Opuscula Math. 46, no. 1 (2026), 55-72
https: //doi.org/10.7494/OpMath.202512261 OPUSCULA MATHEMATICA

A SHORT NOTE ON HARNACK INEQUALITY
FOR k-HESSIAN EQUATIONS
WITH NONLINEAR GRADIENT TERMS

Ahmed Mohammed and Giovanni Porru
Communicated by Vicentiu D. Radulescu
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1. INTRODUCTION

In this paper, we develop a Harnack inequality for non-positive solutions of k-Hessian
equations whose lower-order terms are non-linear functions of the solution and its
gradient. We follow the methods outlined in [9, Lemma 4.1], thus extending the
Harnack inequality, [9, Theorem 4.2] given for non-positive solutions of

Si(D*u) = ¢,

where ¢ is a non-negative constant. In [3], the authors show a Liouville property for
k-convex functions u € C3(R™) that satisfy Si(D?u) = 0 in R", with u(z) = o(|z|) at
infinity. Our main result provides Harnack inequality for non-positive, k-convex, and
smooth solutions to a wide class of equations which includes

S(D*u) = a(z)[ul®,

where @ is a non-negative C' function which, together with its gradient, is bounded.

We begin by recalling some basic definitions leading up to the operator Sy and
some of its properties that are useful to our subsequent work. We refer the reader to
the papers in the references for more properties.

Let us denote by S™*™ the family of all n X n symmetric matrices with real entries,
and an integer 1 < k < n. Given X € §"*" and an integer 1 < k < n, consider the
k-Hessian operator

Sk(X) := o (AM(X)).

© 2026 Authors. Creative Commons CC-BY 4.0 55



56 Ahmed Mohammed and Giovanni Porru

Here, o represents the k-th elementary symmetric polynomial of A := (A1,..., \,);

that is
Uk<)\) = Z )‘i1)‘iz "')‘im

1<iy<..<ip<n

and A(X) stands for the n-tuple of real eigenvalues A(X) = (A1,...,A,) of X. In
particular, we note that

o1(N) =Y A, and 0n(A) = Mg A
j=1

In connection with these elementary symmetric functions, we consider the following
open and convex cones in R", with vertex at the origin:

I'y:={AeR":0;(N\) >0 forj=1,...,k}.

‘We note that
Ir*cr,crl,.1C...cIy,

where
I"={AeR":)\;>0j=1,...,n}

In fact, it is known that I',, = I't. The cone I';, can also be characterized as
IFe={AeR":0<0(\) SorA+p) Y= (1, ptn), #; >0, j=1,...,n}.
A function u € C?%(Q) is said to be k-convex if and only if
D?u(z) €Ty, YazeQ.

We remark that 1-convex functions are subharmonic in €2, in the sense that D?u has
a non-negative trace in 2. Therefore, any k-convex function in € is subharmonic in €.

In an open connected set @ C R™, we take X = D?u, and consider the k-Hessian
equation

Se(D?u) = gl Jul) + h(a, [u)|Dul* mQ, 0<a<l, 2<k<n,  (L1)

where g, h : Q@ x R} — R{ are given C! functions, and will be required to meet further
conditions to be specified later. Following [3, 9], we write

ki (A) == or(A)]y, =0 -
In this notation, we see that

dok(N)
o,

= ok-15(A).

Given a real symmetric matrix X = (2;;)nxn, We write

ok (A(X))
83’51‘]‘ '

SP(X) =
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It is well-known that if u € C?({2) is k-convex, then the k-Hessian operator is
degenerate elliptic at « in the sense that (S}’(X)) is positive semi-definite with
X = D?u. The k-Hessian operator Si(D?u) can also be written as

Sk (D2u) = [DQU]k7

where for X € §™*™ we used [X]; to denote the sum of the k-th principal minors of X.
With the notation

S:=Y_Si, (1.2)
i=1
we recall the following useful relation, see the identity [9, (ii) on p. 7],
S=mn—-k+1)S,_1(X) for X € S"*". (1.3)

Finally, we adopt the following notations: Given an open set 2 C R™, we will use
the notation B, (x) to denote a ball of radius r > 0, centered at z, and compactly
contained in Q. We will also write RJ for the set of non-negative real numbers. In this
paper, we always suppose that 0 < o < 1.

2. THE SUB-LINEAR EQUATION FOR 2 <k <n

In this section we will consider sub-linear equations (see [9, Section 6] or [3, p. 1031])
for the case 2 < k < n.

In view of this we now suppose that the non-negative non-linearities g, h in
Problem (1.1) satisfy the following conditions for some constants Cy >0, 0 < a < 1,
and for all (z,t) € Q x RY:

(c-8) |z (.6) < Cot*,  |gi(x, )] < Cot*~,
(ch) R(z,t) + [hg(z,t)] < Coth =, |hy(x,t)| < Coth—172.

Note that if u is a non-positive k-convex solution of (1.1) in B,(x), then —u is
a non-negative superharmonic function and hence either —u > 0 in B,.(x) or —u =0
in B,(z). In view of this, in the theorem below we will consider nowhere vanishing
k-convex solutions of (1.1).

Theorem 2.1. Suppose g,h: Q x Ry — Ry are C! functions that satisfy conditions
(c-g) and (c-h). For any nowhere vanishing k-convex solutionu € C3(B,.(%)),0 <r <1,
of (1.1), the following estimate holds:

\Du(F)| < c%. (2.1)

Here, M :=4 sup |u| and C is a positive constant that depends on n,k, and Cy only.
B (%)

Proof. The proof is an adaptation of the one given in [9]. See also [3, 7]. Let

N
(z) = 1—7|x_$|2 d (t)—i1 t<M
‘Q‘T - 2 9 an SO _(Mft)l/Q’ .

r
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It is easy to see that

for |t] < % (2.2)

< o(t) 1

2
< vl
- V3M

=R

We also note that

" 2(@/)2 > iM_5/2
v 16 '

Let us consider the following auxiliary function

G(x,6) = ug(z)p(u(@))e(z), (2,€) € By(T) x "7,

where S"~! C R"™ is the unit sphere. We note that G(z,£) = 0 for |[v — | = r
and € € S"~L. Suppose G(x, £) attains its maximum at (zg,&). We begin with some
preliminaries. By rotating coordinates we can assume that £, = e; = (1,0,...,0).
Then it follows that Du(zg) = (u1(20),0,...,0). We must have u;(zo) > 0 (recall that
G = 0 on the boundary of B,.(Z)). We also make a further rotation of coordinates
so that u;; = 0 at xo for 4,5 > 2, i # j. Let us write p; = uy for 1 <7 < n, and
= (41, ..., tn). As noted in [3], we have the following equation at xy and will be
used later.

Sk—1(D*u) = SEH(D*u) + i1 Sp—2.1 (1) — > uf;Sk—s 1i(1)- (2.4)
1=2

From now on we write G(x) := G(z, &) for z € B,(Z). Moreover, all the quantities
will be evaluated at zo. We have G;(z) = 0 and {G;;(x)} < 0. Thus,

u

uy; = 19 (i’ 0 + @oi) - (2.5)

Moreover, we complite
Gij = uiijp(u)e +uiie' (w)ujo + urip(u)oj + uij@ (wuio +ure” (u)usu;o
+urg (wuijo + uig’ (w)uio; + uijp(u)o; + ury' (u)u;jo; + urp(u)oi;.
Therefore, we find
0> SYGij = 008 uij1 + 2857 u; (uj' 0 + 0o;) + ur¢" 05} usu;
+ur' 057w + urpSy 01 +uig' Sy (uwioj + ujoi) .

Let us compute

(1
uy; (u;@'0 + po5) = ~ 0 (ui' 0 + poi) (uje’ 0 + o;)
uy
“ o (uiuj(80l)292 + uipp’ 00 + ujpe’ 00i + 90291-9]-)
(¢')?

—ouy TUin - U1Ui90/9j - UlujSD/Qi - Ul%@i@j-
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Hence,

0> S]ijGij = @Qs;ijuijl —20u

N2 . B
(go(p) Sl uiug — dur ' Sy w05 — 2U1%S;€]Qi£’j

+ w1 08 wing + ur ' 08 uij + urpS) 0ij + 2u1’ Sy ui0;.

On using (2.3), from the latter inequality we find

ij ij L8 ij ij
0> 5/ Gij = oSy uij1 + our 1—6M 25wy — 2u19' S u,0; 20
. . 2.6
- 2U1%SIZJ 0i0j + u1pS) 0ij.

Note that we have omitted the term uq ¢’ gS,ij u;; because

w1 08 uij = kur'o (g(, |ul) + h(z, [ul)|Dul*) > 0.

Now let us assume that 20
|Du(Z)| > - (2.7)

for otherwise there is nothing left to show.

Let us first make the following observation. Since G(z,&) takes its maximum
in B,(%) x S"! at (x9,&) we have

Du(%) - €p(u(@)) < wi(wo)p(u(wo))o(xo), V&€ S

By considering ¢ := Du(Z)/|Du(Z)| in the above relation, and on recalling (2.2),
we find
Du(@)| < 2ue. (28)

Therefore,
1 10M
u10 > §|Du(§c)| > . (2.9)

- r

Using this and (2.5), let us show that

3¢ 1¢

For this, we first note that 2r|p;| < 4 and 4(M — u) < 5M. These inequalities,
together with 2¢'(M — u) = ¢, show that

/
=10MZ. (2.11)
u

5M
2r|o1| <
o < g

Note that by (2.9) we have 10M < rpuy, which on using in (2.11), leads to

/ /

~Zur0< 20 < Zune. (2.12)
® i
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We now multiply all sides of (2.12) by 12‘—;), and then add —%u% to obtain

3 / / 1 /
2P 2P e o S 2 (2.13)

29 ® o~ 29

On taking ¢ =1 in (2.5), we get

!
Uil = —u%g — UlQl. (2.14)

P 1%

Inserting (2.14) in (2.13) leads to the claimed inequality (2.10).
Note that (2.9) implies
1 r

o < (2.15)

Now we estimate the term S,ij u;j1. For this we differentiate Equation (1.1) with
respect to the first variable x1. We find the following at x¢, on recalling that u;(z¢) =0
for j > 2,

S uig = oo (2, |ul) + (sgnw)ge(w, lul)us + ha (2, [ul)uf + (sgn w)he(, [ul)ug ™!
+ ah(z, |u)u$™ ;. (2.16)
Using conditions (c-g) and (c-h), we estimate (2.16) as follows.
S wiji =~ uigl
> —|go, (@, [ul)| = lge (2, Jul)lus — |ha, (2, [u))Juf — (@, [u]) lug ™
= [ [[A(z, [ul)|uf (2.17)

> ~Co (Jul* + "My + Jul* = ug + g g )

3 /
> ~Co (Jul® + ful = g+l St

where the left inequality of (2.10) has been used to get (2.17). Let us show that

g|u|k—autlx+1£/ < |u|k—1—aut11+1.

Indeed, since |u| < M/4, we have

3, ¢ 3|ul
D= 2 o,
2|u| o A(M—-u) ~

In view of this remark, we can write (2.17) as

SPuign > —2Co (|ul® + Jul*uy + [u] g + [ulfoug L (2.18)
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Using (2.18) in (2.6) we find
0> S7Gi; > —2Cop0 (Jul* + " g + ulF g + oot
1 _ 5 iq
+ EM 2u1 058 uiu, (2.19)
—2u19' S ui0; — 2U1%5;€]Qi9j + u10S}” 0ij.

By Young’s inequality, we have

. . 1/2 . 1/2 . 1 ..
QSIZC]’U,Z'QJ' § 2 (SzjuluJ ( ;:j Qin) S 6S;€Juiuj + ESIZJ 0i0j- (220)
With the choice of
€= iM_5/2£7
32 o4

we now use inequality (2.20) in (2.19) to get,
0> —2Copo (Jul* + [ul*~tur + ful*"uf + ful 7 g ™)
+ %M‘5/2ulgsijuiuj (2.21)
32M5/2( Q) U S;?&Qg 1%5;?92"93' +U1S051i.j9ij~
In subsequent calculations it will be convenient to denote any positive constant that

depends at most on k, n, and Cy by C, and its value may vary from line to line.
Recalling that u;(zg) =0 for i = 2,...,n, we find

ij, . Qll, 2
Sy uguy = Sy ut,

and
%M“BpulgSZjuiuj = 3%]\4_5/2u195’,11u% (2.22)
Moreover, since
S 0i0; < t((SP)) Vol < 5.
we find
32M5/2( g) w1 Sy 0i05 > CM—%Z:T‘E (2.23)
and
—2u1§5,ijgigj > —C’M_%QZ;T;S. (2.24)
Finally, since
0ij = —%, d0;; = Kronecker delta,
we find
u1pSY 01 > 8M‘lu;8 > —SM—%Z%S. (2.25)
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Using (2.22), (2.23), (2.24) and (2.25) in (2.21) we find

OZ —C(pg (|u|k+|u|k—1u1+|u|k—au?+|u|k—a 1 a+1)+ M 5/2QS11 %

32
_1 U15
—CM™2
or?’

Multiplying both sides of this inequality by 32M°/20?, we find

: k k k k 1 : M?
0> —Cpo® ([ul* + [ul"tur + [u]"*uf + [u/" 17Ut M5/2+QJS%1U§—CTTSQU1,
and thus

M2
(eu1)*$i! < C—5-Sour + Copa® (Jul + [ul* " ug + [ul =uf + Ju "~ ug ) MO,
(2.26)

Multiplying both sides of (2.26) by S™1(ou1)~2 and using (2.15) we obtain

Quls,ilS*l
M2 |’U,‘k |u\k_1u1 ‘u|k [e% oz |uk 11—« Ot+

<C +C g3< + + Ly Y1\ py5/28-1
oupr? 4 (ou1)? (ou1)? (ou1)? (ou1)?

M2 |u|kg3 ‘ulk—ng |u|k—o¢g3—o¢ |u|k—1—o¢g2—o¢
<C +CM2< + + + St
ouyr? (ouq)? ouy (oup)?== (oup)t—=

<o (e (o () )

M M (glul® o aaJulfr s e
S 074‘07 (’I" ﬁ—i-r |U| +7r W"‘T W S s

(2.27)

where we have used the inequality o(z) < 1 and 0 < o < 1. To find a bound for
S~ let (p1,...,pn) wWith p1 > ... > p, be the eigenvalues of D?u at zo. Then, at zg,
we have

pn < (T Dug,
for any unit vector n € R™. Taking ¢ = e; we see that el D?u(xg)e; = uy;. Hence,
/

1
pn <upp < —;%u% < —muf. (2.28)

Now we observe that at zg
0 < g(z, [u]) + h(z, [u])| Dul* = or(p1, ..., pn)
= pnOk—1(p1,- -, Pn—1) + ok(p1, .- Pn—1)

< pnak—l(ph v apn—l) +C [Uk—l(Ph (R 7pn—1)]k/(k_1) )
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where, for the last inequality, [9, (vi) on p. 7] has been used, with a positive constant

C that depends on n and k only. Hence,

—pn < Clor-1(pr,- -, pu—1)/*7V.
From (2.28) and (2.29), we find

2k2

Si™ = ok-1(p1,-- - pn—1) = Clpn|*~ 1>OM’“ T

Note that, since S is invariant under rotation, we have
S=S1t 4. 48 =814 S

Therefore, (2.30) implies that

2k—2

Uy
S>C’Mk T

From (2.9), we have

M
r

1
Uy > U0 > §|Du(i‘)| > —

Using this in (2.31), we find that

k—1
S>C

- r2k—2 :

(2.29)

(2.30)

(2.31)

Employing this last inequality in (2.27), we obtain, on recalling that 0 < r <1,

oup StS™H

)

M M
SCT+CT(|ukM+r2|u|k L2 |k O‘(T i

M M ul\ & ul\ - —aflul\ s _
< 2%+l 2k k=1, 2ktl—o k—a | 2k
<C— - +C— " ( (M) +r (M +r Vi +7r

<M
'S

where C' is a positive constant that depends on n, %k and Cj only.

_ 1/ T \o_ r
1 a+|u|k @ 1(7)2 aM2> T

o (Ll
M

2k—2

)

(2.32)
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Recalling that uj; < 0 at g, we use (2.4) to find S} > Si_;. From (1.3), with
X = D?u(zg), we have Sp_1 = (n — k + 1)71S. From these two relations, we obtain

SIS > (m—k+1)"L
Using this in (2.32) we see that
M
ouy < CT' (2.33)

From (2.8) and (2.33) we find that
M
|Du(z)| < C—,
r

as was to be shown. O

Theorem 2.2. Let g,h : Q x R{ — R{ satisfy conditions (c-g) and (c-h). Then
there is a positive constant C' that depends on n,k, and Cy only such that for any
non-positive k-convez solution u € C3(Bg(0)), 0 < R <1, of (1.1) we have

sup (—u) < C inf (—u 2.34
S (0 <Ot (- (2.34)

Proof. The Harnack inequality now follows from Theorem 2.1, [9, Lemma 4.1],
and the same argument used to prove [9, Theorem 4.2]. In fact, by Theorem 2.1, and
[9, Lemma 4.1] we have

c
B}S@}lﬁo)(*w < mB 4) (—u). (2.35)

Since u is subharmonic, we also have

1

—u) < C inf (—u). 2.36

|Br(0)] /( )< Bmw)( ) (2:36)
Br(0)

The conclusion follows from (2.35) and (2.36). O

3. THE SUPER-LINEAR EQUATION FOR THE CASE 2 <k <n

It is also possible to obtain Harnack inequality for a family of smooth, non-positive
and k-convex solutions of super-linear equations (see [9, Section 6] or [3, p. 1031])
that are bounded in the uniform metric of C°. These class of equations include those
of the form

Sk(D*u) = |[ulP, p>k.
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For p > k we assume conditions similar to (c-g) and (c-h) with p in place of k; that is
we suppose the following hold in Q x R{ for some Cp > 0, p >k and 0 < o < 1.

(0-g) |g2(z,t)] < Cot?,  |ge(z,t)] < Cot? !,
(p-h) h(w,t) + |ha(z,t)] < Cot?™*,  |he(x,t)] < CotP' 7=

Given a constant L > 0, and a subset E C €, let us write F,(FE) for the family of
all real-valued functions on F that are bounded by L.

Theorem 3.1. Suppose g,h: Q x Ry — Ry are C! functions that satisfy conditions
(p-g) and (p-h). Given a constant L > 0, then for any nowhere vanishing k-convex
solution u € C3(B,.(%))NFr(B1(%)), 0 <r <1, of (1.1), the following estimate holds:

\Du(F)| < c%. (3.1)

Here, M :=4 supBr(i)M and C is a positive constant that depends on n,k,p, L and
Cy only.

Proof. Consider first the case A < 1, where A := 4L. The proof is the same as that of
Theorem 2.1 until formula (2.32), which now becomes

M M 3 -«
SIS < 0= +0— (mpjw 4 r2ufPl 4 p2jufpe (ﬁ)

o 2o p2k—2
+ul=et (57) M2>Mk_1-

Since M < 4 supp () |u(x)| <1, and p > k we have i < 72— Hence,

- M M lul\? lu \?~*
11 1< 2k+1 2k
ourSi; S < 07 —l—C’—T (r (M) +r (M

p—a p—a—1
- - 2)
L2k (|> - (|> ) (3
M M

From here on, the proof continues as in that of Theorem 2.1.
Now let A > 1. Putting u = Av, equation (1.1) implies

<o
T

Sk(D*v) = A" [g(z, Av) + h(z, Av)A“|Dv|*]  in B,.(%). (3.3)
If we put g(z,t) := A *g(z, At) and h(z,t) := A® Fh(zx, At), equation (3.3) reads as
Sp(D*v) = §(z,v) + h(z,v)|Dv|* in B,.(Z).

From (p-g) and (p-h) we find
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(A-g) |Go(z,t)| S APTRCotP, |Gz, )| < APFCotP1,
(A-D) h(z,t) + |he(z, )| < AP=ECtP=2,  |hy(z,t)] < AP~FCptr—a—L,

Now the proof is the same as before and uses (A-g) and (A-h), instead of (p-h)
and (p-g). One finds

M
|Dv(z)| < C—, 0<r<1, (3.4)
T
where,
M =4 sup |v],
B (%)

and C' is a positive constant that depends on n, k,p, L and Cj only.
Since u = Av, (3.4) implies

M
|Du(z)| < C—, 0<r<1,
T

with

M :=4 sup |ul.
B, ()

The theorem is proved. O
Clearly, we also have the following theorem.

Theorem 3.2. Suppose g,h: Q x Rf — Ry are C' functions that satisfy conditions
(p-g) and (p-h). Given a constant L > 0, then for any nowhere vanishing, non-positive,
and k-convez solution uw € C3(Br(0)) N F(B1(0)), 0 < R < 1, of (1.1), there is
a positive constant C, that depends on n,k,p, L, and Cy only, such that

sup (—u) < C inf (—u).
Bm(m( ) Bm(O)( )

Proof. The proof uses (3.4) and is the same as that of Theorem 2.2. O

4. THE SUB/SUPER-LINEAR EQUATION FOR THE CASE k=1

We have proved our previous results for & > 2. Now we discuss the case k = 1. Consider

the equation
Au = g(z, |ul) + h(x)|Du| inQ, (4.1)

where g : Q x Rf — R and h : Q — R{ are non-negative C! functions satisfying,
for some constant Cy > 0,

(C/'g) ‘gr(xat” S Cot, |gt(xat)| S COa t> 07
(c’-h) h(z) + |he(x)] < Co.

It is conceivable that the Harnack inequality for equation (4.1), under assumptions
(c’-g) and (c’-h), has been addressed in the existing literature. However, in the absence
of specific references known to us, we have elected to include a discussion of the
Harnack inequality for non-negative solutions of (4.1).
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Theorem 4.1. Suppose g : Q x R} — R{ and h : Q — R are non-negative C*
functions that satisfy conditions (¢’-g) and (c’-h). For any nowhere vanishing solution
u € C3(B.(7)), 0 <r <1, of (4.1), the following estimate holds:

|Du(z)| < C’g. (4.2)
Here, M = 4supg ;) |u| and C is a positive constant that depends on n and Co only.
Proof. We use the same notations as in the proof of Theorem 2.1. Let us compute
Auy = gg, (z, [u]) + (sign w)ge(z, [u))us + by, (2)ug + h(z)uy. (4.3)
Using (¢’-g) and (¢’-h) and the left inequality of (2.10) in (4.3), we find
|[Auy| < C'o(|u\ + 2uq + |u11|)
) (4.4)

’
< Co(|u| + 2uq1 + 3£U%
2p

Since

from (4.4) we find
2

u
(A < 2Co (Jul + w1 + 53 (4.5)

Using the estimate (4.5), we now proceed as in the proof Theorem 2.1, up to (2.26).
Since in case of k = 1 we have S{! =1 and S = n, the inequality (2.26) becomes

(our)® < CiQul +Cypo® <UI +up + ) M52, (4.6)

where the constant C' depends on n and Cj only. Multiplying both sides of (4.6) by
(ou1)~2 and using the estimate

we obtain

M? 1 21
Qu1§02+()w3(( [ + 5 4 >M5/2
e euy

ul® | & | o
(ou)? " ous M

M 9 r 1
<C—+0M <|u|(M> +M+M)

gcj\erCM?(

_ M M ([ 3|ul
_CT+CT( Tr-i—r +’I°)
<cM

r

where we have used the inequalities p(z) <1 and 0 <r < 1.
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We have found Y
oup < CT' (4.7)

From (2.8) and (4.7), it follows that

Du@)] < o

b
as was to be shown. O

Theorem 4.2. Let g and h be as in Theorem 4.1. Then there is a positive constant C
that depends on n and Co only such that for any non-positive solution u € C3(Bg(0)),
0<R<1, of (4.1) we have

sup (—u) < C inf (—u). 4.8
LS (1) SO ut () (48)
Proof. The proof uses Theorem 4.1 and is the same as that of Theorem 2.2. O

Consider now Equation (4.1) with g and h satisfying, for some p > 1,

(p/'g) |gm(xvt)| < Cotp, ‘gt(xat” < Cotpilv t> 07
(p'-h) h(z) + |ha(2)] < Cot?~ 1.

As in (4.3), we have
Auy = gq, (x, Ju|) + (sign u)ge(z, |ul)ur + he, (@)ug + h(z)ugs.

Using (p’-g) and (p’-h) and the left inequality in (2.10), from the latter equation
we find

|Aus| < Co(lul” + 2ful™ u + [ul?™ u)

! 4.9
< C’o(\u|p + 2\ulP tuy + |u|p_132£u%) (4.9)
®
Since )
Y
20 M
from (4.9) we find
02
|Auq| < 2C’o(|u|p + uP g + |u|p_1M1). (4.10)

As in the previous Section, given a constant L > 0 and a subset E C ), let us
write Fr(E) for the family of all real-valued functions on E that are bounded by L.

Theorem 4.3. Suppose g : ) X ]RE)" — RS‘ and g : Q@ — R are C' functions that
satisfy conditions (p’-g) and (p’-h). Given a constant L > 0 then, for any nowhere
vanishing solution u € C3(B,.(%)) N FL(B1(%)), 0 < r < 1, of (4.1), the following
estimate holds:

Du(@) < (4.11)

Here, M := 4 SUpg, (z) |u| and C is a positive constant that depends on n,p,L
and Cy only.
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Proof. Consider first the case A < 1, where A := 4L. For the proof we may start from
the inequality (4.6) replacing estimate (4.5) by estimate (4.10). We find

M2
(our)? < Cr—zgm + Cpp® <|up + ulP g 4 ulPT 1M) M°/?

M2
< C—zgul +Co*M (M|u|p + MulP~ uy + \u|p71u%) .

Since M < 4 supp, () |u(x)] <1, and p > 1 we have 1 <
we find

+7—- Hence, on using (2.33)

M? 1 03 1 1 1
ou <C——+CM (Mup +M o3 |ulP~tu +03 up1u2>
1 ou | | ( 1)2 | | 1 (,Q’IL1>2 | | 1 (,QU1>2 M1

1
<C— +C’M<M|u|p 5+ MulP~t— +|upl>

Mpr—1
e (e G e ()
SC%.

(4.12)

If A > 1, one puts v = Av and continues as in the proof of Theorem 3.1. One finds
(4.12) again, but now C depends on n,Cy and L. The theorem is proved. O

Clearly, we also have the following theorem.

Theorem 4.4. Let g and h be as in Theorem 4.3. Given a constant L > 0, then for
any nowhere vanishing, non-positive solution u € C3(Bgr(0)) N Fr(B1(0)), 0 < R <1,
of (4.1), there is a positive constant C, that depends on n,p, L, and Cy only, such that

sup (—u) < C inf (—u).
BR/Q(O)( ) BR/2<0)( )

Proof. The proof uses Theorem 4.3 and is the same as that of Theorem 2.2. O

5. A LIOUVILLE-TYPE THEOREM

In [3, 9], it is noted that any k convex solution u € C3(R") of Si(D?u) = 0 in R"
is a constant. The proof relies on the interior gradient estimate derived therein.
Here, we prove a type of Liouville theorem for k-convex solutions u € C%(R") of
Si(D?u) > w(|z|), where w(t) is a positive and non-decreasing continuous function.
Our proof relies on a standard comparison principle, which we recall here for the
reader’s convenience. See [6] for a more general result.

Theorem 5.1. Let Q C R™ be a bounded open set, and suppose that u,v € C*(Q)NC(Q)
are k-convex functions such that

S(D?*u) > Si(D*v) in Q.
Ifu<wv on 9Q, then u < v in .
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Now we state and prove the following Liouville theorem.

Theorem 5.2. Suppose u € C*(R") is a k-convex solution of
Si(D*u) > w(|z|) in R (5.1)
for some continuous and non-decreasing function w : R§ — R with w(t) > 0 fort > 0.

Then
lim sup M

> 0.

Proof. Suppose the conclusion fails. Then u(x) = o(|z|) as |z] — co. We may assume
that «(0) > 0; for otherwise, we can replace u(z) by u(z) — u(0). Given § > 0, we
select p = p(d) > 0 such that

u(z) < u(0) + 6, x € B,(0). (5.2)

Let us fix g := go(n, k, p, ¢) > 0 small enough such®) that

n—1
( N )6’8 < prw(p).
Let 0 < € < gg be arbitrary. Since

u(z)

111 =

)

there is R = R(g) > p such that u(x) < e(|z| — p) for all x| > R. Let
ve() == u(0) + 6 +e(fz[ —p), 2] > p.

Then
2 n=1\ &
o) = (" el <wllal. 1ol 2.

For any fixed » > R, we note that u(z) < v.(z) on the boundary (B, (0) \ B,(0)).
By the comparison principle, Theorem 5.1, we have
u(@) <welx), p<la|<r

Letting r — oo, followed by sending ¢ — 0T, we obtain u(z) < u(0) + 4 for all |z| > p.
This, together with (5.2), gives u(z) < u(0) + 0 in R™. Since ¢ is arbitrary we see
that u(x) < u(0). Since w is subharmonic, the Strong Maximum Principle shows that
u(z) = u(0) in R™. From (5.1), we get w(|z|) < Sk(D?u(0)) = 0, contradicting the
condition w(|z]) > 0. O

1) Here (”;1) is interpreted to be zero for k = n.
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We wish to point out that gradient estimates analogous to those obtained in

Sections 2, 3, and 4 can also be established for viscosity solutions of equation
P(D?u) =0, where & belongs to a related class of degenerate elliptic operators
depending on the eigenvalues of the Hessian matrix D?u. This class includes, in
particular, the partial trace operators (see [4]), corresponding to the case

P(D*u) = Ny, (D*u) + ... + N\, (D?u),

with 4; = 1 and i), = n. For details, we refer to [8].
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