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NORMALIZED GROUND STATES
FOR A p-LAPLACIAN SYSTEM
IN THE MASS SUPER-CRITICAL CASE
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Abstract. In this paper, we study the existence of positive normalized solutions to
the following p-Laplacian system:

—Apu+ APl = ppu™ = 4 Briu " in RV,
—Apv + APl = pov™2 71 4 Brou™v™ ™1 in RV,

Jen [P =a, Jou [0lP = b,

where 1 < p < N, u1, p2,B,a,b > 0 are prescribed, A1, Ao € R are known as the
Lagrange multiplier, A,u = div(|]Vu[P~2Vu) denotes the p-Laplacian operator.
We prove the existence of positive solutions for the coupled purely mass super-critical

case (i.e., % +p < my,mo,r1+72 < p*) by a minimization argument based on a closed
ball and the Pohozaev constraint.

Keywords: p-Laplacian system, positive normalized solution, coupled purely mass
super-critical case.
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1. INTRODUCTION

In this paper, our objective is to prove the existence of solution to the following
p-Laplacian system:

—Apu+ APl = ppu™ 4 Briui " in RV,
—Apv + AvPl = pgum2 =l 4 Broymiyme Tl in RV (1.1)
0 <u,ve€WLP(RN),

with the LP-norm constraint:

/ |u|Pdx = a, / |v|Pda = b. (1.2)
RN RN
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Here 1 <p<N,p> lua,bvﬂlvu235>07 [])Vj+p<m17m27(rl + 72 <P*»

Ne it N > p,

* 0, lfl" §p7
p=
N—p’

and A;,\2 € R are Lagrange multiplier, A,u = div(|Vu|P~2Vu) denotes the
p-Laplacian operator.

The p-Laplacian operator indeed plays a significant role in various fluid dynamics
models, see e.g. [11, 14, 24]. Tt has the capacity to account for complex nonlinear
phenomena. For example, it can explain shear thickening and shear thinning in
non-Newtonian fluids as well as nonlinear flow in porous media. In the past few years,
many scholars have studied the existence of p-Laplacian equations, see e.g. [29, 30, 32].
In [12], Byeon, Jeanjean and Maris proved the existence of least energy solutions of
the following system:

_dlv(|vul|p_2vul) = gi(u)7 1= 17 ceey M,

where u = (ug,...,up) : RN — R™ 1 < p < N ¢;(0) = 0 and there exists
G € CY(R™\ {0},R) N C(R™,R) such that g;(u) = g—g(u) for u # 0. In [31], Wang
studied the components symmetry property of the following v-Laplacian systems:
—div(|Vu|"=2Vu) = f(u,v) in R",
—div(|Vo|"72Vv) = g(u,v) in R™.

Here n > 7,7 > 1, and under some monotonicity assumption
X =Y)[f(X,Y) —g(X,Y)] <0, XY >0.

In [18], Guo, Perera and Zou considered the following critical p-Laplacian systems:
Aa 9 b s_o ay 9 P
—Ayu— > [ul*2u v]” = prfulP Pu 4+ — Ju|*Puu]?, oz € Q,

Ab .

—Apv — = |u|®|v|*"2v = pav[P" 20 + B—Z lu| |v|f~2v, €,
b p

u,v € Dy (9),

where N > 3,1 < p < N, A\ u1,u2 > 0,v # 0,a,b,a,8 > 1 satisfy a + b = p,
a+pB=p = NN—_’;, Q = RY or a bounded domain in RY. By variational methods,
they obtained the existence, nonexistence results of a positive least energy solution
and the multiplicity of the nontrivial nonnegative solutions of this problem.

In the case p = 2, problem (1.1) comes from the study of the following
time-dependent systems of coupled nonlinear Schrodinger equations:

—i @By = AD; + @™ 2Py + 11| By D2 Dy, (2,t) € RN xR,
—i%@g = Ady + ‘(I)Q|7n2_2(b2 + Tg‘q)llrl |¢2|7“2—2(I)27 (.Z',t) S RN x R, (13)
‘I)j = ‘b](l‘,t) S (C, j=12 N >1,
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The problem (1.3) appears more naturally in mathematical physics and used as model
for various physical phenomena, see e.g. [2, 3]. So it is necessary to consider that for
any solution [®;, @3] of problem (1.3) with the preserves the L?-mass, namely

/|<I>1(t,x)\2dx - a,/|<I>2(t,a:)|2dx — b, Vit € (0, +00).

RN RN
Obviously, the solitary wave is a solution of problem (1.3) with the form
[1, 2] = [e M u(), e 2 0 ()],

and satisfies the nonlinear elliptic system

{—Au + Au = pafu[™ 20+ Brijul 72 v[2u in RY, (1.4)

—Av + Aov = po|v|™2 20 + Broful ™ |v|™2 20 in RV,

with the constraints
/ luf2dz = a, / lo|2de = b. (1.5)
RN RN

The different cases of the problem specified by (1.4)—(1.5) have been researched by
some mathematicians, which appear in [5-9, 16, 17, 21]. In [7], Bartsch and Soave
consider the case N = 3, uj,us >0, my =mo =4, 11 =ro =2 and § < 0, ie.,

—Au — \u = pud + fuv?, in R3,
—Av — \v = pgv® + Buv, in R3,
Jpsu?dz =a and [, vidz =b.

They obtained the existence of positive normalized solutions by using the Pohozaev
manifold constraint. Moreover, they also derived the multiplicity results presented
in [8]. For the case pi,pus > 0, 8 <0 and 2 < my,ma,r + 19 < % + 2, Gou and
Jeanjean in [16] proved the existence of normalized solutions by means of a minimization
argument. They in [5] also obtained a multiplicity result when my, ma < % +2 < ri+7re
orry+rg < %—&—2 < mq,Ms.

When S > 0, the existence results of equations (1.1)—(1.2) are different. In [5, 6],
Bartsch, Jeanjean and Soave studied the existence of positive normalized solutions of
the following problem:

—Au— \u = mu’ + fuv?  in R3,
—Av — Aov = v + Bu?v  in R3,

Jas u® =a, [pav?=0b.

They obtained the existence of normalized solution through the variational argument
in two intervals of 5 depending on a, b, i1, io. In [9], Bartsch, Zhong and Zou overcame
the dependence of § on the masses a,b by a new approach based on bifurcation
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theory. They obtained the existence of normalized solution provided f is in a range
for any a,b > 0. In [4], Bartsch, Li and Zou investigated the existence and asymptotic
properties of normalized ground states of the following Sobolev critical Schrédinger
system:

—Au+ M= [ul? “2u+ Bro|ul 2 |v|2u,  in RY,

—Av 4+ Agv = [v]? 720 + Broful v 720, in RY,

Jen v =a,  Jonv? =0,
where N = 3,4, r1,7ro > 1 and 2 < r; + ro < 2*. When 8 > 0, they obtained the
existence and non-existence results in different cases. While when < 0, they proved
the ground state does not exist. Recently, Jeanjean, Zhang and Zhong derived a new
range of 8 by combining Liouville type theorem with the closed balls of radius a, b
n [21]. More precisely, they obtained the existence of positive normalized ground
states of the following systems of coupled Schrédinger equations:

—Au+ Mu =™+ Briw ™ in RV,
— AV + Xov = o™ 4 Brou vt in RV,

Jenv? =a, [onv?P=b,

where p1, p2, 8 > 0 and % + 2 < mq,mg < 2*. In particular, if N =1,2 or N = 3,4
with 1,79 € (1,2), they just need 5 > 0 to guarantee that the existence result holds
for any a,b > 0.

However, up to now, there have been relatively few studies on the problems of this
kind of p-Laplacian system (1.1) with the mass constraints (1.2). It is worthwhile to
investigate the existence of the ground state solutions to (1.1)—(1.2).

Denote W := WLP(RY) x WHP(RY), and we define the energy functional corre-
sponding to (1.1) as follows:

1 M1 o :
Jglu,v] = » (IVally +[[Vollh) - ijUI m mjl\vllﬁiﬁ - 5/ |u™ |v]"*da,
RN

constrained to the S, x Sy, where
So={ue W RN): ulb=a}, Sp:={ve WhP(RY) [oll5 = b} .

Note that since % +p < mp,mg,r1 + 12 < DF, Jﬁ|5axs is unbounded from below,
it is necessary to consider the so-called Pohozaev manifold

Ps = {lu,v] € WA{[0,0]} : Pg[u, o] = 0},

and
Pglu,v] = [[Vull) + [[Voll] — p16m, lully: — p20m, v]m2
~(n +r2)5n+r2/3/ ™ o] da,
]RN
. N _ N
where §,, := >~ m
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Prompted by the above literature and methods, we use the similar way in [21].
So we define

D, = {ue WPRY): Julb <a}, Dy:={ve WhP(RY) [[v][b < b}.

We will prove the existence of ground state solution on D, x Dy. So, for any a,b > 0,
we can define

PYY = Py (Dy x Dy).

We denote
Mpg(a,b) := inf  Jglu,v]. (1.6)
[u,v]epéa’b)

Next, we need to show that [u,v] € S, x &, provided A1, Ao > 0. At this point,
the Liouville type theorem plays a vital role.
Now, we can state our main results as follows.

Theorem 1.1. Let 1 < p < N < p?, mi,ma,r + 12 € <% +p,p*> and ry,ry > 1.
There exist by, may 1 pa,a defined in (2.7), and B,y .a,N v Bms s b, N,r defined in (2.4),
such that the following hold:

(i) For any a >0 and b € [bim, my,uy ps,as +00), there exists a ground state solution
(A1, A2, u,v) to the equations (1.1)—(1.2), provided that either r1 < p with 8 > 0
orry =p with 8> By, us,b,N,r-

(if) For any a > 0 and b € (0,bm, my,u1,u0.a), there exists a ground state solution
(A1, A2, u,v) to the equations (1.1)—(1.2), provided that either ro < p with 5 >0

orrg =p with 8> Bm, p1,a,Nr-

Remark 1.2. When p = 2, our theorem holds for N = 3,4, which generalizes the
result for Schrodinger system in [21] for the case 2 < N.

Furthermore, we can study some asymptotic properties of the normalized solutions
obtained in Theorem 1.1.

Theorem 1.3. Under the assumption of Theorem 1.1. Let My, 11 as Ming,pus,b defined
in (2.6) and Wi,y 0y Wiy, ue b defined in (2.3). Then the following results hold:

(i) For any a > 0, if either b € [bmy mypy,ps,a,+00) and 71 < p or b €
(0, by s, iy posal and ro < p, then as B — 0%, we have

Mpg(a,b) — min{mm, 4.0 My, pus.b}-

In particular,

[’u,g 1}5] N [O’wmmuz,b] if b€ (bmhmz,uhﬂzﬂ’"i'oo) and r1 < p,
[wmhﬂhmo] Zfb € (07 b77L17m27H17H21a) and r2 < P.

(i) For any a,b >0, Mgz(a,b) — 0" as f — +o0.
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2. PROPERTIES OF A p-LAPLACIAN PROBLEM

In this section, we introduce some results about p-Laplacian equations. Firstly, a couple
of nonnegative solutions of (1.1) is semitrivial when one component is 0 while the
other is not. In order to understand the properties of semitrivial solutions of (1.1),
we need the ground state solution to the following problem:

—Apu+uP~t=ym Ll in RV,

u>0 in RY, (2.1)
u € WHP(RN),
Forp< N, mé€ p?{ B p*), the uniqueness and existence of ground state of (2.1) are

given by [27, Theorem 3]. Moreover, the ground state is positive, radially symmetric
and decreasing.

Denote the ground solution of (2.1) by U,,. Then for any a, u > 0 fixed, by scal-
ing U,,, we can obtain the ground state solution of the following problem:

—Apu+ P~ = pum! in RY,
u>0 in RV, (2.2)
||u|\g =a, u€cWLP(RN).

We denote the ground state of (2.2) by wy, .. More precisely,
)\ 1
wp
Wm,p,a *= () Um ()\%x) , (23)
1
where
2 _p(m=p) _ (m—p)
A= Mfm”[]m”g(m—mfﬂ afm_
Then, we can define
Jon | VAPdz
- in R .
D heW,» (RN )\ {0} fRN Wi jua|"|H|Pda

5m,u,a,N,r = (24)

From [32], we can obtain the positive ground state solution of (2.1) as well. Moreover,
some properties of the ground state solution are also presented in [32].
Define the energy functional associated to (2.2) as

1 By im
I pu(w) = ;;HVUIlﬁ = llull (2.5)

m)

and the corresponding Pohozaev identity Py, ;. q is defined as

Ponsa = {1 € WHRY) 5 | Vullf = pdmJully; = 0}
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For any t € RT and u € WHP(RY), define

N
p

(t*u)(z) :=tru(te).

Then we have

[tx u(z), txv(z)] = [t7u(tz), t7 ute)] € Sjuyp X Sjuz-

Lemma 2.1. Let N > 2, m e (ﬁ#,p*). Then W .0 € Pmop,a and

M pa = Jmp(Wmpa) = ulenéf r{1>ag< Imp(t*xu) = ue7'1>nf Im,u(w),
a m,p,a

where W, .o s the positive ground state solution to (2.2).

Proof. The proof can be found in [32, Section 5].

Now, we can derive from a direct calculation that

1

I
Mg = Tmu(@mpia) = 21V pally = lwm,pallm

1 1
~ (5= =) 1Tl
m
[mp—N(m—p)]
— 1_ 1 ||U le\f(pmfp)fsz’7
p mdy, )" "
2 N(m—p)—mp

: HVUmHgN_ N 757 a N(m—p)=p?

2 p2(m—p) 2 —p)—
[%Em = pi e L QN
p m—p)—mp

Then we define
_N(ma—p)—p?
N(ml - p) - p2 N(m2 — p) — Map | Nm2—p)—map
N(my —p)—mip N(mg—p)—p?

p2(m1—p) - N(mg—p)—p? __ p%(ma—p)
. ||UmH;)V(m1fp)fp N(mg—p)—map HUmz ||p N(mg—p)—map

bm17m2)U1:N27a T

_ p? __N(mg—p)—p? P
) N(mi—p)—p2 N(mg—p)—m2p N(mg—p)—map
My

N(mj—p)—mqp N(mg—p)—p?
-a N(my—p)—p2 N(mg=p)—m2p _

(2.6)
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It is easy to check that the semi-trivial solutions of (1.1) satisfy

miy

1 H1 m
Jg[u,()] = ];HVU’H; - milllu” L= Imam (u),

and

2 m
Jl0,0] = =[[Vollg = =[5 = Jma .. (v)-
ma

ma

|

p

Remark 2.2. By the definition of mn, 41 a5 Mimg,pus,a, We have
‘]5[0711)7"27#2,17] = Mg, uz,b < (reSp' = >) Mmy,p1,a = Js [wmlauha’ 0]

if and only if

b> (resp. = <) bml,m27l‘17/1'21a'

3. PRELIMINARIES

In this section, we introduce some preliminary results. Firstly, let us recall the famous
Gagliardo—Nirenberg inequality.

Lemma 3.1 ([1, 25]). For every m € (p,p*), there exists a sharp constant Cn m > 0
such that

lullm < Cnml[Vulplull, =", Vu € WHPRY), (3.1)

_ N
peol

where 6,, = %

Next, we introduce some properties of the Pohozaev manifold.

Lemma 3.2. Let [u,v] € W be a weak solution of (1.1), then the following identity
holds:

N-—p

N
/ (IVul? +Vol?) + / (aful? + Asfol?)

RN RN

(3.2)
= [ (B 22 )35 [ ulor
mq mo
RN RN
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Proof. By the regularity of the elliptic equation (see, e.g., [10]), u,v € ch (RM). Let

loc

?

1 A i me
Li(s,6) == —[el + ZfslP — Lo, i=1,2,
p p m

and
fi(@) = Brifu(@)[ Pul@) (@), fa(x) = Brafu(@)|™ u(z)|" v ().

Then it follows from [13, Lemma 1] that, for any h € C(RY,RY), we have

N
> / D;ih;De, L1 (u, Vu) Djudz — / (divh) Ly (u, Vu)dz
h=lry RV (3.3)

= /(h - Vu) fidz,

RN
and

N
Z /Dithg,iLQ(v,Vv)Djvdx— /(divh)ﬁg(v,Vv)da:
i o RN (3.4)

= /(h - V) fadz.

RN

Now we can choose ¢ € C§(RY,R) such that ¢(z) =1 for |z| <1, ¢ =0 for |z| > 2
and 0 < ¢(x) < 1. Define ¢p(x) := ¢(F). Taking h(xz) = ¢p(x)x respectively in
(3.3) and (3.4), we have that

N
3 /Diqﬁ (%) %|vu|P*2DiuDjudx+/¢(%) |VulPda
ij=1gn RN

- [0 (5)- 7] [9up + 2 = Loju | o
p 1

RN
X 1 )\1 M1
— — — p _— p__ - my
N/¢(k) L;'V“' ol = ]dx
N

R
= /3/ [¢ (%) x- Vu} [r1]ul™ " 2ulv|™] dz,
BN
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and

z_: /Dz(b(j;) %|Vv|p_2Diijde—|— /(z)(%) |Vo|Pdz

RN
z\ x71[1 A2 H2
_ —_). = _ p Ayl - 2 ma
JAGCIGE [pw + 2 - By ]dx
o(7) [WW Zppp - £2 |vm2] de
p ma

= ﬁ/ [¢ (%) x - V’U:| [rolv]™?vlul™ ] dz.

By the Lebesgue’s Dominated Convergence theorem, as k — 400, we can derive

I

=
\
Q\

ST\ T =21 7). _
/DZ¢<k) k|Vz| D;zDjzdx — 0, z={u,v},

/q’) (%) |VzPde — / |VzlPdz, z={u,v},

RN RN
T

[ (90 () ) [19al + 220t = 2o a0, (19) = (01,0, 20,

RN

— — p - p_ >
[4(3) [p|vZ| + e - 2L

(3
RN

e/[w Piap - L

N
Z [ ¢ (%) xiDiu (Tl‘u|?”1—2’u,‘1}|7“2> dz + /¢ (z) T D v (7“2|’U,|T1‘U|T2 2 )da:
]RN

RN

mi] dz

}dm 2 = {(Lu), 20},

- i 6 () (o), i

—N/ () (hulrol) dx+Z/Dl¢ (o) da

%N/ (Ju|" v|™2) d
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Finally, combining (3.5) and (3.6), one obtains

N — N
S Lva - 19ep)+ 2 [ Gl + dalop)

RN RN
= [ (B 22 ) 35 [l =
RN ! ? RN

Lemma 3.3. If [u,v] is a solution of (1.1) for some A1, A2 € R, then [u,v] € Pg.

Proof. Since [u,v] is a solution of (1.1), it follows that

/|Vu|pdx+)\1/|u|pdx:ul/\u|m1d$+ﬂﬁ/|U|T1|U|T2d$a

RN RN RN RN

and

/|Vv|pdz+)\2/|U|pdx:u2/|v\m2dx+ﬁr2/|u\”|v|r2da:.
RN RN RN RN

On the other hand, it follows from Lemma 3.2 that

N-—p

N
/(|Vu|” + Vol e+ 5 /(Aﬂu\p  AofolP)dz

RN RN
:N/ (’“|u|m1+“2v|m2> dm+Nﬁ/|u|”|v|”dw.
m m
RN ' 2 RN

Combining the above three formulas, one obtains

Pglu,v] = /(|Vu|p—|- [VolP)dz — p10m, / [u|™ dx — padm, / [v|™*dx

RN RN RN

- (Tl + T2)5T1+7‘2/8/ |u|T1 |,U|7‘2dx
RN
=0. O

Now, we define W  :R* — R by

oP

[u,v]

(t) : = Jglt xu,t %]

mapma Omy

M1
IVl + Vol P — mjlluHml

1
p

mo
2

_ &”v”ﬂwtmz&m -8 /|u|”|v|r2dx $(r1472)0r 1y
m
]RN
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Lemma 3.4. Let [u,v] € W\ {[0,0]}, then for any t >0, ¥, ,(t) =0 if and only if
[t xu,txv] € P.

Proof. By direct calculation, we can obtain

(¥

d
! = —
[u,u]> (t)= dth[t*u,t*v]
= (IVullz + [ Vo]5) 77 = b, [t

~ b [0l 5

(3.7)
— (1 +72)0r, 4, 8 /‘”|T1|U|T2d$ 2O =L
RN
Pglt 4
_ Boltru,txv] *v], vt > 0.
t
Hence, we can obtain that (\Ilfu U])’(t) =0« Pat*xu,txv] =0 for any t > 0. O

Lemma 3.5. Pg is a C' manifold of codimension 1 in W.
Proof. For any [u,v] € Pg, suppose by contradiction that Pj[u,v] = 0, then [u,v]

satisfies the following system:

juf™2u

—PApU — 1M1 0,

— Bri(ri +72)0r, 4r, / Ju|" 7 2|v|"udz = 0,
N

—pARY — oM, |v|m2*2v (3.8)
— Bra(r1 +72)0r 4, / lu|" o] 2v dx = 0.
RN
Similar to Lemma 3.2, we get that
2wl +190P) = [ Gt l™ + b o)
© e (3.9)

+MH+WMHW/WWM”

RN

Combining (3.9) with Pglu,v] = 0, we deduce that

Aﬁl/OVuW+¢VvW)=L/GVuW+¢VvP%
b RN RN

which implies that [[Vulb = 0 and [[Vv[[} = 0. Then [u,v] = [0,0] in W. This is
a contradiction with [0,0] # [u,v] € Pg. O
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Lemma 3.6. Suppose that [u,v] is a critical point of JB|P(a,b), then there exist some
8

A1, A2 € R such that
Jg[u, v] + A [u, 0] + A2[0,v] = 0.

Proof. For any [u,v] € Péa’b), by direct calculation, we have

(¥, (1) = (0 = D(IVullh + [ Vo[p)

[u,v

= (M1m, = Db, [l = (m2dm, — 1) pi2dm, [0l

(3.10)
[+ 2y = (1 4 r2)r 10 [l ol
]RN
On the other hand, by Ps[u,v] = 0, we have
[Vully + VO[] = p16m, [ull + p20m, [[v]l53
+(r1 + 7‘2)5r1+r25/ |u|™ v d. (3.11)

RN

Combining (3.10) and (3.11), we can obtain that (\Ilf[i o) (1) <0.

From Lemma 3.5, we have that Pjlu,v] # 0 and there exist A1, A2, € R such that

Jg[u, v] + M [u, 0] + X2[0,v] + v Pglu, v] = 0. (3.12)

Now, we just need to show that v = 0. The functional of equation (3.12) is defined as
Dsluyo] i= Jafu, o] + Mallull2 + AalollZ + v Plu, o).

Similar to Lemma 3.4, [u,v] satisfies a Pohozaev identity which is in the form of
%@g[t * u, t* V] |t=1 = 0. Moreover, through direct computation, we have

d
dt@g[t*u txv]|,_,

d
T [Jﬁ[t*u txv] + M llullb + Xalv]| + v Ps[t x u, t*v] |t:1

d

T at [\Pﬁ () + v, ”])/(t)} =1

=(1+ 1/)(\1/[“ U]) (1) + V(‘I/[u U])N(l)-
Note that (\Il[ﬁu U])”(l) < 0. Hence, we can deduce that v = 0. O
Lemma 3.7. Let % +p < my,ma,r + 19 < p*. For every [0,0] # [ u, ] € D, X Dy,
there exists a unique t = tp, ) > 0 such that [t x u,t xv] € € Py (a,b) Moreover,

tuo] < (resp. =,>) 1 if and only if Pglu,v] < (resp. =,>)0.
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Proof. For any [u,v] € Dy x Dy and t > 0, we have that ||t x u|b = [|ul|} < a and
[t v|[B = |lv][5 < b. So we just need to verify that there exists a unique ¢ such that

Pglt xu,t*v] = 0. Since % +p <my,ma,r1 + 1o < p*, we have that
m15m17 m25m2a (7"1 + T2)5r1+r2 > p.

Then it follows from (3.7) that there exists just one point ¢ = t[,,) such that
(@ Y(t) =0, and

[u,v]

(W () >0, Vs € (0, 1), (V)

[u,v] [w,v]

)/(S) < 07 Vs € (t[u,v]7+oo)a

which means that Pg[t x u,t +xv] = 0 by Lemma 3.4. And ¢ is the maximum critical
point of \I'f }(t).

u,v

Moreover, since Pglu,v] = (\II€J v])’(l), we can obtain that

Pslu,v] < (resp. =,>)0 < (¥F

[u,0]

)'(1) < (resp. =,>)0
&ty < (resp. =,>) 1. O
Denote the Schwartz symmetrization of u as u*. We can derive the following result.

Lemma 3.8. Let % +p <my,ma,r + 19 < p*. For any [u,v] € Péa’b), there exists
a unique t = tpy« = € (0,1] such that [txu*, txv*] € Péa’b) and Ja[txu*, txv*] < Jglu,v].

Proof. For any [u,v] € Péa’b), we have [u,v] # [0,0]. So by [[u*||} = [[ul]} and
[v*[|5 = [[v]|b, we see that [u*,v*] € D, x Dy \ {[0,0]}. Then by Lemma 3.7, there

exists a unique t = f[,- =) > 0 such that [t x u*,t xv*] € ’P[(f’b),
By the properties of rearrangement, we also have that

IVl <9l Vel < IVely, [ e > [l e,
RN RN

Thus, we have Pglu*,v*] < Pglu,v] = 0 and Jg[u*,v*] < Jg[u,v]. By Lemma 3.7
again, we can get the fact that ¢ = ¢~ ,~) < 1.
Moreover, we can deduce that
m%(JB[s*u*,s*v*] = Jglt xu™, txv*] = Jg[(t xu)*, (t % v)7]
SJﬁ[t*u,t*v]gmaach[s*u,s*v]:Jﬁ[u,v]. O
s>
Lemma 3.9. Let1l <p < N, %—i—p < mq,me,r1+7r2 < p*. Then for any [u,v] € Pg,
there exists a constant Co > 0 such that

Jalu,v] > Co ([[Vull2 + | Vv[[2) .
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2
Proof. Since p + & < my,ma,r1 4+ 72 < p*, we have

m15m17 m25m27 (7"1 + r2)5r1+r2 >p,

Define

{ 1 1 1 } < 1
K = max , , -
M0, M20m, (11 +72)0r 4 P
Hence, for any [u,v] € Pg, we have

k& (IVullp +1IVoll}) = & [m&m lullm + p2dm, ([0l

+B(T1+T2)67‘1+T2/|u|rlv|r2dz]

RN

H1 H2
> Ll + 22 ol + 5 [ fupolraa.
RN

Thus, one can obtain that

1 p p2 /
— _ p py _ =~ my _ T4 m2 1 T2d
Jpu, ] 5 (IVully + [Vol) oy 1w m2||v\|m2 B[ ul™ o] dx
RN
1
> (p - ﬁ) (IVullp +[[Vollp) =: Co ([IVullh + [[Vollp) - O

From Lemma 3.9 above, we can deduce the following result.

Corollary 3.10. Let 1 <p < N, p+ % < my,mo,r1 + 12 < p*. For any a,b > 0,
Jﬂ‘P(a,b) is coercive.
]

Lemma 3.11. Let1<p< N, p+ % < my,ma,r1 + 12 < p*. For any (a,b) # (0,0),
there exists a constant Ry > 0 such that

[u,v]e

inf(a‘b) (||Vu||£ + ||Vv||§) > Ry.
5

Proof. Suppose by contradiction that for any ¢ > 0 small enough, there exists
[uo, vo] € Péa’b) such that

(HVU()Hg + ||VU()||£) < €.

By the Gagliardo—Nirenberg inequality (3.1), Holder inequality and Young inequality,
for any [u,v] € W, we have

5m1/~L1||u||z1 < 6mlﬂlcx’%1aml(l_&nl)HVUHZ%(SWH
mydm

1
< G 1 O @™ U700 (| V| + ([ Vol |) 7

m18m

= Ry (|Vullp + [Vollp) ~ 7,
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J— 6m

Sy 2|02 < By o C2, b2 =0ma) ||y |70
modm,
< Oy 2O, b2 0m2) (|| Vu|f + || VolB) T 7

madm

= Ry (|Vulp +Volp) ™,

and

B(r1+r2)0r v, / |ul™ o] da
RN
6(T1 + TQ) r1+re ||u|‘r1+r2||v‘ r14+ro

< B+ 72)0r 40, O 1T 0 7020

(r1472)8r) 41y
(IVullh +11Vol) ’

(r1+72)8r ) 4ro

=t Ry ([IVullp + IVollp) 7

Then we can obtain that
mim
Pslug,vo] > ([[Vuollh + [[VuollB) = Ry ([Vuollh + [VwolB) 7
modm
— Ry (IVuollb + [[VwolB) 7

(r1+712)8p ) 4rgy

— Rs ([[Vuo b + | Vwoll3) v
By p+ % < mq,ma,r1 +1ro < p*, we have

m15m1 m26mg (Tl + r2)5T1+T2
’ ) > 1
p p p

Since ([[Vuoll5 + [|[Vvol[5) is small enough, we can derive that
Pglug,vo] > 0.
This is a contradiction. O
Then from Lemma 3.11 and Lemma 3.9, we have the following result.

Corollary 3.12. Let 1 <p < N, p+ % < ma,me,r1 + 1o < p* and Mg(a,b) be
defined in (1.6). Then Mpg(a,b) > 0.

Define
W, = {[u, 0] € W [u(x), v(2)] = [u(|z]), v(|2])], = € RV},
and

Mg (a,b) := inf Jglu, v].
[u,v}epéa’b)ﬂwr
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Lemma 3.13. Mg*d(a, b) = Mg(a,b).

Proof. Tt is clear that M5! (a,b) > Mg (a,b) by the fact that Py"” N W, c Py"".
On the other hand, for any [u,v] € Péa’b), we can deduce from Lemma 3.8 that

there exists ¢ = t[,- ,+) such that [t xu*,txv*] € Péa’b) and satisfies
Ja[txu™, txv*] < Jglu,v],
which implies that

MEYa,b) < inf  Jgltxuttx0*] < inf  Jglu,v] = Mg(a,b). O
[u,v]epéa'b) [u,v]epéa’b)

4. PROOF OF THEOREM 1.1

In this section, we will prove the existence of normalized solution to (1.1)—(1.2). Firstly,
we need to construct some conditions to rule out the semi-trivial solutions mentioned
in Section 2.

Lemma 4.1. Let 1 <p < N, u>0,a>0,r >0 and By uan,r be defined in (2.4).
Then it holds that By i.a,n,r > 0.

Proof. Let w = wy ;o be defined in (2.2). Since 1 < p < N, we can derive that
w € L>®(RY) by the Moser iteration technique (see, e.g., [15, 22]). Then it follows
from Holder’s inequality and the critical Sobolev inequality that

[ el hrds < s 0. < S5l VA3 ¥h e Whr@Y),
RN

which implies that

S~ [VAPdz

== in T oA
Priasor = 4 s e 8 10} Tow [l P

> Sylwl3: > 0. O
P

Lemma 4.2. Let 1 <p < N and p+ % <my,mg,r + 12 < p-.

(i) If 1 <ry <p orry =p with > Bm, uy,a,Nr» then Mg(a,b) < My, 1y a,
(i) If 1 <ry <porry=p with > By js,b,Nyrss then Mg(a,b) < My iy b-

Proof. This proof is similar to the proof in [21, Lemma 7.3]. We only need to show (i),
and the proof of (ii) is completely analogous. For the sake of convenience, we denote
Wi,y e defined in (2.2) as w here.



422 Yuhang Tao and Jianjun Zhang

For any h € W'P(RN)\ {0}, let h := ﬁ So we have that [w, sh] € D, x Dy
P

for any |s| < bs. By Lemma 3.7, there exists a unique t = t(s) > 0 for which
[t(s) x w,t(s) * sh] € Péa’b), and t(s) satisfies

IVl + [s[P IV R[]

e e e M
(4.1)

+ (r1+72)0r, 41, 8 /\w|”|h|”daz |s|2¢(r1HT2)0r4rp =P

RN

which implies that ¢(0) = 1 by the definition of w. Then it follows from the implicit
function theorem and (4.1) that t(s) € C* locally around s = 0 and

where

Pi(s) := pls|P 25| V[ — mabu, pal b z]s|™2 2 st20ma P

a2y [l Al | s st e,
RN

Qh(S) = (m15m1 7p)5M1,ul||wHZL1tml6mlipil
- (Maby — D) izl 52 5|20

+ [(r1 + 72)8r 47 — D] (r1 4 72)0ry 11, B
. / |w|" [h|"2da | |s|m2t T FT2)Or e —p =L
RN

Case 1.1 < rg9 < p. For |s| small enough, we have that t(s) =1+ o(1),

Pu) = =ralr #2057 | 572214 0(1),
RN

and
Qn(s) = (M1dm, — p)om, pur[|wlmi (1 +0(1)) = (M1, — p)|[Vw|5(1 + o(1)).

Define
(r1 +72)0r, 470 B ( fgn [w[™ |h|72d2)

Cy =
" (m16m, — p) |Vl
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So we can obtain
t'(s) = —roChls|2725(1 + o(1)).
Then by integrating the function ¢'(-) from 0 to s, we can obtain

t(s) =1 = Cpls[™ (14 0(1)),

and for any 7 > 0,
t7(s) =1 —7Ch|s|™ (1 + o(1)).

Hence, combining w € Py, 4y, and 7o < p < mq,ma, we have

Ja[t(s) xw, t(s) * (sh)] — Jaw, 0]

mi1

1 1 H1 my (ym1é
= 5||Vw||§(tp(5) -1+ ];\|Vh||§|5|ptp(5) =y el (70 = 1)
H2 h ma m2tm267n2 T1 h 7'2d th(T1+T2)5,,~1+r2
- m*2|| 73 |1 - B jw[™ |h]"dz | |s]
RN
m T 1
= [[IVwll} = p16m, [lwli1] Crls|™ (1 + (1)) + I;||Vh||§|5|ptp(5)

— L2 |jp||mas|magmatea — g / o] || d | [s|r2eri 2 ers
mao

ma

RN
<-p / [w|™ R dz | [s]™(1+0(1)) <0,
RN
which implies that for any |s| < br small enough, we have
Mpg(a,b) < Jglt(s) »w,t(s) * (sh)] < Jg[w,0] = My pya-

Case 2. o = p. For |s| small enough, we have that
Pals) = {pIVAIE — 55 [ Tul bPde | 1o~ 2s(1 4 o1),
RN

and

Qn(s) = (m1dm, = p)om, p[lwl7; (1 + 0(1)) = (m1m, — p)[Vwl[5(1 + o(1)).

Define
. pIVAlE =B [gn [w|™[h[Pdx

Ch =
(M16m, — p)Vwllp
Similar to the analysis in Case 1, we have

t'(s) = pChlsP~?s(1 +0(1)), t(s) =1+ Cyls|"(1+ o(1)),

and
t7(s) = 14+ 7Ch|s[P(1 4+ o(1)).
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Hence, it follows from £ > B, u1,a,N,r1s W € Py pi,e and 79 = p < mq, my that
Ja[t(s) % w, t(s) * (sh)] — Jgw, 0]

m

1 1 j51 5
= S| VwlP(tP(s) — 1) + — | VR|2|s|PtP (s) — L1 ||| (Em20m — 1

— B2 |p|ma|s|magmatne — g /|w\“|h|pdm |s[P¢(r1+72)0r 402
mo
]RN

1 A 1
= [IVwll} = padm, [lwll71] ChlslP(1+ 0(1)) + S IVAlIpIsI(1+o(1))

_%||h||zglslm2tm25m2—ﬁ /Iw\“lhlpdl‘ [s"(1+ o(1))
RN

IA

1
CIVAl— 5 [t bl 1570+ o)) <0,
RN

which implies that for any |s| < b» small enough, we have
Mpg(a,b) < Jglt(s) xw,t(s) * (sh)] < Jg[w,0] = M,y a- O
Next, we prove the following existence result on D, X Dy.

Lemma 4.3. Let 1 < p < N, ri,ro > 1, p+ % < my,mo,r1 + 12 < p* and let
Mg(a,b) be defined in (1.6). Then for any a,b > 0, Mg(a,b) is achieved by some
nonnegative Schwarz symmetric function [u,v].

Proof. By Lemma 3.13 and Corollary 3.12, we can take a minimizing sequence
[tn, vn] € Péa’b) which is Schwarz symmetric such that

[tn, V] = [|tn|, V0] = [up, vy], 0 < ”uan <a,0< ||’Un||£ <b, Pﬁ[umvn] =0,

and

Jgltn, vn] = Mg(a,b) asn — +oo.
It follows from Corollary 3.10 that Jg is coercive. So we can derive that {||Vu,|,}
and {||Vu,|,} are bounded, i.e., {[uy,v,]} is bounded in W.

By the fact that the embedding WP (RY) < L*(RY) is compact for any s € (p,p*),
up to a subsequence if necessary, there exists [u, v] € W such that

up — u in WHP(RY), w, — win L*(RY), wu, — v a.e. in RY,

4.2
vy, — v in WHPRYN), v, - vin L*(RY), v, — v ae. in RY. 4.2)
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Since 71,72 > 1, we can derive from the Mean Value Theorem and Hélder inequality
that

‘/Wunrlwnvvdx——j/|urva?dx
RN RN

= [ ual Gl = o)+ [ ual = a1l o

RN RN
<o / |t | (Jop |27 + 0|27 Y |, — v|da
RN (4.3)
+ 71 /(|Un|rl_1 + u Y |o|"2 Ju,, — uldz
RN

< 7’2Hun||:1+r2(an”:flig + HU”Z:?J_JQ) |Un - UHT1+T2

+r1(lunli e, + el ) Wl o, — ey,
— 0, asn— +oo.

We claim that u #Z 0 and v # 0. Suppose by contradiction that « = 0 or v = 0.
(asb)

By [un,vn] € Py, (4.2) and (4.3), we have that
||Vun||§ + ||an||§ = U10m, ||un| Zi + 1420, ||vn| ﬂi

+ B(r1 +72)0r 410 / [t | vp |2 da
]RN
= 0(1)7

which implies ||Vu,|/5 = o(1) and [[Vu,|[5 = o(1). This is a contradiction with
Lemma 3.11.
Moreover, by the weak lower semicontinuity, we have

< T < i .
IVullp < liminf [Vuglp,  [[Voll, < liminf ||V, |, (4.4)
Now, we have that

Pglu,v] < liminf Pglu,, v,] = 0.

n—-+oo
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Then by Lemma 3.7, there exists a unique t = t[, ) € (0, 1] such that [txu, txv] € P(a 2

Hence, we have

Ja[t *u,t*v]
1 H1 M2
= Z;[IIV(t*u)HZ +[IV(t*v)|B] - m71”t*u| = m—2||t*u| me

—ﬁ/|t*u|”|t*v|“dx
N

R
by 1 by 1
= _—— — t* mi 2 — t* e
Y e LA R (P [

0.
+5 ((7‘14»7'2)“"'7"2 _ 1> / |t *u|™ |t xv|"2dz
p .
6m1 my ) 67” 1 d.
— tml mq 2 = mztmz mo
(2 oo+ (22— ) ol

+5 ((H‘W)(srlm _ 1) / |u‘7“1|v|7"2d$ $(ritr2)8r 4y
p o

Furthermore, combining with p + % < my,mo,r + 1y < p*, (4.2), (4.3) and (4.

we can obtain that

Mg(a,b) = inf  Jg[u,v] < Jglt*xu,tx]
[a,5]ePi”
Om Om
= (22 Y et e (222 e
p p

+8 ((HW)(S”J”? _ 1) / |u|™ [o]"2 da: $(rir2)0r 40y
p o

Om 1 Om 1
<pr | — = — ) ulpt +p2 | —=— — ) [vllm2
p my p m2
15 ((Tl +12)0r, 47y B > / |u|" [v]"2dw

) 1 ) 1
< lim ( ™o m) wnllmy + Hm po ( m2 _ ) llvn |2
1 n o0

n—+00 D —+ p ma
6
+ lim S <(r1 +72)0r 4, — 1) / [t | |0 |2 d
n—-+oo p
RN

= lim Jgun,v,] = Mg(a,b),

n——+00

5),
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which implies that ¢ = 1 and

Jglu,v] = lim  Jglun,v,] = Ms(a,b).

n—-+oo

So, it follows from (4.2), (4.3) and lim Jg[un, v,] = Ja[u,v] that

n—-+oo
1 p p 1 p p
Z;(IIVunllp +1IVoallp) +o(1) = ];(HWIIP +IVollp),

and combining with (4.4), we can derive that
[Vun|b = [Vullb,  [[Vua|[h = |[Vo|b as n — +oo

and Pglu,v] = 0.
We proved that Mg(a,b) is achieved by [u,v] € Péa’b). O

To show that a minimizer [u,v] € Péa’b) satisfies [[u||b = a and [[v||} = b, we need
the following Liouville type result for p-Laplacian, which is similar to [20, Lemma A.2]
and [23, Lemma 2.7].

Lemma 4.4. Suppose 1 <p < N, q € (0, N]S[p:pl)]. If u € LYRY) is a nonnegative

function and satisfies the following inequality:

—Apu>0 in RY,
then u = 0.

Proof. Suppose by contradiction that v #Z 0. Then by the strong maximum principle
(see [26, Theorem 1]), we have u > 0. Hence, it follows from [28, Lemma 2.3] that

_N-p
w(x) > Cla| 7=, |z > 2,

where C' is a positive constant depending on N, p, u. For any g € (O7 Njg,p:pl)], we have
A 1
=1 X
RN |2]>2 e 7= |z]>2
This contradicts the assumption that u € LI(RY). O

Remark 4.5. Assume 1 < p < N. If u € WYP(RY), we have u € LI(RY) for

q € [p, p*] by the Sobolev embedding inequality. In this situation, we can obtain that

g€ (0, =0T it N < p?.

Lemma 4.6. Let 1 < p < N < p?. Assume that

Mﬂ(a’b) < min{mmhuha’ mmz;umb}'

Then there exists a ground state solution [u,v] of equations (1.1)—(1.2).
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Proof. By Lemma 4.3, we can assume that [u,v] # [0,0] is a minimizer on D, x D,.
So there exist A1, A2 € R such that

{—Apu+ )\1’U,p_1 _ ﬂluml_l +B7"1UT1_1’[}T2, (46)

—Apv + AvP = pov™2 =l 4 Broumom L
Step 1. uw#£ 0, v Z 0. If w # 0 and v = 0, one obtains

My 1,0 = inf Jglu, 0] < Jglu, 0] = Mg(a,b),

wEPmy,u1,a

which contradicts the assumption

Mpg(a,b) < min{mml,m,a, mm27H2,b}'

If wu =0 and v # 0, we can derive a similar contradiction in the same way.

Step 2. A1, A9 > 0. If not, we assume that A\ < 0 or Ay < 0. Then we can obtain that
~Apu > pu™ "t or = Apu > g™

Since 1 < p < N < p?, by Lemma 4.4, one obtains v = 0 or v = 0, which is impossible.

Step 3. [u,v] € Sy x Sp. In this step, the proof is similar to [21, Lemma 8.2]. If A\; > 0,

we claim that u € S,. Suppose by contradiction that § := ||lu|[} € (0,a). Then for any
1

s € (0, (%) p], we have

[su,v] € Dy x Dy \ {[0,0]}.

So, there exists a unique ¢ = ¢(s) > 0 such that [t  (su),t xv] € Péa’b) by Lemma 3.7.

Precisely, t = t(s) is determined by

IVulls” + [IVoll}

= 5m1,ul||u||ﬁi gMigmidmy —p + 5m2u2‘|v||z§tm26m2 —p

(4.7)
L e [ B B

RN

Then we can derive from (4.7) and the implicit function theorem that ¢(s) € C* locally
around s = 1. Then we have
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= (| Vul[BsP 1P — puy [l s dms

RN

— byl s

[Vullps™t"=" + Vol per

1 ] M

= B(r1 +12)0r 41, / u"tv"dz s”t(””ﬂ‘”ﬁrz—l] t'(s).
RN

Noting that ¢(1) = 1 and Pg[u,v] = 0, then we have

d

ng [t(s) * (su),t(s) * V] -

= ||Vu||£ — paljul[;mt — Bry /u”vrzdm + Pglu,v]t' (1)
RN

= i flullr <0,

which means that for any s near s = 1,
Mpg(a,b) < Jglt(s) * (su),t(s) *v] < Jg[u,v] = Mg(a,b),

a contradiction.
So the claim that u € S, is guaranteed by A; > 0. Similarly, Ao > 0 implies that
v E Sp. O

Proof of Theorem 1.1. It follows from the definition of by, my 1y, pus,a that

mm27u2,b S mmlgl‘fh“’ Vb € [bmhmz,uhuz’aﬂ +OO)7

and
mmz,umb Z mmhlll,a? Vb € (0’ bm17m2,N17M27a]'

2
Since N > 2,p € (VN,N), & +p <mq,mg, 71 + 1o <p* and ri,7o > 1.
(I <p B>0,00m =p B > BuypmbNors, then since 1 < p < N,
2
5 +p <my,mg,r1 + 1o <p*, and ry, 73 > 1, we can derive from Lemma 4.2(ii) that
for any b 6 [bm17m2)u'17u27a’ +Oo)

Mpg (a,b) < Mg pz,b < Moy a

Now, since 1 < p < N < p?, by Remark 4.5, the requirement of the Liouville-type
lemma is satisfied. Hence, Lemma 4.3 holds, which implies that there exists a minimizer
on D, x Dy. Then by Lemma 4.6, we can prove that there exists (A1, Ao, u,v) € RZ x W
which is a ground state solution of (1.1)—(1.2). Moreover, by the strong maximum
principle (see [26, Theorem 1)), u and v are positive.

(ii) The proof is similar to (i), it suffices to use Lemma 4.2 (i), Lemma 4.3 and
Lemma 4.6. O
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5. PROOF OF THEOREM 1.3

In this section, we show some properties of normalized ground states of (1.1)—(1.2)
obtained in Theorem 1.1.

Lemma 5.1. Mg(a,b) is non-increasing in 3.

Proof. By Theorem 1.1, for any (1 > 0, there exists [ug,,vs,] € Sq X Sy such that

Js, [uﬂ1 ) UBI] = Mg, (a, b)'
For any 0 < 81 < 2, we have

Mg, (a,b) < max Iy [t *ug,,t* vg,]
>

< I¥l>a.5( Jﬁ1 [t*uﬁwt*’u&] = Jﬁ1 [uﬁlﬂvﬁ1] = Mﬁ1 (a>b)‘ O

Lemma 5.2. Let 1 <p < N and my,ma,r1 + 179 € (% —|—p,p*). Then Mpg(a,b) is
uniformly bounded with respect to 5.

Proof. Let w1 = Wy, .0 and wa = Wiy, 4y be defined in (2.3). For any § > 0,
we have

Mpg(a,b) < max Ja[t * wi, t x wo]

1 1 251
= | LIS x )+ SV )l L e

1 251
< - p__ 7t ma
< max {pllv(t*m)ﬂp o ||t*w1m1}

1 2
e IV )l - 2 el

= My py,a + Mg g by
where Mo, 1.0, Mg, us,b are defined in (2.6), which do not depend on S. O

Proof of Theorem 1.3. (i) By Theorem 1.1, for any 5 > 0, Mg(a,b) is achieved by

some [ug,vg] € Sy X Sp, where ug, vg are positive radial functions.
Since

Min{ My iy s M i} > Ma(a,b) = Js[ug, vg],

we obtain the boundedness of {{ug,vg]} in W by a similar argument as in Lemma 3.9.

Then up to a subsequence as 3 — 0T, there exists [u,v] € W such that

ug =, wvg—0v in WHP(RY), 5.1)

ug — 4, wvg—v in L¥(RY), .

where s € (p,p*) and u,v > 0.
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Note that [ug,vs] is a normalized solution of the system

—Apug + A1 glug|P2ug = i |up|™ Pug + Brifug| " Puplug|", (5.2)
—Apvg + A2, pluslP v = palvs|™2 v + Bralug| [ug|™ P,
and satisfies the Pohozaev identity in Lemma 3.3. We deduce that
A1,pa + Aagb = pa(1 = 6, )uglly + p2(l = 6m,)llvslins- (5.3)

Hence, {\1,5} and {X2 3} are bounded. Combining A g, A2 g3 > 0, up to a subsequence,
A1 — Xl >0, Xg— Xg > 0.

We consider the following cases.
Case 1. A\; = 0, Ay = 0. From (5.3) and Lemma 5.1, for any fixed £y > 3,

Sy 1\, Sy L\ i
0=u1( 1—) |u||m;+u2( 2—) ol
p mi p

mao

= Jim_Jplug, vg] = Mg, (a,b) > 0,
a contradiction.
Case 2. A\; >0, Ay > 0. By (5.1), (u,9) is a weak solution of

—Apu+ Ml e = wlal™ %, (5.4)
— AT+ N||P 720 = po|o™2 2% '

Testing the first equations in (5.2) and (5.4) with ug — @ and arguing as
in [19, Lemma 3.6], we obtain

IV (ug — @)} + Aillug — @y -0, B —0".
Thus, ug — u in WHP(RY). Similarly, vs — v in WHP(RY). Moreover,
|a|p =a, [v]5=0b, u,v>0.
Since [u, v] are normalized solutions of (5.4),

min{mml’“ha’ mm?v/ﬂ’»b} > lim Jﬁ[uﬁ“vﬁ] 2 My pr,a T Mimg,ua,bs
B—0+t

a contradiction.

Case 3. \y = 0, Ay > 0. By Lemma 4.4, 4 = 0, and from (5.3), v > 0. By the same
argument as in Case 2,

mm{mml,m,m me,M,b} > gli)r{)l+ Jalug,vg] = My s b-
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If b € by mo,pr 2,0, T00), then
Mﬁ(av b) > Mimy,pz,bs [uﬁ7vﬁ] - [07wm27H2,b] as f — 0.

If b € (0, bmy my,p1,10,a), this case cannot occur.
Case 4. A1 > 0, Ay = 0. This case is similar to Case 3. If b € (0, b, my iy uz,a)» then

Mpg(a,b) = Muny pyar [UB V8] = [Wimy p1,a,0] as f— 0t.

If b € (b ma,pr 2,0, +00), this case cannot occur.

(ii) We now prove that
Mg(a,b) — 0" as B — +o0.

Without loss of generality, assume a < b. Let w = wy, 4, g/2,, be defined in (2.3).
By the definition of Mg(a,b),

0 < Mg(a,b) < r&agijg[t*w,t*w]

2 M1 125 At
= max [pIIV(t*w)Ilﬁl - mflllt*w\lﬁi - mlelt*wllﬁi — Blitx w1

1 p
<max2 ( —[|V(t b ——— [t w112
< a2 (SIV (el - 5wl

= 2mT1+T2’5/2’0«’
where m,, 1, g/2., is defined in (2.6). This implies Mg(a,b) — 07 as f — +o0. 0O
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