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Abstract. In this paper, we investigate some classes of Neumann fractional p-Laplacian
problems. We prove the existence and multiplicity of nontrivial solutions for several
different nonlinearities, by using variational methods and critical point theory based
on cohomological linking.
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1. INTRODUCTION AND MAIN RESULTS
In this paper, we consider the following problem

{(A);u = AulP~2u+ f(z,u) inQ,

— 1.1
Neptt =0 in RV \ Q, (L.1)

where p > 1,0 < s < 1, A € R, Q ¢ RY is a bounded domain with Lipschitz
boundary 090, f: Q@ xR — R is a Carathéodory function and

(~A)u _PV/ |u(z) — u(y)[P~ 2(U(ﬂf)—U(y))dy

o=y |

while

/lu —uy)|”” 2(U(HC)—u(y))dy

|z —y| NP
for all x € RY \ Q. This kind of condition is called nonlocal Neumann boundary
condition, see [12] for the case p = 2 and [4, 25, 26] for the general case. In order to

find solutions for problem (1.1), we will work with the function space

X = {u :RY — R : u is measurable and such that [ju| < oo}7
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u %
I ;:( //‘ y|N+ps L o dy+/u|pda:> ,

and Q = R?N\ (CQ)?,CQ = RN \ Q.Y For the convenience of use, we also denote the
fractional Gagliardo seminorm for a measurable function u by

Q

see [13]. Finally, we denote by || - ||, the standard L”-norm, v € [1,00), that is

full = ( / u(t)l dt)

By the Sobolev embedding theorem, it is well known that the embedding mapping
X < LY(R) is continuous for all 1 < v < p* and compact for all 1 < v < p¥,
see [11, Theorems 6.5, 6.7, 7.1], where p* is the fractional Sobolev critical exponent of
order s, defined as

where

= N]\ﬁ;s ps < N,
* 00 ps > N.
Hence, for 1 < v < p#, there is a positive constant My such that
llull, < Mo|lu||  for all u € X. (1.2)

From [25] we take the following definition.
Definition 1.1. Let u € X. If

// |x — ;ﬁéﬁgﬁ:) — v(y))dajdy = )‘/ P *uvd + / [z, v)vdx

Q Q

for any v € X, we say that u is a weak solution of problem (1.1), where

Tp(u(z) —u(y)) = Ju(x) — uly) [P~ (u(z) — u(y)).
The corresponding functional ® on X is defined by
1 u(z) — u(y)” /\/ /
P(u) = — - — Pde — | F
(u) 2p£ = gt dxdy ) / |u|Pdx / (x,u)dx,

1) The constant 1/2 multiplying the double integral is used just for useful normalization in the proofs
of the main results.
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where F(x,t) fo x, 8)ds. At least formally, finding weak solutions of problem (1.1)
is equivalent to looking for critical points of ®, and the equivalence depends on different
regularity and growth assumptions on f, which we introduce below.
Before giving our results, we need to recall some concepts about the eigenvalues of
the fractional p-Laplacian, see [25]: consider the nonlinear eigenvalue problem
{(—A);u = Aul[P~2u in® 13)
N pt =0 in RV \ Q,

where A € R. If (1.3) has a nontrivial weak solution u € X, that is

// |:v - )I)’\(fljr(pxs) - U(y))dxdy = )‘Q/ |uP~2uvda

for all v € X, we say that A is an eigenvalue of (—A); with p-Neumann boundary
condition and w is an associated eigenfunction. We denote the set of all the eigenvalues
of (=A)y in X by o(s,p). As in [25] (the definitions therein were slightly different),
there is a sequence of eigenvalues defined by

. L[ Julz) = u(y)”
Am = inf { 21612 5 / dedy A C ¥, A is symmetric,
(1.4)

nonempty, closed and i(A4) > m},

where i is the Zy-cohomological index of Fadell and Rabinowitz, see [14], and

Y= {ueX:/|u|pdx:1}.
Q

It should be pointed out that A\; = 0 is the first (simple) eigenvalue, see [25], with
associated eigenspace made of constant functions. Finally, as in [24], for every m € N,
we introduce the following two cones

C,, = {ueX //||$_ |N+ da:dy</\ /u|pdz}, (1.5)
Y Q
Ch = {u eX: // fut = y|N+pg d dy > Ayt / ul”daz}. (1.6)
Q

In recent years, fractional problems have been widely investigated, mainly under
Dirichlet, but also with Neumann or Robin boundary conditions, see, for instance,
[1-4, 6-8, 10, 11, 13, 16-18, 22-25, 27-31], in which the authors studied regularity
issues, as well as existence and multiplicity results. In particular, if A < 0, by using the



626 Chun Li, Dimitri Mugnai, and Tai-Jin Zhao

Mountain Pass Theorem, in [25] the existence of nontrivial solutions for problem (1.1)
is found. On the other hand, if A = 0, problem (1.1) is simplified as

{(—A);u = f(z,u) in £,

_ 1.7
N =0 in RV \ Q, (L.7)

and by applying the Weierstrass Theorem, in [24, Theorem 4.1] the following result
was proved:

Theorem 1.2. Suppose that f(x,t) satisfies the following conditions.
(Ho) There exist a1 € Lﬁ(Q) and by € R such that
[f(@,t)] < ax(z) + betP~

for allt € R and a.e. x € Q.
(H1)

: f(,t)
~y(z) := lim sup <A1 =0.
(@) oo (P72

Then problem (1.7) admits a weak solution.

In addition, in [24, Theorem 3.4] the existence of a nontrivial weak solution for
problem (1.1) is given under the Ambrosetti-Rabinowitz condition (AR) generalized
with the one introduced in [20]:

(Hz) there exist u > p and Ry > 0 such that
0 < uF(z,t) < f(z,t)t (1.8)

for every [t| > Ry and a.e. = € Q, and there exist ji > p,by > 0 and ay € L*(Q)
such that i
F(x,t) > bat]" — as(x) (1.9)

for every t € R and a.e. x € Q).

When the (AR) condition is not satisfied, by applying linking over cones introduced
in [9], in [24, Theorem 3.7] the existence of nontrivial solutions for problem (1.1)
is proved under (Hs)—(H7) below and the following quasi-monotonocity condition
introduced in [25] as a slight improvement of the one given in [21]:

(Hs) there exist ¥ > 1 and 8* € L'(Q2), 3* > 0 such that
F(z,t1) <OF(z,t2) + B (2)
for a.e. z € Q and all 0 <t <ty or ty < t1 <0, where
F(x,t) :== f(z,t)t — pF(z,1). (1.10)

Here, motivated by [24, 25], we are interested in the existence of multiple nontrivial
solutions for problem (1.1) by more general conditions. Now, we state our main results.
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Theorem 1.3. If hypotheses (Hp), (Hy) and
(Hy) there exists p > 0 such that
F(z,t) >0 for every |t| < p and a.e. x € Q,

are satisfied, then problem (1.7) admits at least two nontrivial solutions in RN, one
being nonnegative and the other being nonpositive.

Remark 1.4. Without further assumptions, we do not know whether the weak
solution obtained by Theorem 1.2 is nontrivial. However, by adding condition (Hy),
we get at least two nontrivial solutions in RY for problem (1.7). So, Theorem 1.3 is
a remarkable improvement of Theorem 1.2. Moreover, we have the following result.

Theorem 1.5. Suppose that the following conditions hold:
(Hs) f(xz,0) =0 and there exist constants b3, by > 0 and q € (p,p:) such that

|f(2,t)| < b3+ by|t|??

for everyt € R and a.e. x € Q);

(Hs) -
. Pz,t) ' |
tilrj:noo W = +oo uniformly for a.e. x € (Q;
(Hq) -
flz,t) ] .
tlg;o |t|p72t =0 uniformly for a.e. x € €;
(Hg)

1
F(z,t) > ];|t|p for allt € R and a.e. x €

(Hy) there exist positive constants Ry and 6 > 0, k > max {1, %} and a nonnegative
function W (z) € L*(Q) such that

(552 sor s

for all [t| > Ry and a.e. x € §, where F is the function defined in (1.10).
Then problem (1.1) admits one nontrivial solution for every A € R.

Remark 1.6. We anticipate that in Section 2 we prove that under assumption (Hj),
condition (Hs) implies (Hg) and (Hy), while under assumptions (Hs) and (Hg), condi-
tion (H3) implies (Hyg). Hence, Theorem 1.5 extends the setting of both Theorem 3.4
and Theorem 3.7 in [24].

There are functions that satisfy our conditions but they do not satisfy (Hs) and (Hs).
For example, let N = p?,

plel =2 [ g(rydrlt?eg(ie) P2 [1 g(r)dr
Fla,t) = (lnlt\+1)% p(n [t +1) s
|t|P—2t, [t <1,z € Q,

+ |t[P—2t, [t| > 1,2 € Q,
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where g : (—o0, —1] U [1,4+00) — R is defined by

oft) = n3( ||t|—n’> 1, n—H<|<n+5,n=234,...,
2 tf<n—Jorlt|>n+ -5 n=2234.. .

n27

Then, f(x,t) satisfies conditions of Theorem 1.5. As a matter of fact, by straightforward
calculation, we have

) 2 n]_za 3 Dy Ty )

Il
t| d
”flig(”f +Ljtp, > 1z eq,

F(z,t)=q (m+1)?
St [t <1,z €Q,
and
p+1 p [l T)dT
i : g(‘tli - i fl « 1)+l7 ‘t| Z 1,5E € Qa
Flz,t) = f(z, )t — pF(x,t) = (m]e}+1)?  p(mje+1) P
0, lt| <1,z € Q.

It is obvious that f(z,t) satisfies conditions (Hs)—(Hg). Now, we only verify that (Hy)
holds for any « € (p,p + 1). On the one hand, for [t| > Ry(> n+ %), we have

K K
F(z,t)\ In || +1
t|P (Inft|+1)s P
In [t "
B L
(In|t]+1)7
_( mld+r g "
(Injt|+1)7  (nft|+1)7

-
< 2P+1(1n|t\ + 1) ’

for K € (p,p+ 1). On the other hand, we obtain

| ‘p-‘,—l 1

M |tPIn]t
Inft|+1)7  p(nlt|+1)"*s
_|_

OF (x,t) + W(x) = 9((

vV

W(z)

D=

N
(In || +1) p(Inft|+1)7

> o(p; L+ 1)P—é> + W (a).
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Hence, we can easily get that

-1
2P+ (In [t| + 1)P 75 < a<p (In|¢] + 1)'3—%) + W ()
p
for g = 2p
p—1

However, f(z,t) does not satisfy condition (Hs). Actually, for t1 :=n, to :=n+ %,
we have

> 0 and a nonnegative function W (z) = 22 € L}(Q).

F(x,t1) = F(z,n)

__n"lg(n) n? [\ g(r)dr

- P 1+1
(lnn—i—l)p p(lnn—l—l) :
W [ ()

1+4

(lnn—kl)% p(lnn—|—1>

and
1
OF (z,t2) = 0F | z,n + o

A ) I ) B G 0 e

(ln(n+#)+1)% . p(ln(n+§)+1)1+%
19(n+n—12)p ﬁ(n—i— %)p 1n+"%g(7')d7'
(ln(n+#)+1)% p(ln(n+$)+1>1+% |

Then, it is easy to get that

Flx,t1) —VF(x,t2) = 00  asn — oo.

Hence, we can not find constants ¢ > 1, 8*(z) > 0 such that (Hs) holds. f(z,t) does
not satisfy condition (Hs) as well.

2. PRELIMINARY RESULTS

we recall an abstract critical point theorem which is based on the deformation lemma
and a general linking structure. The deformation lemma is guaranteed by a compactness
condition, the Palais-Smale condition or the Cerami condition — (PS) or (C) condition
for short, while the geometrical structure is obtained by the notion of linking sets
through the Alexander—Spanier cohomology, see [9, 15].



630 Chun Li, Dimitri Mugnai, and Tai-Jin Zhao

Definition 2.1. Let D, S, A, B be four subsets of a metric space X with S C D and
B C A. We say that (D, S) links (4, B) if SNA = BND = () and, for every deformation
n:Dx[0,1] - X\ B with n(S x [0,1]) N A = 0, we have that n(D x 1) N A # 0.
If B =0, we simply say that (D, S) links A.

Definition 2.2. Let ® : X — R be a C! functional defined on a Banach space X.
We say that ¢ satisfies:

— the Palais—Smale condition at level ¢ € R (PS),, if for every {uy}, such that
®(u,) = ¢ and ®'(u,) — 0 in X', then, up to a subsequence, u, converges
strongly in X,

— the Cerami condition at level ¢ € R (C)., if for every {uy, }, such that ®(u,) — ¢ and
(14 |lun])®' (upn) — 0 in X', then, up to a subsequence, u,, converges strongly in X.

Theorem 2.3. Let X be a complete Finsler manifold of class C* and let ® : X — R
be a function of class C'. Let D, S, A, B be four subsets of X, with S C D and B C A,
such that (D, S) links (A, B) and

sup® < inf®, sup® < infd
s A D B
(with sup) = —oo and inf ) = +00). Define
c= Inf sup &(n(D x {1})),

where N is the set of deformations n: D x [0,1] = X \ B with n(S x [0,1]) N A = (.
Then we have

inf® <c¢<sup?.

A D

Moreover, if ® satisfies (PS). (or (C).), then c is a critical value of ®.

Theorem 2.4 (Mountain Pass Lemma). Let (X, -||) be a Banach space, and let
® € CY(X,R) satisfy the (PS) condition. Suppose that ®(0) =0 and:

(Py) there exist positive constants o and « such that ®(u) > a > 0 for all u € X with
[ull = o,
(Py) there exists e € X with |le|| > o such that ®(e) < 0.

Then ® possesses a critical value ¢ > o given by

c:=inf sup P({(s)),
¢l s¢(0,1] (¢ls)

where
I':={¢CeC(0,1],X) : ¢(0)=0,¢(1) =e}.

As shown in [5], the deformation lemma holds also replacing the usual (P.S) condi-
tion with the weaker (C') condition. So, Theorem 2.3 holds with the (P.S). condition
(as in the original [9, Theorem 2.2]), but also with the (C). condition, for instance
see [19, Theorem 5.40].
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Definition 2.5. Let D, S, A, B be four subsets of a metric space X with S C D and
B C A; let m be a nonnegative integer and K be a field. We say that (D, .S) links
(A, B) cohomologically in dimension m over K if SNA = BN D = () and the restriction
homomorphism H™(X \ B, X \ A;K) — H™(D, S;K) is not identically zero. If B = {),
we simply say that (D, S) links A cohomologically in dimension m over K.

Theorem 2.6 (Theorem 2.8, [9]). Let X be a real normed space and let C~,Ct be
two cones such that C* is closed in X, C~ NC* = {0} and (X,C~ \ {0}) links C*
cohomologically in dimension m over K. Let r—_,ry > 0 and let

D_ = {u €C™ tull < 72}7 S_ = {u €C™ : |ul Zr,},
Dy={uect:ful <ry}, Sp={uech:|uf=ri}.

Then the following facts hold:

(dy) (D—,S_) links C* cohomologically in dimension m over K.
(d2) (D—,5-) links (D4, S) cohomologically in dimension m over K.
Moreover, let e € X with —e ¢ C—, r_ >r and

Q={u+te:uecC ,t>0,|lutte]| <r_},
H = {u—&—te:ue(,’_,t207||u—|—te|| zr,},

then the following facts hold:
(ds) (Q, D_u H) links S; cohomologically in dimension m + 1 over K.
(ds) D_UH links (D, Sy) cohomologically in dimension m over K.

Corollary 2.7 ([9, Corollary 2.9]). Let X be a real normed space and C~,C*t be two
symmetric cones in X such that CT is closed in X,C~ NCt = {0} and such that

i(C~\{0}) =i(X\C") < o0.
Then the facts (di)~(da) of Theorem 2.6 hold for m = i(C~ \ {0}) and K = Zj.

Proposition 2.8 ([9, Proposition 2.4]). If (D, S) links (A, B) cohomologically (in
some dimension), then (D, S) links (A, B).

According to (1.5) and (1.6), we know that C,,, C;}, are two cones and satisfy the
following identity.

Lemma 2.9 ([24, Theorem 2.6]). Let m > 1 be such that Ay < A1, then we have
i(C \{0}) = (X \ Crp)

We are now ready to prove that our assumptions are more general than the ones
in [24].

m.

Lemma 2.10. Under condition (Hs), condition (Hsy) implies conditions (Hg)
and (Hg)
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Proof. Tt is obvious that (Hg) holds due to (1.9) in (Hs). Besides, since ¢ € (p, p¥),

one can easily get that ﬁ > %. Then for any k € 1])\2 75 ) by straightforward
calculation, we obtain
< PE (2.1)
¢< 7 .
By integrating (Hs), we get that
F(x,t
lim (z,1) =0 uniformly for a.e. x € Q. (2.2)

lt—oo |¢7oT
From (1.8) and (2.2), there exists a constant Ry > Ry such that

Pot) < (u-pye (23)

for |t| > Rz and a.e. z € Q. By taking the power x — 1 in (2.3) and using (1.8),
we immediately find that

<F|(fét))ﬁ < (p=p)F(e,) < fl@, 0t = pF(a, 1) = F(a,1)

for |t| > Ry and a.e. x € Q. So, condition (Hg) holds with § =1 and W = 0. O

Lemma 2.11. Under conditions (Hs)—(Hg), condition (Hs) implies condition (Hy).

Proof. From assumptions (Hs) and (Hg), it follows that there exists a positive constant
R3 > 1 such that

F((E,t) b4
<2 2.4
i =g 24
and
Fa.t
@.t) (2.5)
[P

for all [t| > Rz and a.e. z € Q. By (2.1), we obtain p > ¢(x — 1)/, and since
k < q/(q —p), we finally get p > (k — 1)(q —p). Setting € = p — (k — 1)(¢ — p), then
one has £ > 0. Now, let us consider the case of ¢ > Rs, the case of ¢ < —Rg3 being
analogous. In view of (2.4) and (H3), it turns out that

CORE SREIC-oI%

/< )  fws)s — pF(eys)
S sfPs
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()

rk—1 t ]_-
/ (z,5) ds
3

sé+1

R
1 t

R3

(G +)
< n<b4 +1>K (ﬁf(x,t)Jrﬂ*)/s&%ds
(G +)

that is

Fz,t)\" _ [bs ko by Tl kB F(z,R3)\"
( T ) <<q+1> «sRsff(x’tH(q“) £R3f+( Ry )

for all £ > R3 and a.e. z € (). Then, we have

(F(;;t)> < OF (2,1) + W(x) (2.6)

for all £ > R3 and a.e. x € €2, where
rk—1
q §Rs

b B F(z,R3)\"
W(z) = <q4 + 1) ;}ig + ( (;;p?’))

is a nonnegative function according to (2.5). Analogously, it is easy to verify that
inequality (2.6) holds for t < —R3 and a.e. x € Q. Hence, condition (Hy) holds. O

and

In order to obtain multiple solutions for problem (1.7), we consider a truncated

problem, that is
{(A);u = f(@u*) g, 27

Nepu =0 in RV \ Q.
Signed solutions of (2.7) are the critical points of the C'* functional I+ on X defined by

1/ |u(z) — u(y)[”

Ii(u) = —
+(u) 2p |z — y|N+ps

1
dxdy+f/|u\pdx
Q pQ

) (2.8)
- 7/|ui’pd1:f/F(:c,ui)do:,
P Q Q
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where F(z,t%) fo H)ds, ut := max{u,0}, v~ := max{—u,0}, u = ut —u~
and |u| = ut +u” From (2 8) we get that

(T (), 0) = %// Tp(un () |xuj(yy|3331;£x) —v(y))dmw/wpqwm
Q Q
— [ WP 2uFvde — | f(z,uF)vde
[rrre]

for all u,v € X. We will prove that I; admits a nonnegative critical point, which
is a nonnegative solution of (2.7), and so of (1.7), as well. In the same way, I_ admits
a nonpositive solution, which provides the second nontrivial solution to (1.7). In the
following, we only consider I, the approach for I_ being similar. We also recall
the following fact, to be used later on:

Lemma 2.12 ([24, Equation (15)]). For any x,y € R, the following inequality holds:

2" —y [P <z =yl @ —y)(y —27). (2.9)
Now, we are ready to prove our results.

3. PROOF OF THEOREM 1.3

We will divide the proof into three steps.

Step 1. Under conditions (Hp) and (Hy), we prove that I is coercive, i.e., I (u) = 0o
as ||ul| = oo.
By (H,), for every € > 0, there exists M; > 0 such that

f(a,t")

o <@t

for all |t| > M; and a.e. z € Q. By simple calculations, one has
F(z,tT) < ’7($23+6(|tp — Mi?) + max{F(z, My), F(x,—M;)}

for all [t| > M; and a.e. z € Q2. Hence, it holds that

F(z,t*
limsupM < M (3.1)
t—oo [P p
Next, we show that
I
lim inf +(v) > 0. (3.2)

lull =00 ||u||P
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For this, let us choose any unbounded sequence {u,}; by setting z, := then

”un”’

{zn}n is bounded and there exists a z € X such that, up to a subsequence,

Zn — 2z in X,
zn — 2z in L¥(Q), ve|[l,pt), (3.3)
Zn — 2 a.e.in Q.

By (Hp), we immediately find that

F(z,ut) - a1 () |un| + %|“n|p by
[unlP — [[n [P

—|z|? a.e. in €,

as n — oo. It turns out from the Generalized Fatou Lemma that

+
limsup/Md < /limsup Mdm.

If « is such that {|u,(x)|} is bounded, so that z(x) = 0, one has

la +
lim sup M

=0.

If {|un(z)|} is unbounded, one deduces from (3.1) that

F(x,uf F n
limsupM = lim sup (2, w) funl” < ’Y(x)|z|p.

nvoo [unlP nsee funlP fluallP T

In conclusion, considering the points where {|u, (z)|} is bounded or unbounded, we have

limsup/Md </%|Z\p <0. (3.4)
Q

Notice that

lunllP—p p ) Jual
Q

L) 11 (P, [P,
Jan

np F +
lim inf Ly (un) > lim inf (—/ [t /(x’u”)dx>
I T Hunll” J [[wn P

By (3.4), we get
1-— / (v(z) + 1) |z[Pda

I (uy) Q
n=oo |[up|[P T p
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If z = 0, the liminf is at least %. If z # 0, then the measure of the set where z # 0

has positive measure. Thus, since y(z) < 0 for a.e. x € 0, by the weak semicontinuity
of the norm in X, we find that

- / 2Pde 2|7 — / 2P da
+Un

lim inf > =

_EP S,
oo ||up [P p p

This fact being true for any diverging sequence {u,}, we get that (3.2) is satisfied,
and so I is coercive.

Step 2. I, has a minimum point .

Indeed, I, is sequentially lower semicontinuous with respect to the weak conver-
gence, since the norm is sequentially lower semicontinuous with respect to the weak
convergence, while [, [ut|Pdz and [, F'(x,u)dx are continuous.

Thus, by the Weierstrass Theorem I has a minimum point .

Step 3. u is nonnegative and nontrivial.
Let us start showing that, under conditions (Hy) and (Hy), 0 is not an isolated
minimizer of I;. Indeed, from assumption (Hy), for ¢t € (0, p), one has

F(x,tT) = F(x,t) > 0.

Choose ¢1 > 0 in Q be a Aj-eigenfunction, that is ¢; is a constant (see [25]), for
instance let us fix ¢1 = 1. Hence, taking 7 € (0, p), it holds that

Ir) =Ly = [91(@) = W ;g L L [irofeda
Q Q

|z —y|NHes

;Q/hgbﬂpdm/F(x,Tqﬁ)dx

Q

_ _/F(z,mf)d:p <0=1.(0).

Q

Therefore, 0 is not an isolated minimizer of I .

Conclusion. Finally, assume that u is a critical point of I, so that, in particular,
(Il (u),—u~) =0, that is

=3 / [ A= L= W oy — [ - da
Q

/\uﬂp 2utu~ dx—i—/fxu u”dx

// \x —))y(|1j\f_+(pzi) — v (@) dzdy + /(u_)pdx,

Q
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since f(z,u™)u™ =0 in Q. By (2.9), we find

3 [ Mt [uoyis <o
o) Q

So, u~ =0 in X. Being u > 0 a critical point of I, then it is also a critical point of I.
By Step 2, I has a nonnegative minimizer u € X, that is

Ii(a) = inf I (u).

By Step 3, 0 is not an isolated minimizer of 1. So, if u is an isolated critical point
of Iy, we have & # 0. Therefore, u is a nonzero critical point of I, and thus a nontrivial
nonnegative solution of (1.7). On the other hand, if @ is not an isolated critical point
of I, then I already has infinitely many nontrivial critical points; in any case we find
a nontrivial solution. By applying the same reasoning to I_, one can find a nonpositive
critical point of I, say u # 0. Hence, u and u are two nontrivial signed solutions of
problem (1.7).

4. PROOF OF THEOREM 1.5

In order to get a nontrivial solution to (1.1), we introduce the related functional

L[y 1
o) = — [ B YWYV gy + 2 | jufrd
(u) / oy [

2p

ot
+ /\|sz_/( w)dz
1
T Hp—i/wdx—/pm
p

We will divide the proof into two steps.

Step 1. We show that @ satisfies the (C). condition for every ¢ € R. Let {u,} C X be
a (C). sequence for @, that is

(1 [Jun [ @ (un) — 0, (4.1)

and
®(u,) > c€R as n— occ. (4.2)

We want to prove that {u,} admits a strongly convergent subsequence. By standard
argument due to the reflexivity of X and the compact embedding of X into Lebesgue
spaces of order less than p*, in order to prove that {u,} admits a strongly convergent
subsequence, it is enough to prove that {u,} is bounded.
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Now, assume by contradiction that {u,} is unbounded. Up to a subsequence,
we can assume that ||u,| — 400 as n — oo and that there exists w € X such that,
set w,, = m, we have

Wy — W in X,
w, > w in LY(Q), v el pl),

w, — w a.e.in Q.

Define the set
Oy = {2 € Q:w(x) # 0}
If [Q4] > 0, then one has

lun(z)] = +o00 forae. z€Qyx as n— oo.
Therefore, by (Hg), we have

F F
lim Flz, un) = lim Flz,un) Zn)\wn\ =+oo forae z € Q.
n—00 ||uan n—00 ‘u |

Again by (Hg) we can invoke Fatou’s Lemma, obtaining

F(xz,up)

/hm inf Ldm < lim inf dx,
n—=oo |[un P n—o0 [[wn P
Q
which leads to .
T G (4.3)
2 ) Tl

From (4.2), one knows that there exists My € R such that

- —f/|un\pdx+7/|un|pdx+/ (2, up)dz < M for all n € N.

So there exists some Mz = M3(\) > 0 such that

/F(m,un)dx < My + M|y |7
Q

The above inequality implies that

F(x
limsup/gd < Ms,

n—»o0 [[wn P

which contradicts with (4.3). Hence, || = 0, namely w = 0 a.e. in Q. Thus, we have
that
wy, — 0in LY(2)  for all v € [1,p}). (4.4)



Nontrivial solutions for Neumann fractional p-Laplacian problems 639
From (Hj;) we know that if My > R;, then
|f(z,t)] < bg + by M{ "
for all (x,t) € Q x [—My, My]. So it is easy to get that

for all (z,t) € Q x [— My, My] and M5 = b3 My + %‘MZ, which implies that there exists

Mg > 0 such that

(4.6)

[F(z,t)] = [f(z,0)t — pF(z,t)] < Mg
for all (z,t) € Q x [—My, My]. Set
Q= {x € Q:|uy(x)| > My}
Then, from (4.2), (4.5), the Holder inequality and (Hy), we find that
1 Qu,) 1 c+o(1)
P uallP o flunl?
= / F(x’un)dx + )\ + 1 |un|p dl‘
[[wn P p [[wnll?
Q Q
n F(z,u, A+1
:/deJr/ ($u)dx++/|w‘de
[[n [P [[een |7
n M5|Q A+1
S/M|wn|pdx+ 5 | + /| n|Pdz
|un|P Tual?
F M0
[y ] 28
[HE [Jwn [P
Qn
A+1
7”111””
p
® Ms|Q]  A+1
< | [ + wwhas] o, + G2 2
5 Tualr
Q'Vl
Writing fQ = Jo— fQ\Q , by (4.6) we can estimate the previous quantity with

< [e@@(un) = (). )+ OMIS + W | e

Ms|Q  A+1
|| p+7” Tal

Since {u,} is a Cerami sequence, we have that

_|_

{®(uy)} is bounded and (®'(u,),u,) — 0 as n — oo.
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Hence, from the previous inequalities we are finally led to

1 c+o(1)

P p
b Tuallp = Crllonlies +oll):

where ¢, is a bounded sequence of real numbers and o(1) — 0 as n — oco. Since
k > max{1, pﬂs}, one has -2 ¢ (1,p}) and so from (4.4), by letting n — oo in the
inequality above, we finally have

1

p

This is an obvious contradiction. So, {u,, } is bounded and ® satisfies the (C). condition.
Step 2. Let { A} be the sequence defined in (1.4), then either A +1 < A; = 0 or there
exists m > 1 such that

<0.

Am SA+1< Apar. (4.7)

First case: A+ 1 < A;. By assumptions (Hs) and (H7), for a fixed € > 0, there exists
M. > 0 such that
€
|F(z,1)] < ];\tlp + Mc[t|!

for a.e. z € Q and all t € R. Let us choose € such that A + 14 ¢ < 0. Then, for any
u € X, we get by (1.2) that

A1
[P — L/|u|de— E/\u|pdx——M€/|u|qu
p p
Q Q Q
1

A1
> Lyypp - AE11E / Pz — — MM, u]?
p
Q

D(u) >

=

i

1 1 _
> 2 ull MM, = ||u|p(p MM, Jull )

Since ¢ > p, we set
1

1 =
= —F >0,
¢ <2ngMs>

o’

=—>0,
« o

and

so that ®(u) > « for ||lu|| = o.
Now, take u # 0 and ¢ > 0; by (Hg) we have

A+1
i tp/|u|pdx—/F(ac,tu)dx
p
Q

Q

1 F(z,t p
> eulp (5 - [ Ftne) -~
b e

tP
() = Tl -

as t — +o0.
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Hence, there exists t > o such that
D (tu) < 0.
Hence, by Theorem 2.4, there exists a critical point u of ® such that ®(u) > 0,

so that u # 0.

Second case: (4.7) holds.
By assumptions (Hs) and (H7), fixed € > 0 with A+ 1+ & < Ap,41, there exists
M, > 0 such that

|F(x, )] < gw’ + M|t

for a.e. 2 € Q and all ¢ € R. Now, let C;, and C;\, be as in (1.5) and (1.6). So, for each
u € Ch, we get by (1.2) that

1 1
B(u) > lu Hp—i / fufpdz — / juPdz — M. / jultda

p

—_

1
> Ljupr - A1+ )l — —M. /|u|qu
p PAm+41

1 A+14+¢
> (1 - ) Jul? — — MM, Jull.

p )\m+1

Since ¢ > p, we set

. 1 17)\+1+€ ﬁ>0
T 2pMI M, Amt1 ’

{1(1 A+1+a>r—%( 1 )q—”p>0
o= |— - _— ,
2]9 >\m+1 M(()JME

so that ®(u) > a for |lul]| = ry.
From (Hg) and (4.7), for all u € C,,, we have

L[ Ju(@) = u()P .
<I>(u)<—/ dxdy+pﬂ/|u| d

~2p |z — y|NFps
Q

Am 1
——/\u|pdsz/|u|pd:c§0.
p p
Q Q

Now, take e € X \ C,, so that for each u € C;, and ¢t > 0, by (Hg) we have

and

P(u +te) = —||u+t ||p—7/|u+te\pdx—/ (@, u+ te)dx

1 F t te|?
§||u+te||p<1p/ (x,u+te) |U+ e| d:c) — —o0,
2p
Q

|u+telP ||u+ te||P
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as t — 4o0. Thus, for every u € C,. with ||u|| =1, there is r,, such that ®(tu) <0 for
all t > r,. On the other hand, being C_, N 512 a compact set, in which all norms are
equivalent, it is easy to prove that r, depends continuously on u, so that there exists
r_ > ry such that

D(u+te) <0 (4.9)

foralueC, NSy andallt >r_.
Now, choose

Do ={uel,:ul <r-},
Sy ={uely :|ull =74},
Q={ut+te:uecC,,t>0lu+te]| <r_},
H={u+te:ueC,,t>0,|u+te]| =r_}.

By the definitions of C,,, and C,}, it follows from Lemma 2.9 that
i(Cp \{0}) = i(X\ C)

By Corollary 2.7, we know that point (d3) of Theorem 2.6 holds, namely, (Q, D_ U H)
links S cohomologically in dimension m+1 over Zs. In particular, (Q, D_UH) links S
thanks to Proposition 2.8. Moreover, by (4.8) and (4.9), together with the fact that @
is compact, one has

m.

sup ¢ <inf®, sup® < +4oo.
D_UH Sy Q

Furthermore, by Step 1, the (C). condition holds. Setting D = Q, S =D_UH, B =),
A =5, by Theorem 2.3, we have that ® has a critical value ¢ > «. Hence, ® has
a nontrivial critical point u, such that ®(u,) > 0.

Acknowledgements

C.L. and T.-J. Z. are supported by the Natural Science Foundation Project of Chongqing,
Chonggqing Science and Technology Commission CSTB2022NSCQMSX0472 and by
the National Natural Science Foundation of China 11971393. D.M. is a member
of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and a member of the
UMI Group “Modellistica matematica per lo studio del clima, del cambiamento climatico
e dei suoi impatti (CLIMATH)’. He is partly supported by the INDAM-GNAMPA
Project 2024 ”Nonlinear problems in local and nonlocal settings with applications”
(CUP E53C253001670001) and by the FFABR Fondo per il finanziamento delle attivita
base di ricerca 2017.

Finally, the authors wish to thank the anonymous referee for her/his careful reading
of the paper, which led to a more accurate presentation of the paper.

2) As usual, we have set S = {u € X : |Jul| = 1}.



Nontrivial solutions for Neumann fractional p-Laplacian problems 643

REFERENCES

(1]

2l

Bl

(4]

[6

[7]

(8]

[10]

(11]

[12]

[13]

(14]

[15]

[16]

17]

B. Abdellaoui, A. Attar, R. Bentifour, On fractional p-Laplacian parabolic problem with
general data, Ann. Mat. Pura Appl. (4) 197 (2018), 329-356.

A. Audrito, J.-C. Felipe-Navarro, X. Ros-Oton, The Neumann problem for the fractional
Laplacian: regularity up to the boundary, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 24
(2023), 1155-1222.

B. Barrios, E. Colorado, A. De Pablo, U. Sanchez, On some critical problems for the
fractional Laplacian operator, J. Differential Equations 252 (2012), 6133-6162.

B. Barrios, L. Montoro, 1. Peral, F. Soria, Neumann conditions for the higher order
s-fractional Laplacian (—A)°u with s > 1, Nonlinear Anal. 193 (2020), 111368.

P. Bartolo, V. Benci, D. Fortunato, Abstract critical point theorems and applications to
some nonlinear problems with strong resonance at infinity, Nonlinear Anal. 7 (1983),
981-1012.

Z. Binlin, G. Molica Bisci, R. Servadei, Superlinear nonlocal fractional problems with
infinitely many solutions, Nonlinearity 28 (2015), 2247-2264.

T. Chen, W. Liu, Solvability of fractional boundary value problem with p-Laplacian via
critical point theory, Bound. Value Probl. 75 (2016), 1-12.

E. Cinti, F. Colasuonno, Ezistence and non-existence results for a semilinear fractional
Neumann problem, NoDEA Nonlinear Differential Equations Appl. 30 (2023), 79.

M. Degiovanni, S. Lancellotti, Linking over cones and nontrivial solutions for p-Laplace
equations with p-superlinear nonlinearity, Ann. Inst. Henri Poincare, Anal. Non Lineaire
24 (2007), 907-919.

L.M. Del Pezzo, J.D. Rossi, A.M. Salort, Fractional eigenvalue problems that approximate
Steklov eigenvalue problems, Proc. R. Soc. Edinb., Sect. A 148 (2018), 499-516.

E. Di Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev
spaces, Bull. Sci. Math. 136 (2012), 521-573.

S. Dipierro, X. Ros-Oton, E. Valdinoci, Nonlocal problems with Neumann boundary
conditions, Rev. Mat. Iberoam. 33 (2017), 377-416.

D.E. Edmunds, W.D. Evans, Fractional Sobolev Spaces and Inequalities, Cambridge
University Press, 2022.

E.R. Fadell, P.H. Rabinowitz, Generalized cohomological index theories for Lie group
actions with an application to bifurcation questions for Hamiltonian systems, Invent.
Math. 45 (1978), 139-174.

M. Frigon, On a new notion of linking and application to elliptic problems at resonance,
J. Differ. Equ. 153 (1999), 96-120.

A. Tannizzotto, S. Liu, K. Perera, M. Squassina, Ezistence results for fractional
p-Laplacian problems via Morse theory, Adv. Calc. Var. 9 (2014), 101-125.

A. Tannizzotto, M. Squassina, Weyl-type laws for fractional p-eigenvalue problems,
Asymptot. Anal. 88 (2014), 233-245.



644

Chun Li, Dimitri Mugnai, and Tai-Jin Zhao

18]

[19]

[20]

21]

22]

23]

24]

[25]

[26]

27]

28]

29]

(30]

31]

J.M. Mazon, J.D. Rossi, J. Toledo, Fractional p-Laplacian evolution equations, J. Math.
Pures Appl. 105 (2016), 810-844.

D. Motreanu, V.V. Motreanu, N. Papageorgiou, Topological and variational methods
with applications to nonlinear boundary value problems, Springer, New York, 2014.

D. Mugnai, Addendum to: Multiplicity of critical points in presence of a linking: applica-
tion to a superlinear boundary value problem, NoDEA. Nonlinear Differential Equations
Appl. 11 (2004), 379-391, and a comment on the generalized Ambrosetti—Rabinowitz
condition, NoDEA. Nonlinear Differential Equations Appl. 19 (2012), 299-301.

D. Mugnai, N.S. Papageorgiou, Wang’s multiplicity result for superlinear (p, q)-equations
without the Ambrosetti-Rabinowitz condition, Trans. Amer. Math. Soc. 366 (2014),
4919-4937.

D. Mugnai, K. Perera, E. Proietti Lippi, A priori estimates for the fractional p-Laplacian
with nonlocal Neumann boundary conditions and applications, Comm. Pure Appl. Anal.
21 (2022), 275-292.

D. Mugnai, A. Pinamonti, E. Vecchi, Towards a Brezis-Oswald-type result for fractional
problems with Robin boundary conditions, Calc. Var. Partial Differ. Equ. 59 (2020), 43.

D. Mugnai, E. Proietti Lippi, Linking over cones for the Neumann fractional p-Laplacian,
J. Differential Equations 271 (2021), 797-820.

D. Mugnai, E. Proietti Lippi, Neumann fractional p-Laplacian: eigenvalues and existence
results, Nonlinear Anal. 188 (2019), 455-474.

D. Mugnai, E. Proietti Lippi, Quasilinear fractional Neumann problems, Mathematics
13 (2025), 85.

R. Musina, A.I. Nazarov, Strong mazimum principles for fractional Laplacians, Proc.
Roy. Soc. Edinburgh Sect. A 149 (2019), 1223-1240.

G. Palatucci, The Dirichlet problem for the p-fractional Laplace equation, Nonlinear
Anal. 177 (2018), 699-732.

P. Piersanti, P. Pucci, Existence theorems for fractional p-Laplacian problems, Anal.
Appl. (Singap.) 15 (2017), 607-640.

P. Stinga, B. Volzone, Fractional semilinear Neumann problems arising from a fractional
Keller-Segel model, Calc. Var. Partial Differential Equations 54 (2015), 1009-1042.

M. Warma, The fractional Neumann and Robin type boundary conditions for the regional
fractional p-Laplacian, NoDEA Nonlinear Differ. Equ. Appl. 23 (2016), 1-46.

Chun Li
Lch1999@swu.edu.cn

Southwest University
School of Mathematics and Statistics
Chongging 400715, P.R. China



Nontrivial solutions for Neumann fractional p-Laplacian problems

645

Dimitri Mugnai (corresponding author)
dimitri.mugnai@unitus.it

https://orcid.org/0000-0001-8908-5220

Tuscia University
Department of Ecology and Biology (DEB)
Largo dell’Universita, 01100 Viterbo, Italy

Tai-Jin Zhao
ztjztj102266@Qemail.swu.edu.cn

Southwest University
School of Mathematics and Statistics
Chongging 400715, P.R. China

Received: August 8, 2025.
Revised: September 2, 2025.
Accepted: September 2, 2025.



