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Abstract. We study the embedded point spectrum of rank one singular perturbations
of an arbitrary self-adjoint operator A on a Hilbert space H. These perturbations can
be regarded as self-adjoint extensions of a densely defined closed symmetric operator
B with deficiency indices (1, 1). Assuming the deficiency vector of B is cyclic for its
self-adjoint extensions, we prove that the spectrum of A contains a dense Gg subset
on which no eigenvalues occur for the rank one singular perturbations considered.
We show this is equivalent to the existence of a dense Gj set of rank one singular
perturbations of A such that their eigenvalues are isolated. The approach presented
here unifies points of view taken by different authors.
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1. INTRODUCTION

A fundamental problem in spectral theory is to understand the behavior of spectra of
self-adjoint operators when these operators are perturbed. One of the most natural
types of perturbations are rank one regular perturbations, that is, perturbations of
the form

Aa =A+ Oé<(p, >(p7

where ¢ is a cyclic vector for A and the symbol (-, -) denotes inner product in #. In
particular, it is known that if I is an interval contained in the spectrum of A4, o(A),
then it is possible for A, to have dense point spectrum o,(A,) in I for a.e. a € R in
Lebesgue sense, see [15]. However, this cannot happen for every a € R. As shown
in [6] and [9], there exists a dense Gs set @ C R (a countable intersection of open
sets) such that if a € €, then 0,(A4) NI is empty and if & € R\ Q, then there is
a dense Gj set F' C I such that 0,(Aq) N F is empty. Nevertheless, in some situations
the pure point spectrum is generic (see [2]). Related problems were studied in [10] for
Sturm-Liouville operators with local perturbations.
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A natural question is whether similar results hold for rank one singular perturbations
given by the formal expression

Aa =A+ O‘<907 ><)0

with ¢ € H_o \ H where Hy C H C H_s, s > 0 denotes the A-scale of Hilbert
spaces which will be defined in Section 2. The symbol (-, ) denotes the duality pairing
between H_s and Hs or simply the action of linear functionals on H,. Rank one
singular perturbations are operators on the underlying Hilbert space whose domains
are different from the domain of the unperturbed operator and the difference of their
resolvents is a rank one bounded operator. In [12] this question was considered for the
case when ¢ € H_; \ H, i.e. for so-called form bounded singular perturbations and A
being semi-bounded.

The case addressed in this paper includes the more general situation when form
unbounded singular perturbations, i.e. ¢ € H_o\ H_1 are considered. According to [1],
the difference between the two cases lies in the fact that if ¢ € H_; \ H, the formal
expression A, determines a single operator, whereas if ¢ € H_5 \ H_1, the operator
associated with A, is not uniquely determined. Specifically, in the case ¢ € H_1 \ H,
the form-sum method is used while when ¢ € H_5 \ H_; this method fails. However,
rank one singular perturbations can be regarded as self-adjoint extensions of the
restriction A to Kerg, the subspace of D(A) where ¢ vanishes. This restriction turns
out to be a densely defined closed symmetric operator with deficiency indices (1,1).
These extensions will be denoted by A7 and we will consider them as the rank one
singular perturbations of A. The relationship between the coupling constant « and the
extension parameter v will be explained in Section 2. Assuming that ¢ € H_o \ H and
(A —iI)~Yp is cyclic for A, the main results in the current article are the following:

Theorem 1.1 (Forbidden Energies). The set of points in o(A) which are not eigen-
values for any AY, with v € R, contains a dense Gy set in o(A).

Theorem 1.2 (Forbidden Extension Parameters). The set
{yveR|o,(A")No(A) =}

is dense Gs in R.

The term “forbidden” is motivated by the corresponding results for rank one
regular perturbations of [6, 9, 10]. We call “energies” to the elements in o(A) and
by “Forbidden Energies”, we mean to the energies which are not eigenvalues for rank
one singular perturbations AY of A. The name “Forbidden Extension Parameters” is
an analogy to “Forbidden Coupling Constants” which was used in [14]. The present
paper essentially unifies the methods of [6] and [9] in the framework of self-adjoint
extensions. Following the approach of [9] we get Theorem 1.1. On the other hand the
ideas of [6] lead to Theorem 1.2 and allow to show that actually the main theorems
are equivalent.

The paper is divided as follows. In Section 2 both the von Neumann’s Extensions
Theory and the theoretical framework given in [1] for rank one singular perturbations
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are provided. In Section 3 some results of [9] originally proved for Borel-Stieltjes
transforms are extended for Nevanlinna—Herglotz functions. In Section 4 in order to
illustrate what happens when the spectrum of self-adjoint extensions is not simple,
a version of the well-known theorem from Aronszajn—Donoghue Theory on char-
acterization of eigenvalues by improper integrals when self-adjoint extensions are
reduced to a cyclicity space is shown. Then with this result Theorem 1.1 is proven. In
Section 5 a proposition on forbidden extension parameters for self-adjoint extensions
of a densely defined closed symmetric operator with deficiency indices (1, 1), denoted
by Tpy, is obtained and Theorem 1.2 is deduced by transforming the rank one singular
perturbations A" in terms of Ty through a homeomorphism. From this theorem, we
concluded both the aforementioned equivalence and a result on forbidden energies in
the essential spectrum which cannot be eigenvalues of A. Other consequences of these
results are that for a dense Gjs set either of rank one singular perturbations of A or
self-adjoint extensions of a symmetric operator, their eigenvalues are isolated and if
we assume absolutely continuous spectrum is empty, there is pure singular continuous
spectrum for this dense Gy family of operators.

2. PRELIMINARIES

2.1. SELF-ADJOINT EXTENSIONS

We recall the von Neumann Extension Theorem for symmetric operators. For this, the
following definition is given.

Definition 2.1 ([11, Definition 2.2}, [13, Equation 7.1.44]). Let B denote a densely
defined closed symmetric operator on a Hilbert space H. We call deficiency spaces
of B to the sets

K1 (B) := Ran(B +il)* = Ker(B* Fil),

where | denotes orthogonal complement in H and B* is the adjoint operator to B.
Also, we call deficiency indices of B to the pair (d(B),d_(B)), where

dy(B) :=dim K (B).
Let B(B) denote the set of closed symmetric extensions of B and V(B) the set of
partial isometries from K (B) to K_(B). We state the next theorem.

Theorem 2.2 ([11, Theorem 13.9], [13, Theorem 7.4.1]). Let B denote a densely
defined closed symmetric operator on H. There exists a bijective mapping from V(B)
to B(B) given by
V=Ty:= B* FD(TV)7
where
D(Ty) = D(B) + (I +V)D(V).

Furthermore, Ty is self-adjoint if and only if V' is unitary from K, (B) to K_(B).
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Suppose that B in the above theorem has deficiency indices (1,1) and uy € Ky (B)
is a generating vector with norm equal to 1. The vector u4 is called deficiency vector.
For each 6 € [0, 7) one defines the operator

Vo: K,(B) — K_(B), where Vp(uy):=e 2%u_. (2.1)

Denote the self-adjoint extensions of B given by Theorem 2.2 as Ty, with 8 € [0,7),
where

D(Tp) = D(B) + span {uy + e *u_} (2.2)
and
2i0

Ty(n + auy + ae™?%u_) = By + aiuy —aie”*%u_, ne D(B),a < C.

Denote by M the cyclicity space of u for any Ty which by definition is

M :=span{(Tp — zI)~tuy : z € C\ R}. (2.3)

Remark 2.3. We know that M does not depend on # and is a reducing subspace
for Ty, for all 6 € [0,7) (see [3, Section 2|, [5, Lemma 4.5]). Therefore, one has the
restrictions Ty [ acting on the Hilbert space M with domain

D(Ty [ am) == D(Tp) N M

which are self-adjoint operators and have simple spectrum since by definition u is
cyclic for Ty [ .

2.2. RANK ONE SINGULAR PERTURBATIONS

Let A be a self-adjoint operator on a Hilbert space H. Consider the A-scale of Hilbert
spaces

Hs CHCHos,
where M, := (D(JA|2), || - ||s) with [|n]|s := [|(|A] + I)2n]| for all s >0 and H_, is the
completion of H with respect to the norm || - ||s, i.e. the space of linear functionals
with its usual norm (H3, | - |lx:). Given ¢ € H_5 \ H and a € R, rank one singular

perturbations of A are defined by the formal expression
Ao = A+ alp, ), (2.4)

where (-,-) denotes the duality pairing between H_o and Hsy or simply the action
of linear functionals. We obtain self-adjoint realizations on H of the expression A,
which are self-adjoint extensions of a densely defined closed symmetric operator with
deficiency indices (1, 1). The following result is the key.



On spectral stability for rank one singular perturbations 823

Lemma 2.4 ([1, Lemma 1.2.3]). Let A be a self-adjoint operator on H and ¢ € H_s\H.
Then

A=A [ D4y, where D(A) :={ne D(A): (p,n) =0}
is a densely defined closed symmetric operator with deficiency indices (1,1).

We now briefly recall the approach of [1]. Consider the operator
(A+il)™ i He g — My, s=0,1 (2.5)
in the generalized sense, i.e. for ¢ € Hs_o and n € H;

(¢, (AFiD)"'n) = (A£il) " ¢,m).

By the above lemma and using the first formula of von Neumann (see [16, Theo-
rem 8.11] and [13, Theorem 7.1.11]), it turns out that

D(A*) = D(A) +span {gi, g} , (2.6)
where
gxi = (AF i)l
are the deficiency vectors for A. We get the family of self-adjoint extensions of A given

by Theorem 2.2 as A(v), where v € S!, the set of unimodular complex numbers, such
that

D(A(v))={n+aygi+a_g_; € D(A*) :a_ = —Tay }. (2.7)
One has that

AL+ D o= [(A—iD)lp+ (A+il) o] € H.

DN | =

So we can write (2.6) of the next form

D(A*) = D(A) + span { A(A* + 1)1y} . (2.8)

This makes another parametrization for the self-adjoint extensions of A, denoted
by A7 with v € RU {oo}, where

D(AY) = {n+ bA(A2 + 1) rp e D(AY) : (p,n) = b} . (2.9)
The extension parameters v and -y are related by the formula

¥+
v = -,
Y—1

(2.10)
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In order to define rank one singular perturbations of A as self-adjoint restrictions
of A*, we need to extend the linear functional ¢ to D(A*). For this purpose, we make
the following remarks:

(i) foeH 1\ H, (p,(A—2I)"1y) exists because (A — 2I) "Ly € H;.
(i) o€ H o\ H_1, (¢, (A—2I)"tp) is not well-defined since (A — 2I)"1p € H
but in general (A — zI)"tp & Ho.
In case (i) the linear functional ¢ cannot be extended to the space D(A*) given
by (2.8). So we must renormalize the expression

c=(p, A(A* +1)1p)

and by [1, Lemma 1.3.1], the only extensions . of ¢ to D(A*) are given by
(esn +DA(A? + 1)) := (g, ) +be, n€ D(A),beC,ceR.

Then to relate the coupling constant o with the extension parameter 7, we must
involve a real constant. This leads to the following theorem.

Theorem 2.5 ([1, Theorems 1.3.1 and 1.3.2]). Let ¢ € H_o \ H. Then A, = A7,
where

1
’y——<a+c>, ceR. (2.11)

IfoeH 1 \H, c=(p,A(A2 + 1) o).

From now on, we will denote as A7 to the rank one singular perturbations of A.
We conclude this section showing the relationship between the extension parameters 6
of (2.2) and v of (2.9). Consider that arg function is valued in [0, 27).

Proposition 2.6. Let ¢ € H_» \ H. Consider A as in Lemma 2.4 and Ty given
by (2.2) with B = A. Then AY =Ty, where

. .
0= - arg <—7“,>. (2.12)
2 Y—1

If<p€7'l71\7'l,

o= bng [ LEOURACE £ 171
T T T a((p A2 D)) +i) |

Proof. Given 0 € [0,7) and v € S, Ty = A(v) if and only if

1
0= 3 arg(—v).

Substituting formula (2.10) in the last expression, one obtains (2.12). For the case
¢ € H_1 \ H we substitute (2.11) in (2.12) with

c=(p, A(A* + 1) 1o). O
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Remark 2.7.

(i) A=Tz = A(1) = A=.

(i) We will also denote by M the cyclicity space of (A —il)~l¢ for the rank one
singular perturbations A7 as in (2.3) by taking A” and (A —iI)~ ¢ instead of Tp
and u4. In the same way, M does not depend on 7 and is a reducing subspace
for A7. We then have the restrictions A7 [ acting on the Hilbert space M with
domain

D(AY [) := D(AY) N M

which are self-adjoint operators and have simple spectrum since by definition
(A —il)~Yyp is cyclic for A7 | pq.

3. SCALAR NEVANLINNA-HERGLOTZ FUNCTIONS

We begin by showing some properties of Nevanlinna—Herglotz functions. For positive

Borel measures p such that
d
/ e (3.1)

1422
R

we define the function F), : C* — C*, where C* is the complex upper half-plane,

given by
1 T
R

By Canonical Integral Representation of Nevanlinna—Herglotz functions (see [4, The-
orem 2.2(iii)], [11, Theorem F.1]), F), is a Nevanlinna-Herglotz function. We next
establish some properties of these functions. The following proposition is an extension
of [12, Theorem 1.2(iii)]. Although this is a well-known fact, we include a proof for
the reader’s convenience.

Proposition 3.1. Let p be a positive Borel measure satisfying (3.1). Suppose w € R

holds e
u(x
/7(1:_10)2 < 0

R

Then
F,(w +1i0) := lin(lJ F,(w+ ie)
E—r

exists and is real.

Proof. Let dp(x) := (ii(:"‘) be a finite measure. Therefore, there exists the function

I() = / L ip(@).

r—Zz
R
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Then
Fue) = [ T dpla)
R
& ==UCRY st
R R
= 2p(R) + (1 + 2%)J(2)
Furthermore,
dp(x) (1+ 22 d,u
/ (z —w)? < / / . (32)
R R R

By [12, Theorem 1.2(iii)],
J(w +140) := gl_%J(w + ig)

exists and is real. Thus, we have concluded. O

The next lemma appears in the proof of [9, Theorem 2.1] for the case of
Borel-Stieltjes transforms.

Lemma 3.2. Let p be a positive Borel measure satisfying (3.1). Given w € R,
the functions

w)? + #
R
are continuous and d
/ MO i Gy
(x — w)2 n— oo

Proof. By doing some calculations we have
1
Gp(w) =nImF, (w+i— ).
n

Since the function on the right hand side is continuous with n fixed, so is G,
for all n € N. By Monotonous Convergence Theorem, the second holds. O

We provide the following definitions.
Definition 3.3.

(i) Let X be a metric space. A subset U C X' is Gs in X' if there is a countable family
{Ui},cn of open sets in X' such that U = (), Us
(ii) A subset S C R is called a support of a Borel measure p if (R \ S) = 0.
(iii) The smallest closed support of p is called the topological support of p and denoted

by supp(u).
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Due to the previous results, a generalization of [9, Theorem 2.1] for a larger class
of measures is proven.

Proposition 3.4. Let pu such that (3.1) holds. Then

w € supp(p) : /m =00 (3.3)
R

is dense Gs in supp(u).

Proof. Let dp(z) := ‘f’i(;) be a finite measure and

dp(x)
dP:=<weR: 72:00
lR/(I—w)
By (3.2),
dp(z)
dClweR: [ —L =
R/(fv—w)2

Due to that p and p are equivalent we have

® Nsupp(p) C supp(p) N wER:/m:oo
R

By [9, Theorem 2.1], ® is dense in supp(p) and hence the set (3.3) is dense in supp(u).
By continuity of G,, according to Lemma 3.2 and since (3.3) turns out to be

ﬂ U wesupp(u):/(x_(iij)(:)_i_l>m

meNneN R

It follows that (3.3) is Gs in supp(p). O
We conclude with the following corollary.
Corollary 3.5. Let p such that (3.1) holds. Then
supp(p) N wER:/m<oo
R
is a countable union of closed nowhere dense sets in supp(u).

Our goal in the following sections will be to obtain results on forbidden energies
and forbidden extension parameters for self-adjoint extensions Ty [a¢ and after for
rank one singular perturbations A7.



828 Mario Alberto Ruiz Caballero and Rafael del Rio

4. FORBIDDEN ENERGIES

We extend [3, Theorem 4], classical in the Aronszajn—Donoghue Theory, for the case
when wu is not cyclic. Let 6y € [0,7) fixed and £° be the spectral family of Ty, |-
Define the measure p° such that

dp’(z) := (1 + ) d{uy, E%(x)uy ).

We denote by o, the set of eigenvalues.

Proposition 4.1. For each 0 # 0y,

0
op(To Tm) = )\ER:/(ZM_(;))Q<oo,FMo()\+i0):cot(9—00)

R

Proof. From [4, Section 4] one has that B | r¢ is a densely defined closed symmetric
operator with deficiency indices (1,1) on M. Let Ry be its self-adjoint extensions.
By definition, u is cyclic for every Ry. Let £ be the spectral family of Ry, and
dp/(z) == (14 2?)d(uy, &' (z)uy). By [3, Theorem 4],

op(Rg) = AER: /m < 00, Fyr (A +140) = cot(6 — 6y)
R

We assert Ry = Ty [rq. Let us first note that
K+(B) =Ran(B +iI)* C Ran(B [ +il)" = K+ (B [m).

Both B and B [ have deficiency indices (1,1), therefore K1 (B) = K1 (B [m). Let
us show that D(B* [pm) = D[(B Tm)*].

Ifn e D(B* [pm), thenn = f+py +p- € M with f € D(B) and py € Ki(B).
By the above, p+ € K4 (B |a) and since K4 (B [ap) € M one has f € D(B) N M.
So, 1€ D((B )]

If € D[(B [m)*], then = g + g4 + q_ with g € D(B [x) = D(B) N M and
q+ € K1 (B [m) € M. We conclude nn € D(B* [aq) and hence B* [p= (B [m)*.

Consider the unitary operators given by (2.1). We have

D(Rg) = D(B [m) + K4(B [m) + Vo [K (B [m)]
= [D(B) + K+ (B) + Vo (K+(B))| N M
= D(Ty [m)-

Since in particular Ry, = Tp, [m, we have that & = £°. Therefore, ¢/ = p° and
Fl = Fy. O

We obtain this corollary.
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Corollary 4.2. Consider ° as above. Then

U o@im) = AeR:/m«m

0€[0,7m)\ {00} R

Proof. By the previous proposition, if A € 0,(Typ [a) for some 6 € [0,7) \ {6o}, then

0 0
Jr (d:fgf;g < 00. On the other hand, suppose [, (51;7(;;)2 < oo. By Proposition 3.1,
F,0(A+10) € R. Furthermore,

h:]0,7m)\ {0} — R, where h(0) := cot(6 — )

is a bijection. Thus, there exists # € [0,7) \ {fo} such that Fjo(X 4 i0) = h(0).
By Proposition 4.1, A € 0,(Tp [m)- O

We immediately show the following proposition.

Proposition 4.3. Let 0y fized. Then the set of points in o(Ty, [m) which are not
eigenvalues for any Ty [pm with 6 # 0y is dense Gs in o(Ty, [m)-

Proof. Since supp(u®) = o(Tp, Im), by Corollary 3.5 and Corollary 4.2 the set

o(To )N |J  op(To Im) (4.1)
6€[0,m)\{6o}

is a countable union of closed nowhere dense sets in o(Ty, [am)-
We conclude by the fact that the set of points in o(Ty, [aq) which are not eigenvalues
for any Ty [am with 6 # 6y, is the complement in o(Tp, [m) of (4.1). O

This result leads to the proof of the first main theorem, which in fact holds in
a more general setting .

Proof of Theorem 1.1. Consider the following set
INE0(A Tn) : A € (A7 [g), for any v € R} (4.2)
By Proposition 2.6 it turns out that
(42) = {A€o(Tz m): A€ (T [m), for any v € R, where 6 = f(v)}

- {A €o(Tz [m): A ¢ op(Th [m), for any 6 € [0,77)\{%}},

where

)

Y—1
By Proposition 4.3 when 6y = %, the set (4.2) is dense G5 in o(A [aq). If (A—il) "ty
is cyclic for A, that is H = M, the result follows. O
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5. FORBIDDEN EXTENSION PARAMETERS

Let us start proving the next lemma.

Lemma 5.1. Let § € [0,7) and E € R. If y € [Ker(Tp — EI)\ {0}] N M, then
<yau+> 7& 0.

Proof. Suppose there is y € [Ker(Ty — EI) \ {0}] N M such that (y,uy) = 0. Given
z€C\R
(T —=zI)"ly=(E—-2)""y.
Then
<y7 (Tb‘ - ZI)71U+> = <(T9 72])71y7u+> = <(E 72)71y7u+> =0.
Since u is cyclic for Ty [aq when 6 is fixed, one concludes y = 0. O

Definition 5.2. Let X be a Banach space and X* be its dual space. The weak
topology is the weakest topology in X such that each functional in X* is continuous.
The weak*-topology is the weakest topology in X* such that each functional in X** is
continuous.

Remark 5.3. If X is a Hilbert space the weak topology and weak*-topology coincide.
Therefore, by Banach—Alaoglu—Bourbaki Theorem the closed balls in a Hilbert space
are compact with respect to the weak topology.

Let 7 := [0, 7] x R x M, where the Hilbert space M is endowed with the weak
topology. By the last lemma, we can define the following sets:

T™ 1= [0,7‘(‘] X R x By N M,
where B); is the closed ball in H with center at 0 and radius M,
Qr :={(0,E,y) € Tas : y € Ker(Tp — ET) such that (y,uy) =1}.

Remark 5.4. The topological space T, is metrizable because By; N M is too. It is
due to the separability of M. Further By "M is a convex set in M so that is strongly,
weakly and weakly sequentially closed in M. Therefore, 1), is a closed subspace of 7.

We propose the next definition.

Definition 5.5. Let A : H — H be an operator. It is said to be weakly closed in H
if given (1), oy € D(A) such that

M —*neH and An, —"yeH,
then n € D(A) and Anp = y.

The proof of the following proposition follows the classical argument. It only relies
on the continuity of the inner product with respect to weak limits.

Proposition 5.6. Let A: H — H be a densely defined operator. Then A* is weakly
closed on H.
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We prove the following lemma.
Lemma 5.7. The set Qs is closed in Ty;.

Proof. Let (0., E,,yn) € @ be a sequence such that it converges to (6, E,y) € 7.
We assert (0, E,y) € Q. By definition for every n € N, y,, € Ker(Ty, — E,,1)NM such
that (yn,us) = 1. Since y,, —* y one has (y,u;) = 1 and hence y # 0. Moreover,

B*yn = T9nyn = Enyn — Ey'

By Proposition 5.6, y € D(B*) and B*y = Ey. That is, there exist n € D(B) and
a,b € C such that y = n + auy + bu_. Then, for each n € N there exist ,, € D(B)
and a,, € C such that

—2i0

Yn = Mn + anu4 + ape "u- —" y=n+auy +bu_.

On the other hand, by using the inner product of the graph of B*

s Ut ) + (EnYn, i)
Yns Ug) + T (Y, us)

(y,ug) +iE(y, uy)
= (Y, u4) B~

(Yn, Us)B* = (Yn, ut) + (B yn, B uy) = (
= (

—

Moreover,

<yn7u+>B* = <77TL’ u+>B* + <aﬂu+7 u+>B* + <a"ﬂe—2i9nu*7u+>3* = 2an

(y,us)pe = (,uq)Br + (auq, uy) g + (bu—, ui)p- = 2a.
Therefore, a, — a. Then
—2i6,, i0

NMn + apu4 + ane u_ —" 4 auy +ae"*%u_.

By uniqueness of limits y = 1 + auy + ae™?®u_. Hence, y € Ker(Tp — EI) \ {0}.
Finally, Qs is closed. O

We obtain the following identity.

Lemma 5.8. Let y; = n; + aje®iuy + aje iu_ € Ker(Ty, — E;I) with j = 1,2.
Then
74&10728611(01 — 92) = (El — E2)<y1, y2>.

The following result is formulated like in [6].

Lemma 5.9. Let F C Qs be a compact set. The function Wg : F' x F — C such that

We (01, Ev,y1), (02, E2,y2)) :== (Y1, y2)

is continuous at least at a pair (eg,e9) € F X F.
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Proof. Let {en}, ¢y be an orthonormal basis of M. We define J,,,, Jp : F — R with
m € Nand e = (6,E,y) by

m

|y, en)|
n=1

and
Jr(e) = [lyll>.

Due to Parseval’s identity, it turns out that for each € € F

)= lyen)f? = lim Jn(e).
n=1

Let e, = (0k, Fx,yr) € F be a sequence that converges to € € F. Then, yr, —" y.
Hence,
m
lim J,, = €).
kLH;o Z yaen m( )
Therefore, Jr is pointwise limit of continuous functions. By [8, Theorem 7.3], there
exists g9 € F' such that Jp is continuous at e := (8g, Eo, o).
We assert that Wy is continuous at (g9,e0). If €, = (On, En,yn) — €0 and
= (0, El ,yl) — €0, then

n?

Yns Y —" Yo

and by continuity of Jp at g,

lynll; 1yl — llzoll-

So, Yn,yl, — yo. Thus,

We(en,€n) = (Yns Yn) — (Yo, Y0) = Wr(co, €0)-
Finally, W is continuous at (eq, o). O

Let P:7— R II:7— [0,7], R: 7 — [0,7] xR, p:[0,7] x R — R and
q: [0,7] x R — [0, 7] be projections. We follow the same procedure used in the proof
of [6, Proposition 2*] and [7, Proposition 2].

Proposition 5.10. Let F C Qs be a compact set. Then P(F) is nowhere dense in R
if and only if TI(F) is nowhere dense in [0, ).

Proof. Suppose that there is a compact subset F' C Qs such that P(F') is nowhere
dense and II(F) contains a non-empty open set of [0,7] which one denotes as Z.
Consider the partially ordered set given by the collection

{F' C F: F"is compact set in Qp and IL(F") D T}. (5.1)

We assert that (5.1) has a minimal element. Let {F,} ., be a chain in (5.1), where

A is an arbitrary set of indices. It turns out that (,. A Fa is a compact subset of F’
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in Q. We assert I1 (ﬂaeA Fa) D Z. For all a € A, there exists G, C R x M such
that F,, = II(F,) X G4. It follows by

() Fa2 () O(Fa) x ) Ga

aEA aEA a€EA

Therefore, (,ca
Denote the minimal set by F'. R

We now prove that there exists a subset of I whose projections under P and II
are homeomorphic. By Lemma 5.9, there exists § > 0 such that for all €,¢’ € F'

F, is a lower bound of {F,} .. We conclude by Zorn’s lemma.

2
Y

i (2.), (20,20)) < 6 = [Wp(e. )~ Wateo.zo)| < O 5.

where dz + is the metric of F x F.
xF
Let U be the ball in 7, defined as
6
U:= EETMZdM(€,€0)<§ )

where dj; denotes the metric on 757. We show p| R(Frid) and g R(Fripy 1€ injective,

where U denotes closure in 7y;. That is, for all e, = (61, E1,y1), €2 = (02, E2,12) €
F NU, it suffices to prove 8; = 0y if and only if E; = Es.

(=) Suppose §; = 6. By Lemma 5.8

(B — E2){(y1,92) = 0. (5.3)
Since 1,65 € U,
da, 7 ((e1,€2), (0,€0)) = dur (€1, €0) + dir (€2,€0) < 0.
By (5.2),

lyoll®

|<y17yz> - ||yo||2| = ‘Wﬁ(517€2) - Wﬁ(é"oﬁo) < 9

Thus, (y1,y2) # 0 implies Fy = Es.
(<) Suppose FE; = Es. If 61 # 05, then the operators Ty, s and Ty, [a have an
eigenvalue in common, but that contradicts to Proposition 4.1.

Next, le(fnﬁ) and ¢ R(Pomn) € homeomorphisms. Then
PFNU) =p [R(ﬁ mﬁ)} and TI(F NU) = ¢ [R(ﬁ mﬁ)]
are homeomorphic to R(F N) and hence between them.
On the other hand, II(F) = II(F NU) UII(F \ U), where TI(F) contains to Z.
Since P(F NU) C P(F), by hypothesis it is nowhere dense in R. But II(F NU) is
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nowhere dense in [0, 7] and H(ﬁ NU) inherits that property. Then Z is not contained
in H(ﬁ NU). Hence, T C H(ﬁ \ U). Moreover, '\ U is properly contained in F and
is compact in Qps. But this contradicts the minimality of F. Consequently, II(F') is
nowhere dense in [0, 7]. The other direction is analogous. O

Finally, we arrive at the following proposition.

Proposition 5.11. Let Y be a countable union of closed nowhere dense sets in R.
Then
{0€0,m) | op(Typ Im)NY # o}

is a countable union of closed nowhere dense sets in [0, w].

Proof. Tt turns out that
{0 €10,7) | 0p(Ty Im) NY # @} =T(QNPHY)),

where Q :={(0,E,y) € 7:y € Ker(Ty — EI) and (y,uy) = 1}.
By hypothesis, there is a sequence {Y},}, oy of closed nowhere dense sets in R such
that Y = .y Yn. For all M € N we define

QM) .= Qu N ([—M, M] x [-M, M] x By N M)

neN

which is closed in 7); by Lemma 5.7. Further, due to Tychonoff Theorem and
Banach-Alaoglu-Bourbaki Theorem, Q™) is compact in 7p;. It is true that

Q = Unpren @M. Then,

nQnP )= {J n(@nr(v)). (5.4)

M,neN

Since Q™) N P~1(Y,,) is closed and contained in a compact, it inherits com-
pactness. Furthermore, P (Q) NP~1(Y,)) = P(Q™) NY, is contained in
a nowhere dense set, thus, it inherits that property. According to the last proposition,
IT (Q™) NP~1(Y,)) is nowhere dense. In addition, it is compact by continuity of II.
But compact implies closed in R2. O

We shall use the following lemma.

Lemma 5.12. Let X be a topological space and D,Y C X closed subspaces of X such
that D C Y. If D is nowhere dense in'Y , then it is too in X.

Proof. Suppose there exist a € D and U C X open in X such that a € U C D. Then
aceUNYand UNY C DNY = D. Hence, D contains a non-empty open subset in Y’
which is a contradiction. O

With the above we can prove the following result.

Proposition 5.13. Let 0y fized. Then
{06 [0,7’(] |0'p(T9 FM)QJ(TGO fM):@} (55)

is dense Gs in [0,7].
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Proof. Consider the set
Y = O'(TgO rM)ﬂ U O'p(Tg r./\/l)
6€[0,m)\{60}

By Proposition 4.3 and Lemma 5.12, Y is a countable union of closed nowhere dense
sets in R and by Proposition 5.11 one has that

{9 € [0’77] | Up(TE' rM) ny # @}
is a countable union of closed nowhere dense sets in [0, 7]. Thus,
N:={0ec[0,n]|op(Ty Im)NY =2}

is dense Gs in [0, 7]. Furthermore,

(Ty T;m) No(Ty, Ta) if 0 F# 6y,

g
T ny =<7
7o T) {@ it 6 =6,

Therefore, 8, € N. However,
6o belongs to the set (5.5) if and only if 0,(Tp, [Mm) = @.

Then

N =A{0€[0,7] [ 0p(Ty Tm) No(Th, Tr) =2} U{bo}.
Case 1. If o,(Ty, [m) = @, then N is equal to the set (5.5).
Case 2. Suppose 0, (Ty, [am) # @. We have

N\A{bo} ={0 € [0,7] | 0p(Th Tam) N0 (T, (1) = D}

Since N is dense in [0, 7], N \ {6} is too. Moreover, if {F},}, . is the sequence of
open sets in [0, 7] such that N = [, o Fn, then N\ {6p} = (,,cn (Fn \ {60}) and
each F,, \ {0p} is open in [0, 7].
In conclusion,
{0 S [O,ﬂ'] | O’;,,(Tg [M) ﬂO’(TgO [M) = @}
is dense Gs in [0, 7. O

Denote by o, and . the absolutely continuous and singular continuous spectrum
respectively. We mean by int to interior in R of a set. Remind that o, denotes the set
of eigenvalues. We get the following corollaries.

Corollary 5.14. Let 6y fized and suppose c4.(Ty, Tm) = &. Then
{9 S [Oaﬂ—] | U(TO [M) N int U(TQO fM) g USC(TQ [M)}

is dense Gs in [0,7].

Proof. Follows by the invariance of absolutely continuous spectrum for self-adjoint
extensions and Proposition 5.13. O
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Corollary 5.15. For a dense Gs set of self-adjoint extensions of a densely defined
closed symmetric operator with deficiency indices (1,1), their eigenvalues are isolated.

Proof. We make use of the invariance of essential spectrum for self-adjoint extensions
and Proposition 5.13. O

Finally, we can prove the second main theorem.

Proof of Theorem 1.2. Taking 6y = g and B = A in Proposition 5.13, one has
O .= {9 S [0;77] ‘ Up(Tg rM) ﬂO’(T% r/\/l) = @}

is dense Gs in [0, 7].

Consider the function ¥ : R — [0,7) \ {g} defined as
1 v+
vy L (222)

which is a homeomorphism. Setting
Ii={yeR[op(A" [m) No(A [m) = T}, (5.6)
applying Proposition 2.6 and making 6 := W¥(y),
U(I) ={¥(7): 0p(A” [m) N0 (A [m) = 2}
={oe0.m\ {3} 00 @ 1) N0 (T5 1) = 2}

- (5}

Then I" and O\ {g} are homeomorphic. We conclude that I' is dense G in R. Finally,
the theorem follows by assuming that M = H. O

Denote by 0.4, the essential spectrum of A [xq. We now consider
7%= [0, 7] X Tess X M,

where M is endowed with the weak topology and by Lemma 5.1 can define the following
sets:
Thi0 = [0,7] X 0ess X Byr N M,

where B); is the closed ball in H with center at 0 and radius M,
S ={(0,E,y) € 73;° : y € Ker(Ty — EI) such that (y,uy) =1},

Q*® :={(,E,y) € 7°*° : y € Ker(Tp — EI) such that (y,uy) = 1}.

The results previous to Proposition 5.11 hold if we take the sets 7%, 737, Q57

and Q°*° instead of 7, Tp;, Qp and Q. Therefore, we can conclude the following
proposition.
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Proposition 5.16. If Z is a countable union of closed nowhere dense sets in [0, 7],
then

Oess N U Up(Tg FM) (5.7)
ocZ

is a countable union of closed nowhere dense sets in o.ss (and therefore in o(Tp, [m)
for some 0y fized).

Proof. By hypothesis, there is a sequence {Z, },, . of closed nowhere dense sets in [0, ]

such that Z = J,,cy Zn. We define

Qi = Q" N ([-M,M] x [-M,M] x Byy N M).
Following the same argument as in the proof of Proposition 5.11, taking
P nI(2) = |J P (@GN (Z.)
M,neN

instead of (5.4), we conclude that (5.7) is a countable union of closed nowhere dense
sets in 0ess and by Lemma 5.12, (5.7) is a countable union of closed nowhere dense sets
in O'(Tgo [M) O

From this result we have another proof of Theorem 1.1. Denote by 04;s the discrete
spectrum.

Second Proof of Theorem 1.1. By Theorem 1.2, (5.6) is dense G5 in R. Then
7
Z:= {0 €0,7] | 0(Ty [am) N0 (T rM);é@}u{g} (5.8)

is a countable union of closed nowhere dense sets in [0, w]. Replacing Z in Proposi-
tion 5.16, we have

Oess N U Up(TG [M)
ez

is a countable union of closed nowhere dense sets in O(Tg I m) and hence its complement
in o(Tz [am), namely

oais(Tz Tm) U {xe o(Tz [m): A€ 0p(To [m), forany b e [0,7)}, (5.9)
is dense G5 in o(Tz [a1). Then

(5.9) C {)\ € 0(Ts Tam) : A 0y(Ty [aa), for any 6 € [0,7)\ {g}}
={A€ag(ATm) : A€ op(AY [m), foranyyeR}.
It follows by assuming M = H O

Remark 5.17. Theorem 1.1 if and only if Theorem 1.2. For the first direction, since
Theorem 1.1 is a particular case of Proposition 4.3 with 6y = 7 and B = A, we repeat
the proof of Theorem 1.2. The converse is just the second proof of Theorem 1.1.
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We conclude the following corollaries.

Corollary 5.18. The set of points in o.ss which are not eigenvalues for any AV |,
with v € RU {oo}, is dense Gs in oess.

Proof. Replacing (5.8) in Proposition 5.16,
{AN€ess : A ap(Ty [m), forany b e [0,m)} (5.10)

is dense G in 0egs. O

Remark 5.19. Note if 0,(A [a) = @, Corollary 5.18 is equal to Theorem 1.1 since
(5.10) = (4.2)\ 0 (A [u0):
Corollary 5.20. The set
{v€R[0p(A" TM) = 0ais (A7 TaM)}
is dense Gs in R. Also, if 04c(A [pm) =9
{yeR[a(A” [m) Ninto(A [m) € 0sc(A7 i)}

is dense Gs in R.
Proof. The proof follows similar lines to Corollary 5.14 and 5.15. O

Remark 5.21. We conclude that just as in the case of rank one regular perturba-
tions the absence of absolutely continuous spectrum implies the existence of singular
continuous spectrum for a dense Gy family of rank one singular perturbations.

6. FINAL REMARKS

In the unified approach presented here we used properties of spectral measures fol-
lowing [9] and Aronszajn—Donoghue Theory to show that there is a forbidden set of
energies for rank one singular perturbations. By adapting the Gordon’s methods of [6],
we related this set to the extension parameters for such perturbations. We found that
the existence of a subset of the spectrum of an unperturbed operator, which cannot
contain eigenvalues of the perturbations, is equivalent to the existence of a large
family of perturbations without embedded point spectrum. In future work, the unified
approach presented here will be applied to the analysis of singular finite rank and
supersingular perturbations.
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