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Abstract. In this work, we establish a mixed local-nonlocal Sobolev-type inequality
in the Heisenberg group and demonstrate that its extremals coincide with solutions to
the corresponding mixed local-nonlocal singular p-Laplace equations. We further show
that these inequalities serve as a necessary and sufficient condition for the existence of
weak solutions to the associated singular problems. Notably, the same characterization
remains valid in both the purely local and purely nonlocal settings. Our results thus
provide a unified framework linking the existence theory for singular equations across
local, nonlocal, and mixed regimes.
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1. INTRODUCTION

In the Euclidean setting, Sobolev-type inequalities connected to singular elliptic
problems have been recently investigated in the local [1], nonlocal [12], and mixed
local-nonlocal frameworks [18]. More precisely, in [1] the authors proved that, for
a bounded smooth domain  C RY and parameters 0 < § < 1 < p < oo, the quantity

w(Q) = inf /\Vv\p dx : /|v|1_5 der =1
veW, P (\{0} 2 J

is attained by some u € T/VO1 P(Q), which is a positive solution to the singular p-Laplace
equation

—Apu = div(|VuP2Vu) = p()u™® inQ, u>0inQ, u=0ond.
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The corresponding anisotropic setting has been addressed in [3, 4]. In the nonlocal
framework, the authors of [12] established that for any 0 < 0 <1,0<s <1 < p < o0,
and for a given nonnegative function f € L™(Q) \ {0} with m > 1, the quantity

[v(z) — o)l

v(Q) = Wd rdy : /|v|1 Sfdr=1 (1.1)

in /
veWy P (Q2)\{0}
RNRN

is achieved at some u € W;P(€), which satisfies the singular fractional p-Laplace
equation

(=Ap)°u=v(Q) f(z) v ® inQ w>0inQ, wuw=0inRY \ Q. (1.2)

Here, (—A,)*® denotes the fractional p-Laplace operator, defined by

A _Pv/w = (u2) ~utw)

T — |N+ps

where P.V. stands for the principal value. In a recent development, the authors in [18]
proved that the infimum

. v(x) —o(y)P
0(Q) := inf {/|Vv|pdx + / dedy
Q

vEWQ P (Q)\{0} s

:/\v|1_6fdx = 1},
Q

is attained by a function u solving the mixed local-nonlocal p-Laplace equation
“Apu+ (=2 u=0(Q) f(x)u® mQ, w>0inQ, uw=0inRY\Q. (14)

Furthermore, the mixed anisotropic setting has been addressed in [15]. We also note
that singular elliptic problems have been extensively studied over the past decades,
resulting in a vast body of literature. For the purely local case, we refer to [7, 9, 11],
while the purely nonlocal case is treated in [5, 8, 13] and the references therein. More
recently, mixed local-nonlocal singular problems have been investigated in [2, 6, 14, 18]
among others. We also refer to [21], where a multiplicity result is established for
a mixed local-nonlocal Kirchhoff problem involving critical growth.

In non-Euclidean settings, Sobolev-type inequalities of this nature have only recently
begun to be understood. For the purely local case in Carnot groups, see [19], and for
the purely nonlocal case, we refer to [17]. However, to the best of our knowledge, the
mixed local-nonlocal case remains unexplored. The primary objective of this article is
to bridge this gap.
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More precisely, we establish that for & > 0 and a given nonnegative function
fe L™\ {0} with m > 1, the quantity

o(Q) = inf {/|VHU|pdm+a/ Mdmdy

ve HWP(Q)\{0} N ly=t o x|Qtsp
(1.5)

/|U\1 5fdm—1}

is associated to a function u € H VVO1 P(Q) solving the mixed local-nonlocal singular
problem

Mou = —Apu+a(—Apy)u= f(z)u™® inQ, (16)
u>0inQ, wu=0inHY\Q, .

where 0 < d <1 with0<s<1<p< @ and Q =2N + 2 denotes the homogeneous
dimension of the Heisenberg group HY. Here,

A pu = div(|V gulP =2V gu)
is the p-subLaplace operator and

===

is the fractional p-subLaplace operator.

Moreover, we prove that the mixed local-nonlocal Sobolev-type inequality is both
necessary and sufficient for the existence of solutions to equation (1.6). Analogous
characterizations hold separately in the purely local and purely nonlocal cases. As an
immediate consequence, we deduce that the purely singular p-Laplace equation

~Agpu=flx)u™ inQ w>0inQ, u=0ondQ, (1.7)

admits a solution if and only if the mixed local-nonlocal singular p-Laplace equa-
tion (1.6) has a solution for every a > 0.

To establish our main results, we adopt the methodologies developed in [1, 12, 18].
This necessitates a detailed analysis of the corresponding singular mixed problem. We
highlight that mixed local-nonlocal problems in non-Euclidean settings remain largely
unexplored, even in the nonsingular case. For recent progress in this direction, we refer

o [10, 22, 23], where existence and regularity results for nonsingular mixed equations
were obtained. Very recently, singular mixed problems in the Heisenberg group have
been investigated in [16].

1.1. FUNCTIONAL SETTING

In this subsection, we briefly recall some fundamental properties of the Heisenberg
group H” and introduce the function spaces relevant to our analysis.
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The Euclidean space R2V+1, equipped with the group law

N
1
fon= <x1+y1a$2+y2»---a332N+y2N77'+7J+QZ(xin-&-i_xN-i-iyi))a

i=1

where £ = (21,...,2on,7) and 1 = (y1,...,y2n, 7' ) € RZVHL constitutes the Heisen-
berg group HY.
The left-invariant vector fields on HY are given by

X = 811 - xj;+i 8‘1’7 XN+i = a;cN+i + =
and their only nontrivial commutator is
T=0; =[Xi, Xnti] = XiXnyi — XniXi, 1<i <N

We refer to X1, Xo, ..., Xon as the horizontal vector fields on HY, and to T as the
vertical vector field.

The Haar measure on HY coincides with the Lebesgue measure on R2V+1. For any
measurable set E C HY | its Lebesgue measure will be denoted by |E|.

For a point £ = (z1,...,z2n,T), we introduce the Kordnyi-type norm

oN 2 1/4
o= ((2a) +r
i=1

The Carnot—Carathéodory distance between two points &, € HY is defined as the
infimum of the lengths of horizontal curves joining them and is denoted by d(,n).
This distance is equivalent to the Kordnyi metric:

d(&,m) ~ € oml.
The ball of radius r > 0 centered at &y, with respect to the distance d, is given by
B, (&) = {¢ e HY 1 d(¢, &) < r}.

When the center is unimportant or clear from context, we simply write B, := B,.(§).
The homogeneous dimension of HY is Q = 2N + 2. For 1 < p < 0o and an open
set Q ¢ HY, the Sobolev space

HWYP(Q) = {u € LP(Q) : Vyu € LP(Q)},
is defined via the horizontal gradient
Viau=(Xiu, Xou, ..., Xanu),
and equipped with the norm

lull gwre) = lullr ) + IVEU L0 (0)-
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With this norm, HW?(2) becomes a Banach space. The local Sobolev space
HW,2P(Q) is defined by

HW,-P(Q) = {u:ue HW"P(Q') for every open set Q' € Q} .

Let 1 < p < oo, s € (0,1), and let v : HY — R be a measurable function. The
associated Gagliardo seminorm is given by

[V] e vy = / M dx dy

[y oaf@ter

1/p

HN HN
The fractional Sobolev space on the Heisenberg group is defined as
HWP(HN) = {v e LP(H") : [v] gwerny < 00},

and it is endowed with the natural norm

1/p
el wesqany = (101w, + lengny) -

For any open set  C HY, the fractional Sobolev space HW P (Q) and its associated
norm ||v|| gy s.r(q) are defined analogously to the whole-space case.
To study the mixed problem (1.6) with a > 0, we consider the space

HW,P(Q) = {fuec HW*PHY) :u =0 in HY \ Q}.
The following result is a direct consequence of [10, Theorem 2.4].

Lemma 1.1. Let Q be a bounded domain in HY, and let 1 < p < co and 0 < s < 1.
Then there exists a constant C = C(Q,p, s,2) > 0 such that

p
// |gc_y|Q+p| dr dy < C/|VHu(x)\”dx,
Q

HN x HN
for every u € HW, P (Q).
For the following embedding result, we refer to [20, Theorem 8.1].
Lemma 1.2. Let 0 < s <1 and 1 <p < Q. Then the embedding

HWYP(Q) — L™(Q)
is continuous for every r € [1,p*] and compact for every r € [1,p*).

Taking into account Lemmas 1.1 and 1.2, for a given o > 0, we introduce the
following norm || - || on HW,**(£2), which will be used throughout the rest of the paper:

1/p

u(x) — u(y)|”

HN HN
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1.2. NOTATIONS AND ASSUMPTIONS

We fix the following notations and assumptions, which will be used throughout the
paper unless otherwise specified.

For [ > 1, the conjugate exponent is denoted by I’ = ﬁ We assume a > 0,
0<s<l<p<@,andd € (0,1), where Q = 2N + 2 is the homogeneous dimension
of HYV. The critical Sobolev exponent is
. Q

, l<p<@.
Q-p

p
For ¢ > 1, we define
J,(t) = [t|77 %t forall t € R.

We use the notation
dx dy

= ly=1 o x|@Fsp”

Q) denotes a bounded smooth domain in HY. For w € 2, we mean that w is compactly
contained in €, i.e.,
wCwC .

For k € R, we adopt the standard notation
kt = max{k,0}, k= =max{—k,0}, k_ =min{k,0}.

For a measurable function F' on a set S and constants ¢, d, the notation ¢ < F < d
in S means
¢ < F(x) <d for almost every x € S.

The symbol C denotes a generic positive constant, which may change from line to line.
If the constant depends on parameters r1,79,..., 7L, we write

C= C(’I"l,’l“g,...,Tk).

Before stating our main results, we mention some auxiliary results below.

1.3. AUXILIARY RESULTS
The following result is a direct consequence of [16, Lemma 4.4].

Lemma 1.3. Let g € L>®(Q) \ {0} be a nonnegative function in Q2. Then there exists

a unique solution
we HW P (Q) N L®(Q)

to the problem
Myu=g € u>0inQ u=0inHY\Q (1.9)
Moreover, for every w € §, there exists a constant C(w) > 0 such that

u>Cw) inw.
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The next result follows from [16, Lemmas 3.1 and 3.6].

Lemma 1.4. Let f € L*(2)\ {0} be a nonnegative function, and for n € N, define
fn(@) := min{f(z),n}.
Consider the approrimated problem
Mau:fn(x)<u++%>76 inQ, uw=0 nHY\Q. (1.10)
Then, for each n € N, there exists a unique positive solution
u, € HW,P(Q) N L= ().
Furthermore, the sequence {un tnen is monotone increasing, i.e.,
Upt1 > Up 0§ for alln € N.

In addition, for every compact setw € §, there exists a constant C(w) > 0, independent
of n, such that
Up > C(w) >0 inw.

Moreover, if f € L™(Q), where
« /
m=(-L
1-6) "

then the sequence {un ynen is uniformly bounded in HW, " (£2).

Before presenting the next result, we introduce the notion of weak solutions for
problem (1.6).

Definition 1.5. Let f € L'(Q2) \ {0} be a nonnegative function. A function
uwe HW,P(Q)

is called a weak solution of problem (1.6) if for every subset w € €2, there exists
a constant C' = C(w) > 0 such that u > C in w, and for every test function ¢ € CL((),
it holds that

/ Va2V - Vg da + a / / Jp(u(z) — u(y)) (@) — () dy
Q

H Y (1.11)

- / f(@) () de.
Q

Remark 1.6. By density arguments (see [18, Lemma 5.1]), the identity (1.11) extends
toall p € H VVO1 "P(Q). Consequently, following the proof of [18, Corollary 5.2], one
concludes that problem (1.6) admits at most one weak solution in HW,"*(€2) whenever

fe Lt (9)\{o}.
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The next result can be found in [16, Theorems 1.2 and 1.7].
Theorem 1.7. Let f € L™(Q) \ {0} be nonnegative, where

m = r Y
1-6/°

Then problem (1.6) admits a unique weak solution

us € HW) P ().

We present our main results in the following subsection. The remainder of the paper
is organized as follows: In Section 2, we discuss preliminary results, and in Section 3,
we prove the main theorems.

1.4. MAIN RESULTS
Theorem 1.8. Let f € L™(Q) \ {0} be nonnegative, where

Py
"= (1 - 5) '
Let us € HWy P (Q) denote the weak solution of problem (1.6) given by Theorem 1.7.
Then the following properties hold:
(a) (Extremal)

1-56—p
1
/|VHu§|pda:+//|u5 ) —us(y)|P du ,
HN HN

where ©(Q) is defined in (1.5).
(b) (Sobolev-type inequality) For every v € HWOLP(Q), the following mized Sobolev
inequality holds:

1

C /|v|1_5fdx /|VHU|pd£C+//|’U —o(y)|? du, (1.12)
Q

HN HN

if and only if
C <O(N).

(¢) (Simplicity) If for some w € HWOLP(Q) the equality

/ Al / Vo + [ [ i) - w@Pd (113)
Q

HN HN

holds, then w = kugs for some constant k.
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Corollary 1.9. Define

Ss = veHW(}vP(Q):/wP*éfdx: 1y, (5= /u;—éfd:c
Q

Then
Vs = (sus € Ss,

and from Theorem 1.8, we have

o) = [1Vuvspda+ [ [ 1Vsta) -~ Vatw)l” dn

HN HN
Moreover, Vs satisfies the singular problem
M,Vs =0(Q)fVs® inQ, Vs>0inQ.

Theorem 1.10. Let f € L'(Q)\ {0} be nonnegative. Then, for every v e HW, (1),
the mized Sobolev inequality (1.12) holds if and only if the problem (1.6) admits a weak
solution in HW, " (£2).

The following results concern the purely local and purely nonlocal cases.

Theorem 1.11. Let f € L'(Q)\ {0} be nonnegative. Then, for every v e HW, (1),
the local Sobolev inequality

=
C /|U|176fd$ §/|VHU|pdx, (1.14)
Q Q

holds if and only if the singular p-Laplace equation (1.7) admits a weak solution in the
usual Sobolev space HWy P (Q).

Theorem 1.12. Let f € L' () \ {0} be nonnegative. Then, for every v e HWy P (),
the nonlocal Sobolev inequality

c| [urosis o | [ 1@ - vwp (1.15)

Q HN HY
holds if and only if the singular fractional p-Laplace equation
(—Apy)u=f@)u™ nQ, u>0mQ u=0inH"\Q (1.16)

admits a weak solution in HW ™" ().

Remark 1.13. The weak solutions of problems (1.7) and (1.16) are defined analogously
to [16, Definition 3.1] and [17, Definition 2.3], respectively.
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As a direct consequence of Theorems 1.10, 1.11 and Lemma 1.1, we obtain the
following result connecting the problems (1.6) and (1.7).

Corollary 1.14. Let f € LY(Q) \ {0} be nonnegative. Then problem (1.6) admits
a weak solution in HWyP(Q) if and only if problem (1.7) admits a weak solution in
the usual Sobolev space HWOLP(Q).

2. PRELIMINARIES FOR THE SOBOLEV-TYPE INEQUALITY

Throughout this section, we assume f € L™(Q2) \ {0}, where

m = Py
1-6)"
unless stated otherwise. Let u,, € H WO1 P(£2) denote the solution of the approximated
problem (1.10) provided by Lemma 1.4. By the proof of Theorem 1.7, the sequence
{un }nen converges pointwise to a function us € H WO1 P(Q), which is the weak solution

of problem (1.6), satisfying u,, < us in € for all n € N. In the following, we establish
several auxiliary results that will be useful for proving the main results.

Lemma 2.1. Let n € N. Then, for every ¢ € HW(}’p(Q), the following inequality
holds:

1\ =6
[unll” < llell? +p/(un — ) (un + 5) fn da. (2.1)
Q

Moreover, the sequence {||un| }nen is nondecreasing, i.e.,
lunll < ||uns1|l for every n € N. (2.2)
Proof. Let h € HWOLP(Q). By Lemma 1.3, there exists a unique solution
ve HW,P(Q)

to the problem
1 —
Mav:fn(z)(h++—) , >0 Q, v=0inHY\Q
n
Furthermore, v minimizes the functional .J : HW,*(€2) — R defined by

s =l = [ gu(t 4+ 1) e
Q

Hence, for every ¢ € HW,?(Q), we have J(v) < J(g), which gives

1 1\-¢ 1 14-0

- P _ + 4= < = P _ + 4 -

pIIUH /fn(h +n) vdfc_pllsall /fn(h +n) pdr.  (2.3)
Q Q
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Inequality (2.1) follows by taking v = h = wu, in (2.3). Next, choosing
© = Upy1 in (2.1) and using the monotonicity property u, < u,4; from Lemma 1.4,
we deduce (2.2). O

Lemma 2.2. Up to a subsequence, the sequence {untnen converges strongly to us
in HW, P ().

Proof. Note that u,, < us. By taking ¢ = us in (2.1), we obtain
[[unl] < [lusl],
which, together with the monotonicity property (2.2) from Lemma 2.1, gives

i < .
i fun| < [Jus]. (2.4)

By Lemma 1.4, the sequence {uy, }nen is uniformly bounded in HVVol’p(Q), so up to
a subsequence, u,, — us weakly in HW,*(£2). Consequently,

o
sl < Tim_ [l (2.5)

Combining (2.4) and (2.5) and using the uniform convexity of HW, *(Q), the strong
convergence follows. O

Lemma 2.3. Define the functional Is : HW, " () — R by

Is(0)i= 3 JolP = =5 [@H'fde
Q

Then ugs is a minimizer of Is.

Proof. Consider the auxiliary functional I,, : H WO1 P(Q) — R given by

%@%=5MW—/Gawhma

Q

Gn(t) = 11f5 (t+ + 711) o - (711) ﬂst*.

Note that I, is coercive, bounded from below, and of class C*, so it admits a minimizer
v, € HWP(Q) such that

where

(I (v,), ©) =0 for all p € HW,P(Q).

Since I,,(vy,) < I, (v))), it follows that v, > 0 in Q. Hence, v, solves the approx-
imated problem (1.10). By the uniqueness result in Lemma 1.4, we have u,, = vy,
showing that wu, is a minimizer of I,. Therefore, for all v € HW"* (1),

I,(u,) < L,(v"). (2.6)
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Since u,, < ug, the Lebesgue dominated convergence theorem gives

. _ 1 1-5
nlgr;O/Gn(un)fn dx = m/ué fdx.
Q Q

Moreover, by Lemma 2.2,

Tim_ [l | = fusl.
so that
li_>m I, (up) = Is(us). (2.7)

Additionally, for any v € HW,"* (1),

lim | Go(v™)fy do = L/(ml*éfdx. (2.8)

n—oo 1-946
Q Q

Since |JoT|| < ||v]|, using (2.7) and (2.8) in (2.6), we conclude that
I5(us) < Is(v) for all v € HW, ().
This completes the proof. O

Lemma 2.4. Suppose f € L*(Q) \ {0} is nonnegative. Then, the sequence {uy }nen,
is uniformly bounded in HW,*(Q), provided that (1.12) holds.

Proof. Taking w, as a test function in the weak formulation of (1.10) and using
inequality (1.12) along with Lemma 1.1, we obtain

-6
1
unllpy < /fn(x) Up, (un + ) dx < /u%%fdx < Cjun | *~°,
n
Q Q

for some constant C' > 0 independent of n. This gives the desired uniform bound. O

3. PROOF OF THE SOBOLEV-TYPE INEQUALITY

Proof of Theorem 1.8. Recall the norm on HWOI’p(Q) defined by

ol = [19molrdssa [ [ o) - o)P do

Q HN HN
(a) It suffices to show that

p(1—35—p)

Q) == inf |jof]” = =
O(Q) 1= inf o] = [us|
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where

Ss = UGHWOLP(Q) Z/|U‘1_6fd$:].
Q

Define

Vs = tsus, with 75 = /u(lsigf dxr ,
Q

so that Vs € Ss.
By Remark 1.6, testing (1.11) with us yields

lus|? = / W0 f de,
Q

and therefore

p(1—-56—-p)

-6
IVslIP = 75 llus||” = /u(ls fdx l[usl|” = flus|| 77
Q

For any v € S5, set
D
S i

Since us minimizes I3, we have
Is(us) < Is(Av]),

which implies
p(1—-3—p)
Jus|| == < [lv[|”.

Taking the infimum over v € Ss gives

p(1—56—p)

O(Q) = [Jusl| =773

(b) Suppose the mixed Sobolev inequality (1.12) holds. If C' > ©(f), then by
part (a),

1-96

C /V(;l"sf dx > ||Vs||7,
Q

contradicting (1.12). Conversely, if C' < ©(Q), for any v € HW; () \ {0}, define

1-6

w = /|v|1_5fdx veSs.
Q
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Then
C < flwl? = /mb%m lollP,
Q

which proves (1.12).
(c) From part (a), ©(2) = ||Vs||P. Suppose v € Ss also attains this minimum, i.e.,
[lv]|P = ©(£2). First, v cannot change sign in €, because if it did,

ITolll” < [l",
contradicting the minimality since |v| € Ss. Without loss of generality, assume v > 0

and define

v s\ - v+ Vs
o= [(G+3) ) nmtes
Q

By strict convexity,

1

o) < hp < - |2t Vs
gp

2

v _ e

<y <0(0),

forcing g = 1 and equality in the convexity inequality. Hence,
v = Vs.

Thus, the minimizer is unique up to sign.
If (1.13) holds for some nonzero w, then

yw € S5, v = /\wll_‘sfdff :
Q

which implies
w=+7""V5 = £y 'Tsus.

O

Proof of Theorem 1.10. Assume that the inequality (1.12) holds. Then, by Lemma 2.4,
the sequence {u, }nen is uniformly bounded in HW,?(Q). Following the same argu-
ments as in the proof of £16, Theorem 1.2], it follows that the problem (1.6) admits
a weak solution u € HW,"(Q).

Conversely, let u € HW,*(Q) be a weak solution of equation (1.6). By Remark 1.6,
choosing u as a test function in equation (1.6) gives

ful? = [ wi s da. (3.1)

Q
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Next, again using Remark 1.6, take |v| € HW, () as a test function in equa-
tion (1.6). Applying Hoélder’s inequality, we obtain

/ o] u™ f dz < Cllull? o], (3.2)
Q

for some constant C' > 0.
Combining (3.1) and (3.2), for any v € HW, ?(Q), we have

Jrero e = [ (el ) @) o
Q

Q
1-6 s
< /|v\u_6fd:1c /ul_éfdx
Q Q

< CllulP+o= o2,
which establishes the inequality (1.12). O
Proof of Theorem 1.11. Using [19, Lemma 4.2] and proceeding as in the proof of
Theorem 1.10, the result follows. O
Proof of Theorem 1.12. Using [17, Lemma 3.1] and following the same arguments as
in the proof of Theorem 1.10, the result follows. O
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