%} , (K*v)(z) =i (z) —i v(x)
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and thus, we get

Wi, o DWi,) = {v e L2(0,1) : (Vau(x)) € Hy(0,1)Fspan{a™* 4} },

(W3 0)(z) = (idd:g —i272;”> ( jv(x)) . (\/fv(x))/ —ii%v(x).
(5.1)

Pick a v € D(W} ) such that v ¢ Hj(0,1). Then, for any such v and any
¢ € L?(0,1), we introduce the operators Ao, ¢ given by

Aowie: D(Apws) =CF(0,1)+span{v}, [+ v Aof + M,
where f € C°(0,1) and A € C. Note that Ay, = ¢. Now, by Theorem 3.1,
Condition (3.2), A, ¢ is dissipative if and only if

m(v, Agpe0) > ~ [|(Va? Ag e — Wi, ol

= =

dx. (5.2)

1 \/ff(.r) — (ﬁv(x))/ + 2227\/%1 v(z) 2

As argued above, we then get that the closure A, ¢ := Ao, ¢ is a maximally dissipative
extension of A. To summarize, we have shown the following result.

1
< Im(v,0) > 1/
0

Proposition 5.1. All mazimally dissipative extensions of A are given by the
operators A, ¢

Ape: D(Ayy) = Hy(0,1)Fspan{v}, [+ v Af+ M,
where v € D(W}; )\ Hg(0,1) (given in (5.1)) and £ € L*(0,1) satisfy Condition (5.2).
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