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¼Ê}Ö×ÚoÎÌÙáÑÓÝ0Út�#Ò0å"Ô9ÊSÐ*ó5Ú�ÑèÎ�Ö×ÊSÐ*óæ�#Ò0Ë�Í�ÐWÕ+ÒðÞßÔ"ÑIÎÌÔ]ÎÌÙÓÊ�ï
æ}ÑÓî0Ý0Ô¯ó�å9ÊbË#Ð�Ê4�#Ò0æÌÊ�Í
Ö-74��Ð*ó�ÚoÑáÎÌÖ×ÊSÐ�Ò0æ}ÊjÊ5å"Õ2ÊSÐxÑáÒHå9Ô9ÑÓç�Î�e¼ÝgÊ�î0Ý�ó�ÐxÑÓË#Íòó�Ú�Ñ2Õ9Ö#Ý0ÒHå9Ò1z]Ô"ÑáÊ�ï
ÐtÎÌÔ9ÑèÎ�ÚoÑlg�ÆgÉMÖ#Ý0ÒHÔ9ÑáÒHË×ÑáÒHÔ9ÑáÒbÐxË×ÝHó�Ë�Í
çIÑáî/. Û9ÝHó�Ë#ç�Î�ÔIó�î/. Í
Û@Ð*ó�Ô9Ñáç'7SÐÿÔ]Î�Í
Ö×Ý�ó Ð*ó�Ú�ÑèÎÌÖ�ó
Ô9ÑÓÒ�Ë#Õ9Ö
Î\ÐxÑáÎLÐxÑR�0î�Õ9Ö×Ê}Ø"ÙáÒ0Ú�7SÐÿç�Ê}Ô9îHÒ0Õ+îHóX�#Ô¯ó5î/.*N�î/."Ê5þ�Ô9ÑáÒ��#ÒHË#Í�Þ¼Î�ÍòÐ�ÒoÝHÒ�ÐxÝHæ}Ùk�HåM7SÐ
ÔIÛ9Ú�Ò0Ö#ó�îHÝ0Ô¯ó�î/.
Æ�ÌÒ0å9Ô"ÊFÐ*ó�Ú�ÑèÎÌÖ#ÊSÐ>Î�Ú�ÒHÍ
Ê�å]Î������3Ø¯ó]Þ¼Î�Õ2Ê�Ö×ÎÌÝ*Õ9ÑáÒHÖ#ÐxË#ÝHó{Ý0ÎÌÕ9Ö×ÒHÝ0ÒHÔIÍ×ÊSÐ>ÎÌÔ9ÎbÕ9Ö#Ý0Ò0Ýé Û"Í×ÙáÒHÖ
ÎV� é'�ÀÆÇ+ ÊÌØ2ÒHî0Ô9ÒL�=Õ"Ö
ÎÌî�ó�Û"àHóIÍòó@Õ9Ö#Ý0ÒHÝÜÔ9ÑáÒHæ}Êm
¼ÊÌÖ×ÚoÎÌÙáÑÓÝ0Ú�ÝHÊ}Ë#Í
Î�Þ$Ø]ÎÌÖ×å"Ý0ÊAÖ#Ê}Ý�ï
Ë×ÝHÒ0Ö#Ý0Ê}Ô¯ó}Æ�+ ó5Õ"Ö×ÊSÐ>Î�å9Ý0Ê}Ô9Î�ÝHÊ}Ë#Í
Î�Þ¼Î��#Ò0å"Ô9ÊSÐ*ó5Ú�ÑèÎ�Ö×ÊSÐ>Î�
¼Ê}Ö#ÚÜÛ2ÞßÎ���ÙÓÊSó5å9Î[N9Ê}Ö×ÎÌÝ=Ô9ÊSÐtÎ
ÚoÎÌî0ÑÓÒ0Ö×ÝjË×ÒHçIÛ9ÙèÎÌÖ#Ô]Î

P (E, k)
Ý�ÙÓÑáÔ9ÑÓÊFÐ�P�Ý\ÎÌÙÓÒ0à0Ô"Ê��×îHÑlPoÐtÎÌÖ#Í×Ê��×îHÑ6Ð=ÞßÎÌË×Ô¯ó�î/.`Ê5å@ÒHÔ9Ò0Ö#æ}ÑáÑ

Ð Õ2Ê}Ø"ÙáÑáàHÛwÝ0ÒHÖ
Î[N�Û9à�ó�ÐtÎÌÔ]Î�Ý\ÎÌÚ�ÑèÎ�Ë#Í=Ë�ÍÏÎÌÔ"å]ÎÌÖ×å"ÊFÐ�Ò,��ÚCÎÌîHÑáÒHÖ×ÝHóØ������å9ÊLÝ0Ô]Îd�#å9ÊSÐ>Îðï
Ô9ÑáÎ�Õ9ÎÌË×Ú�ÒHÔ9Ò0Ö#æ}ÒHÍòó�îHÝ0Ô¯ó�î/.
Ææ+ ÚoÒ�Í
Ê�å9Ý0ÑÓÒ < É8p8Ý0Ê}Ë�ÍÏÎ�ÞßÎ=ÐxÕ9Ö×ÊSÐtÎÌå9Ý0ÊÌÔ]Î�ÎÌÔ9ÎÌÙáÊ}æÌÑáî0ÝHÔ]Î
ÚoÎÌî0ÑÓÒ0Ö×Ý

P̄ (E, k)
ç¯ÍW7}Ö×Î�Ë ÞßÛ9à�ó�å9Ê�Ê}Ø9ÙÓÑáî0Ý0ÎÌÔ9ÑáÎ!Õ]ÎÌË#Ú�Ý0ÒHË×Õ+Ê}ÙáÊ}Ô¯ó�î/.oÐNÕ9Ö#ÝHó�Õ]ÎÌå9çIÛoÚCÎðï

Í
ÒHÖ×ÑáÎ�Þ¼7SÐ Ô9ÑáÒHÛ9Õ2ÊÌÖ×ÝXP�å9çÌÊSÐtÎÌÔ¯ó5î/./Æn!Ö×Û"æ¯ÎjîHÝ5�1�×þ!Õ"Ö
ÎÌî�ó�N�Õ2Ê���ÐxÑk�Hî0Ê}Ô]Î�Ê}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑáÊ}Ú Ð=Þ¼ÎÌË#Ô9Ê��#î0ÑUÍ
Ö
Î�Ô9Ë×Õ+Ê}Ö#Í×ÊSÐ*ó5î/.*N5Ö#Ê}Ý�ï
Õ+Ê5îHÝHó�Ô]ÎAË×ÑR��Õ9Ö#Ý0ÒHå9Ë#Í
ÎSÐxÑÓÒ0Ô9ÑÓÒ0Úê
¼Ê}Ö×ÚÜÛ+Þ�Ô]ÎAÕ"Ö×Ý0Ò�ÐtÊ�å9Ô9Ê:�×þ{Ò0ÙÓÒ0ç¯Í
Ö�ó�î0Ý0ÔMPLÊÌÖ
ÎÌÝjÐxË×Õ�75Þáï
î0Ý�ó�Ô9Ô9ÑáçAí5Ò0ÒHØ2ÒHîÏçðÎ�Ý0ÎÌÖQ7SÐxÔ9Ê{Ð8Õ9Ö#ÝHó�Õ]ÎÌå9çIÛ��#Ò0å9Ô"Ê��×ÎÌçoÑ+Í
Ö-74��Ð*ó�ÚoÑáÎÌÖ×ÊSÐ*ó�Ú�Æ�äUÊÌÖ×ÚoÎðï
ÙáÑÓÝ0Ú Í
ÒHÔ�Ý0Ê}Ë�ÍÏÎ�ÞUÕ+Ê�Ö
Î�Ý*Õ9ÑáÒHÖ#ÐxË×Ý�óÜÛ9à�óIÍòó{Õ9Ö×ÝHÒ0Ý é Û"Í×ÙáÒHÖ
Î=Ñ]íIÍ
Ê�îÏç�Ë×Î��ëé�94�9å9Ê�Ê}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑèÎ
Ë×Ñ¼Þèó�Í
ÒHÖ×Ú�Ê5ÒHÙáÒHçIÍ×Ö#ó�î0ÝHÔ9Ò,�KÐ�Õ"Ö×Ê}Ë�Íòó5Ú�Ø9ÑÓÔ]ÎÌÖ×Ô¯ó�Ú Ë#Í×Ê}Õ9ÑáÒ

Pd1−xAgx
Æ$ìKÛ"ÍÏÎd�6Õ2Ê�å]Î��#ÒHÚ�ó

Ð*ó�Ô9ÑáçIÑ6Ê}Ø9ÙáÑÓî0ÝHÒ50@å9ÙáÎCçIÑáÙÓç�Û Ë#Í
ÊÌÕ87SÐ�ÊAË#Í×Ö×Û9ç¯Í×Û9Ö×ÝHÒ�Õ�75ÞÓï-ñgÒHÛ9Ë×ÙÓÒ0Ö×Î"Ævn!ÊAÐ*ó�ÝHÔ]ÎÌî0Ý0ÎÌÔ9ÑáÎ
Õ+ÊFÐxÑÓÒ0Ö#Ý0î/.9Ô9Ñ$ä]Ò0Ö×Ú�ÑáÒHæ}Ê�Ð Ë�Í
Ê}Õ"ÑáÒ�Û"àHóIÐ>Î�Ô]Î��#Ò0Ë�Í�ÚCÎ�î0ÑáÒHÖ×Ý

P̄ (E, k)
Ý\ÎÌÚ�ÑèÎÌË�Í�
¼Û"Ô9çÌîL�#Ñ

Ë×Õ+Ò0ç¯Í×Ö
ÎÌÙÓÔ9Ò,�1Nðî0ÊgË×Õ9Ö×ÎSÐxÑáÎ[Nðà0Ò�Ê}Ø9ÙáÑÓî0Ý0ÎÌÔ9ÑèÎ>ËQP!ÎÌÔ9ÎÌÙáÊ}æÌÑáî0ÝHÔ9Ò8�×ÎÌç=Ð°Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛ{çIÖ#ó�Ë×Ý�ÍÏÎ�ÞèÛ
Õ+Ò0Ö×ÑÓÊ5å5ó5îHÝ0Ô9ÒHæ}ÊÜÑ+å9Û9àHÊÜå9Ê}ç9Þ¼Î�å9Ô9ÑáÒL�#Ë×ÝHÒÌÆ��gÝ�ó�Ë×çðÎÌÔ9Ò=ÐtÎÌÖ#Í×Ê��×îHÑ/Ë#ÑÂÞèó{Í×Ò0Ö#ÚoÊ�Ò0ÙÓÒ0ç¯Í
Ö�ó5îHÝ0Ô9ÒL�
ËWPxÐ�å9Ê}Ø9Ö#Ò,�KÝHæ}Ê�å9Ô9Ê��#î0Ñ�Ýtå]ÎÌÔ¯ó�Ú�Ñ�ÒHçIË×Õ+Ò0Ö#ó�Ú�Ò0Ô¯ÍÏÎ�ÙáÔ¯ó�Ú"N}îHÊ!Õ+ÊÌÍòÐxÑáÒHÖ×å9Ý0ÎgÕ9Ö#ÝHó�å]Î�Í×Ô9Ê��#þ
Û9à�ó�Í×Ò,�*ÚoÒ�Í
Ê�å"óEå9Ê�Ê}Ø9ÙÓÑáîHÝ0Ò50EÍ×Ö
ÎÌÔ9Ë#Õ2ÊÌÖ#Í
ÊSÐ*ó�î/.
Æ

�gÑÓÒ0Ë#Í×ÒHÍòó:NqÝCÕ+ÊFÐ�Ê�å9Û Ý0Ø¯óIÍ{å9Û9àHÒ,��ÝðÞèÊ}à0ÊÌÔ9Ê��×îHÑ�Õ"Ö×Ê}Ø9ÙÓÒ0ÚÜÛ*N$Ú�ÒHÍ
Ê�å]Î í"É8p�Ô"ÑáÒ�Ý0Ê�ï
Ë#Í
Î�Þ¼Î�Ý\ÎÌÑÓÚoÕ"ÙáÒ0Ú�Ò0Ô¯Í×ÊFÐtÎÌÔ]Î{Ð Í
Ö#Ý0ÒHî/. Ð*ó�ÚoÑáÎÌÖ
ÎÌî/./Æ��ÌÒHå9Ô]ÎÌçLÊ}Õ"Ö
ÎÌîHÊFÐtÎÌÔ]ÎoÚoÒ�Í
Ê�å9Ê}ÙáÊðï
æ}ÑáÎxÝ0ÎÌË#Í×Ê}Ë×ÊSÐtÎÌÔ]ÎgÐWÚoÊ�å9Ò0ÙÓÛ��#Ò0å9Ô9ÊSÐ*ó�Ú�ÑèÎÌÖ#ÊFÐ*ó�Ú Ê}Ö×ÎÌÝMÑáË#Í×Ô9ÑáÒL�QPÌîHó=çÌÊ�å�å9ÊgÊ}Ø9ÙáÑÓî0ÝHÒ50�Ð
ÚoÎ�Í
ÒHÖ×ÑèÎIÞ¼ÎÌî/.�Ö×ÝHÒ0îHÝHóIÐxÑáË�Íòó5î/.EÚ�ÒHÍ×Ê5åMP������>ï < É8p�ÝBÕ2ÒFÞßÔ¯ó�Ú%Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÒHÚ�Ë#Í
ÎÌÔ9ÊSÐxÑlP
Ë×ÊÌÙáÑáå"ÔUPÜÕ2Ê�å9Ë�ÍÏÎ\Ð��jå9Ê�Û9Ý�ó5Ë#çðÎÌÔ9ÑèÎ�Õ9ÑÓÒ0Ö#ÐxË#ÝHó�î/.�Ð*ó�Ô9ÑÓç:7SÐ Ð�Ô9ÑáÒHå]ÎÌÙáÒHçIÑáÒ,�tÕ9Ö#ÝHó�Ë×ÝFÞßÊ��#î0ÑÀÆ
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cK_Bf�kHlxiEk�l�vE�$dj�L�Hlx� | kWs>_�z�d�ütlxiLkH_
n!ÊSÐ�Ê}ÙáÔ9ÒBî0ÑáÎ�ÞßÊ�Ë�ÍÏÎ�ÞèÒà�#ÒHË#Í�ÝðÞèÊ}à0ÊÌÔ9ÒgÝ

N
Î�Í×Ê}Ú�7FÐ3Û9Ú�ÑáÒ0Ë#Ý0îHÝ0Ê}Ô¯ó�î/.CÐ:Õ+ÒHÐxÔ¯ó�î/.AÕ9Û"Ô9ç}ï

ÍÏÎ�î/.�Õ9Ö#Ý0Ò0Ë�Í
Ö#Ý0Ò0Ô"Ñ {Xi}
ÆÜ+ Ê}æ�7ÌÙáÔ9Ê��#î0Ñ�ÎðÍ
Ê}Ú�ó�Ú�Ê}æhP Ø¯ó�þ°Ö-7}à0Ô9Ò Ñ�Û9Ú�ÑáÒHË×Ý0îHÝ0Ê}Ô"Ò

Ô9ÑÓÒ0Õ+Ò0Ö×ÑÓÊ5å5ó5îHÝ0Ô9ÑÓÒÌÆÔá
ÎÌç9Þ¼ÎÌå9ÎÌÚ�ó�NKà0Ò�î0ÑáÎ�ÞßÊLË�ÍÏÎ�ÞèÒ��×ÎÌç�Ê�î0Î�ÞßÊ:�×þv�#Ò0Ë#ÍbÒ0ÙÓÒ0ç¯Í
Ö�ó�î0Ý0Ô"ÑáÒCÔ"Ò0Û5ï
Í
Ö×ÎÌÙáÔ"Ò:N}Ê}Ö×ÎÌÝxÎ�Í×Ê}ÚÿØ��0åUP�îHóÜÐ3Õ2Ê5ÞèÊ}à0ÒHÔ9ÑáÛ

Xi
Õ+Ê}Ë×ÑáÎÌå]ÎÈ�QPÌå9Ö#Ê�ÊÜÞ¼ÎÌå9Û"Ô9çIÛ

eZi
ÆàngÊ5å]ÎðÍ#ï

çÌÊSÐ�Ê�ÎðÍ
Ê}Ú�ójÐ*ó�çÌÊ}ÔIÛ4�QP�Ö×Û"î/.Ió�Í
Ò0Ö#ÚoÑÓî0ÝHÔ9Ò>ÐtÊÌç:75Þ+Ë�ÐtÊ}ÑÓî/.oÕ+Ê5ÞèÊ}à0Ò10{ÖQ7SÐxÔ9ÊSÐ>Î�æ}Ñ ÆqÉqÖ#ÝHó
Ö×ÊÌÝHÐtÎÌà\ÎÌÔ"ÑáÛ�Í
ÎÌçIÑáÒHæ}Ê�Û9ç9Þ¼ÎÌå9Û ÚoÊ}àHÒ0Ú�óAÝ\Î\ÐxË×ÝHÒÜÝ\ÎÌÔ"ÑáÒ0å"Ø]ÎÌþ�Ê5å"å9Ý0ÑáÎ�ÞèóIÐtÎÌÔ9ÑèÎ�ÑáÔ"Ô9Ò�Ô9Ñáà
Ò0ÙÓÒ0ç¯Í
Ö#Ê}ÚoÎÌæ}Ô9Ò�Íòó5îHÝ0Ô9Ò�Æ�i�ÑÓÚoÊAÍ×ÊAÍÏÎÌç�Õ2Ê}Ë�ÍÏÎ\ÐxÑáÊÌÔ9Ò0æ}ÊEÕ"Ö×Ê}Ø9ÙÓÒ0ÚÜÛ@ÐxÑÓÒ0ÙÓÛwî0ÑèÎIÞ�eÌ�QPÌå"Ò0Ö�Ñ
Ò0ÙÓÒ0ç¯Í
Ö#Ê}ÔM7SÐ�gÜÔ9ÑáÒLå]Î`Ë×ÑR�LÖ×Ê}Ý�ÐxÑlPÌÝ0ÎÌþx�×îHÑk�×ÙÓÒEÐ�Ö
Î�ÚCÎÌî/.�Ú�Ò0î/.]ÎÌÔ"ÑáçIÑ*ç¯Ð>ÎÌÔ¯Í×ÊFÐ�Ò,�HÆä+
Ô9ÑÓÔ9ÑáÒL�#Ë×Ý0ÒL�*Õ"Ö
ÎÌî�óEØ8�Hå9Ý0ÑÓÒ0Ú�óCÐxÑk�0î�Õ9Ö#ÝHóX�#Ú�ÊFÐtÎÌÙÓÑ
Ý\Î\ÐxË×ÝHÒbÔ9ÎÌË#ÍQ�0Õ9Û4�QP�î0ÒjÕ9Ö×Ý�ó5Ø"ÙáÑáàHÒ0Ô9ÑáÎ[ã

• Ô9Î�Û"ç]ÞßÎÌå�Ô9ÑáÒ�å9ÝHÑèÎ�ÞßÎ��QP{à\ÎÌå"Ô9Ò�Ý0ÒHÐxÔ[�HÍ
Ö#Ý0Ô9ÒbÕ2ÊÌÙèÎ[ý
• �QP�å9Ö
Î�Î�Í×Ê}ÚoÊSÐ�ÒxËWP�ZëÝ0ÎÌÚoÖ#Ê}à0ÊÌÔ9Ò:ZÌÐ3Ë#Ð�Ê}Ñáî/.oÕ2Ê�ÞßÊ}àHÒ0Ô9ÑáÎÌî/.Øe¼Ô9ÑáÒ*å"Ö×æ¯Î��QP=Í×Ò0Ö×Ú�ÑáîHÝ�ïÔ9ÑÓÒdg�ý �#ÒHË#ÍEÍ×Ê�Í×ÝHÐ�ÆhÕ9Ö#ÝHó�Ø9ÙÓÑáà0ÒHÔ9ÑáÒ é Ê}Ö×Ô]ÎFï´�=Õ9Õ+Ò0ÔM.9ÒHÑáÚ�Ò0Ö×Î�eÂÖ#Ò0ÝHó�æ}ÔIÛ4�#ÒHÚ�ó Í
Û
ÐxÑR�0î�Ý�Û¯ÐxÝ0æ}ÙR�0å9Ô9ÑáÎÌÔ9ÑáÎ�Ê�å9å9ÝHÑèÎ�ÞáóIÐ>ÎÌÔ"ÑèÎÜÒ0ÙÓÒ0ç¯Í
Ö#Ê}Ô5ïS
¼Ê}Ô9Ê}Ô$g�ý

• �QP�å9Ö
ÎBÎ�Í
ÊÌÚoÊSÐ�Ò�ËQPgÛ2ÞèÊ}à0Ê}Ô"Ò�Ð Õ"Ö×Ý0ÒHË#Í×Ö×Ý0ÒHÔ9Ñ5ÐWË×Õ+Ê}ËQ7}ØbÕ2ÒHÖ×ÑÓÊ5å"ó�îHÝ0Ô¯ó�N}Ô9Î�Í
Ê}Ú�ÑèÎ�Ë#ÍÖ#Ê5å9Ý0Î��#ÒÊ�QPÌå9ÒHÖ�Ú�Ê}æhP=Ø¯ó�þ!Ö-7}à0Ô9ÒxÐ Ö-7}à0Ô¯ó�î/.CÐæ�0ÝðÞßÎÌî/.AË#ÑáÒ0îHÑ~eÂÔ9ÑÓÒ0Õ+Ê}Ö×Ý5PÌå9ÒHç{Õ2Ê�å5ï
Ë�ÍÏÎ\ÐxÑáÒHÔ9ÑáÊSÐ*ó[g]ý

• Û"ç]ÞßÎÌå��#Ò0Ë#ÍBÔ9ÑÓÒ0Ë#çÌÊ�09îHÝ0Ê}Ô¯ó}e
N = ∞ g]ý

• Ë�Í
Ê}Ë#Û4�#Ò0Úbó�
¼Ê}Ö×ÚoÎÌÙÓÑáÝ0Ú%Ô9ÑÓÒ0Ö#Ò0ÙèÎðÍòó�ÐxÑÓË#Íòó�î0ÝHÔ¯ó}Æ
�!ÎÌÙÓÒ0à�óEÍ
Û�Ý\ÎÌÝHÔ]ÎÌî0Ý�ó�þ:N+à0ÒjÛ9àHóIÐtÎÌÔ¯ó�Ð Í
Ò,�xÕ9Ö
ÎÌî�ó�
¼Ê}Ö#ÚCÎÌÙÓÑáÝHÚ�Ö#Ê}Ý0Õ9Ö×ÎÌË×Ý0ÎÌÔ9ÑáÎ�ÐxÑÓÒ�ï

ÙáÊÌç�Ö#ÊÌÍ
Ô"Ò0æ}Ê`Õ+Ê}ÝHÐtÎÌÙèÎwÔ]Î`Ö×ÊÌÝHÐxÑlP�ÝHóIÐ>Î�Ô9ÑáÒLÖQ7SÐxÔ]Î�Ô9ÑáÒ�í5î/.9Ö-w5å"ÑáÔ9æ}ÒHÖ
Îwå9ÙáÎ`å"ÊFÐ�Ê}ÙÓÔ9Ò0æ}Ê
Û2ÞèÊ}à0ÒHÔ9ÑèÎÜÕ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ¼7SÐ�Ð�Õ9Ö#Ý0ÒHË#Í
Ö#Ý0ÒHÔ9ÑSN9Ð ÝHÐxÑkPÌÝ0çIÛLÝ�î0Ý�ó5Ú�å"Ð>Î{Ê}Ë�ÍÏÎ�Í×Ô9ÑáÒ!Ý\Î�ÞèÊ}à0ÒHÔ9ÑèÎ
Ô9ÑÓÒÜËWPAç�Ê}Ô9ÑáÒHî0ÝHÔ9ÒÌÆ|�ÌÒ0å9Ô9ÎÌç@î/.9îHÒ0Ú�ó�Í
ÛwÖ×ÊÌÝHÐxÑáÔMPÌþÜÔ9ÊSÐ�PLÚ�ÒHÍ×Ê5å[�ÜÊ}Ø9ÙÓÑáî0Ý0ÎÌÔ9ÑáÎ�Ë�Í
Ö×Û"ç¯ï
Í
Û"Ö#ó Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô9ÊSÐtÒL�jÐhçIÖ#ó�Ë×Ý�ÍÏÎ�ÞßÎÌî/. ÑqÐ%ÝHÐxÑkPÌÝ0çIÛ°Ý�Íòó�Ú ÊÌæ}Ö
ÎÌÔ"Ñáî0Ý0ÎÌÚ�ówË#Ñk��å9Ê�Í×Ò0æ}Ê
Ë×ÝHî0ÝHÒ0æ�7}ÙÓÔ9Ò0æÌÊoÕ9Ö#ÝHó�Õ]ÎÌå"ç�Û/Æ

É6Ê}Ô"ÑáÒHÐtÎÌàMÖ×ÊÌÝHÐtÎÌà\ÎÌÔ"ÑèÎ>å9ÊÌÍòó�îHÝXPÌîHÒ�Ö#Ý0Ò0îHÝHóIÐxÑáË�Í
ÒHæ}ÊgÛ"ç]ÞßÎÌå9Û�Í
Ö-74��Ð*ó�ÚoÑáÎÌÖ×ÊSÐ�Ò0æ}Ê*Ú�Ê}àHÔ]Î
Û9Ý�ó5Ë#çðÎÌþLØ2ÒHÝ0Õ+Ê��×Ö#Ò0å9Ô9ÑÓÊ`Õ2Ê}Õ"Ö×Ý0ÒHÝEÊ5îHÝHóIÐxÑáË�Í
ÒLÛ9Ê}æ:7}ÙáÔ9ÑÓÒ0Ô9ÑáÎ��#ÒHå9Ô9ÊSÐ*ó�ÚoÑáÎÌÖ×ÊSÐ�Ò0æ}ÊwÚ�Ê�ï
å9ÒHÙáÛON�ÐhÍòó�Ú Ö#Ê}Ý0å"Ý0ÑèÎ�ÙáÒ�Ê}æ}Ö×ÎÌÔ9ÑáîHÝHó�Ú�ówË#Ñk��Ð=Þ¼Î:�#Ô9ÑáÒ�å9Ê�Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛ"�#Ò0å9Ô"ÊFÐ*ó�Ú�ÑèÎÌÖ#Ê�ï
Ð�Ò0æ}Ê9Æ�á
ÎÌç9Þ¼ÎÌå]Î�Ú�ó�N+à0ÒÇ�#ÒHå9Ô9ÊSÐ*ó�ÚoÑáÎÌÖ×ÊSÐ�Ò�ZëÎ�Í
Ê}Úbó8ZÊeÂÕ+ÊÌÍ×Ò0Ô9îL�×Î�Þèó[gBËQPCÖ×ÊÌÝ0Ú�ÑáÒ0Ë#Ý0îHÝ0Ê}Ô9Ò

â
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��� �°����
����Ê�L��� é
Õ+Ò0Ö×ÑÓÊ5å5ó5îHÝ0Ô9ÑÓÒ�Ý�Ê}çIÖ×ÒHË×ÒHÚ e¼Ë#Í
Î�ÞYP�Ë×ÑÓÒ0î0Ñlg

a
Æ>ÉMÖ#ÝHó�Õ+ÊFÐ*ó�àHË×ÝHó�î/.`Ý\ÎIÞßÊ}àHÒ0Ô9ÑáÎÌî/. Ú�Ê}à0ÒHÚ�ó

Ý\Î�Õ9ÑáË×ÎÌþ�ñ!ÎÌÚ�ÑáÙÈÍ
Ê}Ô"ÑèÎÌÔoÛ9ç9Þ¼ÎÌå9Û��×ÎÌç�ÊMã

Ĥ = −
∑

i

d2

dx2
+

1

2

∑

i6=j

Vee(|xi − xj|) +
∑

i

V (xi),
e Å5ÆÈÇ�g

æ}å9ÝHÑáÒ
Vee(r)

Í×Ê�Õ+ÊÌÍ×Ò0Ô9îL�×Î�Þ�Ê5å"å9Ý0ÑáÎ�ÞèóIÐtÎÌÔ9ÑèÎAÕ+Ê}Ú�Ñk�Hå9ÝHó�Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô]ÎÌÚ�ÑSN
V (x)

�#ÒHË#ÍjÝ0Ò ï
ÐxÔM��Í
Ö×ÝHÔ¯ó5ÚmÕ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÒHÚ Ð*ó�ÍòÐ�Ê}Ö#Ý0Ê}Ô¯ó�Ú Õ9Ö×ÝHÒ0ÝAÔ"ÑáÒ0Ö#Û9î/.9Ê}Ú�Ò��QP�å9Ö
Î�Ð Õ9Û"Ô9çÌîHÑáÒ

x
N

Ô]Î�Í×Ê}Ú�ÑèÎÌË�Í
xi
�#Ò0Ë�ÍbÕ+Ê5ÞèÊ}à0ÒHÔ9ÑáÒHÚ

i
ï Í
ÒHæ}ÊLÒ0ÙáÒHç¯Í
Ö×ÊÌÔ�Û/Æ�+ Ö#Ý0Ò0îHÝHóIÐxÑáË�Íòó�Ú Û"ç]ÞßÎÌå9ÝHÑáÒ

Vee�#Ò0Ë�ÍEÕ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÒ0Ú çIÛ9ÙáÊ}Ú�Ø2ÊSÐxË×çIÑÓÚ�Æ ÉKÊSÐ*ó5àHË×Ý�ó8ñ!ÎÌÚ�ÑáÙÈÍ
Ê}Ô9ÑáÎÌÔ�Ý0Ê}Ë�ÍÏÎ�Þ�Ý\ÎÌÕ9ÑÓË
ÎÌÔ¯óNÐ�#Ò0å"Ô9Ê}Ë#Í×çðÎÌî/.WÎ�Í×Ê}Ú�ÊFÐ*ó�î/.ON6æ}å9ÝHÑáÒ
h̄ = 2me = 1

ÎLÒ0Ô"Ò0Ö×æÌÑèÎ|�#Ò0Ë#ÍbÚ�ÑáÒ0Ö#Ý0Ê}Ô9ÎCÐ{�xó�å5ï
Ø+Ò0Ö×æ}ÎÌî/.
ÆMì$Î�ç�ÑÓî/.��#ÒHå9Ô9Ê}Ë�Í
ÒHçEØ8�Hå9Ý0ÑÓÒ0Ú�óEÛ"àHóIÐ>Î�ÙáÑ
Ð î0Î�ÞßÒL�*Õ"Ö
ÎÌî�ó}Æ

ù � ù �Cdj�$� _��Hk�s*� �A�$|Eubk�l*ubd ��fh_ji�c�dBfh_jiLkH_
p!Ø¯óLÕ9Ö#Ý0ÒL�-�×þjå9Ê�
¼ÊÌÖ×ÚoÎÌÙáÑÓÝ0ÚÜÛAå"Ö×Û9æ}ÑÓÒ0æ}Ê�ç¯ÐtÎÌÔ¯Í
ÊSÐ>Î�Ô9ÑèÎ[NUÚÜÛ"Ë×ÑáÚbóAÔ]Î��#Õ"ÑáÒ0Ö�Ð ÝHå9Ò1z]Ô"ÑáÊ�ï
ÐtÎÌþtÝHØ9Ñk7}ÖKç¯Ð>Î�ÔIÍ×ÊSÐ*ó5î/.�Ë#Í
ÎÌÔM7SÐV�#Ò0å"Ô9Ê5îHÝXPÌË�Í
ç�ÊFÐ*ó�î/.
Ææ�=Ý0Ô9ÎÌî0ÝHÚ�óq�#ÒHå9Ô9Ê�Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô9ÊSÐtÒ
¼Û9Ô9ç�î,�#Ò�
ÂÎÌÙáÊSÐ�Ò�Ê5å"Õ2ÊSÐxÑáÒHå]Î��QPÌîHÒ�Íòó5Ú�Ë#ÍÏÎ�Ô9Ê}Úò�×ÎÌç�ÊMã

φn(x, σ) = φn(x)χσ .
e Å5ÆãÅ�g

φn(x)
�#Ò0Ë#Í�îHÝ5�1�×î0ÑkPwÕ9Ö×ÝHÒ0Ë#Í×Ö×ÝHÒ0Ô9ÔUP¹
¼Û9Ô9ç�î,�#Ñ�
ÂÎÌÙÓÊSÐtÒL�ÜÐ�Ë#Í
ÎÌÔ9ÑáÒ

n
Ô]Î�Í
ÊÌÚoÑáÎÌË#Í

χσ
�#Ò0Ë#Í

î0Ý1�5�#î0ÑlPÜË#Õ9ÑáÔ"ÊFÐ�P"Æ é Î�ÝXPbÍ
ÎÌç4P�ÚoÊÌà0Ò!Ø¯ó�þ=Ô]ÎbÕ9Ö×Ý�ó5ç9ÞßÎÌåEÝ0Ø9ÑR7}Öæ
¼Û"Ô9çÌîL�#Ñ é ÙÓÊ5î/.]Îbî0ÝXP�Ë#Í
çIÑ
Ð�Õ2Ê�Í
Ò0Ô"î,�×ÎÌÙÓÒtÝ0Ò�ÐxÔM�HÍ×Ö×ÝHÔIó�Ú�Õ+Ê�î/.9Ê5å"ÝXPÌî�ó5Ú�Ê�åÇ�QPÌå9ÒHÖ0ÆÚngÊ}Ø9ÖWP=ÙÓÑáîHÝ0ØUPBçIÐtÎÌÔ¯Í
ÊSÐ�Pæ�#Ò0Ë#Í
Ð*Í
ÒHå"ó ÐtÒHçIÍ×Ê}Ö�
ÂÎ�ÙáÊSÐ*ó

k
ÆK�!ÎÌË�ÍW�HÕ9Ô9ÑáÒoå9Ò1z9Ô9ÑáÛ4�#ÒHÚ�ó Ê}Õ+Ò0Ö
ÎðÍ
Ê}ÖjÕ2ÊÌÙèÎEÐ%Ô]ÎÌË#ÍQ�0Õ9Û��QPÌîHó

Ë×Õ+Ê}Ë-7}ØOã
ψ̂σ(x) =

∑

{n}

φn(x)χσânσ ,
e Å5Æëêhg

æ}å9ÝHÑáÒ {n} Ê}ÝHÔ]ÎÌîHÝ\ÎÜçÌÊÌÚoÕ9ÙÓÒHÍ�ÐxË×Ý�ó5Ë�Í
çIÑáî/.�ÙáÑÓî0ÝHØCç¯Ð>Î�ÔIÍ×ÊSÐ*ó5î/.�Ø2ÒHÝ=Ë×Õ"ÑáÔIÛON"Ô9Î�Í
Ê}Ú�ÑèÎ�Ë#Í
ânσ

�#Ò0Ë�ÍÜÊ}Õ+Ò0Ö×Î�Í
ÊÌÖ×Ò0Ú'Î�Ô9Ñk.9ÑÓÙèÎÌîL�#Ñ�î0Ý5PÌË#Í×çIÑ�Ð%Ë#Í
ÎÌÔ9ÑÓÒ {n, σ} Æcp!Ô9ÎÌÙáÊ}æÌÑáî0ÝHÔUPEå9Ò1z9Ô9ÑáîL�-�Ú�Ê}à0Ô]ÎWÝ0ÎÌÕ9ÑÓË
ÎÌþwÐ �-�0ÝHó�çIÛ6
¼Û"Ô9çÌîL�#Ñv+WÎÌÔ"Ô9ÑáÒHÖ
Î
Wi(x)

e¼
¼Û9Ô9çÌîL�#ÒwÍ
Ò`ËWP Ë×ÑÓÒ0îHÑáÊSÐ*ó�ÚoÑ
Í
Ö×ÎÌÔ9Ë´
¼Ê}Ö×ÚoÎ�ÍÏÎ�ÚoÑ2ä]Ê}Û9Ö×ÑÓÒ0Ö×ÎÜÝ�
¼Û"Ô9çÌîL�#Ñ é ÙáÊ�î/.]Îhg]ã

ψ̂σ(x) =
∑

i

Wi(x)χσâiσ ,
e Å5Æ ý g

æ}å9ÝHÑáÒ
âiσ

�#ÒHË#ÍBÊ}Õ+Ò0Ö
ÎðÍ
Ê}Ö#Ò0Ú�Î�Ô9Ñk.9ÑÓÙèÎÌîL�#Ñ2îHÝXPÌË�Í
çIÑ�Ê�Ë×Õ9ÑÓÔ9ÑáÒ
σ
Ð�Ðæ���HÙáÒ

i
Æ

á/æ}Ê�å9Ô9ÑáÒCÝ�îHÒ0Ô¯Í
Ö×ÎÌÙáÔ¯ó�Ú�ÍòÐxÑáÒHÖ×å9ÝHÒ0Ô9ÑÓÒ0Ú�Ê`å9Ö#Û9æ}ÑÓÚmç¯Ð>Î�ÔIÍ×ÊSÐ>ÎÌÔ"ÑáÛON .9ÎÌÚoÑÓÙÓÍ×Ê}Ô9ÑèÎ�Ôe Å�ÆÓÇ�gtÚ�Ê}àHÒ0Ú�óCÝ\ÎÌÕ9ÑÓË
ÎÌþ��×ÎÌç�Ê
Ĥ = −1

2

∑
σ

∫
d
dx
ψ̂†
σ(x)

d
dx
ψ̂σ(x)dx +

∑
σ V (x)ψ̂†

σ(x)ψ̂σ(x)dx+

1
2

∑
σσ′

∫
ψ̂†
σ(x)ψ̂

†
σ′(x

′)Vee(x− x′)ψ̂σ′(x
′)ψ̂σ(x)dxdx

′.

e Å5Æãâ�g

+ Õ2ÊSÐ*ó�à0Ë#ÝHó�Ú Ð*ó�Ö
ÎÌàHÒ0Ô9ÑÓÛ)Õ"ÑáÒ0Ö�ÐxË×ÝHÒ{å"Ð>ÎEîHÝðÞßÊÌÔIó ËWPEî0Ý1�5�#î0ÑlP��#ÒHå9Ô9Ê�î0ÝXP�Ë#Í
ç�ÊSÐ PK.]Îðï
Ú�ÑáÙÓÍ×Ê}Ô9ÑáÎÌÔIÛON�Ô]Î�Í
ÊÌÚoÑáÎÌË#Í�Í
Ö#Ý0ÒHî0Ñ�î0ÝðÞèÊ}Ô î0Ý1�5�#î0ÑlP�å"ÐxÛ9î0Ý5PÌË#Í×çÌÊSÐ�P"Æa�gÊ}Ö#ÝHó�Ë#Í
Î��QPÌîAÝoå9Ò�ïz]Ô9ÑÓî,�#ÑgÊ}Õ2ÒHÖ
Î�Í×Ê}ÖQ7SÐJÕ+Ê}ÙèÎ�e Å5ÆëêhgoÚ�Ê}à0ÒHÚ�óNÕ9Ö×ÝHÒ0Õ9ÑÓË
ÎÌþ°.]Î�ÚoÑÓÙÓÍ
ÊÌÔ9ÑèÎÌÔ Ð�Ô]ÎÌË�ÍW�0Õ"Û4�QPÌî0ÒL�
Õ+Ê}Ë#Í
ÎÌî0Ñsã

Ĥ = Ĥ1 + Ĥ2
e Å5Æëéhg
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��� �°����
����Ê�L��� 

æ}å9ÝHÑáÒ

Ĥ1 =
∑

kσ

Ekn̂kσ =
∑

ijσ

Tij â
†
iσâjσ,

e Å5Æ¾
�g

Ĥ2 =
1

2

∑

ijkl

Vijkl
∑

σσ′

â†iσâ
†
jσ′ âlσ′ âkσ,

e Å5Æëôhg
Ê}Ö×ÎÌÝ

Vijkl =

∫
φ∗
i (x)φ

∗
j(x

′)V (x− x′)φk(x)φl(x
′).

e Å5ÆÓ9hg
�}ÎÌçoå9ÊÌÍ/P�å�Ô9ÑÓÒ=Ö×ÊÌØ9ÑáÙÓÑk�×Úbóoà0ÎÌå9Ô¯ó�î/.@Õ9Ö#ÝHó�Ø9ÙáÑÓà0Ò10�îHÊ�å9Êm.9ÎÌÚoÑÓÙÓÍ×Ê}Ô9ÑèÎ�Ô�ÛoÑ
Õ9Ö#ÝHóEÝ0Î�ÞßÊ}àHÒ�ï
Ô9ÑáÎÌî/.AÝ=Õ+Ê5îHÝXP�Í×çIÛ�Ö#Ê}Ý0å"Ý0ÑèÎIÞßÛAÊ}Õ"ÑáË×Û��#Ò!Ê}ÔEå9ÊÌç]ÞßÎÌå9Ô9ÑÓÒ!Ö#Ê}ÝHÐtÎÌà\Î�ÔIóAÛ9ç9Þ¼ÎÌå
ÆÈ�ÌÒHå9Ô¯ó�Ú�Ý0Ò
Ë×Õ+Ê}Ë#Ê}Ø87SÐ Û9Õ9Ö#Ê}Ë×ÝHî0Ý0ÒHÔ9ÑèÎ{Õ9Ö#Ê}Ø9ÙÓÒ0ÚÜÛ��#ÒHË#Í*Ý0ÎÌÔ9ÑÓÒ0å9Ø]Î�Ô9ÑáÒ=Ô"ÑáÒ0ç¯ÍQ7}Ö#ó�î/.EÐxË×Õ�75ÞßîHÝHó�Ô9Ô9ÑÓç:7SÐ
Vijkl

Æ!íUÞáó5Ô"ÔIóV.]ÎÌÚ�ÑáÙÈÍ
Ê}Ô9ÑáÎÌÔLñgÛ"Ø9Ø]ÎÌÖ#å]ÎCå9Ê}Ë�ÍÏÎ��#ÒHÚ�ó�Ý0Ò0Ö#Û4�QPÌî�ÐxË#ÝHó�Ë#Í×çIÑáÒÜÐxË×Õ�75Þèî0ÝHó�Ô5ï
Ô9ÑÓç�Ñ/Ê}Õ9ÖQ7�î0Ý

Viiii = U
å9ÙáÎ�å"ÊFÐ�Ê}ÙÓÔ9Ò0æ}Ê

i
ã

ĤH =
∑

ijσ

Tijσâ
†
iσâjσ + U

∑

i

ni↑ni↓
eÀÅ5ÆÈÇd;hg

ngÐtÎ�Ë#ç�Ö×Î��#Ô9Ò�Õ9Ö×Ý�ó�Õ]ÎÌå9çIÑMÐÿÍòó�Ú ÚoÊ�å9ÒHÙáÛ@Í
Ê�Õ9Ö#ÝHó�Õ]ÎÌå9ÒHç`Ò0ÙáÒHç¯Í
Ö×ÊÌÔM7SÐ�Ý0ÙÓÊ}çðÎÌÙáÑÓÝ0ÊSÐtÎðï
Ô¯ó�î/.�e

Tij = 0
g!Ê}Ö×ÎÌÝ{Õ9Ö×Ý�ó�Õ]ÎÌå9ÒHçwî0ÝXP�Ë#Í
ÒHçwÊ5å"å9Ý0ÑáÎ�ÞßÛ4�QP�îHó�î/.wÐ*óUÞ¼PÌî0ÝHÔ9ÑáÒ�Ý�Ý0Ò�ÐxÔM�HÍ×Ö×Ý ï

Ô¯ó�Ú4Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÒHÚöe
U = 0

g Æ�gÑÓÒ0Ë#Í×ÒHÍòó:N�.]ÎÌÚ�ÑáÙÈÍ
Ê}Ô"ÑèÎÌÔIÛWñBÛ9Ø9Ø]Î�Ö×å]Î`Ô9ÑáÒEÕ+ÊÌÍ×Ö
Î'z]ÚbóWÝ0å"ÑèÎÌæ}ÊÌÔ]ÎÌÙáÑÓÝ0ÊSÐtÎÌþCÐ�Õ"Ö×ÝHó¯ï
Õ]ÎÌå"ç�ÛoÊ}æ�7}ÙÓÔ¯ó5ÚKN¯Î�î0ÊjÝ\Î�Íòó�ÚhÑáå9ÝHÑáÒ\�#Ò0Ë�Í
Ò1�×Ú�ó�ÝHÚÜÛ9Ë×ÝHÒ0Ô9Ñ+å9Êjå9Ê}ç�Ê}Ô¯ó�ÐtÎÌÔ9ÑáÎbå]Î�ÙáË×Ý�ó�î/.
Û9Õ9Ö#Ê}Ë×ÝHî0ÝHÒ50
Æ ÉqÖ#ÝHóX�#ÚÜÛ4�QPÌî

U = 0
ÐTe Å5ÆÈÇd;hgÜå9Ê}Ë�ÍÏÎ��#ÒHÚ�ó å9ÊÌØ9Ö×ÝHÒ�ÝHÔ]ÎÌÔUP`ÑxË×Ý0ÒHÖ×Ê}ç�Ê

Ë#Í×Ê}Ë×ÊSÐtÎÌÔUP°Ð�Ò@ÐxË×ÝHÒ0ÙáçIÑÓÒ0æ}ÊWÖ#Ê5å"Ý\Î��#Û:ÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ�î/.:Ë#Í×Ö×Û9ç¯Í
Û"Ö#óNÒ0ÙáÒHç¯Í
Ö×ÊÌÔ9ÊSÐtÒL�AÍ×Ò0Ê}Ö#Ñk�
Õ]ÎÌË#ÚoÊSÐ�P"ÆØ�BÑáÒHË#Í
Ò�Íòó�N�Í×Ò0Ê}Ö#ÑèÎLÕ]ÎÌË×Ú�ÊSÐ>Î�Ý\Î\ÐtÊ�å9ÝHÑtÐ%Õ9Ö×Ý�ó�Õ]ÎÌå9çIÛ ÐxÑáÒHÙáÛ°ÚoÎ�Í×Ò0Ö×ÑáÎ�Þ¼7SÐ
ÍÏÎ�ç�ÑÓî/.��×ÎÌç�ÑáÝHÊ}ÙèÎ�Í×Ê}Ö#ó:NUÕ875ÞèÕ9Ö×ÝHÒHÐ�Ê5å"Ô9ÑáçIÑ$îHÝHó�ÐxÖ×ÒHË×Ý0îHÑáÒÜÍ×ÝHÐ�Æ�ÚoÎ�Í
ÒHÖ×ÑèÎIÞèóLË×ÑÓÙáÔ9ÑÓÒ�Ë×çÌÊÌÖ×Ò�ï
ÙáÊSÐtÎÌÔ9Ò'N6Ðhç¯ÍW7ÌÖ#ó�î/.WÊ�å9å9Ý0ÑáÎ�ÞèóIÐtÎÌÔ9ÑÓÒoÕ+Ê}Ú�Ñk�0å"ÝHówÒHÙáÒ0ç¯Í×Ö×Ê}Ô]Î�ÚoÑqÚoÎLÐ*óX�QP�Í×çÌÊSÐ�Êwå9Û9à0Ò
Ý0Ô9ÎÌî0ÝHÒ0Ô9ÑÓÒÌÆài�ÒHÍ
Ê�å]ÎtÍ
ÎxØ��0å"Ý0ÑáÒqË#Ý0ÒHÖ×Ê}ç�ÊgÊ}ÚoÎ\ÐxÑèÎÌÔ9Î�Ð°ç�Ê}ÙáÒL�#Ô¯ó5î/.jÖ×ÊÌÝ0å9ÝHÑèÎ�ÞßÎÌî/.
Æ < .9îXPÌî
Ñk�#þ�å]ÎÌÙáÒL�1NUÚÜÛ9Ë×ÑÓÚ�óAÛ¯ÐxÝHæ}Ùk�Hå9Ô9ÑèÎ�þbç�Ê}ÙáÒL�#Ô9ÒbÛ"Õ9Ö×Ê}Ë#Ý0îHÝ0Ò0Ô"ÑèÎoÐ Ú�Ê�å9Ò0ÙÓÛteÀÅ5ÆÈÇd;hg*ÎÌØ¯óLÚm7�î
Û9Ý�ó5Ë#çðÎÌÔ¯ó".9ÎÌÚoÑÓÙÓÍ×Ê}Ô9ÑèÎ�ÔoØ+Ò0ÝHÕ2Ê��#Ö×ÒHå9Ô9ÑáÊ�Ý0å"ÑèÎÌæ}ÊÌÔ]ÎÌÙáÑÓÝ0ÊSÐtÎÌþÌÆ+ Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛ�ç�Ö�ó�Ë×ÝHÍ
Î�ÞßÛ"�#ÒHå9Ô9ÊSÐ*ó�ÚoÑáÎÌÖ×ÊSÐ�Ò0æ}ÊwÑÓË#Í×Ô9ÑáÒL�QP�å9Ê}Ø"Ö×Ý0ÒCÝ0Ô]ÎÌÔ"ÒAÚoÊ�å9ÒHÙáÒ
ÚoÎ��QPÌî0ÒjÖ×ÊÌÝHÐxÑlP�Ý\ÎÌÔ9ÑÓÒ�Î�Ô]ÎÌÙáÑÈÍòó�î0Ý0Ô"ÑáÒÌÆxÉqÑÓÒ0Ö#ÐxË#ÝHó�ÚJÝ�Ô9ÑÓî/.��#Ò0Ë�Í=Ú�Ê5å"Ò0Ù�ì6ÊÌÚoÊ}Ô9ÎÌæ}Ñ�� ý Å4�
Ý\Î�ç]ÞßÎÌå]Î��QP�îHójå2ÞßÛ"æ}Ê}Ý\Î�Ë×Ñk�Hæ}ÊSÐtÒ�Ê�å9å9Ý0ÑáÎ�ÞèóIÐtÎÌÔ9ÑÓÒ�Ú�Ñk�Hå9ÝHó�îHÝXPÌË�Í
çðÎÌÚ�Ñ5ÊÌÖ
ÎÌÝMÕ+ÒHÐxÔ9Ò>Õ"Ö×ÝHó¯ï
Ø9ÙÓÑáà0ÒHÔ9ÑèÎ@îHÊ)å"Ê ÊÌÕ2ÒHÖ
Î�Í×Ê}ÖQ7SÐ�çIÖ#Ò\ÎÌîL�#Ñ*ÑxÎÌÔ9Ñk."ÑáÙèÎ�î,�#Ñ Æt�gÊ}ÙÓÒ,�#Ô¯ó Ú�Ê5å"Ò0Ù>Ý0ÎÌÕ9Ö×ÊÌÕ2Ê}Ô"ÊFÐtÎ�Þ�eÛ"Í×Í×ÑáÔ9æÌÒ0Ö�� ý ê4�ÀÆ��ÌÒHæ}ÊEÚ�Ê5å9ÒHÙ$Ê}Õ"ÑáË×Û��#ÒÜî0Ý5PÌË#Í×ç�ÑqØ+Ò0ÝHÚCÎ�Ë×ÊSÐtÒ�Ý{Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞßÒ0ÚJÊ�å9å9Ý0ÑáÎðï
ÞèóIÐtÎÌÔ9ÑáÎ�Ë#Õ2ÒFÞßÔ9ÑáÎ��QPÌî�ó5Ú�Ð>ÎÌÖ#Û9Ô9ÒHç

V̄ee ≡
1

a

∫ a

0

Vee(x)dx = 0.
e Å5ÆÈÇ}Ç�g

á
Î�ÞèÊ}à0ÒHÔ9ÑáÒwÕ+ÊSÐ*ó5àHË×ÝHÒ°Ô9ÑÓÒ Ø¯ó]ÞßÊ°�#Û9à`çÌÊ}Ô"ÑáÒ0îHÝ0Ô9Ò`Ð Û9ÊÌæ�7}ÙáÔ"ÑáÊ}Ô¯ó�Ú Õ"Ö×Ý0ÒHÝ^i ÎðÍ×Í
ÑÓË
Î Ñ�eÑáÒHØ]Î¹� ý}ý �MÚoÊ�å9Ò0ÙÓÛa��Û5Í×Í
ÑÓÔ9æ}ÒHÖ
Î"Æ�+°Ö#Ò0Ë#Ý0î0ÑÓÒ���Î�Ô9æ�Ë�Í
Û9å"ÑáÊSÐ>ÎIÞtÛ"ç]ÞßÎÌå°ÒHÙáÒHçIÍ×Ö×Ê}Ô[7FÐÿÐ�#Ò0å"ÔIó�Ú Ð*ó�ÚoÑáÎÌÖ×ÝHÒ�Ê�å9å9ÝHÑèÎ�ÞèÛ4�QPÌîHó�î/.ÜÝ0Î!Õ+Ê}ÚoÊ�îXPxÕ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛ�Ð�Õ+Ê}Ë#Í
ÎÌî0Ñ�å9Ò0ÙÈÍòó�n!ÑáÖ×ÎÌî\Î� ý â��ÀÆÊ+)Ë×ÝHó�Ë�Í
çIÑáÒ*Ê}Õ"ÑáË
Î�Ô9Ò�Ð*ó�à0ÒL�8�#ÒHå9Ô9ÊSÐ*ó�ÚoÑáÎÌÖ×ÊSÐ�Ò>Ú�Ê5å9ÒHÙáÒ�å]Î��QP!îHÑáÒ0çðÎ\Ð�Ò:N¯Ú�Ô9ÑáÒL�6ÙáÛ9Ø
Ø]ÎÌÖ#å9Ý0ÑÓÒ,��Ê}æ:7}ÙáÔ9ÒxÐ*ó�Ô9ÑáçIÑÀÆ��ÌÒ0å9Ô9ÎÌçoÍ×Ò!Ê}Ö×ÎÌÝ!ÑÓÔ9Ô9Ò:N5Õ2Ê�å9Ê}Ø"Ô9Ò!Ú�Ê5å"Ò0ÙáÒBÚoÎ��QPbæ}ÒHÔ9Ò0Ö×ÎÌÙáÔ"ÑáÒ
Ô]ÎÌË�ÍW�HÕ9Û4�QPÌîHÒjÐtÎÌå"ó�ã

• Í×Ö
ÎÌç¯Í×Û4�QP�Ê�å9å9Ý0ÑáÎ�ÞèóIÐtÎÌÔ9ÑáÎ�çIÛ9ÙáÊ}Ú�Ø2ÊSÐxË×çIÑÓÒgÐ8Ë×Õ+Ê}ËQ7ÌØEÕ9Ö×Ý�ó5Ø"ÙáÑáàHÊ}Ô¯ó�N9Õ"Ö×Ý0Ò�Ð>Î�à0Ô9ÑÓÒ
Ú�Ê5å"Ò0ÙáÛ��QPÌîÈ�#Ò�Ý\Î�Õ+Ê}ÚoÊ�îXPÜÕ+Ê4�#ÒHå"ó�Ô9î0ÝHÒ,�xÐxÑÓÒ0Ùáç�Ê��×îHÑ

U
ý
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• ÊÌØ9ÙáÑÓî0Ý0Ò10AÔ9ÑÓÒ=ÚoÊÌà0Ô]Î�Ð Þ¼Î�ÍòÐ*óCË×Õ+Ê}ËQ7ÌØ�Ö#Ê}Ý0Ë#Ý0ÒHÖ×ÝHó�þ�Ô]ÎÜÕ9Ö#ÝHó�Õ]ÎÌå"Ò0çAÍ
Ö-74��Ð*ó�ÚoÑáÎðï
Ö#ÊFÐ*ó�ý

• Õ"Ö×Ý0Ò�Ð>Î�à0Ô9ÑÓÒ!Ú�Ê}à0Ô]Î��#ÒxË#Í×Ê}Ë×ÊSÐtÎÌþgÍòó�Ùáç�Ê�å9ÙáÎjÔ"ÑáÒHÐxÑÓÒ0ÙÓç�ÑÓÒ,��çIÙèÎÌË�ó�Û9ç9Þ¼ÎÌåM7SÐ Ú�Ê�å9Ò�ï
ÙÓÊFÐ*ó�î/.(e¼Ô9ÑáÒ�å]Î�Ë×ÑR�oÑÓî/.)Ð%Ë×Õ+Ê}Ë-7}Ø°îHÑlPIæ5Þèówå"Ê}Ë#Í×Ê}Ë×ÊSÐtÎÌþAå9Ê�å9ÊSÐtÊ}ÙÓÔ¯ó5î/.°Û9ç9Þ¼Îðï
åM7SÐ�g�ý

• Õ"Ö×Ý0Ò�Ð>Î�à0Ô9ÑÓÒbÝ0ÎSÐxÑÓÒ0Ö×Î��QP{Õ]ÎÌÖ
Î�ÚoÒ�Í
Ö#ó°eÌ�×ÎÌçCÔ9Õ
Æ
U
g]NUç¯ÍW7}Ö�ó�î/.�ÐtÎÌÖ#Í×Ê��×îHÑ�ËWP�Õ9Ö×Ý�ód�-ï

Ú�ÊSÐ>ÎÌÔ"ÒjÔ9Î�Õ+Ê�å9Ë#Í
ÎSÐxÑÓÒ�å]ÎÌÔ¯ó�î/.@å9Ê���ÐxÑèÎÌå"î0Ý\Î�ÙáÔ¯ó�î/.
Æ
+ Ö×Ê}ÝHå9Ý0ÑáÎÌÙáÒté=Õ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáÊ}Ô9ÎjÝHÊ}Ë#Í
ÎÌÔ9ÑáÒtÔ9ÊSÐ>Î�Ú�ÒHÍ
Ê�å]Î=Ê}Ø"ÙáÑáîHÝ0Ò10{Ë#Í
Ö#Û9ç¯Í
Û9Ö�ó{Ò0ÙÓÒ0ç¯Í
Ö#Ê�ï
Ô9ÊSÐ�Ò,�Bå9ÙáÎÇ�#Ò0å9Ô"ÊFÐ*ó�Ú�ÑèÎÌÖ#ÊSÐtÒHæ}ÊoçIÖ�ó5Ë#ÝHÍ
Î�ÞßÛ
Æ�i�Ò�Í
Ê�å]Î�Í
Î[N"Ð*ó�çÌÊÌÖ×ÝHó�Ë�Í
Û4�#ÒjÍòÐxÑáÒ0Ö#å9Ý0ÒHÔ9ÑáÒ
í�Í×Ö
Î�Í×Ê}Ô9ÊSÐxÑáîHÝ\ÎðïòñgÛ9Ø9Ø9ÎÌÖ×å]Î��ëâ:;4�S�ãâ�Ç5�IÑ5�#Ò0Ë#ÍKË#Ý0î0ÝHÒ0æ�7ÌÙáÔ9ÑÓÒ�ÑÓÔIÍ×Ò0Ö#Ò0Ë×Û��QPÌî\ÎxÝ�Ô9ÎÌË#ÍQ�0Õ9Û4�QP�îHó�î/.
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• ÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ�Ú�Ê}à0Ô]Î�Õ9Ö×ÊSÐtÎÌå9ÝHÑáþ�å"ÙèÎoÕ"Ö
Î\ÐxÑáÒjå9ÊSÐtÊÌÙáÔ9ÒL�gÕ2Ê}Ë�ÍÏÎÌîHÑ6Õ+ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ@Ê�å5ï
å9ÝHÑèÎ�ÞáóIÐ>ÎÌÔ"ÑèÎbï�Ý�Ð*óX�QP�Í
çIÑáÒHÚ�Õ+ÊÌÍ
ÒHÔ9î,�×Î�Þl7SÐ Ý\Î\ÐxÑÓÒ0Ö
Îd�QPÌîHó�î/. ÊÌË×Ê}Ø9ÙÓÑÓÐ�Ê��×îHÑ

• ÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ*ËQP!Õ9Ö×ÊSÐtÎÌå9ÝHÊ}Ô9ÒtÐ�Ë#Õ2Ê}Ë-7}ØÜË×ÎÌÚoÊÌÛ9Ý0æ}Ê�å9Ô9ÑÓÊ}Ô¯ó�Nðå9Ý0ÑR�0çIÑ�î0Ý0ÒHÚÜÛ{Ú�Ê}à0Ô]Î�#Ò�Ë�Í
Ê}Ë#ÊFÐtÎÌþjå9ÙèÎ{Ø]Î�Ö×å9ÝHÊoË#Ý0Ò0Ö#Ê}çIÑáÒL�xæ¯ÎÌÚbóAÛ9ç9Þ¼Î�åM7SÐ`z]Ý�ó5îHÝ0Ô¯ó�î/.

• Õ"Ö
ÎÌç¯Íòó�î0ÝHÔ9ÑáÒBÔ9ÑáÒ*ÑÓË#Í×Ô9ÑáÒL�#Ò*Ê}æ}Ö
Î�Ô9ÑáîHÝ0Ò0Ô"ÑáÒ*Ô]Î=ÐxÑáÒHÙáç�Ê��×þxË#Í×Ê}Ë×Û"Ô9çIÛx����ìNÕ9Ö×Ý�ó{ç¯ÍW7�ï
Ö�ó5Ú�ÚoÒ�Í
Ê�å]ÎÜÚoÊÌà0Ò�Ø¯ó5þ�Ë�Í
Ê}Ë#ÊFÐtÎÌÔ]Î

• Ð:Ë×Ý0îHÝ0ÒHæ�7}ÙáÔ¯ó�Ú%Õ9Ö×Ý�ó�Õ]ÎÌå9çIÛaeÂÚoÎ�ÞèÒ0æ}Ê��vgqË×Õ"Ö×ÊSÐ>Î�å9Ý\Î�Ë#Ñk�xÊ}Ô]Îjå9ÊjÝHÐ*ó�ç9ÞßÒ,�tÚ�Ò�ï
Í×Ê5å"ó�n=ä$ì

• Ô"ÑáÒÜÚoÎCçÌÊÌÔ9î0ÒHÕ2î�ód�#Ô¯ó�î/.WÍ
Ö#Û9å9Ô9Ê:�×î0Ñ$Ý{Ö×Ê}ÝHË×Ý0ÒHÖ×ÝHÒ0Ô9ÑÓÒ0ÚÜ�#ÒL��Ô]ÎAÕ"Ö×ÝHó�Õ]Î�å9Ò0ç@Í×ÖQ74�-ï
Ð*ó�Ú�ÑèÎÌÖ#ÊFÐ*ó

• Õ+Ê}Ë#ÑèÎÌå]Îbç�ÑÓÙáçðÎ�Õ]Î�Ö
ÎÌÚ�ÒHÍ×ÖQ7SÐ8å9Ý0ÑR�0çIÑ
ç¯ÍW7}Ö�ó�Ú�Ú�Ê}à0Ô]ÎÜç�Ê}Ô¯Í
Ö#Ê}ÙáÊSÐtÎÌþ�å9Ê}ç9Þ¼Î�å9Ô9Ê��#þe¼Ñ
ÝðÞèÊ}à0Ê}Ô"Ê��×þXg*ÊÌØ9ÙáÑÓî0Ý0Ò10EÐ Ý\Î�ÙáÒ0àHÔ9Ê��#î0Ñ�Ê5åLÕ+ÊÌÍ
Ö#Ý0ÒHØ
Æ

ù ��� � f�k�l>���Es>lxiEk�l ��ce�$_�c�d�iEdgf�kHnts*_�� �'|E�L��_��$��_ k3� _��
u�iEl>cUrCs>� v�_ja�� dgf r

É6ÊÌÔ9ÑáàHÒ,�
Õ2Ê}çðÎÌàHÒ0Ú�ó�
¼Ê}Ö×ÚoÎÌÙÓÑáÝ0Ú Ø9ÎÌÝ0Û4�QP�îHó=Ô9Î*ÍòÐxÑÓÒ0Ö#å9Ý0ÒHÔ9ÑáÛbí�Í×Ö
Î�Í×Ê}Ô9ÊSÐxÑáîHÝ\ÎðïòñgÛ9Ø9Ø9ÎÌÖ×å]ÎbN
ç¯ÍW7}Ö�ó°Ø¯ó]ÞxÝAÕ+ÊSÐtÊ�å9ÝHÒ0Ô9ÑÓÒ0ÚmË�Í
Ê}Ë#ÊSÐ>ÎÌÔ¯ó°å9ÊwÊ}Ø9ÙÓÑáî0ÝHÒ50°Ð=ÞßÎ:�×îHÑÓÐ�Ê��×îHÑtÚoÎÌæ}Ô9Ò�Íòó�î0Ý0Ô¯ó�î/.
Ð ÚCÎ�Í×Ò0Ö#ÑèÎ�ÞßÎÌî/.@Ð*ó�ç�Î�Ý0Û4�QPÌî�ó�î/.°ÚoÎÌæ}Ô9Ò�Íòó5ÝHÚ Õ]ÎÌË#ÚoÊSÐ*ó	e¼Ô9Õ
Æ{ä]Ò'No�gÑ¼g��ãâÌê4�Èï/�ëéh
d� Æ�+
¼Ê}Ö#ÚCÎÌÙÓÑ!�HÚoÑÓÒjÍòó�ÚKN$Û9à�ó�ÐtÎ��QPÌîÔ.]ÎÌÚ�ÑáÙÓÍ×Ê}Ô9ÑáÎÌÔIÛwñgÛ9Ø"Ø]ÎÌÖ×å9Î�Õ9Ö#Ý0Ò0å"Ë#ÍÏÎ\ÐxÑÓÚ�ó`Ð*ó5Ö×ÎÌà0ÒHÔ9ÑáÒ
Ô]ÎÜç¯ÐtÎÌÔ¯Í
ÊSÐ P�
¼Û9Ô9ç�î,�-��Ö×ÊÌÝ0å9ÝHÑèÎ�ÞèÛEÛ9àHóIÐtÎ��QPÌî�Í
Ê}àHË
ÎÌÚ�Ê��×îHÑ/Ê}Õ+Ò0Ö×Î�Í
ÊÌÖ×ÊSÐtÒL�*Ý0ÎÌÕ9Ö#Ê}Õ2ÊÌÔ9Ê�ï
ÐtÎÌÔ9Ò,��Õ2Ê�Ö
Î�Ý{Õ9ÑáÒHÖ#ÐxË×Ý�ó`Õ9Ö×ÝHÒ0ÝCí�Í
Ö×Î�Í
ÊÌÔ9ÊSÐxÑáî0Ý0Î¹�ãâ:;4� Æ�á�Û9ÝHó�Ë×çðÎÌÔ¯ó�î/.°Í×Û Ð*ó�Ô9ÑÓç:7SÐhÑ
çÌÊÌÔ9î0ÒHÕ2îL�#Ñ*Ø8�Hå9Ý0ÑÓÒ0Ú�ó)çÌÊ}Ö#ÝHó�Ë#Í
ÎÌþx
¼Ê}Ö×Ú�Û2ÞßÛ4�QP�îoÐ�Ë×Ý0îHÝ0ÒHæ�75Þ¼Î�î/.NÚ�ÒHÍ×Ê5åM�Aí"É8p�Ð Ö#Ê}Ý�ï
å9ÝHÑèÎÌÙÓÒ�é"Æ

p!Ø¯ó`Ú�75îÜÝ0ÎÌË#Í×Ê}Ë×ÊSÐtÎÌþ�Í
Ê}àHË
ÎÌÚ�Ê��×þ"eÀÅ5ÆÓÇ\ôhggØ��0å9ÝHÑáÒ0Úbówî/.9î0ÑÓÒ0ÙÓÑ�Õ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáþ�î0Ý1�5�#þ.]ÎÌÚ�ÑáÙÈÍ
Ê}Ô"ÑèÎÌÔIÛ�Ý\Î\ÐxÑÓÒ0Ö
Îd�QPÌîXPBÊ5å9å"Ý0ÑèÎIÞèóIÐ>Î�Ô9ÑáÒMÐtÒ�ÐxÔUP�Í×Ö×ÝHÐæ�0ÝFÞßÊSÐ�ÒÚ�×Î�çÌÊ!ç¯ÐtÎÌå9Ö×Î�Í��×ÎÌçIÑÓÒ�ï
æ}Ê��qÐ*ó�Ö
Î�à0Ò0Ô"ÑèÎ"Æ�i�Ê}à0ÒHÚ�ó{Í
ÊjÊ5îHÝHóIÐxÑk�#î0ÑÓÒgÝHÖ×Ê}Ø9ÑÓþxÔ]ÎjÔ"ÑáÒ0Ë#çÌÊ�0"î0Ý0ÒHÔ9ÑáÒBÐxÑáÒHÙáÒ*Ë×Õ+Ê}Ë#Ê}Ø87SÐ�Æ
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����Ê�L��� 9
åòÙáÛ"Ë#Í
Ö#Û4�QPÜÍ
Ê�Ô]ÎÌË�ÍW�HÕ9Û4�QPÌîHÒbÕ9Ö#ÝHó�ç9Þ¼ÎÌå5ó8ã

Uni↑ni↓ = −1
2
U(ni↑ − ni↓)

2 + 1
2
U(ni↑ + ni↓)

= 1
4
U(ni↑ + ni↓)

2 − 1
4
U(ni↑ − ni↓)

2

= 1
2
U(ni↑ + ni↓) − 2

3
UŜiŜi

= 1
4
U(ni↑ + ni↓)

2 − 1
3
UŜiŜi

eÀÅ5ÆÈÇFÅ�g

æ}å9ÝHÑáÒ
Ŝ
�#ÒHË#ÍKÊ}Õ+Ò0Ö
ÎðÍ
Ê}Ö#Ò0Ú Ë#Õ9ÑáÔIÛ
Æ~+)ó�Ö
Î�à0Ò0Ô"ÑáÒMå9Ö×Û"æ}ÑáÒMË×Õ+Ê��#ÖQ7�åbÕ+ÊSÐ*ó5àHË×Ý�ó5î/.�å]Îd�#ÒMÍ×ÝHÐ�Æ

Ú�ÒHÍ
Ê�åM�Üå5ÐxÛ9Õ2ÊÌÙáÊSÐ P¹� é¯â4�S�ëéÌê'� � éh
d� Æ|+ å]ÎÌÙÓË×ÝHÒ,�=î0Ý5�1�×îHÑ�Ö#Ê}ÝHÐtÎÌà0Î:0)Ø��0å"Ý0ÑáÒHÚ�ó@Û"àHóIÐ>Î�þ
Õ9ÑÓÒ0Ö#ÐxË#Ý0ÒL�Ú
¼Ê}Ö#ÚÜÛ2Þáó}ÆqíIÍ
Ê}Ë#Û4�QPÌî\�QP!Ð	.]ÎÌÚ�ÑáÙÈÍ
Ê}Ô9ÑáÎÌÔ9ÑÓÒMñgÛ9Ø9Ø9ÎÌÖ×å]Î�eÀÅ5ÆÓÇX;hg6ÊÌÍ×Ö×ÝHó�ÚÜÛ��#Ò0Ú�ó�ã

HH =
∑

ijσ

T̃ija
†
iσajσ

︸ ︷︷ ︸
H0

−1

2
U

∑

i

(ni↑ − ni↓)
2

︸ ︷︷ ︸
H1

,
eÀÅ5ÆÈÇSêhg

æ}å9ÝHÑáÒ
T̃ij ≡ Tij +

1

2
Uδij .

eÀÅ5ÆÈÇ ý g
�gÑÓÒ0Ë�Í
ÒHÍòó:N]Õ2ÊÌÔ9ÑáÒ�Ð>ÎÌà�Ê}Õ+Ò0Ö×Î�Í
ÊÌÖ#ó

H0
Ñ
H1

Ô"ÑáÒ�çÌÊ}Ú�Û"Í
Û4�QPbN9ÚCÎ�Ú�ó
exp(−βHH) 6= exp(−βH0) exp(−βH1)

eÀÅ5ÆÈÇFâ�g
ÑxÚÜÛ9Ë#ÑáÚ�ó Ë#çÌÊ}Ö#ÝHó�Ë#Í
ÎÌþ ÝLÍ
Ý�Ð�Æ Ê}Õ+Ò0Ö
ÎðÍ
Ê}Ö×Î Û9Õ+Ê}Ö#ÝXPÌå9ç�ÊSÐ>ÎÌÔ"ÑèÎ)î/."Ö×Ê}Ô9ÊÌÙáÊ}æ}ÑÓî0ÝHÔ9Ò0æ}Ê

T
N

å9ÝHÑk�0çIÑeç¯ÍW7ÌÖ×Ò0Ú�Û�Ú�Ê}à0ÒHÚ�óAÝ0ÎÌÕ9ÑÓË
ÎÌþ'ã
exp(A+B) ≡ T exp

[∫ 1

0
dτ(Aτ +Bτ )

]

= T
[
exp(

∫ 1

0
dτAτ ) · exp(

∫ 1

0
dτBτ )

]
.

eÀÅ5ÆÈÇSéhg

+ Õ+ÊSÐ*ó�à0Ë×Ý�ó�Ú'ÐxÝHÊ}Ö×ÝHÒ
τ
�#ÒHË#Í�z]çÌî�óX�#ÔIó�Ú Z î0Ý\Î�Ë×Ò0ÚKZ NKÔ9Î�Í
Ê}Ú�ÑèÎ�Ë#Í�Ê}Õ+Ò0Ö×Î�Í
ÊÌÖ

T
Û9Ë�ÍÏÎðï

ÐxÑèÎgÑáÙáÊ�î0Ý�ó�ÔIóbÊ}Õ+Ò0Ö×Î�Í
Ê}Ö-7SÐNÔ9Î=çIÍQ7}Ö×Ò*å"Ý0ÑèÎIÞ¼Î|Z î/.9Ö×ÊÌÔ9Ê}ÙáÊÌæ}ÑáîHÝ0Ô9ÑÓÒ:Z NÌî0Ý�ó�ÙáÑ"Ê�å9Õ+ÊSÐxÑèÎÌå]Îd�QPÌî0Ò
ÐxÑk�HçIË×Ý0ÒL��Ð>Î�Ö#Í
Ê:�×î0Ñ

τ
å9Ê�ÙÓÒHÐ�Ò,�HÆ��=Õ+Ò0Ö×Î�Í
Ê}Ö�ó

Aτ
Ñ
Bτ

ÚoÊ}àHÔ]Î�ÛIÐtÎÌà0ÎÌþ!Ý0Îjç�Ê}ÚÜÛ"Í×Û4�QPÌî0Ò�#Ò0àHÒ0ÙÓÑ/Íòó�ÙáçÌÊ�å9ÝHÑèÎ�ÞßÎ�Ô9Î�Ô"ÑáÒ�Ê}Õ+Ò0Ö�Í
Ê}Ö
T
Æ��gÊÌÖ×ÝHó�Ë�ÍÏÎ��QPÌîjÝme Å5ÆÈÇSéhgtÚoÎÌÚ�ó�ã

exp(−βHH) = T
[
exp(−

∫ 1

0
dτβHτ

0 ) exp(−
∫ 1

0
dτβHτ

1 )
]

= T
[
exp(−

∫ 1

0
dτβHτ

0 ) exp(1
2
βU

∑
i

∫ 1

0
dτ(ni↑ − ni↓)

2)
]

eÀÅ5ÆÈÇ�
�g
í�Í×Ê}Ë×Û4�QP�îbå9Êoå9Ö×Û"æ}ÑáÒL�BÒ0çIË×Õ+Ê}Ô9ÒHÔ¯Íòó�Ð Ê}Ë�ÍÏÎ�Í×Ô9ÑáÚ�Ð*ó5Ö×ÎÌà0ÒHÔ9ÑáÛ Ô]ÎÌË#ÍQ�0Õ9Û��QPÌîXPoÍ×Ê}à0Ë×ÎÌÚ�Ê��×þ
Ê}Õ+Ò0Ö×Î�Í
Ê}Ö#ÊSÐ Pc�ëâ:;'�

exp(a2) =
1√
π

∫ ∞

−∞

dξ exp(−ξ2 + 2aξ)
e Å5ÆÈÇSôhg

Ú�Ê}à0ÒHÚ�óAÝ0ÎÌÕ9ÑáË×ÎÌþ�
¼Û9Ô9ç�î,�-�jÖ×Ê}ÝHå9Ý0ÑáÎ�ÞßÛAÐ�Ô]ÎÌË#ÍQ�0Õ9Û��QPÌîHóLË#Õ2Ê}Ë-7}Ø

Z =
ìKÖ

exp(−βHH) =

∫
δξ(τ) exp

[
− 1√

π

∫ 1

0

ξ2(τ)dτ

]
Z[ξ]

e Å5ÆÈÇd9hg



���q�O���*�L���_þ[�àÿ����*�f�����������������m�j������	�

��� �°����
����Ê�L��� Çd;

Z[ξ] ≡ ìKÖ
T exp

∫ 1

0

dτ [−βHτ
0 + C

∑

i

ξi(τ)(n
τ
i↑ − nτi↓)]

eÀÅ5ÆãÅ:;hg
æ}å9ÝHÑáÒ

C ≡
√

2βU/π
NxÔ]Î�Í×Ê}ÚoÑáÎÌË#Í

ξi(τ)
�#ÒHË#ÍLÔ9ÊSÐ*ó�ÚKNgÝHÒHÐxÔM��Í
Ö×ÝHÔ¯ó5Ú Õ+Ê}ÙÓÒ0Ú Ý\Îðï

ÙáÒHà0Ô¯ó�Ú Ê5åNÕ2Ê5ÞèÊ}à0ÒHÔ9ÑèÎ`Ñxî0Ý0ÎÌË×Û:Ê�å9Õ+ÊSÐxÑáÒ0å"Ý0ÑèÎ�ÙáÔ¯ó�Ú�Ý\Î Õ9Ö×ÝHÒ0Ô9Ê}Ë#Ý0ÒHÔ9ÑáÒ@Ê�å9å9ÝHÑèÎ�ÞáóIÐ>Î:0
Õ+Ê}ÚoÑR�0å9Ý�ó Ò0ÙáÒHç¯Í
Ö×ÊÌÔ]ÎÌÚ�Ñ Æ"+)Ý57ÌÖxe Å�ÆÓÇd9�gjÕ9Ö#Ý0Ò0å"Ë#ÍÏÎ\ÐxÑáÎØ�×Ö×ÒHå9Ô9ÑkP@æ¯ÎÌÛ9Ë#Ë×ÊSÐxË×ç4PwÝÔ
¼Û9Ô9ç}ï
î,�#ÊÌÔ]Î�ÞßÛ

Z[ξ]
Ø��0åUPÌîHÒ0æ}Êm
¼Û9Ô9çÌîL�QPAÖ×Ê}ÝHå9Ý0ÑáÎ�ÞßÛ�å9ÙèÎ�çÌÊÌÔ9çIÖ×ÒHÍ×Ô9Ò,�=Ö×Ò0ÎÌÙáÑÓÝ\ÎÌîL�#ÑeÕ2ÊÌÙèÎ

ξ(τ) =
{ξ1(τ), ξ2(τ), . . .}

NUæ}å"Ý0ÑáÒ
ξi(τ)

ÊÌÝ0Ô]ÎÌîHÝ\Î�Ð>ÎÌÖ�Í
Ê��#þbÕ+Ê}ÙáÎ
ξ
Ð�Õ2Ê5ÞèÊ}à0ÒHÔ9ÑáÛ

i
ï Í
ÒHæ}ÊoÒHÙáÒHç¯ï

Í
Ö#Ê}ÔIÛ�ÐBZëîHÝ\ÎÌË#ÑáÒ'Z
τ
Æ

É6Ê}Ô"ÑáÒHÐtÎÌàxÚ�Ê5å9ÒHÙ]ñgÛ"Ø9Ø]ÎÌÖ#å]Îæ�#Ò0Ë#Í�Ú�Ê5å"Ò0ÙáÒHÚ Ë#ÑáÒHî0ÑáÊSÐ*ó�ÚKN¯ÖQ7SÐxÔ9ÑáÒHàxÕ2Ê}ÙÓÒ
ξi(τ)

�#Ò0Ë�Í
å"ó�Ë×çIÖ#ÒHÍ
Ô"Ò�Ð�ÝHÚoÑÓÒ0Ô9Ô¯ó�î/.wÕ9Ö×ÝHÒ0Ë�Í
Ö×ÝHÒ0Ô9Ô¯ó�î/.�e¼ÑáÔ9å"Ò0çIË#ó�Ð��HÝðÞßÊSÐ�Òdg Æ�+ Ê}æ:7}ÙáÔ¯ó�Ú�Õ"Ö×ÝHó¯ï
Õ]ÎÌå"ç�Û�Ø��0å9ÝHÑáÒ�Ê}Ô9Ê�å]ÎÌÔ"ÒjîHÑlPIæ5Þèó�Ú�Õ9Ö×Ê�î0ÒHË×Ò0Ú4Ë�Í
Ê�î/.]ÎÌË�Íòó5îHÝ0Ô¯ó�Ú

ξ(τ) = ξ(x, τ)
Æ
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�=Ø2ÒHî0Ô9ÑÓÒbÍ×Ò0Ê}Ö#ÑèÎ�
¼Û9Ô9çÌîL�#Ê}Ô]Î�ÞèÛwæ��0Ë�Í
Ê��#î0Ñ6Ò0ÙáÒHç¯Í
Ö×ÊÌÔ9ÊSÐtÒL��e�n!Ò0Ô"Ë×ÑÓÍòó ä]Û9Ô9î�Í
ÑáÊÌÔ]ÎÌÙ�ìy.9Ò0ÊÌÖ#ó
ï�n=ä$ìÇg��#Ò0Ë#ÍbÕ9Ö×ÎÌç¯Íòó5îHÝ0Ô9ÑÓÒ��#Ò0å5ó5ÔMP�Ú�ÒHÍ
Ê�åUPLÕ2ÊÌÝHÐtÎÌÙèÎ��QP�îXPLÔ]Î�Ê}Ø"ÙáÑáîHÝ\ÎÌÔ"ÑáÒ{Ë#Í×Ö×Û9ç¯Í×Û9Ö#ó
Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô9ÊSÐ�Ò,��ÝðÞèÊ}à0ÊÌÔIó�î/. Û"ç]ÞßÎÌåM7SÐ Í
ÎÌçIÑáî/.��×Î�ç î0ÑèÎIÞßÊ�Ë#Í
Î�ÞßÒ�Æ4É6Ê}ÙÓÒ0æ¯Î�Ê}Ô]Î�Ô]Î�Ë
Îðï
Ú�Ê}Û9Ý0æÌÊ5å9Ô"ÑáÊ}Ô¯ó�Ú�Õ+Ê}Ë×ÝHÛ9çIÑÓÐtÎÌÔ9ÑáÛ Ò1
¼Ò0ç¯ÍòóIÐxÔ9ÒHæ}ÊLÕ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ�Ð��#Ò0å9Ô"Ê5ÒHÙáÒ0ç¯Í×Ö×Ê}Ô9ÊSÐ*ó�Ú
ÖQ7SÐxÔ9ÑáÎÌÔ9ÑÓÛEí5î/.9Ö-w5å"ÑáÔ9æ}ÒHÖ
Î�ç�Ê}Ö×Ý�ó�Ë#ÍÏÎd�QPÌî=Ý!ÍòÐxÑÓÒ0Ö×å"Ý0Ò0Ô"ÑèÎÜñBÊ�.9Ò0ÔIØ+Ò0Ö#æ¯Îðï,�BÊ�.9Ô]ÎÔ�ëô'�ÀÆÈ����ï
Ë#Í×Ê��×þwÒHÙáÒHçIÍ×Ê}Ô9ÊSÐ�P°ÐJÐxÑÓÒ0ÙÓÊ5ÒHÙáÒ0ç¯Í×Ö×Ê}Ô9ÊSÐ*ó�Ú Ë#ÍÏÎ�Ô9ÑáÒ�Õ2Ê�å9Ë#Í
Î\ÐtÊSÐ*ó�Ú |Ψ >

Ú�Ê}à0ÒHÚ�ó
Ý0å"Ò1z]Ô9ÑÓÊSÐ>ÎÌþ �×ÎÌç�ÊMã

ρ =
∑

σ

< Ψ|ψ†
σψσ|Ψ > .

eÀê5ÆÓÇ�g
á�ÖQ7SÐxÔ]Î�Ô9ÑèÎ�eÀÅ5Æãâ�g�ÐxÑÓå]ÎÌþ:N*àHÒm�#Ò0Ë�ÍEÊ}Ô]Î}
¼Û"Ô9çÌîL�#Ê}Ô]Î�ÞèÒ0Ú Õ+ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ:ÝHÒHÐxÔM��Í
Ö#Ý0Ô9ÒHæ}Ê
V (x)

ã
ρ(x) = ρ[V (x)].

eÂê"ÆãÅ�g
ì�ÐxÑáÒ0Ö#å9Ý0ÒHÔ9ÑáÒjñBÊ�.9Ò0ÔIØ+Ò0Ö#æ¯Îðï,�BÊ�.9Ô]Î�Ú�7FÐxÑsN"àHÒjÝ0ÎÌî/.9Ê�å9Ý0Ñ�Ö-7FÐxÔ"ÑáÒ0à�Ö#Ò0ÙèÎ�î,�×ÎÜÊ�å"ÐxÖ×ÊÌÍ×Ô]Î[ã

V (x) = V [ρ(x)].
eÂê"Æãê�g

É6ÊÌÔ9ÑáÒ�Ð>ÎÌà
V (x)

�#ÒHË#Í��#Ò0å"ó�Ô¯ó�Ú Õ]ÎÌÖ×ÎÌÚ�ÒHÍ
Ö#Ò0Ú .]ÎÌÚ�ÑáÙÓÍ×Ê}Ô9ÑáÎÌÔIÛ=e Å�Æ â�g�NBÐxÑR�0îwÖ-7FÐxÔ"ÑáÒ0à
Ò0Ô"Ò0Ö×æÌÑèÎoË�ÍÏÎÌÔIÛ@Õ+Ê�å9Ë#Í
ÎSÐ�ÊSÐtÒHæ}Ê��#Ò0Ë�Í�
¼Û9Ô"çÌî,�#ÊÌÔ]Î�ÞßÒHÚ�æ:�0Ë#Í×Ê��×îHÑ6ÒHÙáÒHçIÍ×Ö×Ê}Ô"ÊFÐ�Ò,�HÆ!ñgÊ�."Ò0Ô5ï
Ø+Ò0Ö×æ Ñq�gÊ:.9Ô3Õ+Ê}çðÎÌÝ\Î�ÙáÑ>Õ+Ê}Ô]ÎÌå5Í
ÊMN�à0Ò�Õ9Ö×Ý�óX�#ÚÜÛ4�#Ò�Ê}Ô]Î`ÚoÑÓÔ9ÑáÚÜÛ"Ú å9ÙáÎwÖ×Ý0ÒHî0Ý�ó�ÐxÑÓË#Í×Ò,�eÂÕ+Ê}Õ9Ö×Î\ÐxÔ9Ò,�Wg>æ��HË#Í
Ê:�×î0Ñ�ÞßÎÌå9Û9Ô9çIÛ
Æ

i ÎÌÚ�óAÝ\Î�Í×Ò0Ú�Ý0ÎÌË
ÎÌå[��ÐtÎÌÖ#ÑèÎÌî�ód�#ÔMP[ã
δE[n] = 0.

eÂê"Æ ý g
( Ô9Ò0Ö#æ}ÑèÎ{î0Î�Þßç�ÊFÐxÑÈÍÏÎÜÐ*ó�Ö
ÎÌà0Î�Ë#Ñk��Ô]Î�Í×Ê}Ú�ÑèÎÌË�Í*Ô]ÎÌË�ÍW�0Õ"Û4�QPÌîHó�Ú�ÐxÝHÊ}Ö×ÒHÚ"ã

E[ρ] =

∫
V (x)ρ(x)dx +

1

2

∫
Vee(x− x′)ρ(x)ρ(x′)dxdx′ + T [ρ] + Exc[ρ]

eÀê5Æ â�g
æ}å9ÝHÑáÒ

T [ρ]
�#Ò0Ë#Í�ÒHÔ9Ò0Ö#æ}ÑlPoç�ÑÓÔ9ÒHÍòó�îHÝ0ÔUPEÛ9ç9Þ¼Î�å9ÛwÔ9ÑáÒHÊ5å"å9Ý0ÑáÎ�ÞßÛ4�QP�îHó�î/.wÒ0ÙÓÒ0ç¯Í
Ö#Ê}ÔM7SÐ�ÊAæ���ï

Ë#Í×Ê��×îHÑ
ρ
N>Ô]Î�Í×Ê}Ú�ÑèÎÌË�Í

Exc[ρ]
�#Ò0Ë�ÍoÍ×ÝHÐ�Æ:ÒHÔ9Ò0Ö#æ}ÑlPwÐ*ó�ÚoÑÓÒ0Ô9Ô9ÊðïòçÌÊÌÖ×Ò0ÙáÎÌîHóX�#ÔUP5ÆÆ�gÊ:.9Ô3Ñ

Ç}Ç



���q�O���*�L���')����*�Ç�y�Ç�L�fÿ+�,�������b���Ç�v�.-�� /Ç�È�o���102�Ê��� �X� ÇFÅ
íb.]Î�Ú�Õ2ÊÌç�Î�Ý\ÎÌÙÓÑv� 94�sN�àHÒ�Õ"Ö×ÝHóWÕ2Ò�ÐxÔIó�î/.:Ý0Î�ÞßÊÌà0Ò0Ô"ÑèÎÌî/.�Ú�Ê}à0Ô]Îwæ��HË#Í×Ê��×þLÒ0ÙÓÒ0ç¯Í
Ö#Ê}Ô9ÊSÐ�P
Ð*ó�Ö
ÎÌÝHÑáþ��×ÎÌç�Ê

ρ(x) =
N∑

i=1

|φi(x)|2
eÀê"Æëéhg

æ}å9ÝHÑáÒ
φi(x)

ËQP�
¼Û9Ô"çÌî,�×Î�ÚoÑ9Ð=ÞßÎÌË×Ô¯ó�ÚoÑ'�#ÒHå9Ô9Ê�Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô9ÊSÐtÒHæ}Ê�Ö-7SÐxÔ]ÎÌÔ9ÑáÎbí�î/.9ÖQw�å9ÑáÔ"æ}Ò0Ö×Î
e¼Í×ÝHÐ�ÆMÖQ7SÐxÔ]Î�Ô9ÑèÎ��BÊ�.9Ô]Îðï-íb.]ÎÌÚoÎhgMÝ=Õ2Ò�ÐxÔ¯ó5Ú4Ò]
¼Ò0ç¯ÍòóIÐxÔ¯ó5Ú Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞßÒ0Ú�Ý0Ò�ÐxÔM�HÍ×Ö×Ý�ï
Ô¯ó�Ú

Veff (x)
Æà�q7SÐxÔ]ÎÌÔ9ÑáÎ�Í×ÒxÖ×Ê}Ý�ÐxÑlPÌÝHÛ4�#Ò0Ú�ó{Ð:Ë×Õ+Ê}ËQ7}Ø�Ë
Î�ÚoÊ}Û"Ý0æ}Ê�å9Ô9ÑÓÊ}Ô¯ó�NIÕ2ÊÌÔ9ÑáÒ�Ð>ÎÌà

Veff
�#ÒHË#ÍBÖQ7SÐxÔ9ÑÓÒ0à�
¼Û9Ô9ç�î,�#Ê}Ô]ÎIÞßÒ0Ú

ρ(x)
Æ+ Õ9Ö#ÝHó�Õ]ÎÌå9çIÛÜÛ¯ÐxÝHæ}Ùk�Hå9Ô9ÑèÎ�Ô9ÑèÎ*Ë×Õ"ÑáÔIÛ�ÒHÙáÒ0ç¯Í×Ö×Ê}ÔIÛON�
¼Û9Ô9ç�î,�#Ò

φi
Ë#ÍÏÎd�QPgË×ÑR�MË×Õ9ÑÓÔ9Ê}Ö
Î�ÚoÑsN

Î�ÊÌÍ
Ö#ÝHó�ÚCÎ�Ô9ÒbÖ-7SÐxÔ]ÎÌÔ9ÑáÎ�ÚoÎ��QP�Õ2Ê}Ë�ÍÏÎÌþ�Ô9ÑÓÒy�#ÒHå9Ô9Ê�î0Ý5PÌË#Í×çÌÊSÐtÒHæ}ÊEÖQ7SÐxÔ]Î�Ô9ÑèÎoí5î/.9Ö-w5å9ÑÓÔ5ï
æ}ÒHÖ
Î[N]Î�ÙáÒ�ÖQ7SÐxÔ]Î�Ô9ÑèÎ�É$Î�Û9ÙáÑÓÒ0æ}Ê9Æ

É6ÊSÐ*ó�à0Ë#ÝXPoÍ×Ò0Ê}Ö#Ñk��Ú�Ê}à0Ô]Î{Ö-7FÐxÔ"ÑáÒ0à�Û9ÊÌæ�7}ÙáÔ"Ñáþ=Ô]Î{Ë#çÌÊ�09îHÝ0Ê}Ô"ÒbÍ
ÒHÚoÕ+Ò0Ö×Î�Í
Û"Ö#ó°� Çd;'�ÀÆ�=Õ9ÑáË×ÎÌÔ¯ówÕ2ÊSÐ*ó�à0ÒL��
¼Ê}Ö#ÚCÎÌÙÓÑáÝHÚï�#ÒHË#Íbå9Ê}ç9Þ¼Î�å9Ô¯ó�NM�#Ò0à0ÒHÙáÑqÝHÔ]ÎÌÔ]Î|�#Ò0Ë�Íbå"Ê}ç9Þ¼ÎÌå9Ô9Î�Õ+Ê�ï
Ë#Í
ÎÌþ

Exc[ρ]
N��×Î�çCÍ
Ê�Ð*ó5Ô"ÑáçðÎ�Ý�ÍòÐxÑáÒHÖ×å9ÝHÒ0Ô9ÑáÎoñBÊ�.9ÒHÔ�Ø+Ò0Ö#æ¯ÎðïL�gÊ�.9Ô9Î"Æy�gÑÓÒ0Ë�Í
ÒHÍòóLÔ"ÑáÒ��#Ò0Ë�Í

Ý0Ô9ÎÌÔ]ÎoÊÌæ�7}ÙáÔ9Î�Õ+Ê}Ë�ÍÏÎÌþjÍ
Ò0æÌÊ�
¼Û9Ô"çÌî,�#ÊÌÔ]Î�ÞßÛ Ý\Î\ÐxÑáÒHÖ
Î��QPÌîHÒ0æ}Ê�Ð Ë×Ê}Ø"ÑáÒ�ÐxË×Ý�ó5Ë�Í
çIÑáÒ�Ò1
¼Ò0ç¯Íòó
ÐxÑáÒHÙáÊ�î0ÑáÎ�ÞßÊSÐ�ÒÌÆ�i�Û"Ë×ÑáÚbóAÐxÑk�Hî�Ö×Ê}Ø9ÑÓþ�Õ9Ö×Ý�ó�Ø9ÙáÑÓà0Ò0Ô"ÑèÎ{î0Ê�å9Êv�#Ò0æ}Ê�Õ+Ê}Ë#Í
ÎÌî0ÑÀÆá/å"Ò0îHó�å9ÊSÐtÎÌÔ9ÑÓÒqÔ]Î��#Õ+ÊFÐxË#Ý0ÒHî/.9Ô9ÑáÒL�KË#Í×Ê}Ë×ÊSÐtÎÌÔ¯ó�Ú Û9Õ9Ö×ÊÌË×Ý0îHÝ0ÒHÔ9ÑáÒHÚä�#Ò0Ë#ÍeÍ×ÝHÐ�ÆKÕ9Ö×Ý�ó¯ï
Ø9ÙÓÑáà0ÒHÔ9ÑáÒ��~nyp es�eÊ�î\ÎÌÙ n!Ò0Ô9Ë#ÑÓÍòó�pgÕ9Õ9Ö×ÊXu5ÑáÚoÎ�Í×ÑáÊ}Ô$g Æ}+ Íòó�Ú Õ9Ö×ÝHÕ]ÎÌå9çIÛ�
¼Û9Ô9çÌîL�#Ê}Ô]Î�Þ
Exc[ρ]

Ý0ÎÌÕ9ÑÓË×Û4�#ÒHÚ�óCÐ�Ô]ÎÌË#ÍQ�0Õ9Û��QPÌî0ÒL�q
¼Ê}Ö×Ú�ÑáÒ'ã

Exc[ρ] =

∫
εxc[ρ(x)]ρ(x)dx

eÂê"Æ¾
�g
æ}å9ÝHÑáÒ

εxc
�#Ò0Ë�Í>Ò0Ô"Ò0Ö×æÌÑlPjÐ*ó�Ú�ÑáÒHÔ9Ô9Ê�ïùçÌÊ}Ö#Ò0ÙèÎ�îHóX�#ÔUP�Ô]Îq�#Ò0å"ÔUP�î0Ý5PÌË#Í×Ò0îHÝ0ç:�æ�#ÒHå9Ô9Ê}Ö#Ê5å"Ô9Ò0æ}Ê

æ¯ÎÌÝHÛLÒ0ÙáÒHç¯Í
Ö×ÊÌÔ9ÊSÐtÒHæ}ÊCÊ�æ��HË#Í
Ê:�×î0Ñ
ρ
ÆÈi�ÎÌÚ�óAÍ×Ò0Ö
Î�Ý:ã

Vxc[ρ] =
d

dρ(x)
{εxc[ρ(x)]ρ(x)} = µxc[ρ]

eÀê5Æãôhg
æ}å9ÝHÑáÒ

µxc
�#ÒHË#Í{Ðxç9Þ¼Î�å9Ò0Ú Ð*ó5Ú�ÑáÒHÔ9Ô9Ê�ïùçÌÊ}Ö#Ò0ÙáÎÌîHóX�#Ô¯ó�Ú�å9ÊwÕ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛ�î/.9Ò0Ú�ÑáîHÝ0Ô9ÒHæ}Ê9Æ+ Õ9Ö×Ý�ó�Ø9ÙáÑÓà0Ò0Ô"ÑáÛØ�onyphÖQ7SÐxÔ]Î�Ô9ÑèÎ��BÊ�.9Ô]ÎFï�íb.]Î�ÚCÎ�Õ9Ö×Ý�ó5Ø"ÑáÒ0Ö×Î��QPCÕ+Ê}Ë#Í
ÎÌþ{ÎÌÔ9ÎÌÙáÊ}æÌÑáî0ÝHÔUP

å9Ê�ÖQ7SÐxÔ]Î:0�ñ!ÎÌÖ�Í
Ö#Ò0Ò:Z Ò0æÌÊMN=ç¯ÍW7}Ö#Òx�#Û"à)Ô9ÑÓÒwËWP�Í
Ö×Û"å9Ô9Ò å9ÊNÖ#Ê}ÝHÐxÑkPÌÝ\Î�Ô9ÑèÎ"Æ ÉKÊ}ÚoÑÓÚoÊ[N
à0ÒCÕ9Ö×Ý�ó5Ø"ÙáÑáàHÒ0Ô9ÑÓÒ��onyp�Ð*ó�å]Î��#ÒEË#Ñk�CË ÞßÛ9Ë#Ý0Ô9Ò��#ÒHå"ó�Ô9ÑáÒCå9ÙèÎLÐtÊ}ÙÓÔ9Ê@ÝHÚoÑÓÒ0Ô9ÑáÎ��QPÌîHó�î/.WË#Ñk�
æ��HË#Í
Ê:�×î0Ñ/Ò0ÙáÒHç¯Í
Ö×ÊÌÔ9ÊSÐ*ó5î/.*N]Ê}çðÎÌÝ0Û4�#Ò!Ë×Ñk�'N"àHÒ=ÚoÊÌà0Ò=Ø¯ó�þ�Ë#Í×Ê}Ë×ÊSÐtÎÌÔ9Ò�Ý=Õ+ÊSÐtÊ�å9Ý0ÒHÔ9ÑáÒHÚ�å9Ê
Û9ç9Þ¼Î�åM7SÐ Ô9ÑÓÒ,�#Ò0å"Ô9Ê}Ö×Ê�å9Ô¯ó�î/.
ÆÈåòË#Í
Ô"ÑáÒ,�#Ò�ÐxÑÓÒ0ÙáÒ�Ö-7}à0Ô¯ó�î/.@Î�Õ9Ö×Ê}çIË�ó5ÚoÎÌîL�#Ñ
ÐxÑáÒ0ÙÓçÌÊ��#î0Ñ

εxc
Æp!Ø¯ó Ý0ÎÌÚoçIÔUP�þ Õ��HÍ×Ùk�@Ë×ÎÌÚ�Ê}Û9Ý0æÌÊ5å9Ô"ÑáÒ0Ô"ÑèÎ[NxÕ+ÊÌÍ
Ö#Ý0Ò0Ø"Û4�#Ò0Ú�óa�#Ò0Ë×ÝHî0ÝHÒ)Õ9Ö#Ý0ÒHÕ9ÑáË#Û Ô]Î

Í
Êt�×ÎÌç Ý å]ÎÌÔ9ÒL�`æ��HË#Í×Ê��×îHÑ{Ò0ÙáÒHç¯Í
Ö×ÊÌÔ9ÊSÐtÒL�wÐ�ç�Ê}Ú�7}Ö×îHÒ Ò0ÙáÒHÚoÒHÔ¯ÍÏÎÌÖ#Ô9Ò,�@çÌÊ}Ô"Ë#Í
Ö#Û9ÊSÐ>Î�þ
Ô9ÊSÐ*ówÕ+ÊÌÍ
ÒHÔ9î,�×ÎIÞMÒ1
¼ÒHçIÍòóIÐxÔ¯ó}Æ�ÉKÊÌÍ
ÒHÔ9î,�×Î�Þ�Í×Ò0ÔÔ�#Ò0Ë�Í�Ë×Û9ÚmPAÕ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛ ÝHÒHÐxÔM��Í
Ö#Ý0Ô9ÒHæ}Êe¼Ð*óIÍòÐtÎÌÖ×Ý0ÎÌÔ9ÒHæ}Ê Õ9Ö#Ý0ÒHÝoå9Ê�å]Î�Í×Ô9ÑáÊLÔ]ÎIÞ¼ÎÌå9ÊSÐtÎÌÔ9Òv�QPÌå9Ö×Îhg]NeÕ+ÊÌÍ
ÒHÔ9î,�×ÎIÞßÛ Ê5å9å"Ý0ÑèÎIÞèóIÐ>Î�Ô9ÑèÎ
Õ+Ê}ÚoÑR�0å9Ý�óWÒHÙáÒ0ç¯Í×Ö×Ê}Ô]Î�ÚoÑ�eßÍ
ÝHÐ�ÆNÕ2Ê�Í
Ò0Ô"î,�×Î�Þ!ñ!Î�Ö#Í
Ö#Ò0ÒXg�Ê}Ö×ÎÌÝLÕ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛ�Ð*ó�Ú�ÑáÒ0Ô"Ô9Ê�ï
çÌÊÌÖ×Ò0ÙáÎÌîHóX�#Ô9ÒHæ}Ê9Æ��=æ}Ö
Î�Ô9ÑáîHÝ\Î��QPÌî�Ë#Ñk�jå9ÊCÕ9Ö#ÝHó�Õ]ÎÌå"ç�Ûm�#ÒHå9Ô9ÊSÐ*ó�ÚoÑáÎÌÖ×ÊSÐ�Ò0æ}ÊoÊ}Ö
Î�ÝbÝ0ÎÌç9Þ¼Îðï
å]Î��QP�î:N9àHÒ=Ð ÊÌæ�7}ÙáÔ"Ê��×îHÑ2Ð çÌÊ}Ú�7}Ö×îHÒ=Ò0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö×Ô9ÒL�~�#ÒHË#Í

p
ÎðÍ
Ê}Ú�7SÐ ÝHÔ]Î��#å9Û��QPÌîHó�î/.�Ë×Ñk�

Ð Õ2Ê5ÞèÊ}à0ÒHÔ9ÑèÎ�î/.
aα, α = 1, . . . , p

N
Ð*ó�Ö
Î�à0Ò0Ô"ÑáÒ{Ô]ÎEÕ+ÊÌÍ
ÒHÔ9î,�×Î�ÞqÒ1
¼Ò0ç¯ÍòóIÐxÔ¯ó`Ð Ðæ�0ÝFÞ¼ÎÌî/.
å]ÎÌÔ"Ò,�xÕ+Ê�å9Ë×ÑÓÒ0î0Ñ/ÚCÎ{Õ+Ê}Ë#Í
ÎÌþ:ã

V α(x) = V α
ext(x) + V α

h (x) + V α
xc(x),

eÀê5Æ¾9hg
æ}å9ÝHÑáÒ�Õ+Ê}Ë×ÝHî0ÝHÒ0æ�7}ÙÓÔ9Ò�Ë×ç9Þ¼Î�å9ÊSÐtÒjÐ*ó5Ô"Ê}Ë×Ý5P[ã

V α
ext(x) = −

nmax∑

n=−nmax

∑

α′

Zα′Vej(|an+ aα − aα′ − x|), eÀê"ÆÈÇd;hg
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V α
h (x) =

nmax∑

n=−nmax

∑

α′

∫ S
α′

−S
α′

dx′ρα(x
′)Vee(|an+ aα − aα′ − x + x′|), eÂê"ÆÈÇ}Ç�g

V α
xc(x) = f(ρα(x)).

eÀê"ÆÈÇFÅ�g
Vej(r)

�#ÒHË#ÍMÐ>Î�Ö#Í
Ê:�×î0ÑkP=Ø2ÒHÝHÐxÝHæ}Ùk�Hå9ÔUP�Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ�Ê�å9å9ÝHÑèÎ�Þáó�ÐtÎÌÔ9ÑáÎ!Õ+Ê}ÚoÑR�0å9Ý�óÜÒHÙáÒ0ç¯Í×Ö×Ê�ï
Ô9ÒHÚ�Î�Õ9Ö#ÊÌÍ
Ê}Ô"Ò0ÚKN�Ô9Î�Í
Ê}Ú�ÑèÎ�Ë#Í

Vee
Ð>Î�Ö#Í
Ê:�×î0ÑkPjÕ+ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛoÊ5å9å"Ý0ÑèÎIÞèóIÐ>Î�Ô9ÑèÎ�Õ2ÊÌÚoÑR�0å9Ý�ó

å"Ð�Ê}ÚoÎ�Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô]ÎÌÚ�Ñ Æ~+ ÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ�î/.��#Ò0å9Ô"ÊFÐ*ó�Ú�ÑèÎÌÖ#ÊSÐ*ó5î/.LÕ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ�çIÛ9ÙáÊ}Ú�Ø2ÊSÐ>ï
Ë×çIÑ5�#Ò0Ë�Í$ÑÓË#Í×ÊÌÍ
Ô9ÑÓÒqË×ÑÓÔ9æ}Û9ÙáÎÌÖ×Ô¯ó=ÐWÍòó�Ú Ë#Ò0Ô9Ë#ÑáÒ:N�à0Ò�î\Î�ÞèçðÎxÐjeÂê"ÆÈÇ}Ç�g��#Ò0Ë�Í$Ê}Ë#Ê}Ø9ÙÓÑÓÐtÎ[NSÐ Õ9Ö×ÝHÒ�ï
î0ÑÈÐxÑáÒ109Ë#ÍòÐxÑÓÒbå9ÊoÕ9Ö×Ý�ó�Õ]ÎÌå9çIÛ Í×ÖQ74��Ð*ó�Ú�ÑèÎÌÖ#ÊFÐ�Ò0æÌÊ9Æyn!ÙáÎ�Í
ÒHæ}Ê�Ð î\Î�ÞèÒ,�BÕ9Ö×ÎÌîHó�Ø��0å9ÝHÑáÒHÚ�ó
Õ9Ö#ÝHóX�#ÚoÊSÐtÎÌÙáÑM
¼Û"Ô9çÌîL�#Ò

Vee(r)
Ñ
Vej(r)

ÊjË×ç�Ê�09îHÝ0Ê}Ô¯ó�î/.AÐ>Î�Ö#Í
Ê:�×î0ÑáÎÌî/.oÐ:Ý0Ò0Ö#Ý0Ò�Æ
Zα

�#Ò0Ë#Í
ÙáÑÓî0ÝHØUPwÎ�Í
ÊÌÚoÊSÐ�PwÎ�Í
Ê}Ú�7SÐ�Ô9Î`Õ+Ê�å9Ë×ÑÓÒ0î0Ñ

α
Æ��ÌÒ1�×ÙáÑtî/.9Ê5å"Ý0Ñ*Ê`Õ2Ê�Í
Ò0Ô"î,�×Î�ÞxÐ*ó�Ú�ÑáÒ0Ô"Ô9Ê�ï

çÌÊÌÖ×Ò0ÙáÎÌîHóX�#Ô¯ó�N$ÚoÊ}àHÒ0Ú�ó`Õ+ÊSÐ*ÍW7}Ö#ÝHó�þAÖ#Ê}Ý0Û9Ú�ÊSÐ>Î�Ô9ÑáÒCí5ÙèÎðÍ
Ò0Ö×Î�ÝoÕ9Ö
Î�îHóä�ãâd�tÊ�Í
Ö×Ý�ó�ÚÜÛ4�QPÌî
å9ÙáÎÜÕ9Ö×Ý�ó5Õ9ÎÌå9çIÛ��#Ò0å"Ô9ÊSÐ*ó5Ú�ÑèÎ�Ö×ÊSÐtÒHæ}Ê{Ð*ó�Ö
ÎÌàHÒ0Ô9ÑÓÒ:ã

V α
xc(x) = −6βρα(x),

eÀê"ÆÈÇSêhg
æ}å9ÝHÑáÒ

β = 1
�#Ò0Ë�ÍKÕ2Ò�ÐxÔUPBË�ÍÏÎ�Þ¼P[NFç¯ÍW7}ÖQPxÚ�Ê}àHÔ]ÎtÐWÕ9Ö×ÎÌç¯Íòó�î0Ò�å9Ê5å9Î�Í
ç�ÊFÐ�ÊBÚoÊ�å"óÏz]çÌÊSÐtÎÌþÌÆ+ î0ÒHÙáÛoÛ9ÝHó�Ë×çðÎÌÔ"ÑèÎbÝHØ9ÑáÒHà0Ô9Ê:�×î0ÑUÕ+ÊÌÍ
ÒHÔ9î,�×ÎIÞßÛoÐ:Ë
ÎÌÚ�Ê}Û9ÝHæ}Ê5å"Ô9ÑáÊ}Ô¯ó�î/.CÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ�î/.ON

Ð�ÐxÑk�0çIË#Ý0Ê��#î0ÑMÕ9Ö×Ý�ó�Õ]ÎÌå9ç'7FÐ%Ú�Û9Ë×ÑÓÚ�ó�ÐÿçðÎÌà0å9ÒL��ÑÈÍ
ÒHÖ
ÎÌîL�#Ñ�ÚoÑÓÒ0Ë#Ý\ÎÌþ{Ë�ÍÏÎÌÖ�ó@ÑqÔ9ÊSÐ*ówÕ+Ê�ï
Í
ÒHÔ9î,�×ÎIÞLNMÎÌÔ]Î�ÙáÊ}æ}ÑÓî0ÝHÔ9ÑáÒv�×ÎÌç Õ9Ö×Ý�óWÊ}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑèÎÌî/.°Ð�Ö×ÝHÒ0îHÝHóIÐxÑáË�Íòó5î/.NÚCÎðÍ
Ò0Ö#ÑèÎ�ÞßÎÌî/.
Æaá
Î
Õ9Ö#Ê}Õ2ÊÌÖ×î,�#Ò�ÚoÑÓÒ0Ë#Ý\ÎÌÔ9ÑáÎ)Ø��0å9ÝHÑáÒ�Ê5å9Õ+ÊSÐxÑèÎÌå9Î�Þ=Ø+Ò0Ý�Ð*ó�ÚoÑáÎÌÖ×ÊSÐ*óNÕ]ÎÌÖ
Î�ÚoÒ�Í
Ö

γ ∈ [0, 1]
N

Ý0å"Ò1z]Ô9ÑÓÊSÐ>ÎÌÔ¯óLÕ+Ê}Õ9Ö#Ý0Ò0ÝjÖQ7SÐxÔ]Î�Ô9ÑáÒ
V α(x) = γV α

old(x) + (1 − γ)V α
new(x).

eÀê"ÆÈÇ ý g
�}ÎÌç�ÊAçIÖ#óIÍ
ÒHÖ×ÑáÛ"ÚJÝHØ9ÑáÒHà0Ô9Ê:�×î0Ñ6Ê}Ø9ÙÓÑáî0ÝHÒ50�ÚoÊ}àHÔ]ÎoÛ"àHóIÐ>Î�þÜÖQ7}àHÔ9Ñáî�ó�Ý\ÎÌÖ-7FÐxÔ"ÊAÕ2ÊÌÚoÑR�0å9Ý�ó
Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞßÎÌÚ�Ñ'�×ÎÌç{Ñ2æ:�0Ë#Í×Ê��×îHÑèÎÌÚ�Ñ/Þ¼Î�å9Û9Ô9çIÛAÕ9Ö#Ý0ÒHåAÑUÕ2Êbç�Î�à0å9ÒL��ÑÓÍ
ÒHÖ
ÎÌîL�#Ñ Æ~+ Í
ÒL��Õ9Ö
Î�îHó
Ø��0å9ÝHÑáÒ0ÚbóEÛ9àHóIÐtÎÌþbÐ*ó]Þ¼PÌî0ÝHÔ9ÑáÒ�ÖQ7Ìà0Ô9ÑÓîHóEÚ�Ñk�Hå9ÝHóEÕ+ÊÌÍ×Ò0Ô9îL�×Î�Þ¼ÎÌÚ�Ñ ÆÚn!Ò1z]Ô"ÑáÛ4�#ÒHÚ�ó��QP�Ô]Îðï
Ë#ÍQ�0Õ9Û��QPÌî0ÊMã

∆V =
∑

α

∫ Sα

−Sα

|V α
old(x) − V α

new(x)|dx eÀê"ÆÈÇFâ�g
( Ô9Ò0Ö#æ}Ñk��î\ÎIÞßçÌÊSÐxÑÈÍ/PÜÐ*ó�Ý0Ô]ÎÌîHÝ\ÎÌÚbóLÝjÔ9ÎÌË#ÍQ�0Õ9Û4�QP�î0Ò0æÌÊMN]ÐxÝ0Ê}Ö#ÛOã

Etot =
∫ EF

−∞
Eρ(E)dE + 1

2

∑
n

∫
dx

∫
dx′ρ(x)ρ(x′)Vee(|an+ x− x′|)

−
∑

n

∫
dxZρ(x)Vej(|an− x|) +

∑
n6=0 Z

2Vjj(|an|) +
∫
ρ(x)Vxc(x)dx .eÂê"ÆÈÇSéhg+ Õ9Ö#ÝHó�Õ]ÎÌå9çIÛ�Ê}Ø9ÙÓÑáî0ÝHÒ50bÔ�Û"ÚoÒHÖ#ó�î0ÝHÔIó�î/.�ÐNÖ#Ý0ÒHî0ÝHóIÐxÑÓË#Íòó�î/.oÚoÎ�Í×Ò0Ö×ÑáÎ�Þ¼Î�î/.ONÌå9Ê!Ê}Ø9ÙáÑÓî0Ý0Îðï

Ô9ÑáÎCË×Û9ÚJË×ÑÓÒ0îHÑáÊSÐ*ó�î/.`ÐHeÂê"ÆÓÇ\éhgBÐ*ó�çÌÊ}Ö#ÝHó�Ë#Í×Û4�#Ò�Ë×ÑR�ÜÚoÒ�Í
Ê�åM� ( ÐtÎÌÙáå9Î"Æv+ Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛ�#Ò0å"Ô9ÊSÐ*ó5Ú�ÑèÎ�Ö×ÊSÐ*ó�Ú ÊÌç�Î�Ý0Û4�#ÒBË×ÑR�:N�à0ÒBË×Û9Ú�ÊSÐ>ÎÌÔ"ÑáÒBÚoÊ}àHÔ]ÎjÐ*ó�ç�Ê}Ô¯ó�ÐtÎÌþ�Ø+Ò0ÝHÕ2Ê��#Ö×ÒHå9Ô9ÑáÊ
Û9Ö�ó�ÐtÎ��QPÌîjË×ÝHÒ0Ö#Ò0æ�å9ÙèÎ{Ê}çUÆ

nmax = 100
Ø2ÒHÝ�ÑáË#Í×ÊÌÍ
Ô¯ó�î/.�ÖQ7}àHÔ9Ñáî=Ð Ð*ó5Ô"ÑáçðÎÌî/.
Æ
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4 �5ú �ok�l15'vL�6dbaecK_
+�Íòó�Ú�Õ]ÎÌÖ
Î�æ}Ö
Î'z9Ò�Õ"Ö×Ý0ÒHå9Ë#Í
Î\ÐxÑáÊ}Ô]ÎgÝ0Ê}Ë�ÍÏÎÌÔ9ÑÓÒ�Ú�ÒHÍ×Ê5å9Î������°Ð�Ý\ÎÌË�Í
Ê}Ë#ÊFÐtÎÌÔ9ÑÓÛÜå9Êà�#Ò0å5ï
Ô9ÊSÐ*ó�ÚoÑáÎÌÖ×ÊSÐ�Ò0æ}Ê{çIÖ�ó5Ë#ÝHÍ
Î�ÞßÛ�Ýæ�#Ò0å9Ô¯ó�ÚDZëÎ�Í
Ê}Ú�Ò0ÚKZIÐ�ç�Ê}Úm7ÌÖ×î0Ò�ÒHÙáÒHÚoÒHÔIÍ
ÎÌÖ×Ô"Ò,�HÆMÉqÖ×Ý�óIï
Õ]ÎÌå"Ò0çwÍ
ÒHÔWÊ}ÚoÎSÐxÑáÎÌÔ¯óÔ�#Ò0Ë�ÍÜÊ}Ë#Ê}Ø9Ô9Ê�Ý0ÒoÐxÝHæ}Ùk�Hå9ÛWÔ]Î�Ë#Ð�Ê4�QP Õ9Ö#Ê}Ë#Í×ÊÌÍW�oÊ}Ö
Î�Ý�
ÂÎÌç¯Í5N$à0Ò
ÐxÑk�HçIË×Ý0Ê:�×þ�Ð*ó5Ô"Ñáç:7SÐ�Ð Í
ÒL��Õ9Ö×ÎÌîHó`å"ÊÌÍòó�î0ÝXP�îHó�î/.WÝ\Î�Ë#Í
ÊÌË×ÊSÐ>Î�Ô9ÑèÎLÕ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛ Ë�Í
Ê�î/.]Îðï
Ë#Íòó�îHÝ0Ô9ÒHæ}Ê��#ÒHË#ÍjÊ}Õ]ÎÌÖ�ÍÏÎCÐ=ÞßÎ:�×Ô9ÑÓÒ�ÊLÍ×Ò0Ô°
¼Ê}Ö#ÚCÎÌÙÓÑáÝHÚ�Æ��gÊÌæ�7}ÙáÔ"ÑáÒ0Ô"ÑáÒ�Ô9ÎLå"ÊFÐ�Ê}ÙÓÔUPEÑáÙáÊ:�×þ
Î�Í×Ê}Úm7SÐhÐ%ç�Ê}Úm7ÌÖ×î0Ò��#Ò0Ë#Í�ÐxÝ0æ}ÙR�0å9Ô9ÑÓÒCÕ9Ö#Ê}Ë#Í×ÒAÑtÝHÊ}Ë#Í
ÎÌÔ9ÑÓÒCÝ\Î�Õ9Ö×ÒHÝ0Ò0Ô¯Í×ÊFÐtÎÌÔ9ÒEÐ Õ]ÎÌÖ×Îðï
æ}Ö×Î'z]Ò�Ô]ÎÌË�ÍW�HÕ9Ô¯ó5Ú�Æé �0å"Ý0ÑáÒHÚ�ó)Ë×Ý0Û"ç�Î�ÙáÑtÖ#Ê}ÝHÐxÑkPÌÝ\Î�Ô9ÑèÎ��#Ò0å9Ô9Ê�î0Ý5PÌË#Í×çÌÊSÐ�Ò0æ}ÊMNO�#Ò0å"Ô9ÊSÐ*ó5Ú�ÑèÎ�Ö×ÊSÐtÒHæ}ÊwÖQ7SÐ>ï
Ô]ÎÌÔ"ÑèÎ�í5î/.9Ö-w5å9ÑÓÔ9æ}ÒHÖ
Î�ÝbÝ0ÎÌå]ÎÌÔ¯ó�Ú4Ý0Ò�ÐxÔM�HÍ×Ö×Ý0Ô¯ó�Ú Õ+ÊÌÍ×Ò0Ô9îL�×Î�ÞßÒHÚ�Õ2ÒHÖ×ÑÓÊ5å"ó�îHÝ0Ô¯ó�Ú�Æ*ñgÎðï
Ú�ÑáÙÓÍ×Ê}Ô9ÑáÎÌÔ!Ð"�#ÒHå9Ô9Ê}Ë�Í
çðÎÌî/.{Î�Í×Ê}Ú�ÊFÐ*ó�î/.�eÌ�#Ò0å"Ô9Ê}Ë#Í×ç4PgÒ0Ô"Ò0Ö×æÌÑáÑ1�#Ò0Ë�Íà�*ó�å9Ø2ÒHÖ×æMNW�#Ò0å"Ô9Ê}Ë#Í×ç4P
å2ÞèÛ9æ}Ê��#î0ÑeÕ9Ö#Ê}ÚoÑÓÒ50 é Ê:.9Ö
Î

aB
g*ÚoÎ�ÐxÑk�Hî�Õ2Ê}Ë�ÍÏÎÌþ

H = − d2

dx2
+ V (x).

e ý ÆÓÇ�g
É6Ê�Í
Ò0Ô"î,�×Î�Þ�Ð ÖQ7SÐxÔ]ÎÌÔ"ÑáÛ}e ý ÆÈÇ�gF�#ÒHË#ÍxÕ+Ò0Ö#ÑáÊ�å"ó�î0Ý0Ô¯óCÝ�Ê}çIÖ×Ò0Ë#Ò0Ú4Ø��0åUP�îHó�Ú�Ë�ÍÏÎ�Þ¼P�Ë#ÑáÒHî0Ñ

a
ã

V (x) =

+∞∑

n=−∞

v(x− na).
e ý Æ Å:g

á
ÎÌç9Þ¼Î�å]ÎÌÚ�ó!Õ2Ê}Ô9ÎÌå"Í
Ê[NðàHÒ
v(x)

Ý0Ô9ÑÓçðÎxå"ÙèÎ |x| > S
NFæ}å"Ý0ÑáÒ

S ≤ a/2
ÆÊ�ÌÒ0Ë�Í6Í×ÊBÝ0Î�ÞßÊÌà0Ò0Ô"ÑáÒ

çÌÊÌÔ9ÑáÒHî0Ý0Ô"Ò:N5ÎÌØ¯ó�Úm7�î*Ë#Í×Ê}Ë×ÊSÐtÎÌþ!çIÙèÎ�Ë#ó�î0ÝHÔIó�
¼Ê}Ö#ÚCÎ�ÙáÑáÝHÚ ÐxÑáÒ0ÙÓÊ}çIÖ×ÊÌÍ×Ô9Ò0æÌÊjÖ#Ê}Ý0Õ"Ö
ÎÌË#Ý\ÎÌÔ9ÑáÎ"Æi�Ê}àHÒ0Ú�ó�Õ9Ö#Ý0ÒHå9Ë#Í
ÎSÐxÑÓþ=Õ+ÊÌÍ
ÒHÔ9î,�×Î�Þ
v(x)

Ð�ÖQ7SÐxÔ]Î�Ô9ÑáÛØe ý ÆãÅ�gqÊ}Ö
ÎÌÝq
¼Û9Ô9ç�î,�#Ò�
ÂÎ�ÙáÊSÐtÒÚ�×ÎÌç�Ê
çÌÊÌÚÜØ9ÑáÔ9ÎÌî,�-�ÜÙÓÑáÔ9ÑÓÊSÐ P�Õ]ÎÌÖ×Ý�ó�Ë#Í
ÒL��Ñ6Ô9ÑáÒHÕ]ÎÌÖ×Ý�ó�Ë#Í
ÒL�v
¼Û"Ô9çÌîL�#Ñ�ÐxÝ0æ}ÙR�0å9ÒHÚ �×Ö#Ê5å"ç�ÎAç�Ê}Ú�7}Ö×çIÑ
Ò0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö×Ô9ÒL�HÆ��ÌÒ0Ë#Í�Í×ÊEÎÌÔ]Î�ÙáÊ}æ}ÑáÎoå9ÊCÖ×Ê}Ý�ÐxÑáÔ9ÑR�0î0ÑáÎoÐ�Ë×ÝHÒ0Ö×ÒHæc.]ÎÌÖ×Ú�Ê}Ô9ÑÓçLË-
¼Ò0Ö�ó�î0Ý0Ô¯ó�î/.
Ð%Í
Ö#Ý0Ò0î/. Ð*ó�Ú�ÑèÎÌÖ×ÎÌî/.
Æ°n!Ò]z]Ô9ÑÓÛ4�#Ò0Ú�ó ÐxÑk�HîCÐxË×Õ�75ÞèÖ×Ý5�Hå9Ô9ÒEØ��0åUP�î0ÒEÎÌÔ9ÎÌÙáÊ}æÌÑlPEÐxË×Õ�75Þáï
Ö×Ý1�0å9Ô¯ó�î/.@Ë´
¼Ò0Ö#ó�îHÝ0Ô¯ó�î/.wÊ��#Ö×Ê�å9çIÛ�Ð�Õ9Û9Ô9ç�î0ÑÓÒ

na
ã

x = x̂r + na, x ∈
[
na− a

2
, na +

a

2

]
,

e ý Æëêhg
æ}å9ÝHÑáÒ

x̂ =
Ë×æÌÔ

(x)
N¯Ê}Ö
Î�Ý

r ∈ [0, a/2]
ÆKìKÒ0Ö
Î�Ý>ÚoÊÌà0Ò0Úbó�ÝHå9Ò1z]Ô"ÑáÊSÐ>Î�þ~�#Ò0å9Ô"ÊFÐ*ó�Ú�ÑèÎÌÖ#ÊSÐtÒ

ÎÌÔ]Î�ÙáÊ}æ}Ñ8.]ÎÌÖ#ÚoÊ}Ô"Ñáç�Ë-
¼Ò0Ö�ó�î0Ý0Ô¯ó�î/.Oã
Y0(x̂) = 1/

√
2 Y1(x̂) = x̂/

√
2.

e ý Æ ý g
Ç ý
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á
Î{Ñáî/.LÕ+Ê}ÚoÊ�îXPÜå"Ê}çÌÊ}ÔIÛ4�#ÒHÚ�óLÖ×ÊÌÝHÐxÑáÔ"Ñk�0îHÑèÎÜÕ+ÊÌÍ
ÒHÔ9î,�×ÎIÞßÛLÊ}Ö
Î�Ý�
¼Û"Ô9çÌîL�#ÑO
ÂÎÌÙáÊSÐ*ó�î/.Oã

v(x) =
1

2
[v(r) + v(−r)] +

x̂

2
[v(r) − v(−r)] = v0(r)Y0(x̂) + v1(r)Y1(x̂),

e ý Æ â�g

ψ(x) = ψ0(r)Y0(x̂) + ψ1(r)Y1(x̂).
e ý Æãéhg

ä]Û9Ô9ç�î,�#Ò�Ö
ÎÌå"ÑèÎÌÙÓÔ9Ò!Ë�ÐtÊ}Ø+Ê�å9Ô9Ò0æÌÊ�Ö-7SÐxÔ]ÎÌÔ9ÑáÎ�í5î/.9ÖQw�å9ÑÓÔ9æ}Ò0Ö*å9ÎÌÔ9Ò�ËWP{Õ+Ê}Õ9Ö#Ý0Ò0Ý�Ô9ÎÌË#ÍQ�0Õ9Û5ï�QPÌîHÒ�
¼Û"Ô9çÌîL�#ÒbÖ#Ò0æ}Û9ÙáÎÌÖ×Ô"Ò
j0(

√
Er) = cos(

√
Er) j1(

√
Er) = sin(

√
Er)

e ý ÆÌ
�g
ÑÚZ Ô9ÑáÒHÖ×ÒHæ}Û9ÙèÎ�Ö×Ô9Ò'Z

n0(
√
Er) = sin(

√
Er) n1(

√
Er) = − cos(

√
Er).

e ý Æãôhg
åòË#Í×Ô9ÑáÒL�QP>ÖQ7SÐxÔ9ÑÓÒ0àMÎÌÔ]Î�ÙáÊ}æ}ÑðË-
¼ÒHÖ#ó�î0ÝHÔ¯ó5î/.�
¼Û"Ô9çÌîL�#Ñ¯ñ!ÎÌÔ"ç�ÙáÎ>Ý0å9Ò]z]Ô9ÑÓÊFÐtÎÌÔ¯ó�î/.Ç�×ÎÌç�Ê

hl(x) =
jl(x) + inl(x)

ã
h0(

√
Er) = exp(i

√
Er) h1(

√
Er) = −i exp(i

√
Er) .

e ý Æ¾9hg
ÉqÑáÒHÖ#ÐxÑèÎ�Ë#Í
ÒHç √

E
�#Ò0Ë#Í�Ø9Ö×ÎÌÔ¯ó{Ô]Î�Õ2ÞßÎÌË×ÝHî0Ý�ó>�HÔ9ÑáÒxÝHÒ0Ë×Õ+Ê}ÙÓÊ}Ô9Ò,��Ýxî0ÑR�0î0ÑÓÒ0Ú�ÐxÝ0å2ÞèÛ9àxå9Ê5å9Î�Í#ï

Ô9ÑÓÒ,�>î0Ý5�1�×îHÑKÊÌË×ÑeÖ×ÝHÒ0îHÝHóIÐxÑáË�Í
Ò,�HÆ
?A@�B�@CB DFE>G�H�I�GKJ�I�L
MNGPO8Q�E>L�I�GSRTRVU M WXQYI�HFZ�O M[Z1O8\�GKJ^]�Q
< Ò0Ô¯Í×Ö
ÎÌÙÓÔIó�Ú'Ê}Ø9ÑÓÒ0ç¯Í
ÒHÚ Ð 
¼Ê}Ö×ÚoÎÌÙáÑ_�0Ú�ÑáÒjÐxÑáÒ0ÙÓÊ}çIÖ×ÊÌÍ×Ô9Ò0æÌÊ�Ö#Ê}Ý0Õ9Ö×ÎÌË×Ý0ÎÌÔ9ÑáÎ��#ÒHË#Í|
¼Û"Ô9çÌîL�×Î��Ö×Ò0ÒHÔ]Î"Æ�É6Ê}Ë�ÍW�HÕ9Û4�QPÌî°ÎÌÔ]ÎÌÙÓÊ}æ}ÑáîHÝ0Ô9ÑÓÒ��×ÎÌç3Ð Õ9Ö
ÎÌî0ÎÌî/.ï� ÇSé�� � ê¯Å4��Ú�Ê}à0ÒHÚ�ó ÊÌÍ×Ö×Ý�ó5ÚoÎÌþ
Ô]ÎÌË�ÍW�HÕ9Û4�QPÌîHÒjÐ*ó�Ö
Î�à0Ò0Ô"ÑáÒjÔ]Î�
¼Û"Ô9çÌîL�-����Ö×Ò0ÒHÔ]Î{Ð Õ2ÊÌË#ÍÏÎ�î0Ñ é ÙÓÊ5î/.]ÎFï-ä]Ê}Û9Ö#ÑáÒ0Ö×Î�Ð	�#ÒHå9Ô9Ê�ï
Ð*ó�ÚoÑáÎÌÖ×ÊSÐ*ó�Ú�Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÙáÒ�Õ+Ò0Ö×ÑÓÊ5å5ó5îHÝ0Ô¯ó�Ú"ã

< x′|G(E, k)|x >= −
∑

l Jl(E, x>)Zl(E, x<)

+
∑

l′,l Zl′(E, x
′) [t−1(E) − B(E, k)]

−1
l′l Zl(E, x) .

e ý ÆÈÇd;hg

+ Ö-7FÐxÔ9ÎÌÔ9ÑáÛ�e ý ÆÓÇd;�g
Zl(E, x)

Ñ
Jl(E, x)

ËQP�Ê�å9Õ2ÊSÐxÑÓÒ0å9Ô9ÑÓÊ�Ö#Ò0æ}Û"ÙèÎÌÖ#ÔIó�Ú ÑMÔ9ÑÓÒ0Ö×ÒHæ}Û5ï
ÙèÎ�Ö×Ô¯ó�Ú�Ö×ÊÌÝHÐxÑlP�Ý\ÎÌÔ9ÑÓÒ0Ú�ÖQ7SÐxÔ]ÎÌÔ9ÑáÎ�í5î/.9ÖQw�å9ÑÓÔ9æ}Ò0Ö×Î[N9ç¯ÍW7ÌÖ×Ò�å9ÙèÎ

(r ≥ S)
ÚCÎd�QPÜÕ2Ê}Ë�ÍÏÎÌþ

[Z(E, r)]l′l = jl′(
√
Er)[t−1(E)]l′l −

i√
E
hl(

√
Er)δl′l

e ý ÆÈÇ}Ç�g

[J(E, r)]l′l = jl′(
√
Er)δl′l .

e ý ÆÈÇFÅ�g
B(E, k)

�#ÒHË#Í�ÚoÎÌîHÑáÒ0Ö#ÝXP�Ë#Í
Î�Þèó�î/.wË#Í×Ö×Û9ç¯Í×Û9Ö
ÎÌÙÓÔ¯ó5î/.*N
ç¯ÍW7}Ö×ÎoÐ Õ2ÊÌË#ÍÏÎ�î0ÑKÛ9Ê}æ�7}ÙÓÔ9ÑáÊÌÔ9Ò,�*Ô]Î
Õ9Ö#ÝHó�Õ]ÎÌå9ÒHç Ë×ÑÓÒ0î0Ñ�ÝFÞßÊ}àHÊ}Ô9ÒL�|�#Ò0Ë�Í�å]ÎÌÔ]Î ÖQ7SÐxÔ]Î�Ô9ÑèÎÌÚ�Ñ�e ý ÆÓ9 ý gCÑ�e ý Æ¾9¯â:g�Ð Õ]Î�Ö
ÎÌæ}Ö×Î'z]Ò
Ô]ÎÌË�ÍW�HÕ9Ô¯ó5Ú�Æfi ÎÌîHÑáÒ0Ö#Ý

t(E)
�#ÒHË#ÍEÚoÎÌîHÑáÒ0Ö#ÝXP°Ö#Ê}Ý0Õ"Ö
ÎÌË#Ý\ÎÌÔ9ÑáÎ°å9ÙáÎ°Õ2Ê��#Ò0å"ó�09îHÝ0Ò0æÌÊ�Õ+Ê�ï

Í
ÒHÔ9î,�×ÎIÞßÛ
Æ�ÉKÊ}Ô9ÑáÒ�Ð>Î�à{ÚCÎÌÚbó�å5ÐxÑáÒÜÙÓÑáÔ9ÑÓÊFÐ�Ê�Ô9ÑáÒHÝ\ÎÌÙÓÒ0à0Ô"Ò|
¼Û9Ô9ç�î,�#Ò�
ÂÎÌÙÓÊFÐ�ÒÜØ��0åUP�î0ÒÜÖ#Ê}Ý�ï
ÐxÑlP�Ý\ÎÌÔ9ÑÓÒ0Ú ÖQ7SÐxÔ]ÎÌÔ9ÑáÎ í5î/.9ÖQw�å9ÑÓÔ9æ}Ò0Ö×Î[NtçðÎÌàHåUP`Ý�Ô"Ñáî/.�ÚoÊ}àHÒ0Ú�óWÖ×Ê}Ý�ÐxÑáÔUPÌþAÐ�Ë×Ý0ÒHÖ×ÒHæZ .]ÎÌÖ×Ú�Ê}Ô9ÑÓçoË´
¼Ò0Ö�ó5îHÝ0Ô¯ó�î/.OZÏ�×Î�çCÐ Ö-7FÐxÔ9ÎÌÔ9ÑáÛ}e ý Æãé�gtÊÌÍ
Ö#ÝHó�ÚÜÛ4�QPÌî'ã

ψl(E, x) =
∑

l′

Yl′(x̂)[ψ(E, r)]l′l
e ý ÆÈÇSêhg
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�BÎÌå9ÑèÎ�ÙáÔ9Ò>Ö#Ê}ÝHÐxÑkPÌÝ\Î�Ô9ÑèÎ�Ë×Õ+ÒðÞèÔ9ÑèÎd�QP�Í×Û"ÍÏÎ��qÔ]ÎÌË�ÍW�0Õ"Û4�QPÌîHó�ÝHØ9Ñk7ÌÖ�Ö-7SÐxÔ]Î:0�ÖQ7}àHÔ9ÑáîHÝ0çÌÊSÐ*ó�î/.eÂÖ-7SÐxÔ]ÎÌÔ9ÑÓÒ�ÚCÎÌîHÑáÒHÖ×Ý0ÊSÐ�Òdg�ã

d2

dr2
ψ(E, r) + [E − ṽ(r)]ψ(E, r) = 0,

e ý ÆÈÇ ý g
Ý�Õ2Ê�Í
Ò0Ô"î,�×Î�ÞèÒ0Ú

ṽ(r)
Ð6
¼Ê}Ö×Ú�ÑáÒ!ÚCÎÌîHÑáÒHÖ×Ý0ÊSÐ�Ò,�1ã

ṽ(r) =

[
vs(r), va(r)
va(r), vs(r)

]
=

1√
2

[
v0(r), v1(r)
v1(r), v0(r)

]
.

e ý ÆÈÇFâ�g
ä]Û9Ô9ç�î,�#Ò

ψ(E, r)
ËWP*Û9ÝHó�Ë#ç�ÑÈÐ>Î�Ô9ÒMÕ2Ê}Õ"Ö×Ý0ÒHÝMÔ�Û"ÚoÒHÖ#ó�î0ÝHÔ9ÒMî\Î�ÞèçÌÊSÐ>Î�Ô9ÑáÒMÖQ7SÐxÔ]Î�Ô9ÑèÎ�e ý ÆÓÇ ý g

Ý\Î�î0ÝHó�Ô]Îd�QPÌî=Ð`�#Ö×Ê�å9çIÛEÛ9ç9Þ¼ÎÌå"ÛLÐxË#Õ87�ÞßÖ×Ý1�0å9Ô¯ó�î/.^e
r = 0

g�Ê�åEÔ]ÎÌË#ÍQ�0Õ9Û��QPÌîHó�î/.c
¼Û9Ô9çÌîL�#ÑSã
[ψ(E, r)]l′l = rlδl′l .

e ý ÆÈÇSéhg
n!ÙáÎ

r ≥ S

¼Û"Ô9çÌîL�#ÒoÍ
Ò�ËWP�çÌÊ}Ú�Ø9ÑáÔ]Î�î,�QPLÙáÑáÔ"ÑáÊSÐ PEå"Ðæ7�î/.WÙáÑÓÔ9ÑáÊSÐ�Ê�ïòÔ9ÑÓÒ0Ý0ÎÌÙáÒHà0Ô¯ó�î/. Ö#Ê}Ý�ï

ÐxÑlP�Ý\Î:0LË#Ð�Ê}Ø+Ê5å"Ô9Ò0æ}Ê�ÖQ7SÐxÔ]Î�Ô9ÑèÎ�í5î/.9Ö-w5å"ÑáÔ9æ}ÒHÖ
Î[ã

[ψ(E, r)]l′l = jl′(
√
Er)[C(E)]l′l −

i√
E
hl′(

√
Er)[S(E)]l′l

e ý ÆÈÇ�
�g
i ÎÌîHÑáÒHÖ×Ý0Ò�ÐxË#Õ875Þèî0Ý�ó5Ô"Ô9Ñáç'7FÐ

[C(E)]
ÊÌÖ
ÎÌÝ

[S(E)]
Ú�Ê}à0Ô9Î{ÐxÑR�0î=Ð*ó�Ö
Î�Ý0Ñáþ�Ð Ô]ÎÌË�ÍW�0Õ"Û5ï�QPÌî�óEË×Õ+Ê}ËQ7ÌØOã

[C(E)]l′l = W

{
[ψ(E, r)]l′l,−

i√
E
hl′(

√
Er)

}

r=S

,
e ý ÆÈÇSôhg

[S(E)]l′l = W
{
jl′(

√
Er), [ψ(E, r)]l′l

}

r=S
.

e ý ÆÈÇd9hg
+)Ö×Ê�09Ë#çIÑèÎÌÔ

W
Ð Õ+ÊFÐ*ó�àHË×ÝHó�î/.EÐxÝ0ÊÌÖ
ÎÌî/.��#ÒHË#Í�Ý0å9Ò]z]Ô9ÑÓÊFÐtÎÌÔ¯ó�Ð Ô]ÎÌË�ÍW�0Õ"Û4�QPÌîHó�Ë#Õ2Ê}Ë-7}ØOã

W{f, g} = f
∂

∂r
g − g

∂

∂r
f.

e ý ÆãÅ:;hg
É6ÊÌÖQ7SÐxÔIÛ4�QPÌî�ÐxÝ0Ê}Ö�ó}e ý ÆÈÇ}Ç�g>ÑÈe ý ÆÓÇ�
:gtÊÌÍ
Ö#ÝHó�ÚÜÛ4�#ÒHÚ�óLÔ]ÎÌË�ÍW�0Õ"Û4�QPÌî0Ò�Ð*ó�Ö
ÎÌàHÒ0Ô9ÑÓÒbÔ9Î�ÚoÎðï
î0ÑÓÒ0Ö#Ý

t
ã

t(E) = S(E)C−1(E) .
e ý ÆãÅ5Ç�g

é ÑÓÒ0æ}Û9Ô¯ó_
¼Û"Ô9çÌîL�#Ñv��Ö×ÒHÒ0Ô]Îäe ý ÆÈÇd;hg�å9Î��QP çIÖ#ÝHóIÐtÒ å"ó�Ë×Õ+Ò0Ö×Ë¼�#Ñ�e¼Õ]ÎÌË#ÚCÎwÒ0Ô"Ò0Ö×æÌÒHÍòó�î0ÝHÔ9Òdg Æ
í[P�Ê}Ô9Ò�Ý�Ð*ó�ç�ÙÓÒ�ÝHÔ]Î��#å9ÊSÐtÎÌÔ9Ò��×ÎÌç�ÊCÕ9Û9Ô"çIÍòó�Ð ç¯ÍW7}Ö�ó�î/.wÝ0Ò0Ö#Û4�#Ò�Ë#Ñk��Ð*ó�Ý0Ô]ÎÌîHÝ0Ô9ÑÓç�Í×ÝHÐ�Æ
ÚoÎÌî0ÑÓÒ0Ö×Ý�óx������N"î0ÝHó�ÙÓÑeÝ�ÐtÎÌÖ#Û9Ô9çIÛOã

det
∣∣t−1(E) − B(E, k)

∣∣ = 0.
e ý ÆãÅ}Å�g

á/å9Ò]z]Ô9ÑáÛ��#Ú�óCÍ×Ò0Ö
Î�ÝjÚoÎÌîHÑáÒ0Ö#Ý=Õ+Ê5î/.9Ê�å9Ô¯ó�î/.@ÙáÊÌæ¯ÎÌÖ#óIÍ×ÚoÑÓî0Ý0Ô¯ó�î/.x
¼Û9Ô9ç�î,�#ÑO
ÂÎÌÙÓÊFÐ�Ò,�1ã

D(E, r) =
∂

∂r
[ψ(E, r)][ψ(E, r)]−1.

e ý ÆãÅÌêhg
i ÎÌîHÑáÒHÖ×Ý

D(E, r)
Ô9ÑáÒ�Ý\Î�ÙáÒ0à�óLÊ5å�Ô9Ê}Ö#ÚCÎ�ÙáÑáÝ0ÎÌî,�#Ñ�
¼Û9Ô9ç�î,�#Ñ

ψ(E, r)
Æ>ÉKÊ}Ô]ÎÌå"Í×Ê��#ÒHË#ÍgÚCÎFï

î0ÑÓÒ0Ö#ÝXP{Ë#ó�Ú�ÒHÍ
Ö�ó�î0Ý0Ô9Î[NUî0ÝHó�ÙÓÑSã
DT (E, r) = D(E, r) .

e ý Æ Å ý g
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i�Ê}àHÔ]Î{Í
Ê�Õ2ÊÌç�Î�Ý\ÎÌþ�Ý0ÎÌÛ¯Ð>ÎÌà0Î��QPÌî'N2àHÒjÚoÎÌîHÑáÒ0Ö#Ý!ÍÏÎ�Ë×Õ+ÒðÞèÔ9ÑèÎ{Ö-7FÐxÔ9ÎÌÔ9ÑáÒ��xÑáî0Î�Í×Í×ÑáÒHæ}ÊMã

∂

∂r
D(E, r) +D2(E, r) = v(r) − E

e ý Æ ÅÌâ�g
ÝxË#ó�Ú�ÒHÍ
Ö�ó�î0Ý0ÔMPbÚoÎÌî0ÑÓÒ0Ö×Ý5P=Õ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛ

ṽT (r) = ṽ(r)
Æà�gÎ�çÌÊ�09î0ÎÌî/.CÊ�å9îHÑáÔ9çðÎ�ZëÚ�Û�`�Ô5ï

Í
ÑÓÔOZoe
r = S

g�N]ÚCÎÌÚbóCÕ+ÊoÕ"Ö×Ê}Ë�Í
ÛOã

D(E) =
∂

∂r
[ψ(E, r)]

∣∣∣∣
r=S

[ψ(E, S)]−1.
e ý ÆãÅÌéhg

i ÎÌîHÑáÒHÖ×Ý@Õ+Ê5î/."Ê5å9Ô¯ó�î/.�ÙáÊ}æ}ÎÌÖ#óIÍ
Ú�ÑáîHÝ0Ô¯ó�î/.}�#Ò0Ë�ÍEÖQ7SÐxÔ9ÑÓÒ0à@Ø+Ò0ÝHÕ2Ê��#Ö×ÒHå9Ô9ÑáÊ Ý�ÐxÑlPÌÝ0ÎÌÔ]ÎWÝ
ÚoÎÌî0ÑÓÒ0Ö×Ý5P

t
Õ+Ê}Õ9Ö#Ý0Ò0Ý�Ô]Î�Ë#ÍW�HÕ9Û4�QPÌî5PoÖ#Ò0ÙèÎ�î,�-�:ã

[v−1
P (E)]l′l = jl′(

√
ES)[t−1(E)]l′ljl(

√
ES)

− i√
E
hl′(

√
ES)jl(

√
ES)δl′l

e ý ÆãÅ�
�g

Õ9Ö#ÝHóEîHÝHó�Ú�Í
Ý�Ð�Æ�ÚoÎÌîHÑáÒ0Ö#Ý�Õ9Ë×ÒHÛ9å9Ê}Õ+ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ��#Ò0Ë#ÍBÝHå9Ò1z]Ô"ÑáÊSÐ>Î�Ô]Î�Ô9ÎÌË#ÍQ�0Õ9Û4�QP�î0ÊMã
v−1
P (E) = D(E) −D0(E),

e ý ÆãÅÌôhg
æ}å9ÝHÑáÒ

D0(E) =
d

dr
[j(

√
Er)]

∣∣∣
r=S

[j(
√
ES)]−1,

[j(
√
Er)]l′l = jl(

√
Er)δl′l .

e ý ÆãÅ:9hg

?A@�B�@ba cTL
MNGedfL�ghE�G�iVO8G�j�\�Q2J^]kZlRTRVU M WXQYI�HFZ1O M[Z1O8\�G�J�]�Q
+ Ë#Í
ÎÌÔ9å]Î�Ö×å9ÊSÐ�Ò,��ÚoÒ�Í
Ê�å9Ý0ÑÓÒÔ�����hæ5Þ¼7SÐxÔ¯ó�Ú Õ"Ö×Ê}Ø9ÙÓÒ0Ú�Ò0Ú'Õ9Ö#ÝHó)Ê}Ø9ÙáÑÓî0Ý0ÎÌÔ9ÑáÛ`Ë�Í
Ö×Û"ç¯ï
Í
Û"Ö#ó�Õ]ÎÌË#ÚoÊSÐ�Ò,�à�#Ò0Ë�Í!ÝHÔ]Î��#å9ÊSÐtÎÌÔ9ÑÓÒÜØ9ÑáÒHæ}Û9ÔM7SÐè
¼Û"Ô9çÌîL�#ÑÚ��Ö×ÒHÒ0Ô]Î°e ý ÆÈÇd;hg>Õ2ÊÌÕ9Ö×ÝHÒ0Ý�Ë#Ý0Û5ï
çðÎÌÔ9ÑÓÒbÝHÒ0Ö!Ð*ó�Ý0Ô9ÎÌî0ÝHÔ9ÑáçðÎAÚoÎÌî0ÑÓÒ0Ö×Ý�ó"����� e ý ÆãÅ}Å�g ÆÇ+ ó�Ý0Ô]Î�î0Ý0Ô"Ñáç�Í×Ò0ÔwË#Ñk��ÝHÒ0Ö#Û4�#Ò:N
æÌå"ó
Õ9Ö#ÝHó�Ô]Î��#Ú�Ô9ÑáÒL���#ÒHå9Ô]ÎwÝ�
¼Û9Ô9ç�î,�#Ñ

λi(E, k)
Õ9Ö×ÝHÒ0î/.9Ê�å9Ý0Ñ*Õ"Ö×Ý0ÒHÝLÝ0Ò0Ö#Ê Õ9Ö×Ý�ó Û9Ë#Í
ÎÌÙáÊÌÔIó�Ú

k
Æ
λi
ËQP@Í
Û"Í
Î��bÐ>ÎÌÖ�Í
Ê��#î0ÑáÎÌÚoÑ�Ð=Þ¼ÎÌË#Ô¯ó5Ú�Ñ>ÚoÎÌî0ÑÓÒ0Ö#ÝHót����� Õ9Ö×Ý�óWå]ÎÌÔ"Ò,�ÜÒ0Ô9ÒHÖ×æ}ÑÓÑ

E
Ñ

Ð�Ò0ç¯Í
Ê}Ö#Ý0Òq
ÂÎÌÙáÊSÐ*ó�Ú
k
Æ��ÌÒ0å9Ô9ÎÌçÜÐ>Î�Ö×Û9Ô9ÒHçKe ý ÆãÅ}Å�g$Õ+Ê�î/.9Ê5å"Ý0Ñ]ÝBÎÌÔ]ÎÌÙÓÑáÝ�óbÍòó�Ùáç�Êbå"Ö×Û9æ}ÑÓÒ0æ}Ê

î0ÝFÞßÊ}ÔIÛ�ÐtÒxÐxÝ0Ê}Ö#Ý0Ò|e ý ÆÈÇd;hg Æ�m/Ò0Ø¯ó�Ê}Ø+Ò,�-�#þ*Í/P�Í
Ö×Û"å9Ô9Ê��#þ:N�àXPÌå]Î�Ú�ó�N�ÎÌØ¯ó�Õ9ÑÓÒ0Ö#ÐxË#ÝHó�î0ÝFÞßÊ}Ô
Ð8Ð*ó5Ö×ÎÌà0ÒHÔ9ÑáÛ�Ô]Î�
¼Û9Ô9ç�î,�-�|��Ö#Ò0ÒHÔ]ÎKe ý ÆÈÇd;hg�ÝHÔ9ÑáçðÎ�ÞeÔ]Î{Ø9Ö×ÝHÒ0æ¯ÎÌî/.�Ê5å"î0ÑáÔ"ç�Î�Z ÚÜÛ�`�Ô5ï Í
ÑÓÔOZe
r = S

g Æ¹i�Ê}àHÒ0Ú�ó Í
Ê Û9ÝHó�Ë×çðÎÌþEÕ+Ê}Õ9Ö#Ý0ÒHÝEÕ9Ö×ÝHÒ,�-�×îHÑáÒAÊ�åWÙÓÑáÔ9ÑÓÊFÐ�Ê�ïùÔ9ÑáÒHÝ\ÎÌÙÓÒ0à0Ô¯ó�î/.°Ö#Ê}Ý�ï
ÐxÑlP�Ý\Î:0wÖ-7FÐxÔ9ÎÌÔ9ÑèÎ�í5î/."ÖQw�å9ÑáÔ9æÌÒ0Ö
Î

Z
Ñ
J
å"ÊEÔ9ÊSÐ*ó5î/.a
¼Û9Ô9ç�î,�#Ñ

ξ
Ñ
ζ
ÝHå9Ò1z]Ô"ÑáÊSÐ>Î�ÔIó�î/.

Ô]ÎÌË�ÍW�HÕ9Û4�QPÌîHÊMã
ξ(E, r) = Z(E, r)Z−1(E, S)

e ý Æëê�;hg
ζ(E, r) = J(E, r)ZT (E, S) − Z(E, r)j(

√
ES).

e ý Æëê"Ç�g
É6ÊÌÕ9Ö×ÝHÒ0ÝtØ+Ò0ÝHÕ2Ê:�×Ö×ÒHå9Ô9Ñ�Ö
ÎÌî/.IÛ9Ô"Ò0ç�ÚoÊÌà0Ô]ÎxÕ2ÊÌç�Î�Ý\ÎÌþ'N�àHÒÈ+)Ö×Ê�0"Ë×çIÑèÎÌÔbÝ0å9Ò]z]Ô9ÑÓÊFÐtÎÌÔ¯ó �×ÎÌçÌÊ

W {ζ(E, r), ξ(E, r)}l′l =

{
ζT (E, r)

∂

∂r
ξ(E, r) − ∂

∂r
ζT (E, r)ξ(E, r)

}

l′l

e ý Æëê¯Å�g
Ô9ÑÓÒ�Ý0Ú�ÑáÒ0Ô"ÑèÎÜË×ÑR��Õ9Ö×Ý�óAÍ
ÒL�*Í×Ö
ÎÌÔ9Ë´
¼Ê}Ö×ÚoÎÌîL�#Ñ
Ñ��#Ò0Ë�ÍBÖQ7SÐxÔ¯ó|�#Ò0å9Ô9Ê:�×î0Ñsã

W{ζ(E, r), ξ(E, r)} = W{J(E, r), Z(E, r)} = 1.
e ý Æëê}êhg



���q�O���*�L���'6����7�����y�y�8�9���H� �:�È���<;�� �=;��"�L�����2� ÇSô
�gÊÌÖ×ÝHó�Ë�ÍÏÎ��QPÌîMØ+Ò0ÝHÕ2Ê��#Ö×ÒHå9Ô9ÑáÊxÝqÖ-7FÐxÔ9Î:0�e ý Æëê�;hg2Ñ$e ý Æëê"Ç�g2Ê}Ö×ÎÌÝqÝÚ
ÂÎÌç¯Í
Û*N�àHÒ

tT (E) = t(E)ÊÌÍ×Ö×ÝHó�ÚÜÛ��#Ò0Ú�ó
ξ(E, S) = 1 ζ(E, S) = 0.

e ý Æëê ý g
é �Hå9Ý0ÑÓÒ0Ú�óEî/."î0ÑáÒHÙáÑ
Í×Ò0Ö
Î�ÝjÝ0ÎÌÕ9ÑÓË
ÎÌþv
¼Û9Ô"çÌî,�-�|��Ö×Ò0ÒHÔ]Î"e ý ÆÈÇd;hg�Ð�Ô9ÊSÐtÒL�BçÌÊ}Ô¯Ð�Ò0Ô9îL�#ÑSNUÛ9à�óIï
ÐtÎ��QPÌî�
¼Û"Ô9çÌîL�#Ñ

ξ
Ê}Ö
Î�Ý

ζ
Æqá
Î�Õ9ÑáË#Û4�#Ò0Ú�óAË#Ð�Ê}Ø2Ê�å9ÔUP�
¼Û9Ô9çÌîL�-����Ö×Ò0ÒHÔ]ÎoÝbÎÌÖ#æ}Û9Ú�Ò0Ô¯ÍÏÎÌÚ�Ñ

Ö
Î�å9ÑèÎÌÙÓÔ¯ó5Ú�Ñ/Ô9Î�ç�Ê�09î0ÎÌî/. Ê�å9î0ÑÓÔ9çðÎxZëÚÜÛ>`oÔ�ïùÍ
ÑÓÔOZ��×Î�çÌÊMã
[g0(E, k)]l′l = − i√

E
hl(

√
ES)jl(

√
ES)δl′l

+jl′(
√
ES)[B(E, k)]l′ljl(

√
ES) .

e ý Æëê¯â�g

�gà�óIÐ>Î��QP�î ÖQ7SÐxÔ]Î�Ô9ÑèÎ	e ý Æ Å�
:g�ÚoÊ}àHÒ0Ú�óWÛ9ÝHó�Ë×çðÎÌþ�Ô]ÎÌË�ÍW�HÕ9Û4�QPÌî5P Í
ÊÌà0Ë
Î�ÚoÊ��#þLÊ}Õ2ÒHÖ
Î�Í×Ê�ï
Ö×ÊSÐ�P[ã

v−1
P (E) − g0(E, k) = J(E, S)[t−1(E) −B(E, k)]J(E, S),

e ý Æëê}éhg
ç¯ÍW7}ÖQP{Õ9Ö×ÝHÒ0Õ9ÑÓË×Ý0ÒHÚ�óEÐ Õ+Ê}Ë�ÍÏÎÌîHÑ

[t−1(E) − B(E, k)]−1 = J(E, S)[v−1
P (E) − g0(E, k)]

−1J(E, S)
e ý Æëêh
�g

< ÝðÞèÊ}Ô�Õ2Ê ÙÓÒHÐ�Ò,�AË#Í×Ö×Ê}Ô9ÑÓÒwÖQ7SÐxÔ]ÎÌÔ"ÑèÎ(e ý Æãêh
:g�Ð*ó�Ë#ÍW�HÕ9Û4�#Ò`ÖQ7SÐxÔ9ÑÓÒ0àwÐJÐ*ó5Ö×ÎÌà0ÒHÔ9ÑáÛ�Ô]Î
¼Û9Ô9ç�î,�-�v��Ö#Ò0Ò0Ô9Î�e ý ÆÓÇd;�g�Æ�i�ÊÌà0Ò0ÚbóoæÌÊbå]Î�ÙáÒ,�qÕ9Ö×ÝHÒ0çIË×Ý�ÍÏÎ�Þèî0ÑÓþ!Ý\ÎjÕ2ÊÌÚoÊ�îXP�Ô]ÎÌË�ÍW�0Õ"Û4�QPÌî0ÒL�
Í
ÊÌà0Ë
Î�ÚoÊ��#î0Ñsã

[A− B]−1 = A−1 + A−1
[
B−1 − A−1

]−1
A−1,

e ý Æëê}ôhg
ç¯ÍW7}ÖQP Ë#Í
ÊÌË×Û4�#ÒHÚ�ó å9Ê��×Ö#Ê5å"çÌÊSÐtÒHæ}Ê3Ô9ÎSÐxÑáÎÌË×Û�Õ+Ê�Õ9Ö
Î\Ð�Ò,�LË�Í
Ö#Ê}Ô9ÑáÒwÖ-7SÐxÔ]ÎÌÔ9ÑáÎ6e ý Æëêh
�g
ÊÌÍ×Ö×ÝHó�ÚÜÛ��QPÌî�Ô]ÎÌË�ÍW�0Õ"Û4�QPÌîHóEÐ*ó�Ô9ÑÓç$ã
[t−1(E)−B(E, k)]1 = J(E, S)Z−1(E, S)+Z−1(E, S)[g−1

0 (E, k)−vP (E)]−1Z−1(E, S)e ý Æëê�9hg
Õ9Ö#ÝHóEîHÝHó�Ú4Ë×ç�Ê}Ö×Ý�ó5Ë�ÍÏÎÌÙÓÑk�#Ú�óAÍ
Û5ÍÏÎ��*ÝjÝ0ÎÌÙáÒHà0Ô9Ê:�×î0Ñ

v−1
P (E) = Z(E, S)J(E, S)

e ý Æ ý ;hg
ç¯ÍW7}ÖQP)Ú�Ê}à0Ô9Î ÊÌÍ×Ö×Ý�ó5ÚoÎÌþLÕ9Ö#Ý0Ò0Ý�Ø2ÒHÝ0Õ+Ê��×Ö#Ò0å9Ô"Ñ!Ö
Î�î/.�Û"Ô9Ò0ç�Û9àHóIÐtÎ��QPÌî�ÖQ7SÐxÔ]Î:0Õe ý ÆÈÇ}Ç�g
Ñ�e ý ÆÓÇFÅ:g�Æï+ ó5Ö×ÎÌà0ÒHÔ9ÑáÒäe ý Æãê:9hgCÚoÊÌà0ÒwØ¯ó�þ)Ø+Ò0ÝHÕ2Ê��#Ö×ÒHå9Ô9ÑáÊ�ÐxË#Í
Î\ÐxÑáÊ}Ô9Ò`å9Ê�ÖQ7SÐxÔ]Î�Ô9ÑèÎe ý ÆÓÇd;�g�Æ�É6Ê@Ð*ó�ÙáÑÓî0Ý0ÒHÔ9ÑáÛa
¼Û9Ô9ç�î,�#Ñ

Z(E, S)
Ñ
J(E, S)

ÝCÖQ7SÐxÔ]Î'0je ý Æëê�;hg�Ê}Ö
Î�Ý°e ý Æãê"Çdg
ÊÌÍ×Ö×ÝHó�ÚÜÛ��#Ò0Ú�óEÔ9ÎÌË#ÍQ�0Õ9Û4�QP�îHóEÐ*ó�Ô9Ñáç

< x′|G(E, k)|x >=
∑

l2l1

Yl2(x̂
′) < l2 r

′|G(E, k)|l1 r > Yl1(x̂)
e ý Æ ý Ç�g

æ}å9ÝHÑáÒ
< l2 r

′|G(E, k)|l1 r >= −∑
l

[ζ(E, r>)]l2l[ξ(E, r<)]Tll1

+
∑
l′l

[ξ(E, r′)]l2l′
[
g−1
0 (E, k) − vP (E)

]−1

l′l
[ξ(E, r)]Tll1 .

e ý Æ ý Å�g

áBe ý Æ ý Å�g�Ð*ó�Ô9ÑáçðÎ[N>àHÒK
¼Û"Ô9çÌîL�×Î^��Ö#Ò0ÒHÔ]Î)Ý�Ö
ÎÌå"ÑèÎÌÙÓÔIó�Ú�Ñ*ÎÌÖ#æ}Û9Ú�Ò0Ô¯ÍÏÎÌÚ�Ñ>Ô]Î Ø9Ö×ÝHÒ0æ¯Î�î/.
Ê�å9î0ÑÓÔ9çðÎonHÚÜÛ�`�Ô5ï Í
ÑáÔYn

[g(E, k)]l2l1 ≡< l2 S|G(E, k)|l1 S >
e ý Æ ý êhg



���q�O���*�L���'6����7�����y�y�8�9���H� �:�È���<;�� �=;��"�L�����2� Çd9
Ú�Ê}à0Ò�Ø¯ó�þbÊÌØ9ÙáÑÓî0Ý0ÊÌÔ]ÎÜÝ�ÖQ7SÐxÔ]ÎÌÔ9ÑáÎ�ÎÌÙáæ}ÒHØ9Ö
Î�Ñáî0ÝHÔ9Ò0æÌÊÜÍòó5Õ"Û�Ö-7FÐxÔ9ÎÌÔ9ÑèÎ�ngó�Ë#Ê}Ô]Î[ã

g(E, k) = g0(E, k) + g0(E, k)vP (E)g(E, k)
e ý Æ ý}ý g

é ÑÓÒ0æ}Û9Ô¯ó�
¼Û"Ô9çÌîL�#Ñ
g(E, k)

Õ+Ê}çIÖ#óIÐ>Îd�QP�Ë#Ñk��Ý�Ø9ÑáÒHæ}Û9Ô]ÎÌÚ�Ñ/Õ+ÒðÞèÔ9Ò,� 
¼Û9Ô9ç�î,�#Ñ\��Ö#Ò0ÒHÔ]Î
< x′|G(E, k)|x > Ð8Ö-7FÐxÔ9ÎÌÔ9ÑáÛ°e ý ÆÈÇd;hg Æàn=Î��#Ò=Ô9ÎÌÚ Í×ÊÜÔ9ÊSÐ*óCÐ8Õ+Ê}ÖQ7SÐxÔ]Î�Ô9ÑáÛAÝ!ÖQ7SÐ>ï
Ô]ÎÌÔ"ÑáÒ0ÚDe ý ÆãÅ}Å�gtË#Õ2ÊÌËQ7}Ø�Ý0Ô]Îd�#å9ÊSÐ>ÎÌÔ"ÑèÎ�Õ]ÎÌË×Ú�Ò0Ô9ÒHÖ×æ}Ò�Íòó5îHÝ0Ô¯ó�î/.Oã

det |g−1(E, k)| = 0.
e ý Æ ý â:g

É6ÊÌË×Ý0Û"ç�ÑÈÐ>Î�Ô9ÑáÒ>ÝHÒ0ÖÚ
¼Û9Ô"çÌî,�#Ñ
λi(E)

Õ9Ö#ÝHóbÛ9àHó�î0ÑÓÛ{ÚCÎ�î0ÑáÒHÖ×Ý�ó
g−1(E, k)

�#Ò0Ë�Íqå9Û9àHÊ�Õ9Ö×ÊÌË#Í#ï
Ë×ÝHÒbÕ+Ê}Ô9ÑÓÒHÐtÎÌà�
¼Û9Ô9ç�î,�#ÒbÍ×Ò�ÚoÊ}Ô"ÊÌÍ
Ê}Ô"Ñáî0ÝHÔ9ÑáÒ�Ö#Ê}Ë×ÔMP�ÝjÒ0Ô9ÒHÖ×æ}ÑkP"Ææ�ÌÒ0å9Ô9ÎÌçx
¼Û9Ô9çÌîL�#ÒbÊ�å9Õ+Ê�ï
ÐxÑèÎ�å]Î��QPÌîHÒqÕ2Ê}Ë#Ý0îHÝ0Ò0æ:7}ÙáÔ¯ó�Ú Ð>Î�Ö#Í
Ê:�×î0ÑkP>Ð=Þ¼ÎÌË#ÔIó�Ú Õ9Ö#Ý0ÒHî0ÑáÔ9Î��QP*Ê���Ò0Ô9ÒHÖ×æ}ÑÓÑ}Õ2Ê�å�ÖQ7}àHÔ¯ó5Ú�Ñ
ç4P�ÍÏÎ�ÚoÑÀÆq+ ç�Ê}ÙáÒL�#Ô¯ó5î/.wçIÖ#Ê}çðÎÌî/.@Ð*ó�Õ9Ö×ÊSÐtÎÌå9Ý0ÑÓÚ�ó�ÚCÎÌîHÑáÒHÖ×Ý:N+ç¯ÍW7}Ö#Ò,�BÐtÎÌÖ#Í×Ê��×îHÑ6Ð=ÞßÎÌË×Ô9Ò
Õ9Ö#Ý0Ò0îHÑáÔ]Îd�QP�Ê��*ÒHÔ9Ò0Ö#æ}ÑáÑeÕ+Ê�å�Ë�ÍÏÎ�Þáó�ÚoÑ
ç4P�Í
ÎÌÚ�Ñ ý âÜË#Í×Ê}Õ9Ô9ÑÀÆ

É6ÊAÕ"ÑáÒ0Ö�ÐxË×ÝHÒÜË×î0Î�ÞßçIÛ4�#ÒHÚ�ó"
¼Û"Ô9çÌîL�-����Ö#Ò0ÒHÔ]Î°e ý Æ ý ÇdgxÕ+ÊCî0Î�ÞßÒL�gçÌÊ}Ú�7}Ö×îHÒ�+�ÑÓæ}Ô9Ò0Ö×Îðï
í5ÒHÑáÝ\Î ÎÌØ¯ó°Û9Ë#Û9ÔUPÌþEÝ0ÎÌÙáÒHà0Ô9Ê:�×þAÊ�åWÝ0Ú�ÑáÒHÔ9Ô¯ó�î/. Õ9Ö×ÝHÒ0Ë#Í×Ö×ÝHÒ0Ô9Ô¯ó�î/.ON>ç¯ÍW7ÌÖ
Î Ô9ÑÓÒ��#ÒHË#Í{Õ+Ê�ï
Í
Ö#Ý0ÒHØ9Ô]Î�Õ9Ö×Ý�óEË×ÝHÛ9çðÎÌÔ9ÑáÛ�Õ]ÎÌË#Ú�Ò0Ô"Ò0Ö×æÌÒHÍòó�î0ÝHÔIó�î/.Oã

a/2∫
−a/2

dx < x|G(E, k)|x >= −∑
l

a/2∫
−a/2

dx ζl(E, x)ξl(E, x)

+
∑
l′l

[g(E, k)]l′l
a/2∫

−a/2

dx ξl′(E, x)ξl(E, x).

e ý Æ ý éhg

í5î0Î�Þßç�ÊFÐtÎÌÔ9ÑÓÒ�Õ9ÑáÒHÖ#ÐxË×ÝHÒ0æ}Êoî0ÝFÞßÊ}ÔIÛLÐ{e ý Æ ý é�gtå]Î��#Ò:ã
a/2∫

−a/2

dxζl′(E, x)ξl(E, x) =

∑
l2l1

S∫
0

dr
∑

x̂ Yl2(x̂)Yl1(x̂)[ζ(E, r)]l2l′ [ξ(E, r)]l1l =

S∫
0

dr[ζT (E, r)ξ(E, r)]l′l

e ý Æ ý 
�g

á:ÖQ7SÐxÔ]ÎÌÔ"ÑèÎ í5î/.9Ö-w5å9ÑÓÔ9æ}ÒHÖ
Î Ð*ó�Ô9ÑáçðÎ[N�à0ÒEÚoÎÌîHÑáÒ0Ö#Ý
ζT (E, r)

Ê}Ö
Î�Ý��#Ò,�ÜÕ2Ê�î/.9Ê�å9Ô]Î@Õ+Ê
Ò0Ô"Ò0Ö×æÌÑáÑ ∂

∂E
ξ(E, r) ≡ ξ̇(E, r)

Ë×Õ+ÒðÞèÔ9ÑèÎ��QPoÊ5å9Õ+ÊSÐxÑáÒHå9Ô9ÑáÊCÔ]ÎÌË#ÍQ�0Õ9Û��QPÌî0Ò{Ö-7FÐxÔ9ÎÌÔ9ÑèÎoÖQ7}à ï
Ô9ÑÓî0Ý0ç�ÊSÐtÒ'ã

d2

dr2
ζT (E, r) = ζT (E, r)[v(r) − E]

e ý Æ ý ôhg
∂2

∂r2
ξ̇(E, r) = [v(r) − E]ξ̇(E, r) − ξ(E, r)

e ý Æ ý 9hg
i�Ô9ÊÌàXPÌîqÕ9Ö×Î\ÐtÊ}Ë�Í
Ö#Ê}Ô9Ô9ÑÓÒ�Ö-7SÐxÔ]ÎÌÔ9ÑÓÒqe ý Æ ý ôhg+Õ9Ö×ÝHÒ0Ý

ξ(E, r)
NSÔ]Î�Í
ÊÌÚoÑáÎÌË#Í2ÖQ7SÐxÔ]ÎÌÔ"ÑáÒÇe ý Æ ý 9�g

ÙáÒ�ÐtÊÌË#Í
Ö#Ê}Ô9Ô9ÑÓÒ�Õ9Ö×ÝHÒ0Ý
ζT (E, r)

ÑeÕ2Ê�å9Ë�ÍÏÎ\ÐxÑèÎ��QP�îæ�#Ò0å9Ô9Ê�Ö-7FÐxÔ9ÎÌÔ9ÑáÒ�å"Êoå9Ö#Û9æ}ÑÓÒ0æ}Ê{ÊÌÍ×Ö×Ý�óIï
ÚÜÛ4�#ÒHÚ�ó�ã

S∫

0

drζT (E, r)ξ(E, r) = W
{
ζ(E, r), ξ̇(E, r)

}
r=0

e ý Æãâ:;hg



���q�O���*�L���'6����7�����y�y�8�9���H� �:�È���<;�� �=;��"�L�����2� Å:;
ì6Î�î\ÎIÞßçðÎ Ú�Ê}à0Ò�Ø¯ó5þCÊ}Ø9ÙáÑÓî0ÝHÊ}Ô]ÎLÛ9àHóIÐtÎ��QPÌîÔ
¼Û9Ô"çÌî,�#Ñ

ψ(E, r)
ÝCÖ-7SÐxÔ]ÎÌÔ9ÑáÎ_e ý ÆÓÇSé�g�ÆKá

å9Ò]z]Ô9ÑáîL�#ÑO
¼Û9Ô9ç�î,�#Ñ
ξ(E, r)

Ð ÖQ7SÐxÔ]Î�Ô9ÑáÛte ý Æëê�;hgtÚoÎÌÚ�ó�ã
ξ(E, r)ψ(E, S) = ψ(E, r),

e ý Æãâ5Ç�g

ξ̇(E, r)ψ(E, S) + ξ(E, r)ψ̇(E, S) = ψ̇(E, r) = 0 (r → 0),
e ý Æ âÌÅ�g

+)Ë#ÍÏÎ\ÐxÑáÎ��QPÌî
ξ̇(E, r)

Ýme ý Æ âÌÅ�g�å9Ê�ÖQ7SÐxÔ]ÎÌÔ"ÑèÎKe ý Æãâ:;hg�ÊÌÍ
Ö#ÝHó�ÚÜÛ4�#ÒHÚ�ó

W
{
ζ(E, r), ξ̇(E, r)

}

r=0
=

W
{
ζ(E, r),−ξ(E, r)ψ̇(E, S)ψ−1(E, S)

}
r=0

=

−ψ̇(E, S)ψ−1(E, S)

e ý ÆãâÌêhg

�gÊÌÖ×ÝHó�Ë�ÍÏÎ��QPÌî�Ýme ý Æ â:;�gtÑÈe ý ÆãâÌêhg�ÚoÎÌÚ�ó
∫ S

0

drζT (E, r)ξ(E, r) = −ψ̇(E, S)ψ−1(E, S) .
e ý Æãâ ý g

n!ÙáÎ�å"Ö×Û9æ}ÑÓÒ,�>î\Î�ÞèçIÑ
Õ2Ê�Õ9Ö×ÎSÐ�Ò,�*Ë#Í×Ö×Ê}Ô9ÑÓÒ=Ð�Ð*ó�Ö
Î�à0Ò0Ô"ÑáÛ^e ý Æ ý éhg�å9ÊÌË#ÍÏÎd�#Ò0Ú�ó�ã
a/2∫

−a/2

dx ξl′(E, x)ξl(E, x) =
S∫
0

dr[ξT (E, r)ξ(E, r)]l′l =

[Nψ(E)ψ−1(E, S)]T [Nψ(E)ψ−1(E, S)]

e ý Æãâ}â�g

æ}å9ÝHÑáÒ
Nψ(E)

�#Ò0Ë�ÍBÝ0å9Ò]z]Ô9ÑáÊSÐtÎÌÔ9Ò �×ÎÌçÌÊ
S∫

0

drψT (E, r)ψ(E, r) = NT
ψ (E)Nψ(E) .

e ý ÆãâÌéhg

�gÊÌÖ×ÝHó�Ë�ÍÏÎ��QPÌî�Ý�Ö-7SÐxÔ]Î:0ae ý Æ â ý g�Ñàe ý Æ âÌâ�g�Ú�Ê}à0ÒHÚ�óoÕ9Ö×ÝHÒ0çIË×Ý�ÍÏÎ�Þèî0Ñáþme ý Æ ý éhg�å9Ê{Ô9ÎÌË#ÍQ�0Õ9Û5ï�QPÌîHÒ,�>Õ2Ê}Ë�ÍÏÎÌîHÑSã
a/2∫

−a/2

dx < x|G(E, k)|x >=
∑
l

[ψ̇(E, S)ψ−1(E, S)]l′l+

∑
l

{
[Nψ(E)ψ−1(E, S)]g(E, k)[Nψ(E)ψ−1(E, S)]T

}
ll
≡

∑
l

Pll(E, k)

e ý Æãâ�
�g

�eÒHÐtÎEË#Í
Ö#Ê}Ô]ÎAÍ
ÒHæ}ÊEÖQ7SÐxÔ]Î�Ô9ÑèÎ��#ÒHË#Í�ÖQ7SÐxÔ]Îx�#ÙèÎÌå9ÊSÐxÑ6ÚCÎÌîHÑáÒHÖ×ÝHó
P (E, k)

Æ�i Î�î0ÑáÒHÖ×Ý�Í
Î
Ú�Ê}à0Ò�Ø¯ó�þbÕ"Ö×Ý0ÒHçIË×ÝHÍ
Î�ÞßîHÊ}Ô]Î�å]ÎÌÙáÒL�*å"Ê�Ô9ÎÌË#ÍQ�0Õ9Û4�QP�î0Ò,�xÕ2Ê}Ë�ÍÏÎÌîHÑSã

P (E, k) = 1/2[Q(E, k) +Q†(E, k)],
e ý ÆãâÌôhg
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æ}å9ÝHÑáÒ

Q(E, k) = [ψ(E, S)N−1
ψ (E)]−1[ψ̇(E, S)N−1

ψ (E)]+

Nψ(E)ψ−1(E, S)g(E, k)[Nψ(E)ψ−1(E, S)]T .

e ý Æãâ:9hg

é ÑÓÒ0æ}Û9Ô¯ó�ÚoÎÌî0ÑÓÒ0Ö×Ý�ó
P (E, k)

å]Î��QPjÔ]ÎÌÚhÍ
ÒHÖ
ÎÌÝBÕ]ÎÌË#ÚCÎjÒ0Ô9ÒHÖ×æ}Ò�Íòó5îHÝ0Ô9Ò�Æ i�Ê}æhPbÊÌÔ9Ò!Ø¯ó�þ
Ð*ó�Ý0Ô]Î�î0Ý\Î�Ô9Òq�×ÎÌç�Ê�Ý0Ò0Ö×Î�Ô9ÎÌË#ÍQ�0Õ9Û4�QP�î0Ò0æÌÊ�Ð*ó�Ý0Ô9ÎÌî0ÝHÔ9ÑáçðÎ[ã

det |P−1(E, k)| = 0 .
e ý Æãé�;�g

á/Ò�Ë�Í
Ö#Û9ç¯Í
Û9Ö�ówÎÌÔ]Î�ÙáÑÓÍòó�îHÝ0Ô9ÒL�Ç
¼Û9Ô9çÌîL�#Ñ���Ö×Ò0ÒHÔ]ÎCÝHÔ]ÎÌÔ9ÒL�æ�×ÎÌç�ÊCÐ=Þ¼Î�Ë×Ô9Ê��#þ�ñgÒHÖ×æ}ÙÓÊÌÍ
Ý0ÎV�ëÅ}Å4�
Ú�Ê}à0Ô]Î�ÐxÔ"ÑáÊ}Ë#çÌÊSÐ>Î�þ:NUà0Ò�ÐtÎÌÖ#Í×Ê��×îHÑ
Ð=Þ¼ÎÌË#Ô9Ò�ÚCÎÌîHÑáÒHÖ×ÝHó

P−1(E, k)
ÚÜÛ"Ë×ÝXP�Ö×ÊÌË×ÔUPÌþ�Ú�Ê�ï

Ô9ÊÌÍ×Ê}Ô9ÑÓî0Ý0Ô"ÑáÒ�Ý�Ò0Ô"Ò0Ö×æÌÑlP[ã
∂

∂E
λi[P

−1(E, k)] ≥ 0,
e ý Æãé"Çdg

Ê}Ö×ÎÌÝÜà0Ò{Õ+Ê�î/.9Ê5å"Ô]ÎCÍÏÎ��#ÒHË#Í�ÖQ7SÐxÔ]Î��#ÒHå9Ô9Ê��#î0Ñ�Ð�Ú�Ê}ÚoÒHÔ9î0ÑÓÒ�Õ9Ö#Ý0ÒHî0ÑáÔ9ÎÌÔ9ÑèÎAÊÌË×Ñ$ÒHÔ9Ò0Ö#æ}ÑáÑÀÆ�}ÎÌçIÑáÒHçÌÊ}ÙÈÐxÑáÒHçWÝ\ÎÌØ"Û9Ö×ÝHÒ0Ô9ÑáÎ`Í×Ò0æ}Ê Ð>ÎÌÖ#Û9Ô9çIÛ3Ú�Ê}æ5Þáó�ØIó�Õ+ÊSÐtÊ�å9ÊSÐtÎÌþ�Û��#Ò0Ú�Ô9Ò�Ðxç9ÞßÎÌå"ó
å9Ê@æ:�0Ë#Í×Ê��×îHÑtË�ÍÏÎÌÔM7SÐ�Æwä]Ê}Ö#ÚCÎ�ÙáÔ9ÑÓÒ:N�ÖQ7SÐxÔ]ÎÌÔ"ÑáÒ°e ý Æëé"Ç�g �#ÒHË#Í�çÌÊ}Ô9Ë#Ò0ç¯Ð�Ò0Ô9îL�QP Ð=Þ¼Î�Ë×Ô9Ê��#î0Ñ
¼Û9Ô9ç�î,�#ÑÊ��Ö#Ò0ÒHÔ]Îoå]Î�Ô9Ò,�gÖ-7FÐxÔ9ÎÌÔ9ÑáÒHÚ e ý Æëô"Ç�g�NUçIÍQ7}Ö×ÒL�BØ��0å9ÝHÑáÒ0Úbó�Û"àHóIÐ>Î�þÜÕ9Ö×Ý�óLÐ*ó5Õ"Ö×Ê�ï
ÐtÎÌå9Ý\Î�Ô9ÑáÛc
¼Ê}Ö×Ú�Û2Þèó���ÙÓÊSó5å9Î"Æ

+ ÖQ7SÐxÔ]ÎÌÔ9ÑÓÛ(e ý Æ â:9�gjÊ}Ø+Ò0îHÔ9Ê��×þEÚoÎÌîHÑáÒ0Ö#ÝHó
ψ−1(E, S)

Ú�Ê}à0ÒoÕ2ÊSÐ�Ê5å"ÊFÐtÎÌþAÍ×Ö×Û9å5ï
Ô9Ê��#î0ÑMÔIÛ9Ú�Ò0Ö#ó�îHÝ0Ô9ÒCÐ�Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛON$æÌå"ó`ÚCÎ�î0ÑáÒHÖ×Ý

ψ(E, S)
�#ÒHË#ÍbÊ}Ë×ÊÌØ9ÙáÑÈÐ>Î[N�îHÊ�Ú�Ê}à0Ò

Ë×ÑR��Ý0å]ÎÌà�ó�þoÐhÕ9Ö×ÎÌç¯Íòó�î0ÒÌÆpm/ÒHØ¯ó)Û"Ô9ÑáçIÔUPÌþ�Í
ÒL��Ô9ÑÓÒ0å9ÊÌæ}Ê5å"Ô9Ê��×îHÑSN�Ú�Ê}à0ÒHÚ�ówÝ\Î�Ë#Í
ÊÌË×ÊSÐ>Î�þ
Ô]ÎÌË�ÍW�HÕ9Û4�QPÌî5P�Ú�ÒHÍ×Ê5å[�ÌÆ�ÉKÊ�Õ9ÑáÒHÖ#ÐxË#Ý0ÒxÊ}Ø9ÙÓÑáî0Ý0ÎÌÚ�ójî\ÎIÞßç:�>ÐNÖQ7SÐxÔ]Î�Ô9ÑáÛKe ý Æ â�éhgKÛ9à�óIÐ>Î��QP�î
Í
Ö#ÑáçIÛLÝ�Õ2Ê�î/.9Ê�å9ÔUP{Õ2Ê�ÒHÔ9Ò0Ö#æ}ÑáÑsN]ÎÌÔ]ÎÌÙÓÊ}æ}ÑÓî0Ý0Ô"ÑáÒ��×Î�çoÐ Ö-7SÐxÔ]ÎÌÔ9ÑáÎÌî/._e ý Æ ý ôhgtÑ�e ý Æ ý 9hg]ã

d2

dr2
ψT (E, r) = ψT (E, r)[v(r) − E],

e ý Æãé}Å�g

d2

dr2
ψ̇(E, r) = [v(r) − E]ψ̇(E, r) − ψ(E, r).

e ý ÆãéÌêhg
�!Î�Ë#ÍW�HÕ9Ô9ÑÓÒjÛ"àHóIÐ>Îd�QPÌîbÝHÔ]ÎÌÔ9ÒL�Ê�#Û9à�Ú�ÒHÍ×Ê5å"óCÊÌÍ
Ö#ÝHó�ÚÜÛ4�#ÒHÚ�ó�ã

S∫

0

drψT (E, r)ψ(E, r) = −W
{
ψ(E, r), ψ̇(E, r)

}
r=S

.
e ý Æëé ý g

+ Íòó�Ú ÖQ7SÐxÔ]Î�Ô9ÑáÛ�Ðxç9Þ¼ÎÌå Ê5å8Õ9Û9Ô9ç¯Í×Û
r = 0

�#ÒHË#Í�ÖQ7SÐxÔ¯ó�Ý0ÒHÖ×Û�ÝHÒ ÐxÝHæ}Ùk�Hå9Û�Ô9Î
Ô9Ê}Ö#ÚCÎ�ÙáÑáÝ0ÎÌî,�-��
¼Û9Ô9ç�î,�#Ñ

ψ(E, r)
å9ÎÌÔ9Ò,��ÖQ7SÐxÔ]ÎÌÔ9ÑÓÒ0Ú e ý ÆÈÇSéhg�Æ�ÉqÖ#ÝHóIÐtÊ�ÞßÛ4�QPÌî�å9Ò]z]Ô9ÑáîL�-�+)Ö×Ê�09Ë#çIÑèÎÌÔIÛ°e ý ÆãÅ:;hg�Ê}Ö
Î�ÝgÚoÎÌî0ÑÓÒ0Ö#ÝHó{Õ+Ê5î/."Ê5å9Ô¯ó�î/.EÙáÊÌæ¯ÎÌÖ#óIÍ×ÚoÑÓî0Ý0Ô¯ó�î/.Ve ý ÆãÅÌéhg�Ú�Ê}à0ÒHÚ�ó

Õ9Ö#Ý0Ò0çIË#ÝHÍÏÎIÞßî0ÑÓþ�e ý Æëé ý g�å9Ê�Õ+Ê}Ë#Í
ÎÌî0Ñ
∫ S

0

drψT (E, r)ψ(E, r) = ψT (E, S)
{
Dψ(E) −Dψ̇(E)

}
ψ̇(E, S).

e ý Æëé¯â�g
áwÖQ7SÐxÔ]Î:0te ý Æëé¯â�gtÑàe ý ÆãâÌéhg�Ð*ó�Ô9ÑÓç�Î�ÖQ7SÐxÔ9Ê:�×þ

[ψ(E, S)N−1
ψ (E)]T

{
Dψ(E) −Dψ̇(E)

}
[ψ̇(E, S)N−1

ψ (E)] = 1,
e ý Æëé}éhg
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ç¯ÍW7}Ö#Ò,�*Û9àHóIÐtÎÌÚ�óLå9Ê�Õ9Ö#Ý0Ò0çIË#ÝHÍÏÎIÞßî0ÒHÔ9ÑèÎVe ý Æãâ:9hgtå"Ê�Ô9ÎÌË#ÍQ�0Õ9Û4�QP�î0Ò,�xÕ2Ê}Ë�ÍÏÎÌîHÑSã

Q(E, k) = [ψ(E, S)Nψ(E)]−1×
{
ψ̇(E, S)N−1

ψ (E) + g(E, k)[ψ(E, S)N−1
ψ (E)]−1T

}
e ý Æëéh
�g

n=ÎÌÙÓÒ,�1N9Õ"Ö×ÝHóAÕ2Ê}Ú�Ê�îHóAÖ-7SÐxÔ]ÎÌÔ9ÑáÎ"e ý Æëé}éhgtÊÌÍ×Ö×ÝHó�ÚÜÛ��#Ò0Ú�ó
Q(E, k) = [ψ(E, S)Nψ(E)]−1×
{
[Dψ(E) −Dψ̇(E)]−1 + g(E, k)

}
[ψ(E, S)N−1

ψ (E)]−1T

.

e ý Æëé}ôhg

�gÊÌÖ×ÝHó�Ë�ÍÏÎ��QPÌî�Ô]Î�Ë#ÍW�HÕ9Ô9ÑÓÒjÝ�Ö-7FÐxÔ9ÎÌÔ9ÑèÎKe ý Æ ýÌý gtÚCÎ�Ú�ó
[Dψ(E) −Dψ̇(E)]−1 + g(E, k) =

[g−1
0 (E, k) +D0(E) −Dψ(E)]−1[g−1

0 (E, k) +D0(E) −Dψ̇(E)]×

[Dψ(E) −Dψ̇(E)]−1,

e ý Æëé�9hg

î0Ê�Õ+Ê�ÐxË�ÍÏÎ\ÐxÑáÒHÔ9ÑáÛLå9Ê�ÖQ7SÐxÔ]Î�Ô9ÑèÎKe ý Æãé}ô�g�å]Î��#Ò
Q(E, k) =

{
ψ(E, S)N−1

ψ (E) + g0(E, k)[D0(E) −Dψ(E)]ψ(E, S)N−1
ψ (E)

}−1 ×
{
ψ̇(E, S)N−1

ψ (E) + g0(E, k)[D0(E) −Dψ̇(E)]ψ̇(E, S)N−1
ψ (E)

}
.

e ý Æ¾
:;hg

�gÊÌÖ×ÝHó�Ë�ÍÏÎ��QPÌîjÝ0Ô"ÊFÐxÛ�Ý�å9Ò1z9Ô9ÑáîL�#ÑO+°Ö#Ê�09Ë×çIÑáÎÌÔIÛ_e ý Æ Å';hg]N9Ú�Ê}àHÒ0Ú�óAÐ*ó�Ö×ÎÌà0ÒHÔ9ÑáÒ�Í
Ê�Û9Õ"Ö×Ê�ï�×îHÑáþ�å9Ê�Õ+Ê}Ë#Í
ÎÌî0Ñ
Q(E, k) = Nψ(E)

{
ψ(E, S) + C(E, k)W T [ψ, j]

}−1 ×
{
ψ̇(E, S) + C(E, k)W T [ψ̇, j]

}
N−1
ψ (E),

e ý Æ¾
5Ç�g

æ}å9ÝHÑáÒ�ÚCÎ�î0ÑáÒHÖ×Ý
C(E, k)

�#Ò0Ë�ÍAçÌÊÌÔ9Ë#Í×Ö×Û9ÊSÐtÎÌÔ]ÎWÝ�ÚCÎÌîHÑáÒHÖ×ÝHó�Ë�ÍÏÎ�Þáó�î/.:Ë#Í×Ö×Û9ç¯Í
Û"Ö
ÎÌÙÓÔIó�î/.
B(E, k)

Ð Ô]Î�Ë#ÍW�HÕ9Û4�QPÌî�óLË×Õ+Ê}ËQ7ÌØOã

[C(E, k)]l′l ≡ − i√
E
hl′(

√
ES)δl′l + jl′(

√
ES)[B(E, k)]l′l

e ý Æ¾
}Å�g
�=Ë#Í
Î�Í
Ô9ÑÓÒbå5Ð>ÎAÖ-7FÐxÔ9ÎÌÔ9ÑèÎ�å]Î��QPCÔ9Î���Ð*ó�æ}Ê5å"Ô9ÑáÒL�#Ë×ÝHó�Ë×Õ+Ê}Ë-7}Ø@Ý0Ô9Î��#å9ÊSÐ>Î�Ô9ÑèÎCÔ"ÊFÐ�Ò,�!ÚoÎðï
î0ÑÓÒ0Ö#ÝHóc�����

P (E, k)
Ý�à5PÌå]ÎÌÔ¯ó�ÚoÑ
Ð=ÞßÎÌË×Ô"Ê��×îHÑèÎÌÚ�Ñ/ÐtÎÌÖ#Í×Ê��×îHÑ�Ð=ÞßÎÌË×Ô¯ó�î/.
Æ

�j¹ð®}¸
±$Ãù­]´'qjªq²U¨\µ5³KÁÏ·0­/Ã�& ­"¨��K¾¼µ5¿
n!ÙáÎgÝ0ÑÓÙáÛ9Ë�Í
Ö#ÊFÐtÎÌÔ9ÑáÎgÝ0ÎÌÙáÒ�Í$ÚoÎÌî0ÑÓÒ0Ö#ÝHó

P (E, k)
Ð�Õ2Ê}Ö-7SÐxÔ]ÎÌÔ9ÑÓÛ�Ý0ÒtË#ÍÏÎ�Ô9å]ÎÌÖ#å9ÊSÐ P=ÚoÎÌî0ÑÓÒ�ï

Ö×Ý5Pv�����`e ý Æ ÅÌÅ�g]N�Õ2Ê}çðÎÌàHÒ0Ú�óbÝ\Î�ÙáÒ0àHÔ9Ê��#þtÐ>Î�Ö#Í
Ê:�×î0Ñ5Ð=Þ¼ÎÌË#ÔIó�î/.�Ê�åÜÒ0Ô9ÒHÖ×æ}ÑÓÑ"å9ÙáÎBÍ×ÝHÐ�Æ�Õ+Ê�ï
Í
ÒHÔ9î,�×ÎIÞßÛÔi Î�ÍW."ÑáÒ0Û"� ÇFÅ��ÀÆ�ìKÖQ74��Ð*ó�Ú�ÑèÎÌÖ#ÊFÐ*óÜÕ2ÊÌÍ×Ò0Ô9îL�×Î�ÞOi Î�ÍQ.9ÑáÒHÛv�#ÒHË#Í�î0Ý1�0Ë#Í×Ê�Û9à�óIÐ>ÎÌÔ¯ó
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V 
[R

y]

x [a.u.]
���]�/���]�X =rÏ¢£¡d¤ sd¨X²[®�ÀXµÈ¬h©�¶·ª'±lÀXµÈ¬H¯:À:«,¨'®4¦sÂ´ªd»ut�ªd«/§�¶·¨'¸ï²hªÏ®d¬ ±wvXµÇ®4ªÏ®�¶ ¨'© xUÃzy{x ²[½·ª

U0 = 5
Ä ¬ÏÃ�ÙO­1ª'±S®�¨�¯h¸h®hº]«�¬mÀ:­4®4ª4¦1­1ª-Â,¿�¦1­�«,¨'±R¬Ôªd«,À[©Ç¬�µBºWÀ[©�vh±l¦1¨�¨4½ ¨'©�¨'®d«´ª4±S®�¨ Â| ¯4ªd«/±l­�«,¨'º1³´«�}]Ã"Û ¯4±l­�¬h¯4ª'²[º4¸�ÂL¨X²[®�¨5Ñ:À°ª�«,Àb©�¸�µ º/À[©�vh±¼¦1¨�ÂL¨1³´«�À[®cÀb¦1­�¬Xµq¶�~-¦�¶·¨¸h©�¶ ¨5³´­5¦]­1Àb®d¬|µ�~�±lÀb²[º'¸�Ã

å9Ê�Í×Ò0Ë�Í
ÊSÐ>Î�Ô9ÑèÎ�ÔIÛ9Ú�Ò0Ö�ó�î0Ý0Ô¯ó�î/.�ÚoÒ�Í
Ê�åCÊ}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑáÊSÐ*ó�î/.ON"æ}å5ó5àgÕ2ÊÌË×ÑèÎ�å]ÎbÖ#Ê}ÝHÐxÑkPÌÝ\ÎÌÔ"ÑáÒ
ÎÌÔ]Î�ÙáÑÓÍòó�îHÝ0Ô9Ò�ÆMÉ6ÊÌÍ×Ò0Ô9îL�×Î�ÞKÍ
Ò0Ô�ÚoÎ�Õ+Ê}Ë�ÍÏÎÌþ'ã

V (x, y, z) = U1 + U2[cos(2πx/a) + cos(2πy/a) + cos(2πz/a)]
e ý Æ¾
Ìêhg

æ}å9ÝHÑáÒ
U1
Ñ
U2
ËQPxå"ÊFÐ�Ê}ÙÓÔIó�Ú�Ñ¯Õ]ÎÌÖ×ÎÌÚoÒ�Í
Ö×ÎÌÚoÑb� ÇFÅ4�ÀÆ~+ Õ9Ö×Ý�ó�Õ]ÎÌå9çIÛq�#ÒHå9Ô9ÊSÐ*ó�ÚoÑáÎÌÖ×ÊSÐ*ó�Ú

Ø��0å9ÝHÑáÒ0ÚbóAÐxÑk�Hî�Ö×Ê}Ý�Ð>ÎÌà0ÎÌþjÕ2ÊÌÍ×Ò0Ô9îL�×Î�ÞKÕ+Ê}Ë#Í
ÎÌî0Ñsã
V (x) = −U0 cos(2πx/a) .

e ý ÆÌ
 ý g
É6Ê�Í
Ò0Ô"î,�×Î�ÞxÍ×Ò0ÔØ�#Ò0Ë#Í�Õ"Ö×Ý0ÒHå9Ë#Í
Î\ÐxÑáÊ}Ô¯ó Ô]ÎwÖ�ó5Ë#Û9Ô9çIÛ ý ÆÓÇ}Æ á
ÎÌÙáÒHà0Ô9Ê��#þAÐ>Î�Ö#Í
Ê:�×î0Ñ�Ð=Þ¼Îðï
Ë×Ô¯ó�î/.AË�ÍÏÎÌÔ9å9ÎÌÖ×å9ÊSÐ�Ò,��ÚoÎÌîHÑáÒ0Ö#ÝHó������3ÊÌÖ
ÎÌÝ*ÚoÎÌî0ÑÓÒ0Ö#ÝHó

P (E, k)
å9ÙèÎ

k = 0.6π/a
ÊÌÖ
ÎÌÝ

U0 = 5
�*ó�Ñ

a = 3aB
�#Ò0Ë#ÍtÕ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáÊÌÔ]Î�Ô]ÎjÖ#ó�Ë×Û9Ô"ç�Û ý ÆãÅ5Æ��}Î�çÜÐxÑáå]ÎÌþgÝ0ÒHÖ
ÎjÐtÎÌÖ�Í
Ê�ï�×îHÑ�Ð=Þ¼ÎÌË#Ô¯ó5î/.)Õ2ÊÌç�Ö�óIÐ>Î��QPLË×ÑR�ÜÐÿÊÌØ9Û`ÚoÒ�Í
Ê�å]ÎÌî/.
Æ��ÌÒ0å9Ô]Î�ç Ð�Õ9Ö#ÝHó�Õ]ÎÌå"ç�Û ÚoÎÌî0ÑÓÒ0Ö×Ý�ó

P (E, k)
çIÖ#ÝHóIÐtÒBÐ>Î�Ö#Í
Ê:�×î0Ñ9Ð=ÞßÎÌË×Ô¯ó�î/.CÔ"ÑáÒ*Õ9Ö#Ý0Ò0îHÑáÔ]Îd�QP�Ë#Ñk�xÔ]Î\ÐxÝ\Îd�#Ò0ÚKN¯Ö×Ê}Ë#ÔUPjÚ�Ê}Ô9Ê�Í
Ê�ï

Ô9ÑÓî0Ý0Ô"ÑáÒ�Ñ�Õ9Ö×ÝHÒ0î0ÑÓÔ]Î��QP�Ê��BÒ0Ô9ÒHÖ×æ}ÑÓÑeÕ2Ê�å�Í
ÎÌçIÑáÚ�Ë×ÎÌÚ�ó�Ú4ç4P�Í
ÒHÚ�Æ��gÛ9Ú�Ò0Ö�ó�î0Ý0Ô"Ò�Ý0Ô9Î��#å9Ê�ï
ÐtÎÌÔ9ÑáÒ�ÚoÑÓÒ,�#Ë#î�ÝHÒ0Ö×ÊSÐ*ó�î/.��#Ò0Ë�Í$ÐxÑk�Hî>ÊgÐxÑÓÒ0ÙÓÒ�Õ9Ö#Ê}Ë#Í×Ë×ÝHÒ>Ô9Ñáà�Ð�Õ9Ö×Ý�ó�Õ]ÎÌå9çIÛ�Ë#Í
ÎÌÔ9å]ÎÌÖ#å9ÊSÐtÒL�
ÚoÎÌî0ÑÓÒ0Ö×Ý�ó°������N2æ}å9ÝHÑáÒ{à\Î�å9Ô]ÎLÝ�Õ+ÊSÐ*ó�à0Ë×Ý�ó�î/.°Ð=Þ¼ÎÌË#Ô9Ê��#î0ÑMÔ9ÑáÒ��#ÒHË#Í�Ë#Õ2ÒFÞßÔ9ÑÓÊ}Ô]Î"Æ < ÑÓÒ�ï
çðÎ\ÐtÒ��#Ò0Ë�ÍCÖ-7FÐxÔ"ÑáÒ0àLÍ
Ê��×ÎÌçWÝHÚoÑÓÒ0Ô9ÑáÎ@Ë×ÑR��çIË×Ý�ÍÏÎ�ÞáÍoÍòó�î/.Nç�Ö#ÝHóIÐ*ó�î/. æ}å"ó�Ö#Ê��×Ô9ÑÓÒLÑáÙáÊ:�×þ
Î�Í×Ê}Úm7SÐ ÐhçÌÊ}Ú�7}Ö#î0Ò�Ò0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎÌÖ#Ô9Ò,�HÆm+ Íòó�Ú'î0Ò0ÙÓÛ)ç�Ê}Ú�7}Ö×çðÎLÒ0ÙáÒHÚoÒHÔ¯ÍÏÎÌÖ#Ô]Î�ÝHÊ}Ë#Í
Î�Þ¼Î
Ë×Ý�Í
Û9îHÝ0Ô9ÑÓÒLÕ2Ê�å9Ý0ÑÓÒ0ÙÓÊ}Ô]Î Ô]Î@îHÝHÍ×Ò0Ö#óWÖQ7SÐxÔ9ÒLî0Ý1�5�×îHÑ Æt+ �×Ö#Ê5å"ç�Û�çðÎÌàHå9Ò,�Üî0Ý1�5�×îHÑxÝ0Ê}Ë�ÍÏÎ�Þ
Û9Ú�ÑáÒHË×Ý0îHÝ0Ê}Ô¯ó}ZãÎðÍ
Ê}ÚKZÓÆv�=î0ÝHóIÐxÑR�×î0ÑÓÒÜÕ+ÊÌÍ
ÒHÔ9î,�×Î�Þ6Ð�çðÎÌà0å"ó�ÚJÊ5å"î0ÑáÔ"ç�Û Ô9ÑáÒy�#Ò0Ë#ÍÈ�#Û9àÜË#ó¯ï
Ú�ÒHÍ
Ö�ó�î0Ý0Ô¯óWÐxÝHæ}Ùk�Hå9Ò0Ú �×Ö×Ê�å9çðÎ"Æ�íIó�Í×Û]ÎÌîL�×ÎwÍ
ÎwÝ0Ê}Ë�ÍÏÎ�ÞßÎ`Ö-7SÐxÔ9ÑáÒHàEÕ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáÊ}Ô9Î Ô]Î
Ö#ó�Ë#Û9Ô9çIÛ ý ÆÈÇ}Æy+WÎÌÖ�Í
Ê��#î0Ñ�Ð=Þ¼ÎÌË#Ô9Ò�ÚoÎÌîHÑáÒ0Ö#ÝHó

P (E, k)
Ð Ê}Ø9Û Õ9Ö×Ý�ó5Õ9ÎÌå9çðÎÌî/.	eÌ�#ÒHå9Ô9ÒHæ}Ê

Ñ
îHÝHÍ
ÒHÖ×ÒHî/._ZãÎðÍ
Ê}Ú�7SÐ�ZÌgtÝHÊ}Ë#Í
Î�ÞèóEÕ+Ê}çðÎÌÝ0ÎÌÔ9Ò�Ô]Î{Ö#ó�Ë×Û"Ô9çIÛ ý Æëê"Æ
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P (E, k)
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P (E, k)
Àb²q¨'®�¨'±kÑb¶¾¶]µ_¯4±l­�¬h¯4ª4²[º'¸ÂL¨X²[®�¨5Ñ:À | ½Ó¶¾®�¶·¨�¦d¶Á¿�Ñ:»l¨�}�Àh±¼ª�­�¦1­�«,¨'±k¨X¦�§ | ½ ¶Ì®�¶ ¨Ô¯'±k­1¨4±k¬XµàªÏ®�¨�}��Óªd«,À[©�vXµ���µBº/À[©�vh±¼¦1¨¨'½ ¨'©�¨'®d«´ª'±s®�¨ Â�Ã��bÀ:«,¨'®4¦sÂ´ªd»$ÂL¨5³,«y²hªh®d¬�±wvXµÇ®4ªÏ®�¶ ¨'© | xMÃ�y{xh}�ÀÏ±lª4­

k = 0.6π/a
Ã



���q�O���*�L���'6����7�����y�y�8�9���H� �:�È���<;�� �=;��"�L�����2� Å}â
��P�Í�Õ+Ê�å°ç¯ÍW7}Ö�ó�Ú çIÖ#ÝHóIÐtÒEÕ"Ö×Ý0ÒHî0ÑÓÔ]Î��QP Ê��jÒ0Ô"Ò0Ö×æÌÑáÑ*�#Ò0Ë�ÍÜÊ�î0ÝHóIÐxÑR�×î0ÑÓÒoÍ
ÎÌçIÑ�Ë×ÎÌÚ Ð

Ê}Ø¯ó�å"Ðæ75î/.�Ë#óIÍ
Û9ÎÌî,�×ÎÌî/./Æ	�ÌÒ0å9Ô]Î�çWçIÖ×ÝHóIÐ*ó�î/.NÐ�Õ9Ö#ÝHó�Õ]ÎÌå9çIÛNî0ÝHÍ×Ò0Ö#Ò0î/.:ÎðÍ
Ê}Ú�7SÐ`�#Ò0Ë#Í
î0Ý�Í
ÒHÖ#ó@Ö×ÎÌÝHó�ÐxÑk�Hî0Ò,�!å9ÙáÎCçðÎÌà0å"Ò,�!Ð>ÎÌÖ�Í
Ê��#î0Ñ�ÒHÔ9Ò0Ö#æ}ÑáÑÀÆ�n!ÝHÑk�0çIÑ$Í×Ò0ÚÜÛwçIÖ#ÝHóIÐtÒ�Í
Òq�#Ò0Ë×ÝHî0ÝHÒ
Ø]ÎÌÖ#å9Ý0ÑÓÒ,��Ú�Ê}æhPjË×ÑR�!Õ9Ö#Ê}Ë#Í×ÊFÐtÎÌþ�Æ�+ æÌÖ
ÎÌÔ9ÑÓî0ÝHÔIó�Ú%Õ9Ö#ÝHó�Õ]ÎÌå9çIÛON]æÌå"ó�ØIóoÙáÑÓî0ÝHØ]Î�Î�Í×Ê}Ú�7FÐ
Ö×ÊÌË�Þ¼ÎEå9Ê�Ô9ÑÓÒ0Ë×ç�Ê�09îHÝ0Ê}Ô9Ê:�×î0ÑsN6çIÖ#ÝHóIÐtÒoË#Í
Î�ÞèówØ¯ó`Ë#Ñk�{Õ9Ö#Ê}Ë#Íòó�Ú�ÑqÊ�ç4PÌîHÑáÒ{Ô]ÎÌî/.¯ó�ÙáÒHÔ9ÑèÎ

45Ë#Í×Ê}Õ9Ô9ÑÀÆ

?A@�B�@�� �FQYI�H�L,M[Z�O8\CGKJ�L,M�G���LKJ O�����G�����L,Z�I�G
ä]Ê}Ö×Ú�Û2Þ¼Î��eÙáÊSó�å]Îæ�#Ò0Ë�Í�î0Ý5�HË#Í×Ê�Û9à�ó�ÐtÎÌÔ]Îjå9ÊjÊ}Ø9ÙáÑÓî0Ý0ÎÌÔ9ÑèÎgÑáÙáÊ:�×î0Ñ"Ë#ÍÏÎ�ÔM7SÐ:Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô9ÊSÐ*ó�î/.
Õ+Ê}Ô9ÑáàHÒ,�=å]ÎÌÔ9ÒL��ÒHÔ9Ò0Ö#æ}ÑáÑ6Ð�Õ9Ö#ÝHó�Õ]ÎÌå9çIÛ)Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ`Íòó�Õ9Û	ZëÚÜÛ>`oÔ�ïùÍ
ÑÓÔOZÚ� Ç�
4�ÀÆ�+ ó5Õ"Ö×Ê�ï
ÐtÎÌå9Ý0ÑÓÚ�ó��QPÜÍ
Û5ÍÏÎ��tÐ Õ+Ê}Ë#Í
ÎÌî0ÑeÕ+Ê�å9Ê}Ø9Ô9ÒL�*å"Ê�Í×Ò,�>Û9àHóIÐtÎÌÔ9Ò,�BÐ Õ9Ö×ÎÌîHóa� ÇSô4�ÀÆ

+ Õ9Ö×Ý�ó�Õ]ÎÌå9çIÛ�
¼Ê}Ö#ÚCÎÌÙÓÑáÝHÚÜÛv
¼Û9Ô9ç�î,�#Ñ[��Ö#Ò0Ò0Ô9Î[NÌÑÓÙáÊ��#þ�Ë�ÍÏÎÌÔ[7FÐ�Õ+Ê}Ô9ÑÓà0ÒL�Kå]ÎÌÔ9ÒL�KÒ0Ô"Ò0Ö×æÌÑáÑ
N(E)

�#ÒHË#ÍBå]ÎÌÔ]Î{Ö-7FÐxÔ9ÎÌÔ9ÑáÒHÚ

N(E) = − 1

π

å
m

∫ E

−∞

dE
∑

k∈BZ

∫

(WS)

dx < x|G(E, k)|x > .
e ý ÆÌ
Ìâ�g

É6ÊÌç�Î�à0Ò0Úbó�Neà0Ò{î0Î�ÞßçðÎEÕ9Ö#Ý0Ò0Ë�Í
Ö#Ý0Ò0Ô"Ô]ÎLÐ ÖQ7SÐxÔ]Î�Ô9ÑáÛ	e ý ÆÌ
Ìâ�ggÚ�Ê}à0ÒÜØ¯ó�þ{Ð*ó�Ö
ÎÌàHÊ}Ô]Î��×ÎÌçÌÊ
Õ+ÒðÞßÔ9ÎoÕ+Ê5î/.9Ê�å9Ô]ÎoÕ2ÊoÒ0Ô9ÒHÖ×æ}ÑÓÑSN9Ð ÝHÐxÑkPÌÝ0çIÛ@Ýbî0Ý�ó5ÚJî\ÎIÞßçðÎoÕ+ÊCÒHÔ9Ò0Ö#æ}ÑáÑKÚoÊÌà0ÒjØIó�þ�Ð*ó¯ï
çÌÊÌÔ]ÎÌÔ]Î{Ð�Í×Ö#óIÐxÑèÎÌÙÓÔ¯óAË×Õ+Ê}Ë-7}Ø
Æ

á
ÎÌî0Ý�ó�Ô]ÎÌÚ�óEÊ�åLÖQ7SÐxÔ]ÎÌÔ"ÑèÎKe ý Æãâ�
�gtÕ"Ö×Ý0ÒHÕ9ÑáË#Û4�QPÌî�æ}Ê{Ð Ô9ÎÌË#ÍQ�0Õ9Û4�QP�î0Ò,�xÕ2Ê}Ë�ÍÏÎÌîHÑ
a/2∫

−a/2

dx < x|G(E, k)|x >=
ìKÖ {ψ−1(E, S)ψ̇(E, S)}+

ìKÖ {g(E, k)[Nψ(E)ψ−1(E, S)]T [Nψ(E)ψ−1(E, S)]}.

e ý Æ¾
Ìéhg

�!Î�Ë#ÍW�HÕ9Ô9ÑÓÒ:N]çÌÊÌÖ×ÝHó�Ë�ÍÏÎ��QPÌîjÝme ý Æëé¯â�gtÚoÎÌÚ�óØeÂå"ÙèÎ
r = S

g
NT
ψ (E)Nψ(E) = −ψT (E, S)Ḋψ(E)ψ(E, S).

e ý Æ¾
�
�g
ÉqÖ×Ý�óEÕ2ÊÌÚoÊ�îHóoÍ
Ò0æÌÊ�Ð*ó�Ô9ÑÓç�Û*N]ÖQ7SÐxÔ]ÎÌÔ9ÑÓÒ�e ý Æ¾
ÌéhgtÚ�Ê}àHÒ�ØIó�þjÝ\ÎÌÕ"ÑáË
Î�Ô9Ò�Ð Õ+Ê}Ë#Í
ÎÌî0Ñ

a/2∫
−a/2

dx < x|G(E, k)|x >=

ìKÖ {
ψ−1(E, S)ψ̇(E, S)

}
− ìKÖ {

g(E, k)Ḋψ(E)
}
.

e ý Æ¾
Ìôhg

�=Ë#Í
Î�Í
Ô9ÑeçIÖ#Ê}çAÕ+Ê}ÙáÒHæ¯ÎÜÔ]ÎÜÐ*ó�ç�Î�Ý\ÎÌÔ9ÑÓÛ�Ö-7SÐxÔ9Ê��×îHÑ
∂

∂E
g(E, k) = g(E, k)Ḋψ(E)g(E, k),

e ý ÆÌ
:9�g
ç¯ÍW7}Ö×Î{Õ2Ê{ÐxË#Í
Î\ÐxÑáÒ0Ô"ÑáÛ�å9ÊoÖ-7SÐxÔ]ÎÌÔ9ÑáÎce ý Æ¾
Ìôhgtå]Îd�#Ò�Ð*ó�Ô9ÑÓç

∫ a/2

−a/2

dx < x|G(E, k)|x >= − ∂

∂E

ì6Ö
ln[g(E, k)ψ−1(E, S)].

e ý Æëô�;hg
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�q7FÐxÔ"Ê��×þme ý ÆÌ
:9�go�#Ò0Ë#ÍBç�Ê}Ô9Ë×ÒHç¯ÐtÒHÔ9î,�QPAÔ]Î�Ë#ÍW�HÕ9Û4�QPÌîHÒ,�>Ð=Þ¼ÎÌË#Ô9Ê��×îHÑF
¼Û9Ô9çÌîL�#Ñ\��Ö#Ò0Ò0Ô9Î[ã

∂

∂E
G(E) = −G(E)G(E).

e ý Æëô"Ç�g
í�Í×Ê}Ë×Û4�QP�î°e ý Æãô"Çdg�å"ÊV
¼Û9Ô9ç�î,�#Ñy��Ö×ÒHÒ0Ô]ÎLÐ%Õ2ÊÌË#ÍÏÎ�î0Ñ é ÙáÊ�î/.]ÎðïòäUÊÌÛ9Ö×ÑÓÒ0Ö
ÎAÝCÎÌÖ×æÌÛ9ÚoÒHÔ¯ÍÏÎÌÚ�Ñ
Ö
Î�å9ÑèÎÌÙÓÔ¯ó5Ú�Ñ/Ô9Î�Ø"Ö×Ý0ÒHæ¯ÎÌî/.�Ê5å9îHÑáÔ9çðÎonHÚ�Û�`�Ô5ïùÍ×ÑáÔ
nHå"Ê}Ë#Í
Î��#Ò0Ú�ó

< x̂2S| ∂∂EG(E, k)|x̂1S >=

−
a/2∫

−a/2

dx < x̂2 S|G(E, k)|x >< x|G(E, k)|x̂1 S >

e ý Æëô¯Å�g

Ê}Ö×ÎÌÝ�å9ÙèÎ{îHÝ5�5�#î0Ñ�Ö
Î�å9ÑèÎÌÙÓÔ9Ò,�tÝHå9Ò1z]Ô"ÑáÊSÐ>Î�Ô9Ò,�xÐïe ý Æ ý Çdg
< l2S| ∂∂EG(E, k)|l1S >=

−
S∫
0

dr < l2 S|G(E, k)|l r >< l r|G(E, k)|l1 S > .

e ý Æëô}êhg

+ ÖQ7SÐxÔ]Î�Ô9ÑáÛÆe ý Æëô¯Å�g�î\Î�ÞèçÌÊSÐtÎÌÔ9ÑáÒ��#Ò0Ë�Í�Ð*ó�çÌÊ}Ô¯óIÐtÎÌÔ9ÒEÍòó�ÙáçÌÊ Õ2Ê�çÌÊ}Ú�7}Ö×îHÒm+�ÑÓæ}Ô9Ò0Ö×Îðï
í5ÒHÑáÝ\ÎbN/Õ+Ê}Ô9ÑáÒ�Ð>Î�à�ÚoÎÌÚ�óLå9ÊAîHÝHó�Ô9ÑÓÒ0Ô9ÑáÎCÝ|
¼Û9Ô9ç�î,�QP é ÙÓÊ5î/.9Îðï-ä]Ê}Û9Ö#ÑáÒHÖ
Î[N]ç¯ÍW7ÌÖ
Î��#ÒHË#Í�Õ+Ò�ï
Ö×ÑÓÊ5å5ó5îHÝ0Ô]Î°Îx�#Ò,�CÎ�Ö×æ}Û9Ú�Ò0Ô¯Íòó�ËWP)Ý0å9Ò]z]Ô9ÑáÊSÐtÎÌÔ9Ò Íòó�ÙÓçÌÊWÐ Ö
Î�ÚCÎÌî/.°�#Ò0å9Ô"Ò,�CçÌÊ}Ú�7}Ö#ç�ÑÀÆ+)Ë#ÍÏÎ\ÐxÑáÎ��QPÌî Ê�å9Õ+ÊSÐxÑáÒ0å"Ô9ÑáÒ�ÎÌÖ×æÌÛ9ÚoÒHÔ¯ÍòóNÖ×ÎÌå9ÑáÎÌÙáÔ9ÒLå9Ê�e ý Æ ý Å�g{ÑgÛ"àHóIÐ>Îd�QPÌîwÖQ7SÐxÔ9Ê��#î0Ñe ý Æãê ý gtÑ�e ý Æ ý êhgtÚoÎÌÚ�óCÖQ7SÐxÔ]ÎÌÔ"ÑèÎ

< l2 S|G(E, k)|l r >= [g(E, k)ζT (E, r)]l2l,
e ý Æëô ý g

< l S|G(E, k)|l1 r >= [ξ(E, r)g(E, k)]ll1,
e ý Æëô¯â�g

ç¯ÍW7}Ö#Ò�Õ2Ê}Ý�Ð>Î�ÙèÎ��QP{Ý\Î�Õ9ÑáË×ÎÌþ�e ý Æëô}êhgo�×Î�çÌÊ

∂

∂E
[g(E, k)] = −g(E, k)




S∫

0

dr ξT (E, r)ξ(E, r)


 g(E, k). e ý Æëô}éhg

< Î�Þèç:��Ð Ö-7FÐxÔ9ÎÌÔ9ÑáÛte ý Æãô}é�g�ÚoÊÌà0Ô]Î{Ê}Ø9ÙÓÑáîHÝHó�þ�çÌÊ}Ö#ÝHó�Ë#Í
Î��QPÌîbÝÔe ý Æ¾
�
�g�ÊÌÍ×Ö×Ý�ó5Ú�Û4�QPÌî
S∫

0

drξT (E, r)ξ(E, r) = −Ḋξ(E) = −Ḋψ(E).
e ý Æëôh
�g

+)Ë#ÍÏÎ\ÐxÑáÎ��QPÌîxÍ/PbÖ-7SÐxÔ9Ê��×þgå9Êxe ý Æëô}éhg�çÌÊ�0"î0ÝHó�Ú�óoå9ÊSÐæ75åoÖQ7SÐxÔ9Ê��#î0ÑÊe ý Æ¾
:9hg Æ < Î�Þßç�ÊSÐxÑÓÍÏÎ
ÑáÙÓÊ��×þ!Ë#ÍÏÎ�ÔM7SÐ Ý�ÖQ7SÐxÔ]ÎÌÔ"ÑèÎKe ý Æ¾
}â�gtÚ�Ê}àHÒ�ØIó�þ�Í
ÒHÖ
ÎÌÝ�Ê}Ø9ÙÓÑáîHÝ0Ê}Ô]ÎÇ�×Î�çÌÊ

N(E) =
1

π

å
m ln(det |ψ(E, S)|) − 1

π

1

Nk

∑

k∈BZ

å
m ln det |g(E, k)|. e ý Æãô}ô�g

ÉqÖ×ÝHÒ0î/.9Ê�å9ÝXP�îbÝme ý Æãô�;�gtå9Ê"e ý Æëô}ôhgtÛ9à�ó�ÙáÑk�#Ú�óCÍ×Ê}à0Ë×ÎÌÚ�Ê��×îHÑ
ìKÖ

ln[A] = ln[det |A|]. e ý Æëô�9hg
+ ÖQ7SÐxÔ]ÎÌÔ9ÑÓÛäe ý Æëô}ôhg!Õ9ÑÓÒ0Ö�ÐxË×ÝHó@î0ÝðÞèÊ}ÔwÐ*ó�Ö
ÎÌà0Î�ÙÓÑáî0ÝHØ8�ÜÐæ�0ÝFÞ¼7SÐ�Ö#Ò0æ}Û"ÙèÎÌÖ#Ô9Ò,�=Ö
ÎÌå"ÑèÎÌÙÓÔ9Ò,�
¼Û9Ô9ç�î,�#ÑU
ÂÎÌÙÓÊFÐ�Ò,�1NIÔ]ÎðÍ
Ê}Ú�ÑèÎÌË�Íqå9Ö#Û9æ}ÑUî0ÝFÞßÊ}Ô�Ý0ÙÓÑáî0Ý0Î=ÐxË×ÝHó�Ë�Í
çIÑáÒ=Ë�ÍÏÎÌÔ¯ó é ÙÓÊ5î/.9Î�Ð:ç�Î�à0å"ó�Ú
Ý
Nk

Õ9Û"Ô9ç¯ÍW7SÐ
k
Ð Ë�Í
Ö×Ò]z]Ò é Ö×ÑÓÙáÙÓÊ}Û9ÑáÔ9Î"Æ
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4 � ù �ok�l15's!zÌd�ü>dbiL_
+ Íòó�ÚJÕ]ÎÌÖ
Î�æ}Ö
Î'z9ÒjÛ"Ê}æ�7}ÙÓÔ9ÑáÚ�óAÕ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáÊ}Ô¯ó�Õ2ÊSÐ*ó�à0ÒL�à�#Ò0å9Ô"ÊFÐ*ó�Ú�ÑèÎÌÖ#ÊSÐ*óK
¼ÊÌÖ×ÚoÎðï
ÙáÑÓÝ0Ú ÐxÑáÒ0ÙÓÊ}çIÖ×ÊÌÍ×Ô9Ò0æÌÊ�Ö#Ê}Ý0Õ"Ö
ÎÌË#Ý\ÎÌÔ9ÑáÎ�Ô9Î�Õ9Ö#ÝHó�Õ]ÎÌå"Ò0çLË×ÑÓÒ0î0ÑeÝFÞßÊ}àHÊ}Ô9ÒL�1N+îHÝHó�ÙáÑeÔ9ÎoÕ9Ö#ÝHó�Õ]Îðï
å9ÒHçÜæ}å9ÝHÑáÒ>Ð:ç�Ê}Ú�7}Ö×îHÒ*Ò0ÙáÒHÚoÒHÔ¯ÍÏÎÌÖ#Ô9Ò,�$Ð*ó�Ë#ÍW�HÕ9Û4�#ÒxÐxÑáÒHÙáÒ*ÖQ7Ìà0Ô¯ó�î/.VZëÎ�Í
Ê}Ú�7SÐ�ZÓÆ < .9î0ÒHÚ�ó
ÐxÑk�Hî�Ö×Ê}Ý�ÐxÑlPÌÝ0ÎÌþ�ÖQ7SÐxÔ]ÎÌÔ"ÑáÒjí5î/.9Ö-w5å"ÑáÔ9æ}ÒHÖ
Î�Ý�Ô]ÎÌË�ÍW�0Õ"Û4�QPÌîHó�Ú Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÒ0ÚKã

V (x) =

∞∑

n=−∞

p∑

α=1

vα(x− na− aα),
e ý ÆÓ9�;hg

æ}å9ÝHÑáÒ
aα
�#ÒHË#ÍtÕ2Ê}Ý�ó�î,�QP�ZëÎ�Í
Ê}Ú�ÛOZ

α
N"Ô9Î�Í
Ê}Ú�ÑèÎ�Ë#Í

p
Ê}ÝHÔ]ÎÌîHÝ\ÎÜÑáÙÓÊ��×þgÎ�Í×Ê}Úm7SÐ:Ð8ç�Ê}Úm7ÌÖ×î0Ò

Ò0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö×Ô9ÒL�HÆ�n!ÙèÎ�çðÎÌàHå9Ò0æÌÊ{Ê5å9îHÑáÔ9çðÎÔZ ÚÜÛ�`�Ô5ï Í
ÑÓÔOZ5Ö#Ê}ÝHÐxÑkPÌÝ0Û��#Ò0Ú�óoÔIÛ9ÚoÒHÖ#ó�î0ÝHÔ9ÑáÒ�Ö×Îðï
å9ÑáÎÌÙáÔ9Ò!ÖQ7SÐxÔ]ÎÌÔ9ÑÓÒbí5î/.9ÖQw�å9ÑÓÔ9æ}Ò0Ö×Î{Ý\ÎÌîHÝHó�Ô]Î��QPÌî�Ðè�#Ö×Ê�å9çIÛ�Ê�å

[ψα(E, r)]l′l = rlδl′l r → 0 .
e ý ÆÓ9"Ç�g

< Î�ÞßÎ�ÚoÎÌîHÑáÒ0Ö#Ý
ψ
ÚoÎ{Í×Ò0Ö×ÎÌÝ�Ô]ÎÌË#ÍQ�0Õ9Û��QPÌîXP�Õ2ÊÌË#ÍÏÎ�þ

[ψ(E, r)]α′l′,αl = [ψα(E, r)]l′lδαα′

e ý ÆÓ9¯Å�g
Ñ�Ö×Ê}ÝHÚoÑáÎÌÖ

2p×2p
Æ~+ ÎÌÔ]ÎÌÙÓÊ}æ}ÑÓî0Ý0Ô¯ó�Ë#Õ2ÊÌËQ7}ØÜç�Ê}Ô9Ë�Í
Ö×Û"Û4�#Ò0Ú�óbÐxË×Ý�ó5Ë�Í
çIÑáÒtÑáÔ9Ô9Ò�ÚCÎ�î0ÑáÒHÖ×ÝHÒ

ÐxÕ9Ö#ÊFÐtÎÌå9ÝHÊ}Ô9ÒxÐ3Õ"Ö×ÝHó�Õ]Î�å9çIÛm
¼Ê}Ö#ÚCÎÌÙÓÑáÝHÚÜÛbå"ÙèÎ=Ë×ÑÓÒ0îHÑ]Õ9Ö×Ê}Ë�Í
ÒL�HÆà�BÒHÕ9Ö×ÒHÝ0ÒHÔIÍ
ÎÌî,�×Î�
¼Û9Ô9ç�î,�#Ñ��Ö×Ò0ÒHÔ]Î{Õ9Ö×Ý�óLÛ9àHó�îHÑáÛc
¼Û9Ô9çÌîL�#Ñ
ζ
Ñ
ξ
ÚoÎÜÕ+Ê}Ë#Í
ÎÌþ

< x′ + aα′ |G(E, k)|x+ aα >=

−
∑
l

ζαl (E, x>)ξαl (E, x<)δαα′

+
∑
l,l′
ξα

′

l′ (E, x′)[g−1
0 (E, k) − vP (E)]−1

α′l′,αlξ
α
l (E, x) .

e ý ÆÓ9}êhg

i ÎÌîHÑáÒHÖ×Ý*Ë#Í
Î�Þèó�î/.oË#Í
Ö#Û9ç¯Í
Û9Ö×ÎÌÙáÔ¯ó�î/.�Ð3Íòó�Ú�Û9Ê}æ:7}ÙáÔ9ÑÓÊ}Ô¯ó�Ú Õ9Ö#ÝHó�Õ]ÎÌå"ç�ÛoÖQ7SÐxÔ9ÑÓÒ0àxÚoÊÌà0Ô]Î
Ð*ó�Ý0Ô]Î�î0ÝHó�þbØ2ÒHÝ0Õ+Ê��×Ö#Ò0å9Ô9ÑÓÊ9Ææi Î{Ê}Ô]Î�Ô]ÎÌË�ÍW�0Õ"Û4�QPÌî0Ò�ÒHÙáÒ0Ú�Ò0Ô¯Íòó

[B(E, k)]α′l′,αl
ã

[B(E, k)]α0,α′0 = [B(E, k)]α1,α′1 =

exp(i
√
Ea) cos

√
Eaαα′ − cos(ka−

√
Eaαα′)

i
√
E[cos ka− cos

√
Ea]

+
1

i
√
E

exp(i
√
E|aαα′ |)(1 − δαα′),

e ý ÆÓ9 ý g

[B(E, k)]α1,α′0 = [B(E, k)]∗α′0,α1 =

exp(i
√
Ea) sin

√
Eaαα′ + sin(ka−

√
Eaαα′)

i
√
E[cos ka− cos

√
Ea]

+
1√
E

exp(i
√
E|aαα′ |) Ë#æ}Ô (−aαα′)(1 − δαα′),

e ý ÆÓ9¯â�g
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æ}å9ÝHÑáÒ

aαα′ = aα−aα′

Æ�i ÎÌîHÑáÒ0Ö#Ý
P (E, k)

�#ÒHË#Í>Ê�î0Ý�óIÐxÑk�×îHÑáÒBÝ0å9Ò]z]Ô9ÑÓÊFÐtÎÌÔ]Î�ÎÌÔ]ÎÌÙÓÊ}æ}ÑáîHÝ�ï
Ô9ÑÓÒæ�×ÎÌçÌÊ

∑

α

Sα∫

−Sα

dx < x+ aα|G(E, k)|x+ aα >=
ì6Ö

[P (E, k)]
e ý Æ¾9}é�g

æ}å9ÝHÑáÒ
Sα

�#Ò0Ë�Í=Õ9Ö#Ê}ÚoÑÓÒ0Ô9ÑÓÒ0ÚDZ ÚÜÛ�`�Ô5ï Í
ÑÓÔOZ+Î�Í
Ê}Ú�Û
α
Æq+ ó5ç�Ê}ÔIÛ4�QPÌî{Î�Ô]ÎÌÙáÊÌæ}ÑáîHÝ0Ô9Ò�çIÖ×Ê}çIÑ�×ÎÌçÜÐ Õ"Ö×ÝHó�Õ]Î�å9çIÛEË×ÑáÒHîgÕ"Ö×Ê}Ë�Í
Ò,�1N�Ú�Ê}à0ÒHÚ�ó�ÊÌÍ
Ö#ÝHó�ÚoÎÌþBÐxÝHÊ}Ö#ó"e ý ÆãâÌôhgqÑÊe ý Æãâ:9hg�Ýgå"Ê5å]ÎðÍ#ï

çÌÊSÐ*ó�Ú�Ñ
ÑáÔ9å"Ò0çIË
ÎÌÚ�Ñ2Î�Í
Ê}Ú�ÊSÐ*ó�ÚoÑsN5Õ+Ê5å"Ê}Ø9Ô9ÑÓÒ��×ÎÌç�å9ÙáÎ�ÚCÎ�î0ÑáÒHÖ×Ý�óCË�ÍÏÎ�Þáó5î/.LË�Í
Ö×Û"çIÍ×Û9Ö
Î�ÙÈï
Ô¯ó�î/.
Æ í�Í
Ö#Û9ç¯Í
Û9Ö-�AÕ]ÎÌË#ÚoÊSÐ�P@Ô]ÎÌå]Î�Ù�Ú�Ê}à0ÒHÚ�ó`Ð*ó�Ý0Ô]ÎÌîHÝ\ÎÌþEç�Ê}Ö×Ý�ó�Ë#ÍÏÎd�QPÌîEÝAÖQ7SÐxÔ]Î�Ô9ÑèÎe ý Æãé�;�g�ÆÈ���0Ë#Í×Ê��×þ�Ë�ÍÏÎÌÔM7SÐ�Ò0ÙáÒHç¯Í
Ö×ÊÌÔ9ÊSÐ*ó5î/.��#Ò0Ë#ÍBÊ�î0Ý�ó�ÐxÑR�×îHÑáÒ�Ý0å9Ò]z]Ô9ÑÓÊFÐtÎÌÔ]Î��×ÎÌç�Ê

N(E) = − 1

π

åòÚ ∫ E

−∞

dE
1

Nk

∑

k∈BZ

p∑

α=1

∫ Sα

Sα

dx < x+ aα|G(E, k)|x+ aα > .

e ý ÆÓ9h
�g
ä]Ê}Ö×Ú�Û2Þ¼Î}��ÙÓÊSó5å9ÎWÕ9Ö×Ý�ód�#Ú�Û4�#Ò@Õ+Ê}Ë#Í
ÎÌþwÎÌÔ]Î�ÙáÊ}æ}ÑÓî0ÝHÔUP)å9Êje ý Æëô}ôhg�Õ"Ö×ÝHó3Ê5å"Õ2ÊSÐxÑáÒHå9Ô9ÑÓÚ
Õ9Ö#Ý0Ò0å"Ò1z]Ô9ÑÓÊSÐ>ÎÌÔ"ÑáÛ�ÚCÎÌîHÑáÒHÖ×ÝHóÌÆ
4 ��� � �L��k0n�s*_biEk�l u��xa
c�d� �ntk z}_j�L|�iE�o|
p!Ø¯óEÚ�7�î!Ð*ó�çÌÊ}Ô¯óIÐ>Î�þÜÊ}Ø9ÙÓÑáî0ÝHÒ0Ô9ÑáÎ�Ë
Î�ÚoÊ}Û"Ý0æ}Ê�å9Ô9ÑÓÊ}Ô9Ò:N5Ê}Õ9Ö-75îHÝ�æ��0Ë�Í
Ê��#î0Ñ�Ë#Í
ÎÌÔM7SÐ{e¼Ê}Ø5ï
ÙáÑÓî0Ý0ÎÌÔ9Ò,��Õ9Ö#ÝHó�Û9à�ó5îHÑáÛ�
¼Ê}Ö×ÚÜÛ+Þèó��eÙáÊSó�å]Îhg$Õ+ÊÌÍ×Ö×Ý0ÒHØ9Û4�#ÒHÚ�ó�æ��0Ë�Í
Ê��#î0Ñ
Þ¼Î�å9Û9Ô9çIÛ
ÆÚ+ Õ"Ö×ÝHó¯ï
Õ]ÎÌå"ç�Û°ç�Ö�ó�Ë×ÝHÍ
Î�Þ¼7SÐ Ú�Ê}à0ÒHÚ�ó`Õ2ÊÌË�ÞßÛ"àHó�þAË×ÑR�oØ+Ò0ÝHÕ2Ê:�×Ö×ÒHå9Ô9ÑÓÊV
¼Û9Ô9ç�î,�×ÎÌÚ�Ñ é ÙáÊ�î/.]Î�ç�Ê}Ô5ï
Ë#Í×Ö×Û9ÊSÐtÎÌÔ¯ó�ÚoÑqÕ9Ö#ÝHó Õ2Ê}Ú�Ê�îHóc
¼Û9Ô9ç�î,�#ÑyZëÎ�Í
Ê}Ú�ÊSÐ*ó�î/.OZ
Ê}Ö×ÎÌÝ�Ð�Ò0ç¯Í
Ê}Ö-7SÐÿÐ=Þ¼Î�Ë×Ô¯ó�î/.)ÚoÎðï
î0ÑÓÒ0Ö#ÝHó

P (E, k)
Æj+ ÊÌæ�7}ÙáÔ¯ó�Ú Õ9Ö×Ý�ó�Õ]ÎÌå9çIÛ�Ë×ÑÓÒ0î0ÑgÝðÞèÊ}à0Ê}Ô"Ò,�1Ny
¼Û9Ô9ç�î,�#Ò é ÙÓÊ5î/.]Î)Ø8�HåUP

Ú�ÑèÎ�ÞáóCÔ]Î�Ë#ÍW�HÕ9Û4�QPÌî5P�Õ+Ê}Ë�ÍÏÎÌþ'ã
Uk,n
α (x) =

∑

l

Lk,n2α−1+lφ
α
l (En, x) ,

e ý ÆÓ9}ôhg
æ}å9ÝHÑáÒ

Lk,n
�#ÒHË#ÍMÐ�Ò0ç¯Í
Ê}Ö#Ò0ÚhÐ=Þ¼Î�Ë×Ô¯ó�ÚhÚCÎÌîHÑáÒHÖ×ÝHó

P (Enk, k)
Ê}Ø9ÙÓÑáî0ÝHÊ}Ô9ÒL��å"ÙèÎ�Ò0Ô9ÒHÖ×æ}ÑÓÑ

n
ï

Í
ÒHæ}Ê�Õ]ÎÌË×ÚoÎEÕ9Ö×Ý�ó`ÐtÒHçIÍ×Ê}Ö×ÝHÒm
ÂÎÌÙÓÊSÐ*ó5Ú
k
N�Ê5å"Õ2ÊSÐxÑèÎ�å]Î��QPÌî�ó5Ú Ô]Î���ÐxÑk�HçIË×Ý0ÒL�jÐ>Î�Ö#Í
Ê:�×î0Ñ

Ð=Þ¼Î�Ë×Ô9ÒL�1N�îHÝHó�ÙáÑ>å"ÙèÎ@Ø9ÑÓÒ0æ}Û9Ô9ÎV
¼Û9Ô9çÌîL�#ÑÇ��Ö#Ò0ÒHÔ]Î"Æ ä]Û9Ô9ç�î,�#Ò
φαl (En, x)

å9ÎÌÔ9ÒLËWPwÕ9Ö#Ý0Ò0Ý
Ö×ÊÌÝHÐxÑáÔ"Ñk�0îHÑáÒ=Ú�Û9ÙÓÍ×ÑáÕ+Ê}ÙáÊSÐ�Ò:ã

φαl (En, x) =
∑

l′

Yl′(x̂)φ
α
l′l(En, r) .

e ý ÆÓ9�9hg
�}ÎÌçEÐxÑáå9ÎÌþbÝbÕ2ÊSÐ*ó�à0Ë#Ý0ÒHæ}ÊMN
å9ÊoÊ}Ø9ÙÓÑáî0ÝHÒ0Ô9ÑáÎ�æ:�0Ë#Í×Ê��×îHÑ�ÞßÎÌå9Û9Ô9çIÛ ÍWPoÚ�ÒHÍ×Ê5åUP�çÌÊ}Ô"ÑáÒ0îHÝ0Ô9Ò�#Ò0Ë�ÍgÐ�î0ÝHÒ5�#Ô9ÑáÒL�#Ë×Ý0ÒbÐ*ó5ÝHÔ]ÎÌîHÝ0Ò0Ô"ÑáÒ�Õ9ÎÌË×Ú4ÒHÔ9Ò0Ö#æ}ÒHÍòó�î0ÝHÔ¯ó5î/./Æv���0Ë�Í
Ê��#þ�Þ¼Î�å9Û9Ô9çIÛ Ô9ÎoÎ�Í×Ê�ï
ÚoÎÌî/.EÐ Õ+Ê5å9Ë#ÑáÒHî0Ñ

α
Ø��0å9ÝHÑáÒ=ÐxÑk�Hî�ÖQ7SÐxÔ]Î

ρα(x) =
1

Nk

∑

k∈BZ

∑

n

|Uk,n
α (x)|2 . e ý ÆÓÇX;�;hg

�}ÎÌç�ÐxÑáå]Î�þ@ÝwÕ2ÊSÐ*ó�à0Ë#ÝHó�î/.6
¼ÊÌÖ×ÚÜÛ2Þ Nxå9Ê Ê}Ø9ÙÓÑáî0ÝHÒ0Ô9ÑáÎ)æ��HË#Í×Ê��×îHÑbÞ¼ÎÌå"Û9Ô9çIÛ Í/PWÚ�ÒHÍ
Ê�åUP
çÌÊÌÔ9ÑáÒHî0Ý0Ô"Òq�#Ò0Ë�Í!Ð�î0ÝHÒ5�×Ô"ÑáÒ,�#Ë#Ý0ÒÜÐ*ó�Ý0Ô9ÎÌî0ÝHÒ0Ô9ÑÓÒÜÕ]ÎÌË#ÚJÒHÔ9Ò0Ö#æ}ÒHÍòó�îHÝ0Ô¯ó�î/.
Æ��ÌÒ5�#ÙáÑKÎÌÙÓæ}Ê}Ö#óIÍ×Ú
Ð*ó�Ý0Ô]Î�î0Ý\Î�Ô9ÑèÎ�Õ]ÎÌË×Ú4ÒHÔ9Ò0Ö#æ}ÒHÍòó�îHÝ0Ô¯ó�î/.��#ÒHË#Ígå9Ê}ç9Þ¼Î�å9Ô¯ó�ÑeË�ÍÏÎÌØ"ÑáÙáÔ¯ó:N]ÚoÒ�Í
Ê�å]ÎÜÍÏÎ�Ë×Õ9Ö×ÎSÐ>ï
å9Ý0Î)Ë×ÑR� Ø]Î�Ö×å9ÝHÊ°å9Ê}Ø"Ö×Ý0Ò�Æj�gÑáÒHË#Í×ÒHÍòó�N*Ð4Õ"Ö×ÝHó�Õ]Î�å9çIÛ Ê}Ø9ÙáÑÓî0ÝHÒ503å"ÙèÎ`Ë#Í
ÊÌÕ87SÐ Ú�ÒHÍ
Ê�åUP< É8p�N5Ô"ÑáÒxÛ9Ú�ÑáÒ0ÚbóÜÐ Õ9Ö#Ê}Ë#Íòó�Ë×Õ+Ê}Ë-7}ØAË×ç�Ê}Ô9Ë�Í
Ö×Û"ÊFÐtÎÌþ�
¼Û"Ô9çÌîL�#Ñ�
ÂÎÌÙÓÊSÐ*ó5î/.*N"Îjî0Ê�Ý0ÎjÍòó�Ú
Ñáå"Ý0ÑáÒÜÍ
ÎÌçIà0Ò�
¼Û9Ô9ç�î,�#Ñ é ÙáÊ�î/.]Î"ÆCí5Õ+Ê}ËQ7}Ø`Ð*ó�ÙáÑÓî0Ý\Î�Ô9ÑèÎEæ��HË#Í
Ê:�×î0Ñ*Þ¼Î�å9Û9Ô9çIÛ)Ð Íòó�Ú Õ"Ö×ÝHó¯ï
Õ]ÎÌå"ç�ÛLØ��0å9ÝHÑáÒ�Õ9Ö#Ý0ÒHå9Ë#Í
ÎSÐxÑÓÊ}Ô¯óAÐ Ö×Ê}ÝHå9Ý0ÑáÎÌÙáÒ=â�Õ9Ö×Ý�óEÊ}çðÎÌÝ,�#Ñ2Ê}ÚoÎSÐxÑáÎÌÔ9ÑáÎbÕ9Ö#ÝHó�Ø9ÙáÑÓà0ÒHÔ9ÑèÎ
Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛLçÌÊ�.9ÒHÖ×ÒHÔIÍ×Ô9Ò0æÌÊ9Æ
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n!ÙáÎ�Õ"Ö×Ê}Ë�Í
ÊÌÍòó�Ö#Ê}ÝHÐtÎÌà0Úbó��#Ò0å9Ô9ÊSÐ*ó�Ú�ÑèÎÌÖ#ÊFÐ�P�Ë×ÑáÒHþgÊjÕ+Ò0Ö×ÑÓÊ5å"Ý0ÑáÒ
a
Æ\+ çðÎÌà0å"Ò,��ç�Ê}Úm7ÌÖ×î0Ò

Ë×ÑÓÒ0îHÑ9Õ2Ê�Í
Ò0Ô"î,�×Î�ÞUÚ�Ê}àHÒ*ØIó�þÊ�#Ò0å"ÔUP�Ý 
¼Û9Ô9çÌîL�#Ñ
Vi(x)

Ý*Õ"Ö
Î\Ðxå9Ê}Õ+Ê5å"Ê}Ø9ÑáÒ109Ë#ÍòÐ�Ò0Ú
ci
æ}å9ÝHÑáÒ

i = 1, . . . ,M
Ææ�=î0Ý�ó�ÐxÑR�×îHÑáÒ�Ý\ÎÌî/."Ê5å9ÝHÑ�ÖQ7SÐxÔ9Ê��#þ

M∑

i=1

ci = 1
e â�ÆÓÇ�g

�ÌÒ0Ë�ÍCÍ×Ê)ÐxÑk�Hî Õ9Ö#ÝHó�Õ]ÎÌå"Ò0ç�Ë×ÑáÒHî0ÑBÕ9Ö×ÊÌË#Í
ÒL��Ý Ô"ÑáÒ0Õ+Ê}Ö#ÝXPÌå9çIÑÓÒ0Ú�Æ(n!ÙèÎ`Ë×ÑÓÒ0î0ÑBÝðÞèÊ}à0ÊÌÔ9Ò,�1N*Ý
ÐxÑáÒHÙáÊ}ÚoÎ°ZãÎðÍ
Ê}ÚoÎÌÚ�ÑSZUÐ%çÌÊ}Ú�7}Ö×îHÒoÊÌÖ
ÎÌÝ�ÝoÔ"ÑáÒ0Õ+Ê}Ö#ÝXPÌå9çIÑÓÒ0Ú Ô]Î�å9ÊSÐtÊÌÙáÔ9ÒL�jÑáÙÓÊ��×îHÑqÕ2Ê�å5ï
Ë×ÑÓÒ0îHÑBÚ�Ê}àHÔ]Î Õ"Ö×Ý0ÒHå9Ë#Í
Î\ÐxÑáÊ}Ô¯ó�Õ2ÊÌÔ9ÑáàHÒ,��
¼ÊÌÖ×ÚoÎÌÙáÑÓÝ0Ú Õ9Ö×Ê}Ë�Í
Ê)Û9Ê}æ�7}ÙÓÔ9Ñáþ�Æ	+ Í
Ò,�{Õ9Ö
Î�îHó
�#Ò0å"Ô]ÎÌçCØ¯ó]ÞßÊÌØIóEÍ×Ê{Ô9ÑáÒHî0ÒHÙáÊSÐtÒ�Ñ/Ô9ÑáÒ�Ø��0å9ÝHÑáÒHÚ�óAÕ9Ö#Ý0ÒHå9Ë#Í
ÎSÐxÑáÎÌþ=Í
ÒHæ}Ê�Õ9Ö×Ý�ó�Õ]ÎÌå9çIÛ
Æ�+)ó¯ï
Õ9Ö#ÊFÐtÎÌå9ÝHÒ0Ô9ÑÓÒ@ÖQ7SÐxÔ]Î'0 Ê}Õ9ÑáË#Û4�QPÌî�ó5î/.Æ
¼ÊÌÖ×ÚoÎÌÙáÑÓÝ0Ú �����>ï < É8pJÐï�#Ò0å9Ô¯ó�Ú Ð*ó�Ú�ÑèÎÌÖ#Ý0Ò�#Ò0Ë�ÍCÐ*ó�çÌÊÌÔIóIÐtÎÌÔ9Ò ÎÌÔ]Î�ÙáÊ}æ}ÑÓî0ÝHÔ9ÑáÒ��×ÎÌçWÐ Õ"Ö×ÝHó�Õ]Î�å9çIÛ:Í
ÖQ7���Ð*ó5Ú�ÑèÎ�Ö×ÊSÐ*ó�Ú�Æ8í5ÝHî0ÝHÒ0æ�7�ï
ÞßÊSÐ*ó�Ê}Õ9ÑÓË=ÚoÊÌà0Ô]ÎCÝHÔ]ÎÌÙÓÒ��0þ�Ô]ÎAÕ9Ö×Ý�ó�ç]ÞßÎÌåwÐ�Õ9Ö
ÎÌî0ÎÌî/.�� Ç�
4��Ñ��ÈÇÌÇ1�ÀÆbÉKÊ}Ô9ÑÓÒHÐtÎÌàÇ�#Ò0å"Ô]ÎÌç
Ê}çðÎÌÝ0Î�ÞßÊjË×ÑR�:NIà0Ò!ÎÌÙáæ}ÊÌÖ#óIÍ
Ú�ÝHÔ]Î��#å9ÊSÐtÎÌÔ9ÑáÎjÐ Ë#Õ2Ê}Ë-7}ØCË×ÎÌÚ�Ê}Û9Ý0æÌÊ5å9Ô"ÑáÊ}Ô¯ó{ÚoÎÌî0ÑÓÒ0Ö#ÝHó{Ö#Ê}Ý�ï
Õ9Ö×ÎÌË×Ý0ÎÌÔ9ÑèÎ

tc(E)
�#Ò0Ë�Í6å"Û9à0ÊgÚoÔ9ÑÓÒ,�
Ë#Í
ÎÌØ9ÑáÙÓÔ¯ó=Ô9ÑÓàMÐWÕ9Ö×Ý�ó5Õ9ÎÌå9çIÛÜÚoÎÌî0ÑÓÒ0Ö×Ý�ó=Õ+Ê5î/."Ê5å9Ô¯ó�î/.

ÙáÊÌæ¯ÎÌÖ#óIÍ×ÚoÑÓî0Ý0Ô¯ó�î/.
Dc(E)

N¯Ë#ÍÏÎ�Ô9å]ÎÌÖ#å9ÊSÐ*ó�
¼Ê}Ö×ÚoÎÌÙÓÑáÝ0Ú ÝHÊ}Ë#Í
Î�ÞUÍ
Ö#Ê5î/.[�*Ý0Ú�Ê5å"óÏz]ç�ÊSÐ>ÎÌÔ¯óÌÆ
ä]Û9Ô9çÌîL�-����Ö#Ò0Ò0Ô9Î=å9ÙèÎ=çIÖ#ó�Ë#ÝHÍÏÎIÞßÛ�ÚoÊÌà0Ô]Î=Ý0ÎÌÕ9ÑáË×ÎÌþ*Õ9Ö#ÝHóÜÛ"àHó�î0ÑÓÛ�Ö-7}à0Ô¯ó�î/.�Ø]ÎÌÝ 
¼Û9Ô9ç}ï

î,�#Ñ�
ÂÎ�ÙáÊSÐ*ó�î/.
Æâ+ Ö×ÊÌÝ0å9ÝHÑèÎÌÙÓÒ ý ÝHÊ}Ë#Í
Î�Þ¼Î Ê}Ô9Î8Ý0ÎÌÕ9ÑáË×ÎÌÔ]Î:Ð�å5Ð�7�î/.ÿç�Ê}Ô¯ÐtÒHÔ9î,�×ÎÌî/.*ã
Ë#Í
ÎÌÔ9å]Î�Ö×å9ÊSÐ�Ò,� {Z, J} e¼ÖQ7SÐxÔ]ÎÌÔ"ÑèÎ_e ý ÆÈÇd;hgòï�e ý ÆÈÇFÅ�g-g!Ê}Ö
Î�Ý {ξ, ζ} eQe ý Æãê�;�g]N�e ý Æëê"Ç�g=Ê}Ö×ÎÌÝe ý Æ ý Å:gQg�Æ�+ Íòó�Ú Õ]Î�Ö
ÎÌæ}Ö×Î'z]ÒÜÝHÊ}Ë#Í
ÎÌÔ9ÑÓÒÜÕ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáÊÌÔ9Ò{Ð*ó5Ö×ÎÌà0ÒHÔ9ÑáÒ{Ô9ÎÔ
¼Û9Ô9çÌîL�-�m��Ö#Ò�ï
Ò0Ô9Î Ð�Õ"Ö×ÝHó�Ø9ÙÓÑáàHÒ0Ô9ÑÓÛ < É8p�Ð Ô9ÊSÐ�Ò,�ÜØ]ÎÌÝ0ÑÓÒ {R,H} Æwä]Û9Ô9ç�î,�#ÒAÍ×ÒAÝ0å9Ò]z]Ô9ÑÓÊFÐtÎÌÔ9ÒEËQPÔ]ÎÌË�ÍW�HÕ9Û4�QPÌî�ó5Ú�ÑeÚoÎÌî0ÑÓÒ0Ö×Ý0ÎÌÚ�ÑSã

[R(E, r)]l′l = [Z(E, r)]l′l1 [τ(E)]l1l = [J(E, r)]l′l + [H(E, r)]l′l1 [τ(E)]l1l
e â5ÆãÅ�g

[H(E, r)]l′l = − i√
E
hl(

√
Er)δl′l

e â5Æëêhg
å9ÙáÎ

r ≥ S
ÆMä]Û9Ô9ç�î,�×Î���Ö×Ò0ÒHÔ]ÎÜå9ÙáÎ�çIÖ#ó�Ë×Ý�ÍÏÎ�ÞèÛLÐ8Õ+ÊSÐ*ó5àHË×ÝHÒ,�xÖ#Ò0Õ9Ö#Ò0ÝHÒ0Ô¯ÍÏÎÌîL�#Ñ
ÚoÎ�Ô]ÎÌË�ÍW��ï

Õ9Û4�QP�îXP{Õ2ÊÌË#ÍÏÎ�þ:ã
< x′|G(E, k)|x >= −

∑
lRl(E, x>)Hl(E, x<)+

∑
l′lRl′(E, x

′)[B−1(E, k) − τ(E)]−1Rl(E, x
′)

e â5Æ ý g

Å:9



���q�O���*�L���ª©Ï�à������;K	�
F�C«2���������Ç���*���������v�A�'���1¬����������*���A/�� ê�;
+ ó5î/."Ê5å9Ý5PÌî{Ý0ÒbÐxÝ0Ê}Ö#Û	e â5Æ ý gBÚ�Ê}àHÒ0Ú�óLÐ*ó�Õ9Ö×ÊSÐtÎÌå9ÝHÑáþÜÐxÝ57ÌÖ!Ô]ÎÔ
¼Û9Ô"çÌî,�-����Ö#Ò0Ò0Ô9ÎAå9ÙèÎ
Ë#Í×Ê}Õ9ÛLÐ Õ9Ö#ÝHó�Ø9ÙÓÑáà0ÒHÔ9ÑáÛ < É�p�Ê�Í
Ö×Ý�ó�ÚÜÛ4�QPÌî�Ô]ÎÌË�ÍW�HÕ9Û4�QPÌîHÒ�Ð*ó�Ö×ÎÌà0ÒHÔ9ÑáÒ'ã
< x′|Ḡ(E, k)|x > =

∑
i ci {−

∑
lR

i
l(E, x<)H i

l (E, x>)

+
∑

l′lR
i
l′(E, x

′)[B−1
c (E) + τc(E) − τi(E)]−1

l′l R
i
l(E, x)

}

+
∑

l′lR
c
l′(E, x

′)[B−1(E, k) − τc(E)]−1
l′l R

c
l (E, x)

−
∑

l′lR
c
l′(E, x

′)[Bc(E)]l′lR
c
l (E, x) e â5Æãâ�g

æ}å9ÝHÑáÒ
Bc(E) ≡ 1

N

∑

k

[B−1(E, k) − τc(E)]−1 e â5Æëéhg
Ê}Ö×ÎÌÝ

[Rc(E, r)]l′l = [Zc(E, r)]l′l1[τ(E)]l1l = [J(E, r)]l′l + [H(E, r)]l′l1 [τc(E)]l1l
e â5Æ¾
�g

�eÑáîHÝXPÌî �#Ö×ÒHå9Ô9ÑlP=Õ+Ê
k
Ý>ÊÌØIó�å"Ðæ7�î/.oË�Í
Ö×ÊÌÔÜÐ3Ö-7FÐxÔ9ÎÌÔ9ÑáÛxe â5Æãâ�g6ÊÌÍ×Ö×Ý�ó5ÚoÎÌÚ�ójÊ�î0Ý�ó�ÐxÑR�×îHÑáÒ:ã

< x′|Ḡ(E)|x > =
∑

i ci {−
∑

lR
i
l(E, x<)H i

l (E, x>)

+
∑

l′lR
i
l′(E, x

′)[B−1
c (E) + τc(E) − τi(E)]−1

l′l R
i
l(E, x)

}
e â5Æëôhg

ÙáÛ"ØLÐxÖ×ÎÌî\Îd�QPÌî�å9Ê�Ö×Ò0Õ"Ö×Ò0ÝHÒ0Ô¯ÍÏÎ�î,�#Ñ {ξ, ζ} ã
< x′|Ḡ(E)|x > =

∑
i ci {−

∑
l ζ

i
l (E, x<)ξil (E, x>)

+
∑

ll′ ξ
i
l (E, x

′)Gi
ll′(E)ξil′(E, x

′)} ,

e â5ÆÓ9hg

æ}å9ÝHÑáÒV
¼Û"Ô9çÌîL�#Ò
ξ
Ñ
ζ
Ý0ÊÌË#ÍÏÎIÞèó:ÝHå9Ò1z9Ô9ÑáÊSÐtÎÌÔ9ÒwÐJÖ×Ê}ÝHå9Ý0ÑáÎÌÙáÒ ý NgÔ9Î�Í
Ê}Ú�ÑèÎ�Ë#ÍAÚoÎÌîHÑáÒ0Ö#Ý0Ò

Gi(E)
ËWP�Ý0å"Ò1z]Ô9ÑÓÊSÐ>ÎÌÔ"Òy�×ÎÌç�Ê

Gi(E) =
[
Gc(E)−1 +Dc(E) −Di(E)

]−1
.

eÀâ5ÆÈÇd;hg
i ÎÌîHÑáÒHÖ×Ý

Gc(E)
�#ÒHË#ÍBå]ÎÌÔ9Î�Ö-7SÐxÔ]ÎÌÔ9ÑÓÒ0Ú

Gc(E) =
1

Nk

∑

k

[
G−1

0 (E, k) +D0(E) −Dc(E)
]−1

.
eÀâ5ÆÈÇ}Ç�g

�ÌÒ0å"Ô9Ê5îHÝ0Ò1�×Ô9ÑÓÒbÝ�ÐtÎÌÖ×Û9Ô"ç�Û < É8p Ð*ó�Ô9ÑáçðÎ[N"à0Ò

Gc(E) =
∑

i

ciG
i(E) .

e â5ÆÈÇFÅ�g

�gÊÌÖ×ÝHó�Ë�ÍÏÎ��QPÌî�Ý�Íòó�î/.{å"Ðæ75î/.�Ê}Ë#Í
Î�Í
Ô9ÑÓî/.�Ö-7FÐxÔ9Î:0ÜÚ�Ê}à0ÒHÚ�ó�Ë×ç�Ê}Ô9Ë#Í×Ö×Û9ÊSÐtÎÌþ*Ë
Î�ÚoÊ}Û"Ý0æ}Ê�å5ï
Ô9ÑÓÊ}Ô¯óAË×î/."Ò0ÚoÎ�ÍBÊ}Ø9ÙáÑÓî0Ý0ÎÌÔ9ÑèÎÜÚoÎÌîHÑáÒ0Ö#ÝHó

Dc(E)
ÆÈi�ÎÌÚ�óAÐxÑR�0î:ã

(Gc
n
−1 +Dc

n −Dc
n+1)

−1 =
∑

i

ci(G
c
n
−1 +Dc

n −Di)−1 eÀâ5ÆÈÇSêhg



���q�O���*�L���ª©Ï�à������;K	�
F�C«2���������Ç���*���������v�A�'���1¬����������*���A/�� ê"Ç
ÉqÖ
Î\ÐtÎAË#Í
Ö#Ê}Ô]ÎCÍ×Ò0æ}ÊEÖ-7FÐxÔ9ÎÌÔ9ÑèÎoÝ\Î\ÐxÑáÒHÖ
ÎCÐ*ó]ÞYPÌîHÝ0Ô9ÑÓÒ�ÐxÑáÒHÙáç�Ê��×îHÑ$Ý0Ô9ÎÌÔ9Ò{ÝÜÕ+Ê}Õ9Ö#Ý0Ò0å"Ô9ÑáÒL�
ÑÓÍ×Ò0Ö×ÎÌî,�#Ñ�e¼Ø9Ö
Î�çCÑáÔ"å9Ò0çIËQ7SÐ

n + 1
g�ÆÈ�=ÝHÔ]ÎÌî0ÝHÚ�óAÐxÑR�0î�Õ9Ö
Î\Ð�P�Ë�Í
Ö#Ê}ÔM���×ÎÌçÌÊ

θn
ã

θn ≡
∑

i

ci(G
c
n
−1 +Dc

n −Di)−1 .
eÀâ5ÆÈÇ ý g

+ ó5ÙÓÑáîHÝ\Î��QPÌî�Ý�Ö-7FÐxÔ9ÎÌÔ9ÑèÎKeÀâ5ÆÓÇ\êhg�ÐxÑáÒHÙáç�Ê��×þ
Dc
n+1

ÊÌÍ
Ö#ÝHó�ÚÜÛ4�#ÒHÚ�ó�ã
Dc
n+1 = Gc

n
−1 +Dc

n − θn
−1 .

eÀâ5ÆÈÇFâ�g
�}ÎÌç�Ê�Õ+Ê�î0ÝXPðÍ
çÌÊSÐ�P�ÚoÎÌîHÑáÒ0Ö#Ý

Dc(E)
ÚoÊ}àHÔ]Î�Ð*ó�Ø9Ö
Î�þjå"ÊFÐ�Ê}ÙÓÔUP{ÚCÎÌîHÑáÒHÖ×Ý!Ô"ÑáÒ0ÊÌË×Ê}Ø9ÙÓÑÓÐ�P[N

Ô9Õ
Æ�ÚoÎÌî0ÑÓÒ0Ö#Ý��#Ò0å9Ô9ÊÌË#Í
ç�ÊSÐ P"Æ�+WÎ�Ö#Í
ÊLÝ0ÎÌÝ0Ô]Î�î0ÝHó�þ'N6àHÒoÚoÎÌî0ÑÓÒ0Ö#ÝHó
Dc(E)

Ô9ÑáÒ{Ú�Ê}à0ÒHÚ�ó
Ý0Ô9ÎÌÙáÒ­�0þ=Í/PÜÚ�ÒHÍ×Ê5åMP�å9ÙèÎbÒ0Ô9ÒHÖ×æ}ÑÓÑ
î0Ý�ó5Ë�Í
Ê�Ö×ÝHÒ0îHÝHóIÐxÑáË�Íòó5î/./Æqi Î�ÞßÎÜî0Ý5�1�×þ�Û9Ö#Ê4�#Ê}Ô]ÎÜÖ#Ý5�0å"Û
Ç�ÚÔ�*óAÚ�Û9Ë×ÑeØ¯ó�þbå"Ê5å]Î�Ô]Î{å9Ê�Ò0Ô9ÒHÖ×æ}ÑÓÑ�ÎÌØ¯óEÊ}Õ9ÑÓË
ÎÌÔ¯óEÎ�Ùáæ}Ê}Ö�óIÍ
Ú�Ø¯ó]Þ6Ý0Ø9ÑÓÒ0àHÔIóÌÆi Î��QPÌîBË
Î�ÚoÊ}Û"Ý0æ}Ê�å9Ô9ÑÓÊ}ÔUP=ÚoÎÌî0ÑÓÒ0Ö×Ý

Dc(E)
NIÚ�Ê}à0ÒHÚ�ó{Ý0Ô9ÎÌÙáÒ­�0þy
¼Û9Ô9ç�î,�-����Ö#Ò0Ò0Ô9ÎjÝHÒ

ÐxÝ0ÊÌÖ×Û�eÀâ5Æ¾9�g]N+ÎoÔ]Î�Ë#ÍW�HÕ9Ô9ÑÓÒ�Ê}Ø9ÙÓÑáîHÝHó�þ�æ��0Ë�Í
Ê��#þÜË#Í
ÎÌÔM7SÐ Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô9ÊSÐ*ó�î/.wçÌÊ}Ö#ÝHó�Ë#Í
Î��QPÌîÜÝ
¼Ê}Ö#ÚÜÛ2Þèó��eÙáÊSó�å]Î[N9ç¯ÍW7ÌÖ
Î{ÚCÎÜÐ Íòó5Ú�Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛ@Ô]ÎÌË�ÍW�HÕ9Û4�QPÌî5P�Õ+Ê}Ë#Í
ÎÌþ:ã
N(E) = − 1

π

åòÚ
[
∑

i ci ln |Ψi(E)| −
∑

i ci ln |Gi(E)| − lnGc(E)+

1
Nk

∑
k∈BZ ln |G−1

0 (E, k) −Dc(E) +D0(E)|
]
.

eÀâ5ÆÈÇSéhg

+ ó5î/."Ê5å9Ý5PÌîMÝMå9Ò1z]Ô"Ñáî,�#Ñ'
¼Û9Ô9çÌîL�#Ñ���Ö#Ò0ÒHÔ]Î[NðÚoÊ}àHÔ]ÎgÞ¼ÎðÍòÐtÊxÕ+Ê}çðÎÌÝ\ÎÌþ'NFà0ÒMæ��0Ë�Í
Ê��#þ>Þ¼ÎÌå9Û"Ô9çIÛ
Ð*ó�Ö
ÎÌà0Î�Ë#Ñk��Ô]ÎÌË�ÍW�HÕ9Û4�QPÌî�ó5Ú4Ö-7SÐxÔ]ÎÌÔ9ÑÓÒ0ÚD�ëÅ ý �sã

ρ(x) = −
∫ EF

−∞

åòÚ
G(x, x, E)dE =

1

2πi

∫

Σ

G(x, x, z)dz ,
e â�ÆÓÇ�
:g

æ}å9ÝHÑáÒ
Σ
�#ÒHË#Í�Ý\ÎÌÚ�çIÔ9Ñk��Íòó5Úhç�Ê}Ô¯Í
Û9Ö#Ò0Ú Ô]Î�Õ2Þ¼ÎÌË#Ý0îHÝHó�à0Ô9ÑÓÒ=Ý0ÒHË×Õ+Ê}ÙáÊÌÔ9Ò,�qÒ0Ô9ÒHÖ×æ}ÑÓÑ]Ý\Î\ÐxÑáÒHÖ
Îðï�QPÌî�ó5Ú�Ð Ë×ÊÌØ9ÑáÒ=ÐxË#ÝHó�Ë#Í×ç�ÑÓÒ�ÒHÔ9Ò0Ö#æ}ÑáÒ�Ð=Þ¼Î�Ë×Ô9Ò�Ú�Ô9ÑáÒL�#Ë×Ý0Ò�Ê�å�Ò0Ô9ÒHÖ×æ}ÑÓÑeä]Ò0Ö×Ú�ÑáÒHæ}Ê9Æ�i�Ê}à0Ô]Î

Õ+Ê}çðÎÌÝ\ÎÌþ�å9ÎÌÙáÒL�1N9à0Ò�Ý\Î�î/.9Ê5å"Ý0Ñ�ÖQ7SÐxÔ9ÑÓÒ0à�Ô]ÎÌË�ÍW�0Õ"Û4�QPÌî\Î�ÖQ7SÐxÔ9Ê:�×þ:ã

ρ(x) =
1

π

∫

Σ1

åòÚ
G(x, x, z)dz ,

e â�ÆÓÇSô�g
æ}å9ÝHÑáÒ�Íòó�Ú Ö×ÎÌÝ0ÒHÚ

Σ1
�#Ò0Ë�ÍÜçÌÊÌÔIÍ×Û9Ö×ÒHÚ Õ"Ö×Ý0ÒHØ9ÑáÒHæ¯Î��QPÌî�ó�Ú'Ð%å"Ê}ÙáÔ9ÒL�jÕ�75ÞßÕ2ÞßÎÌË×ÝHî0Ý�ó>�HÔ9ÑáÒ

Ò0Ô"Ò0Ö×æÌÑáÑIÝ0ÒHË×Õ+Ê}ÙáÊ}Ô"Ò,�1NÌÝ0ÎÌî0Ý�ó�Ô]Î��QPÌî�ó5Ú Ë×ÑR��Ô]ÎBÊ}Ë×Ñ�Ö×ÝHÒ0îHÝHóIÐxÑáË�Í
Ò,�$Õ+Ê}Ô9ÑÓà0Ò,�
ÐxË×Ý�ó5Ë�Í
çIÑáî/.�Ë�ÍÏÎðï
ÔM7SÐ�Ð=Þ¼ÎÌË#Ô¯ó5î/.oÎ!ç�Ê�09î0Ý5PÌîHó�Ú�Ë#Ñk��ÖQ7SÐxÔ9ÑáÒHà>Ô]Î!ÊÌË×Ñ"Ö#Ý0ÒHî0ÝHóIÐxÑÓË#Í
ÒL�qÔ9Î=Ò0Ô9ÒHÖ×æ}ÑÓÑ"ä]Ò0Ö#ÚoÑÓÒ0æ}Ê"Æ+)Ò>ÐxË×ÝHó�Ë�Í
çIÑáî/.�Ê}Ø9ÙÓÑáî0ÝHÒ0Ô9ÑáÎÌî/.ÜÐ�Í
ÒL�qÕ9Ö×ÎÌîHó�çÌÊ}Ô¯Í×Û9Ö�Í
ÒHÔ�Ø¯ó]Þ+Õ+Ê5ÞßÊSÐ�P=Ò0ÙáÑÓÕ9Ë#óÌÆ\+ ÍÏÎ�ç�ÑÓÚ
Õ9Ö#ÝHó�Õ]ÎÌå9çIÛONUÊ}Ë�ÍÏÎ�Í×Ò0îHÝ0Ô9Ò�Ð*ó�Ö
ÎÌàHÒ0Ô9ÑÓÒbÔ]Î{æ��HË#Í×Ê��×þ{Þ¼ÎÌå"Û9Ô9çIÛ�Õ"Ö×ÝHóX�#ÚÜÛ��#ÒjÕ+Ê}Ë�ÍÏÎÌþ'ã

ρ(x) =
1

π

∫ 0

−π

G(x, x, z(φ))

√
a2 sin2 φ+ b2 cos2 φdφ ,

e â5ÆÈÇd9hg
æ}å9ÝHÑáÒ

φ
�#ÒHË#Í�ÐxË#Õ87�ÞßÖ×Ý1�0å9ÔMP@ç'PðÍ
ÊSÐ P@Ô9Î�Õ2ÞßÎÌË×ÝHî0ÝHó®�HÔ9ÑáÒEÒHÔ9Ò0Ö#æ}ÒHÍòó�î0ÝHÔ9Ò,�1NMÔ]ÎðÍ
Ê}Ú�ÑèÎÌË�Í

zÒ0Ô"Ò0Ö×æÌÑlP!ÝHÒ0Ë×Õ+Ê}ÙÓÊ}ÔUP"Æ < Î�ÞßçðÎ!Õ+ÊSÐ*ó5àHË×Ý0Î��#ÒHË#Í�Ð*ó�ç�Ê}Ô¯ó�ÐtÎÌÔ]Î�Õ9Ö#ÝHóÜÕ+Ê}Ú�Ê5î�ójçIÐtÎÌå9Ö×Î�Í
Û"Ö#ó�eÒ0æ}ÒHÔ9å9Ö#Ò:ZëÎ"Æ
É6Ê}Ô"ÑáÒHÐtÎÌà�Ð Û9ç9ÞßÎÌå9Ý0ÑÓÒ�ÝjÔ"ÑáÒ0Õ+Ê}Ö#ÝXPÌå9çIÑÓÒ0Ú�Ø"Ö
ÎÌç��#ÒHË#ÍBË#ó�Ú�ÒHÍ×Ö×ÑáÑ2Í
Ö
Î�Ô9Ë×ÙáÎÌîHóX�#Ô9ÒL�1N]Ô9ÑáÒ

Ú�Ê}à0Ô]ÎwÐxÑk�Hî�Ð�Ê}æ�7}ÙÓÔ9Ê��×îHÑ>Ý0å"Ò1z]Ô9ÑÓÊSÐ>ÎÌþ�Õ]ÎÌË#Ú Ò0Ô9ÒHÖ×æ}Ò�Íòó5îHÝ0Ô¯ó�î/.
Æ=�ÌÒHå9Ô]ÎÌç Ð4Õ"Ö×ÝHó¯ï
Õ]ÎÌå"ç�Û3Õ9Ö×Ý�ó5Ø"ÙáÑáàHÒ0Ô9ÑáÎ Õ+ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ�çÌÊ�."Ò0Ö×ÒHÔ¯Í
Ô9ÒHæ}ÊMNxÖ×ÝHÒ0î0Ý�óIÐxÑáË#ÍòóNÛ9ç9Þ¼Î�å:Ô9ÑáÒHÛ9Õ+Ê}Ö×Ý5PÌå5ï
çÌÊSÐtÎÌÔ¯ó Ý\ÎÌË�ÍW�0Õ"Û4�#Ò0Ú�ó Û9ç9ÞßÎÌå9Ò0Ú Õ+Ò0Ö#ÑáÊ�å"ó�î0ÝHÔIó�Ú ÎÌÙÓÒ{ÝoÛM�#Ö×ÒHå9Ô9ÑáÊÌÔIó�ÚKN6Ò]
¼Ò0ç¯ÍòóIÐxÔ¯ó5Ú



���q�O���*�L���ª©Ï�à������;K	�
F�C«2���������Ç���*���������v�A�'���1¬����������*���A/�� ê¯Å
Ú�Ò0å9ÑÓÛ9Ú Ë×î/.]Î�Ö
ÎÌç¯Í
ÒHÖ#ó�Ý0ÊSÐtÎÌÔ¯ó�ÚhÕ9Ö×ÝHÒ0Ý>ÚoÎÌî0ÑÓÒ0Ö#Ý

Dc(E)
ÆÚ�BÊ}Ë×Ý�Í
ÒHÚÆ�#ÒHË#Í8�#ÒHå9Ô]ÎÌç�Í×ÊMNÌàHÒ

Ô9ÊSÐ*ó�N$Õ2ÒHÖ×ÑáÊ�å"ó�î0ÝHÔ¯ó)Õ+ÊÌÍ×Ò0Ô9îL�×Î�Þ~�#ÒHË#Í�Ý0Ò0Ë#Õ2ÊÌÙáÊ}Ô¯ó}ÆV�!Í
Ö#ÝHó�ÚÜÛ4�#ÒHÚ�ówÐxÑk�HîCÕ+Ò0Ö×ÑÓÊ5å5ó5îHÝ0Ô¯ó
Û9ç9Þ¼Î�åONgÙÓÒ0îHÝwÚCÎÌîHÑáÒHÖ×Ý@Ë#Ò0çIÛ9ÙèÎ�Ö×Ô]Î Ýwç¯ÍW7}Ö#Ò,�oÐ*ó�Ý0Ô]Î�î0Ý\Î�Ú�ó�Ë#Í×Ö×Û9ç¯Í
Û"ÖQ�`Õ]ÎÌË#ÚoÊSÐ�PWÔ9ÑáÒ
Ø��0å9ÝHÑáÒ��#Û9àV.9Ò0Ö#ÚoÑÈÍ
ÊSÐxË×çðÎ[NxÙáÒHî0Ý�Ø8�Hå9Ý0ÑÓÒ Í
Ý�Ð�Æ�ÚoÎÌîHÑáÒ0Ö#ÝXP°Ô"Ê}Ö×ÚoÎÌÙáÔMP"Æèn!ÊÌË#ÍÏÎ�Ô9ÑáÒHÚ�ó
ÐxÑk�Hî�Ý0Ò0Ë#Õ2ÊÌÙáÊ}Ô9Ò�Õ]ÎÌË#ÚCÎEÒHÔ9Ò0Ö#æ}ÒHÍòó�î0ÝHÔ9ÒÌÆcngÊ Ñáî/. Ý0Ô9ÎÌÙáÒHÝ0ÑáÒHÔ9ÑèÎAÚ�Ê}àHÔ]Î�Û"àHóIÐ>Î�þm
¼Û9Ô9ç}ï
î,�#ÑMË#Õ2ÒHçIÍ×Ö
ÎÌÙÓÔ9Ò,�

A(E, k)
�ÈÇÌÇ1�O�×ÎÌçwÖ×ÊÌØ9ÑáÙÓÑ�Í
Ê é Û"Í
ÙÓÒ0Ö�Ñ�í�Í
Ê�îÏçIËX� é�9:� Æ�ÉKÊ5ÞßÊ}àHÒ0Ô9ÑáÎ�Õ"Ñáç:7SÐ

Ðr
¼Û9Ô9ç�î,�#ÑgË×Õ+Ò0ç¯Í
Ö×ÎÌÙáÔ9ÒL�oå9Ò1z9Ô9ÑáÛ4�QP î0Ý1�5�×þwÖ#Ý0ÒHî0ÝHóIÐxÑÓË#Í/PWÒHÔ9Ò0Ö#æ}ÑáÑsN>Ô]Î�Í×Ê}Ú�ÑèÎÌË�ÍoÑÓî/.3Ë#Ý0Ò�ï
Ö×ÊÌçÌÊ��#þ��#Ò0Ë�ÍAÕ9Ö#Ê}Õ+Ê}Ö×îL�#Ê}Ô]ÎÌÙÓÔ]Îwå9Ê°îHÝ5�5�#î0ÑgÛ9Ö×Ê4�#ÊÌÔ9Ò,�Ve¼Ê5å5ÐxÖ×ÊÌÍ×Ô9ÑáÒ�Õ9Ö×ÊÌÕ2Ê}Ö#î,�#Ê}Ô9ÎÌÙáÔ]Îwå9Ê
î0Ý0ÎÌË×ÛNàHó�î0ÑáÎwÒ0ÙáÒHç¯Í
Ö×ÊÌÔ�Û�Ð�å9ÎÌÔ¯ó5Ú Ë�ÍÏÎÌÔ"ÑáÒdg Æ ( ÙÓÒ0æ¯Î�ÔIÍ×Ë×Ý�ó5Ú �#ÒHå9Ô]ÎÌç°Ë×Õ+Ê}Ë×Ê}Ø+Ò0Ú �#Ò0Ë#Í
Ë×ç�Ê}Ô9Ë�Í
Ö×Û"ÊFÐtÎÌÔ9ÑÓÒ:NUå9ÙáÎÜÚCÎ�Í×Ò0Ö#ÑèÎ�ÞèÛAÔ9ÑáÒHÛ9Õ+Ê}Ö×Ý5PÌå9çÌÊSÐtÎÌÔ9ÒHæ}ÊMNUÚCÎ�î0ÑáÒHÖ×Ý�óAÎÌÔ9ÎÌÙáÊ}æÌÑáî0ÝHÔ9Ò,�tå9Ê
ÚoÎÌî0ÑÓÒ0Ö×Ý�ó

[P (E, k)]
e ý Æãâ�
�g�Æ < Î�ÞßçIÛ4�QP�îjÊÌØ9ÑáÒ�Ë#Í×Ö×Ê}Ô¯óLÖ-7FÐxÔ9ÎÌÔ9ÑèÎ"e â�Æ â�g>Õ+ÊoÝHÚoÑÓÒ0Ô9Ô¯ó�î/.

Õ9Ö#Ý0Ò0Ë�Í
Ö#Ý0Ò0Ô"ÔIó�î/.ON6ÚoÊÌà0Ò0Úbó�Ð*ó�Õ9Ö#ÊFÐtÎÌå9ÝHÑáþ'N
ÐÿË#Õ2Ê}Ë-7}Ø`Õ2Ê�å9Ê}Ø"ÔIó��×ÎÌç�Í
ÊAÝHÊ}Ë#Í
Î�ÞßÊEÝHÖ×Ê�ï
Ø9ÑÓÊ}Ô9Ò�å9ÙáÎÜç�Ö�ó�Ë×ÝHÍ
Î�ÞßÛ�Ð Ö#Ê}Ý0å9ÝHÑèÎÌÙÓÒ ý N9Ô]Î�Ë#ÍW�HÕ9Û4�QPÌîHÒjÐ*ó�Ö×ÎÌà0ÒHÔ9ÑáÒ'ã

[P̄ (E, k)] =
∑

i ci

{
[Ċi(E)][Ci(E)]−1

+[N i
R(E)][B−1

c (E) + τc(E) − τi(E)]−1[N i
R(E)]T

}

−[N c
R(E)][Bc(E)][N c

R(E)]T

+[N c
R(E)][B−1(E, k) − τc(E)]−1[N c

R(E)]T

eÀâ5ÆãÅ:;hg

æ}å9ÝHÑáÒ'ã
[C(E)] ≡ W {[ψ(E, r)], [H(E, r)]}r=S ,

eÀâ5ÆãÅ5Ç�g
[Ċ(E)] ≡ W

{
[ψ̇(E, r)], [H(E, r)]

}

r=S
,

eÀâ5ÆãÅ}Å�g
Ô]Î�Í×Ê}Ú�ÑèÎÌË�ÍtÚoÎÌî0ÑÓÒ0Ö#Ý0Ò

[NR(E)]
Ñ
[N c

R(E)]
ËQPÜÝ0å9Ò]z]Ô9ÑÓÊFÐtÎÌÔ9ÒjÎÌÔ9ÎÌÙáÊ}æÌÑáî0ÝHÔ9ÑáÒBå9Ê�ÚoÎÌî0ÑÓÒ�ï

Ö×Ý�ó
[Nψ(E)]

Ð�Ö-7FÐxÔ9ÎÌÔ9ÑáÛKe ý ÆãâÌéhg6ÙÓÒ0î0ÝtÊ5å9Õ+ÊSÐxÑáÒHå9Ô9ÑáÊ!å9ÙèÎ�
¼Û"Ô9çÌîL�#Ñ
R(E, r)

Ñ
Rc(E, r)

Æ+°ÎÌÖ#Í×Ê��×îHÑbÒHÔ9Ò0Ö#æ}ÑáÑ�Ê�å9Õ2ÊSÐxÑáÎÌå]Î��QPÌîHÒ°ÝHÒ0Ö×ÊÌÚ Ð*ó�ÝHÔ]ÎÌî0ÝHÔ9ÑáçðÎ:ÚoÎÌî0ÑÓÒ0Ö#ÝHó
[P̄ (E, k)]

å9ÙáÎ
Û9Ë�ÍÏÎÌÙÓÊ}Ô9Ò0æÌÊ

k
å"Ò1z]Ô9ÑÓÛ4�QP{Õ]ÎÌË#ÚCÎ{Ý0ÒHË×Õ+Ê}ÙáÊÌÔ9Ò�Ð Ë#Í×Ê}Õ9ÑÓÒÌÆ�=Õ9ÑáË×ÎÌÔ¯ó�Õ2ÊSÐ*ó�à0ÒL�c
¼Ê}Ö×ÚoÎÌÙÓÑáÝ0Ú �#ÒHË#Í ÎÌÔ]ÎÌÙÓÊ}æ}ÑáîHÝ0Ô¯ó:å"ÙèÎ Û9ç9Þ¼ÎÌå[7FÐ Ö×Ý0ÒHî0Ý�ó�ÐxÑÓË#Íòó�î/.e¼Í×ÖQ74��Ð*ó�Ú�ÑèÎÌÖ#ÊSÐ*ó5î/.Ug*Ý�Ê�î0Ý�ó�ÐxÑÓË#Íòó�Ú�ÑeÝ0Ú�ÑèÎÌÔ]Î�ÚoÑUÐ Ê�å9Õ+ÊFÐxÑÓÒ0å9Ô"Ñáî/.Lå9Ò1z9Ô9ÑáîL�×ÎÌî/.
Æ�gÊSÐ�ÒCÕ+ÊÌÍ
ÒHÔ9î,�×Î�ÞáówÐï
¼Ê}Ö#ÚCÎÌÙÓÑ!�HÚoÑÓÒ < É8p çÌÊÌÔ9Ë#Í×Ö×Û9Û4�#ÒHÚ�ó Ýoæ:�0Ë#Í×Ê��×îHÑxÞßÎÌå9Û9Ô"ç�Û)Ð

Ô]ÎÌË�ÍW�HÕ9Û4�QPÌî�óLË×Õ+Ê}ËQ7}Ø*ã
Vi(x) = V ext

i (x) + V h
i (x) + V xc

i (x)
e â5ÆãÅÌêhg

æ}å9ÝHÑáÒ

V ext
i (x) = − ¯±°
²b³∑

n=− ¯±°
²b³ ,n6=0

< Z > V ´¶µ (|na− x|) + ZiV ´¶µ (|x|) , e â5ÆãÅ ý g

V h
i (x) = ¯±°
²b³∑

n=− ¯·°
²b³ ,n6=0

∫ a/2

−a/2

dx′ρ(x′)V ´¸´ (|na−x+x′|)+
∫ a/2

−a/2

dx′ρ(x′)V ´¸´ (|x−x′|) ,
eÀâ5ÆãÅ}â�g

Ô]Î�Í×Ê}Ú�ÑèÎÌË�Í!Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞqÐ*ó�ÚoÑÓÒ0Ô9Ô9ÊðïòçÌÊÌÖ×Ò0ÙáÎÌîHóX�#Ô¯ó Ð*ó�Ö×ÎÌà\ÎAË#Ñk�ÜÖ-7FÐxÔ9ÎÌÔ9ÑèÎ�ÚoÑ�eÀê"ÆÈÇFÅ�gBÙáÛ9ØeÀê5ÆÓÇSê�g�Æ
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º �5ú » r���_�ü>lxiEk�l iL_ ~Ì|LiE�ÜnUy2� �6dbs*�Es>kH_{z}|
+ Õ]ÎÌÖ
Î�æ}Ö
Î'z9ÒMÅ5Æëê�
¼Û9Ô9çÌîL�-�MÖ×Ê}ÝHå9Ý0ÑáÎ�ÞßÛ�å9ÙáÎ>Û9ç9Þ¼ÎÌå"ÛjÊ�å9å9ÝHÑèÎ�ÞèÛ4�QPÌî�ó5î/.�ÒHÙáÒ0ç¯Í×Ö×Ê}ÔM7SÐ)Õ9Ö×ÝHÒ0å5ï
Ë#Í
Î\ÐxÑáÙáÑR�×Ú�ó��×ÎÌçÌÊK
¼Û9Ô9ç�î,�-�CÖ#Ê}Ý0å"Ý0ÑèÎIÞßÛ`å9ÙèÎLî0Ý5PÌË#Í×Ò0ç`Ô9ÑÓÒ0Ê�å9å9Ý0ÑáÎ�ÞßÛ��QPÌîHó�î/.°Ú�Ñk�Hå9ÝHó@Ë×Ê}ØUP
ÎÌÙÓÒBÕ+Ê}Ö#Û9Ë×Ý0Î��QPÌîHó�î/.AË#Ñk�*Ð å9Ê�å]Î�Í×çÌÊSÐ*ó�Ú%Õ2Ê}ÙÓÛ�ç]Û9ç¯Í
Û9Û��QPÌîHó�Ú%Ð:î0Ý0ÎÌË×ÑÓÒgÑUÕ9Ö#Ý0ÒHË#Í
Ö#Ý0ÒHÔ9Ñ Æ+ Íòó5Ú�Õ]ÎÌÖ×ÎÌæ}Ö
Î4z]Ò�Ø8�Hå9Ý0ÑÓÒ0Ú�óCî/.9î0ÑÓÒ0ÙÓÑ/Õ9Ö#Ý0Ò0å"Ë#ÍÏÎ\ÐxÑÓþbÎ�Ô]ÎÌÙáÊÌæ}ÑáîHÝ0Ô9ÒBÐ*ó5Ö×ÎÌà0ÒHÔ9ÑáÒ�Ð*ó�î/.9Ê�ï
å9Ý5PÌî�Ô9ÑáÒ�Ý�Ú�Ê5å9ÒHÙáÛLñBÛ9Ø9Ø]ÎÌÖ#å]Î[NUÎÌÙÓÒ�Ý�Ê}æ�7}ÙÓÔ9Ò0æ}Ê|.]ÎÌÚ�ÑáÙÓÍ×Ê}Ô9ÑáÎÌÔIÛ¹e Å5ÆÈÇ�g Æ

N
î0Ý5PÌË#Í×çÌÊSÐ P�
¼Û9Ô9çÌîL�-�bÖ#Ê}Ý0å"Ý0ÑèÎIÞßÛLå9Ò1z9Ô9ÑáÛ4�#ÒHÚ�ó��×ÎÌç�Ê

Z(N, β,Ω) = Tr[exp(−βH)] ,
eÀé"ÆÈÇ�g

Õ9Ö#ÝHó�î0Ý�ó5Ú
β ≡ 1/kBT

N
Ω
�#ÒHË#Í!Ê}Ø9Ë×Ý0ÎÌÖ×ÒHÚ Õ9Ö×ÝHÒ0Ë#Í×Ö×ÝHÒ0Ô9ÑKÐ ç¯ÍW7}Ö�ó5Ú Ú�Ê}æhP{Õ+Ê}Ö×Û9Ë#Ý\Î�þ

Ë×ÑR�{î0Ý5PÌË#Í×ç�ÑsNKÎ
N
�#ÒHË#ÍjÙáÑÓî0ÝHØUPEî0ÝXP�Ë#Í
ÒHçUÆ�+ ó�çÌÊ}ÔIÛ4�QP�îm�#ÙèÎÌåwÐ�Õ+ÊSÐ*ó�à0Ë×Ý�ó�Ú Ö-7SÐxÔ]ÎÌÔ9ÑÓÛ

ÊÌÍ×Ö×ÝHó�ÚoÎÌÚ�ó

Z(N, β,Ω) =

∫

Ω

dx1 . . .

∫

Ω

dxN < x1, . . . , xN | exp(−βH)|x1, . . . , xN > ,
eÀé5Æ Å�g

æ}å9ÝHÑáÒ*ÒHÙáÒ0Ú�Ò0Ô¯Íòó{ÚoÎÌîHÑáÒ0Ö#Ý0ÊSÐ�ÒxÐ*ó�Ë�ÍW�0Õ"Û4�QPÌî0ÒgÕ2Ê�å�î\Î�Þèç4P�ËQPjÒHÙáÒHÚoÒHÔIÍ
ÎÌÚ�Ñ"å9ÑáÎÌæ}Ê}Ô]Î�ÙáÔ¯ó�Ú
Í
Ý�Ð�Æ

N
ïùî0ÝXP�Ë#Í
ç�ÊSÐtÒHæ}ÊAÕ9Ö#Ê}Õ]ÎÌæ¯ÎðÍ
Ê}Ö×ÎÜÝ0å9Ò]z]Ô9ÑáÊSÐtÎÌÔ9ÒHæ}Ê��×ÎÌç�Ê

G(x1, . . . , xN , β; x′1, . . . , x
′
N , β

′) ≡< x1, . . . , xN | exp[−(β−β ′)H]|x′1, . . . , x′N > .eÀé"Æëêhgn!ÙáÎ=Õ9Ö×Ê}Ë�Í
ÊÌÍòóÜÖ×Ê}Ý�Ð>ÎÌàHÚ�ó{Ô]Îd�#Õ9ÑáÒHÖ#ÐNÕ9Ö×Ê}Õ9ÎÌæ¯Î�Í×Ê}Ö�å9ÙáÎÈ�#Ò0å9Ô9ÒL�MîHÝXPÌË�Í
çIÑ9Ð:ÝHÒHÐxÔM��Í
Ö×ÝHÔ¯ó5Ú
Õ+ÊÌÍ
ÒHÔ9î,�×ÎÌÙÓÒ

V (x)
ã
GV (x, β; x′, β ′) =< x| exp[−(β − β ′)H1|x′ >

eÀé5Æ ý g
å]Î��QP�î0Ò0æÌÊ�
¼Û9Ô"çÌî,�-��Ö#Ê}Ý0å9ÝHÑèÎ�ÞèÛLå9ÙèÎ��#Ò0å"Ô9Ò,�*î0ÝXP�Ë#Í
çIÑ

Z(1, β,Ω) =

∫

Ω

dxGV (x, β; x, 0) .
eÀé5Æ â�g

�ÌÒ0å"Ô9Ê5îHÝXPÌË�Í
ç�ÊFÐ*ó�Õ9Ö#Ê}Õ]ÎÌæ}Î�Í
Ê}Ö�eÂé"Æ ý gtË×Õ+ÒðÞèÔ9ÑèÎ{Ô]ÎÌË�ÍW�HÕ9Û4�QPÌîHÒbÖ-7FÐxÔ9ÎÌÔ9ÑáÒ é ÙáÊ�î/.]Î
[
∂

∂β
− h̄2

2m
∇2 + V (x)

]
GV (x, β; x′, β ′) = δ(x− x′)δ(β − β ′) ,

eÀé"Æëéhg
ê}ê



���q�O���*�L���½¼h���7�����y�y�ï�Ç���*���������v�A�	�o���9�¾¬��v�o�1;1�à�2����/�� ê ý
ç¯ÍW7}Ö#Ò0æ}Ê�Ö#Ê}ÝHÐxÑkPÌÝ\ÎÌÔ"ÑáÒ�Ú�Ê}à0Ô]Î{Õ9Ö#Ý0ÒHå9Ë#Í
ÎSÐxÑÓþbÝ0Î{Õ2Ê}Ú�Ê�îXP�Í
Ý�Ð�ÆMî\Î�Þèç�ÑO+�ÑÓÒ0Ô9ÒHÖ
ÎK�ãâÌÅ��sã

GV (x, β; x′, β ′) =

∫ x,β

x′,β′

exp

{
−

∫ β

β′

[
m

h̄2

(
dx

dτ

)2

+ V (x)

]
dτ

}
δx(τ)

eÀé5ÆÌ
�g

p!Ô9ÎÌÙáÊ}æÌÑáî0ÝHÔ9Ò�Ö×Ê}Ý�ÐxÑlPÌÝ0ÎÌÔ9ÑáÒ�ÖQ7SÐxÔ]Î�Ô9ÑèÎ é ÙáÊ�î/.]Î�ÑÓË#Í×Ô9ÑáÒL�#Òoå9ÙáÎ
N
ïòîHÝXPÌË�Í
çÌÊSÐ�Ò0æ}Ê Õ9Ö#Ê}Õ]Îðï

æ¯Î�Í×Ê}Ö
Îbã
G(x1, . . . , xN , β; x′1, . . . , x

′
N , β

′) =
∫ x1,β

x′
1
,β′
δx1(τ) . . .

∫ xN ,β

x′
N
,β′
δxN (τ)×

exp
{
− m

2h̄2

∫ β

β′

∑N
i=1

(
dxi

dτ

)2
dτ −

∫ β

β′

∑
i<j Vee(|xi(τ) − xj(τ)|)dτ

}
.

eÀé"Æëôhg

ä]Û9Ô9ç�î,�-�=Ö#Ê}Ý0å9ÝHÑèÎ�ÞèÛ¹eÀé5Æ Å�gMÚoÊÌà0Ò0Úbó�Ð*ó�Ö×ÎÌÝ0ÑÓþ!ÐxÑk�Hî=Ô]ÎÌË�ÍW�0Õ"Û4�QPÌîXPÜî0Î�Þßç4P�
¼Û"Ô9çÌîL�#Ê}Ô]ÎÌÙÓÔUP[ã

Z(N, β,Ω) =
∫
Ω
dx1 . . .

∫
Ω
dxN

∫ x1,β

x1,0
δx1(τ) . . .

∫ xN ,β

xN ,0
δxN(τ)

exp
{
− m

2h̄2

∫ β

0

∑N
i=1

(
dxi

dτ

)2
dτ −

∫ β

0

∑
i<j Vee(xi(τ) − xj(τ))dτ

}

eÀé"ÆÓ9hg
�BÊÌÝHÐtÎÌà0Ú�óCÍ
Ò0Ö×ÎÌÝ�æ¯ÎÌÛ9Ë#Ë×ÊSÐxË×çIÑÓÒbÕ+Ê}ÙáÒ�Ë#çðÎÌÙèÎÌÖ#Ô9Ò

φ(x, τ)
Ê�ÝHÒ0Ö×ÊSÐ�Ò,�Ç�#Ö×ÒHå9Ô9ÑáÒL�

< φ(x, τ) >= 0 ,
eÀé5ÆÓÇd;�g

Ê}Ö×ÎÌÝ@ç¯ÍW7}Ö#Ò0æ}Ê�å"ÐxÛ"Õ9Û9Ô9ç¯Í
ÊSÐtÎ	
¼Û9Ô"çÌî,�×Î ç�Ê}Ö×ÒHÙèÎÌîL�#Ñ!å]ÎÌÔ9ÎV�#ÒHË#ÍLÕ9Ö#Ý0ÒHÝ Ê�å9å9ÝHÑèÎ�ÞáóIÐ>ÎÌÔ"ÑáÒ
å"ÐxÛ9îHÝXPÌË�Í
ç�ÊFÐ�ÒÜÕ+Ê}Ú�Ñk�0å"ÝHóAÒHÙáÒHçIÍ×Ö×Ê}Ô9ÎÌÚoÑ+Ð Ô]Î�Ë#ÍW�HÕ9Û4�QPÌî�óLË×Õ+Ê}ËQ7ÌØOã

< φ(x, τ)φ(x′, τ ′) >= −Vee(|x− x′|)δ(τ − τ ′) .
eÂé"ÆÈÇ}Ç�g

ä]Û9Ô9ç�î,�#Ê}Ô]ÎIÞ$î/.9ÎÌÖ
ÎÌç¯Í×Ò0Ö#ó�Ë�Íòó5îHÝ0Ô¯ó�å9ÙèÎÜÍ
ÒHæ}Ê�Õ2ÊÌÙèÎÜÝ0å"Ò1z]Ô9ÑÓÊSÐ>ÎÌÔ¯ó��#Ò0Ë�ÍÚ�×ÎÌçÌÊ

G[ξ(x, τ)] ≡
〈

exp

{
i

∫
dτ

∫
dxξ(x, τ)φ(x, τ)

}〉
.

eÂé"ÆÈÇFÅ�g
i�Ê}àHÔ]ÎoÕ+Ê}çðÎÌÝ0ÎÌþ��ãâ}Å��SNUà0Òjå9ÙáÎ�Õ+Ê}ÙáÎ�æ}ÎÌÛ9Ë×Ë#ÊSÐxË×çIÑáÒHæ}ÊMN$
¼Û9Ô9çÌîL�#Ê}Ô]Î�Þ$î/.]ÎÌÖ×ÎÌç¯Í
ÒHÖ#ó�Ë#Íòó�î0ÝHÔ¯ó
Ý0å"ÒHÍ
ÒHÖ×Ú�ÑáÔ9ÊSÐtÎÌÔ¯óm�#Ò0Ë�Í�Ð�Ý0Û"Õ2ÒFÞßÔ9Ê��#î0Ñ*�#Ò0å5ó5Ô"ÑáÒ{Õ+Ê}Õ9Ö×ÝHÒ0Ý�å"ÐxÛ9Õ9Û"Ô9ç¯Í
ÊSÐ Pc
¼Û9Ô9ç�î,�-��çÌÊ�ï
Ö×ÒHÙèÎÌîL�#Ñ Æ�á
Î�ÙáÒ0àHÔ9Ê��#þ=ÍÏÎ{ÚCÎ{Õ+Ê}Ë#Í
ÎÌþ

G[ξ(x, τ)] = exp

{
−1

2

∫
dx

∫
dτ

∫
dx′

∫
dτ ′ξ(x, τ) < φ(x, τ)φ(x′, τ ′) > ξ(x′, τ ′)

}
.eÂé"ÆÈÇSêhgá
Î�Þl7}à0Ú�óoÍ
ÒHÖ
ÎÌÝ�Ë#Ý0î0ÝHÒ0æ�7ÌÙáÔUP�Õ2ÊÌË#ÍÏÎ�þ�
¼Û"Ô9çÌîL�#Ñ

ξ(x, τ)
ã

ξ(x, τ) = i

N∑

j=1

δ(x− xj(τ))
eÀé"ÆÈÇ ý g

+)Ë#ÍÏÎ\ÐxÑáÎ��QPÌîmeÀé"ÆÈÇ ý g�å9ÊoÖ-7SÐxÔ]ÎÌÔ9ÑáÎ"eÂé"ÆÈÇFÅ�g�å9ÊÌË#ÍÏÎd�#Ò0Ú�ó

G[ξ(x, τ)] =

〈
exp

{
−

N∑

i=1

∫
dτφ(xi(τ), τ)

}〉
,

eÂé"ÆÈÇFâ�g



���q�O���*�L���½¼h���7�����y�y�ï�Ç���*���������v�A�	�o���9�¾¬��v�o�1;1�à�2����/�� ê¯â
Ô]Î�Í×Ê}Ú�ÑèÎÌË�Í/ÐxË#Í
Î\ÐxÑèÎ��QPÌî�eÂé"ÆÓÇ ý g/å9ÊxÖQ7SÐxÔ]ÎÌÔ"ÑèÎ�eÀé5ÆÓÇSê�g/Ê}Ö
ÎÌÝqç�Ê}Ö×Ý�ó�Ë#ÍÏÎd�QPÌî�Ý�eÂé"ÆÓÇÌÇ�g2ÊÌÍ×Ö×ÝHó¯ï
ÚÜÛ4�#ÒHÚ�ó

G[ξ(x, τ)] = exp

{
−1

2

N∑

i=1

N∑

j=1

∫
dτVee(|xi(τ) − xj(τ)|)

}
.

eÂé"ÆÈÇSéhg
ÉqÖ×Ý�ó5Ö-7SÐxÔ�Û��QPÌîjÍ×Ò0Ö×ÎÌÝ�Õ9Ö
Î\Ð�ÒbË�Í
Ö×ÊÌÔIó}eÂé"ÆÈÇFâ�g�ÑÈeÂé"ÆÓÇ\éhgtÚCÎ�Ú�ó�ã

exp
{
−

∑
i<j

∫ β

0
V (|xi(τ) − xj(τ)|)dτ

}
=

exp
{

1
2
NVee(0)β

}〈
exp

{
−

∑N
j=1

∫
dτφ(xj(τ), τ)

}〉
.

eÂé"ÆÈÇ�
�g

�!Í
Ö#ÝHó�ÚCÎ�ÔUP�Í
Ê}àHË
ÎÌÚ�Ê��#þ�ÚoÊ}àHÒ0Ú�óoÐ*ó�çÌÊ}Ö#ÝHó�Ë#Í
ÎÌþbØ+Ò0ÝHÕ2Ê:�×Ö×ÒHå9Ô9ÑÓÊ�Ð�Ò�ÐxÝ0Ê}Ö#Ý0Ò�Ô]Î�
¼Û9Ô9ç}ï
î,�-��Ö#Ê}Ý0å9ÝHÑèÎ�ÞèÛ}eÀé"ÆÓ9hgtå9Ê}Ë�ÍÏÎ��QP�îjç�Ê�09îHÊFÐ�Ò�Ð*ó5Ö×ÎÌà0ÒHÔ9ÑáÒ'ã

Z(N, β,Ω) =
∫
Ω
dx1 . . .

∫
Ω
dxN

∫ x1,β

x1,0
δx1(τ) . . .

∫ xN ,β

xN ,0
δxN(τ)

exp
{
− m

2h̄2

∫ β

0

∑N
i=1

(
dxi

dτ

)2
dτ

}

exp
{

1
2
NV (0)β

}

〈
exp

{
−∑N

j=1

∫
dτφ(xj(τ), τ)

}〉
.

eÂé"ÆÈÇSôhg

+ Ö-7FÐxÔ9ÎÌÔ9ÑáÛteÀé5ÆÓÇSô�g*Ý0ÎÌË#ÍWP�Õ"ÑáÙáÑR�×Ú�óCÊ5å"å9Ý0ÑáÎ�ÞèóIÐtÎÌÔ9ÑáÒ�å"ÐxÛ"î0ÝXP�Ë#Í
ç�ÊSÐtÒ{Õ+Ê}Ú�Ñk�0å"ÝHóEÒHÙáÒ0ç}ï
Í
Ö#Ê}Ô]ÎÌÚ�Ñ]Õ+Ê}Õ9Ö×ÝHÒ0ÝgÊ5å9å"Ý0ÑèÎIÞèóIÐ>Î�Ô9ÑáÒxÝ!Û[�×Ö×ÒHå9Ô9ÑÓÊ}Ô¯ó5Ú%Õ+Ê}ÙáÒHÚhË×çðÎÌÙáÎÌÖ×Ô¯ó�Úïç]Û9ç¯Í
Û"Û4�QPÌîHó�Ú
Ð î0Ý\Î�Ë×ÑáÒ�Æ��ÌÒ0Ë�ÍjÍ×ÊLÕ2Ê}ÙÓÒÜæ¯ÎÌÛ"Ë×Ë×ÊSÐxË#ç�ÑÓÒ�å9ÙèÎAç¯ÍW7ÌÖ×Ò0æÌÊ�å"ÐxÛ"Õ9Û9Ô9ç¯Í
ÊSÐtÎK
¼Û9Ô"çÌî,�×ÎLçÌÊÌÖ×Ò0ÙáÎðï
î,�#Ñ$å]ÎÌÔ]Î��#Ò0Ë�ÍjÕ2Ê}Ë�ÍÏÎÌîHÑlPAÊ�å9å9ÝHÑèÎ�Þáó�ÐtÎÌÔ9ÑáÎAÕ2ÊÌÚoÑR�0å9Ý�ó@î0Ý5PÌË#Í×çðÎÌÚoÑÀÆ�+ ó�Ô9Ñáç Í×Ò0Ô ÚoÊÌà0Ô]Î
Þ¼ÎðÍòÐtÊ@ÝHÖ×Ê}ÝHÛ9Ú�ÑáÒ0þ�å"ó�Ë×çIÖ#ÒHÍòó�Ý0Û4�QP�î�îHÝ\ÎÌË�Ñ�Õ]ÎðÍ
Ö×Ý5PÌîCÔ9Î Û9ç9Þ¼ÎÌå�ZëÝ0ÎÌÚoÖ#Ê}à0ÊÌÔIó�Z�Ð å]ÎÌÔ9ÒL�
î/.¯ÐxÑáÙÓÑ Æ���ÎÌàHå]ÎAÝ�î0Ý5PÌË#Í×Ò0ç@ÐxÑáå"Ý0Ñ$Ð*Í×Ò0å"óm�×Î�ç�ÑR�=Ð*ó�Õ]ÎÌå9ç�ÊFÐ*ó`Õ+ÊÌÍ×Ò0Ô9îL�×Î�Þ�Õ2Ê�î/.9Ê�å9ÝXP�îHó
Ê�å°Ê�å9å9Ý0ÑáÎ�ÞèóIÐtÎÌÔ9ÑáÎ�Ý�ÑáÔ9Ô¯ó�Ú�Ñ�îHÝXPÌË�Í
çðÎÌÚ�Ñ Æc�gÎ�Í
Û9Ö×ÎÌÙáÔ"ÑáÒ�Õ2Ê�Í
Ò0Ô"î,�×Î�Þ�Í
ÒHÔ°Ø��0å9ÝHÑáÒCÑÓÔ9Ô¯ó
Ð%çðÎÌà0å"Ò,�bÔ]ÎÌË�ÍW�HÕ9Ô9Ò,��î/.¯ÐxÑáÙÓÑMî0Ý\Î�Ë×Û
Æ"p!Ø¯ó Ê}Õ9ÑáË�ÍÏÎ�ç�Ñ�Ø¯ó]Þ*å9Ê}ç9ÞßÎÌå9Ô¯ó°Ú�Û9Ë×Ñ�Û¯ÐxÝ0æ}ÙR�0å5ï
Ô9ÑáÎÌþ�Ê5îHÝHóIÐxÑk�#î0ÑÓÒ=ÐxË×ÝHó�Ë�Í
çIÑáÒ�
¼Û9Ô9çÌîL�#Ò

φ(x, τ)
Ææ�gÎÌÙáÒHàHó��#Ò0å9Ô]Î�çAÝ\ÎÌÛ¯ÐtÎÌàHó�þ'N2àHÒjÑÓË#Í×ÊÌÍ
Ô¯ó

Ðxç9Þ¼ÎÌåCå9ÊÜî\ÎIÞßçIÑ8
¼Û9Ô"çÌî,�#ÊÌÔ]ÎÌÙáÔ"Ò,�veÀé5ÆÓÇSô�gMÚoÎ��QPjÍòó�ÙÓçÌÊ|
¼Û9Ô"çÌî,�#Ò!Ý!Õ+ÒHÐxÔ9ÒHæ}Ê{Ê}çIÖ×Ò1�×ÙáÊÌÔ9Ò0æ}Ê
Ê}Ø9Ë#Ý\ÎÌÖ#Û Ý0Ú�ÑáÒHÔ9Ô9Ê��#î0Ñ�Õ]ÎÌÖ
Î�ÚoÒ�Í
ÖQ7SÐ

(x, τ)
Æ¹�!ÎÌË#ÝHó�Ú î0Ò0ÙÓÒ0Ú'Ð%Íòó5Ú Õ]ÎÌÖ×ÎÌæ}Ö×Î'z]ÒCØ���ï

å9ÝHÑáÒqÝ0å"Ò1z]Ô9ÑÓÊSÐ>ÎÌÔ"ÑáÒMË×ç�Ê�09î0ÝHÊ}Ô9ÒHæ}Ê=Ý0Ø"ÑáÊ}Ö#ÛjÕ+ÊÌÍ×Ò0Ô9îL�×Î�Þ¼7SÐ ÐxÖ
ÎÌÝMÝMÊ5å"Õ2ÊSÐxÑèÎ�å]Î��QPÌî�ó5Ú�Ñ}ÑÓÚ
Õ9Ö×ÎSÐxå"Ê}Õ2Ê�å9Ê}Ø"ÑáÒ50"Ë#ÍòÐtÎÌÚoÑ {(Vi, Pi)} Ð�ÍÏÎ�ç�Ñ$Ë×Õ+Ê}ËQ7}Ø*N6Î�ØIó@Ñáî/.wÛ¯ÐxÝ0æ}ÙR�0å9Ô"ÑáÒ0Ô"ÑáÒ{Ú�Ê}à�ï
ÙáÑÈÐxÑáÒ�Ô]Îd�#å9Ê}ç9Þ¼ÎÌå"Ô9ÑáÒL�BË#ó�ÚÜÛ9ÙÓÊSÐ>Î�ÞèÊoÊ�å9å9ÝHÑèÎ�ÞáóIÐ>ÎÌÔ"ÑáÒjÕ2Ê}Ú�Ñk�Hå9ÝHóAÒ0ÙáÒHç¯Í
Ö×ÊÌÔ]ÎÌÚ�Ñ Æy�!Í×Ö×ÝHó¯ï
ÚoÎÌÚ�ó�Ë#óIÍ
Û]Î�î,�-�oÎÌÔ]ÎÌÙÓÊ}æ}ÑáîHÝ0ÔUPAå"ÊLÍ×Ò,�=Ð�Õ9Ö#ÝHó�Õ]ÎÌå9çIÛ)Ë#Í
ÊÌÕ87SÐ�æÌå9Ý0ÑÓÒ{ÖQ7SÐxÔ9ÑáÒHà�ÚCÎÌÚbó
å9Ê)î0ÝHó�Ô9ÑÓÒ0Ô9ÑáÎ)Ý�ç�ÑÓÙáç�Ê}ÚCÎwÕ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ¼ÎÌÚ�ÑxÚoÊ}æ�PÌîHó�Ú�Ñ*Ë×Ñk��Ö×Ò0ÎÌÙáÑÓÝ0ÊSÐtÎÌþEÐ ç�Î�à0å9ÒL�oçÌÊ�ï
Ú�7}Ö×îHÒ@Ò0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎÌÖ#Ô9Ò,�oÝwå9ÎÌÔ¯ó5Ú Õ9Ö
Î\Ðxå9ÊÌÕ2Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐtÒHÚ�Æ�ÉqÖ×ÊÌØ9ÙáÒHÚ çIÖ#ó�Ë#ÝHÍÏÎIÞßÛ�Ð
ç¯ÍW7}Ö�ó�ÚJÕ+Ê}Ö#Û9Ë×Ý0Î��QPCË×ÑR�bÊ�å9å9ÝHÑèÎ�ÞèÛ4�QPÌîHÒbîHÝXPÌË�Í
çIÑ$ÝHÊ}Ë#Í
ÎÌÔ9ÑáÒjÐxÑk�HîbË#Õ9Ö×ÊSÐtÎÌå9Ý0ÊÌÔIó å9ÊAÕ9Ö#Ê�ï
Ø9ÙÓÒ0ÚÜÛLË#Í×Ê}Õ9ÛLÐ Õ9Ö#ÝHó�Ø9ÙÓÑáà0ÒHÔ9ÑáÛ|�#ÒHå9Ô9Ê�î0ÝXP�Ë#Í
ç�ÊSÐ*ó5Ú�Æ
º � ù û �$_���cUrCnts*iL_ �6lx_j��kHs>_bn+y
_ vwdjc�lxiLn+y
_�zÌ|

aec�d�nqpL_jaecUrCnts*iEl*ujd
á
Î�Þl7}à0Ú�ó:N$àHÒAÚCÎ�Ú�ó��#Ò0å9Ô9ÊSÐ*ó�Ú�ÑèÎÌÖ#ÊFÐ*ó)çIÖ#ó�Ë×Ý�ÍÏÎ�Þ*Ê@Ë#Í
Î�ÞßÒL�ÜË#ÑáÒHî0Ñ

a
Æ ( ÙÓÒ0ç¯Í
Ö#Ê}Ô¯ó°Õ+Ê�ï

Ö×Û"Ë×Ý\Îd�QP�Ë#Ñk� ÐJÝHÒHÐxÔM��Í
Ö×ÝHÔ¯ó5Ú Õ+ÊÌÍ×Ò0Ô9îL�×ÎÌÙáÒ
V (x)

Õ"Ö×ÝHóNî0Ý�ó�Ú
V (x) = V (x + na)



���q�O���*�L���½¼h���7�����y�y�ï�Ç���*���������v�A�	�o���9�¾¬��v�o�1;1�à�2����/�� ê}é
å9ÙáÎ�å9ÊSÐtÊÌÙáÔ9ÒL�*ÙÓÑáî0ÝHØ¯óCî0Î�Þßç�ÊFÐxÑÈÍ
ÒL�

n
ÆÚ+°Ò­�0Ú�óCÕ2Ê�åEÛ¯Ð>ÎÌæ:�jç�Ê}Ô9çIÖ×Ò�Í
ÔUP{Ö#Ò\ÎÌÙÓÑáÝ\Î�î,�-�=Õ9Ö#Ê�ï

î0ÒHË×ÛEË�Í
Ê�î/.]ÎÌË#Íòó�îHÝ0Ô9ÒHæ}Ê
φ(x, τ)

Æàp!Ø¯ó�Úm7�îxÕ9Ö×ÊSÐtÎÌå9ÝHÑáþ!ÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ�ÔIÛ9Ú�Ò0Ö#ó�îHÝ0Ô9Ò'N9ÚÜÛ5ï
Ë×ÑÓÚ�ó@Õ"Ö×Ê�î0Ò0Ë�Í
ÒHÔ)ÝHå"ó�Ë×çIÖ×Ò�Íòó�Ý0ÊSÐ>Î�þÌÆ�+ Íòó�Ú îHÒ0ÙáÛ`å9ÝHÑáÒHÙáÑáÚbó ç�Ê}Úm7ÌÖ×ç:��Ò0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö×ÔUP
Ô]Î

nx
ÖQ7SÐxÔ¯ó�î/.8Ê�å9îHÑáÔ9ç'7FÐ�ÆÀ¿�Ö×Ê�å9çIÑgÍòó�î/.�Ê5å9îHÑáÔ9ç'7SÐ�ÊÌÝ0Ô]ÎÌîHÝ\ÎÌÚbó3Õ9Ö#Ý0ÒHÝ

xi
æ}å9ÝHÑáÒ

i = 1, . . . , nx
Æ��gÎÌË#ÍQ�0Õ9Ô9ÑÓÒ�Ê}Ý0Ô]Î�î0Ý0Úbó

φ(xi, τ) = φi(τ)
ÆÈngó�Ë×çIÖ×Ò�Í
Ô¯ó�Õ9Ö×Ê�î0ÒHËxË#Í
Ê�î/.]Îðï

Ë#Íòó�îHÝ0Ô¯ó Ú�Ê}à0ÒHÚ�ówÍ
ÒHÖ
ÎÌÝoå9Ò1z]Ô"ÑáÊSÐ>Î�þAÕ2Ê�å]Î��QP�î
nx

ÙáÑáîHÝ0Ø
φi(τ)

å9ÙèÎ�çðÎÌà0å9ÒL�jÐ>Î�Ö#Í
Ê:�×î0Ñ
Õ]ÎÌÖ×ÎÌÚ�ÒHÍ
Ö#Û

τ
Æt�gÊ}ÙÓÒ,�#Ô¯ó�Ú�Õ9Ö×Ý�ó�Ø9ÙáÑÓà0Ò0Ô"ÑáÒ0Ú Ø��0å9ÝHÑáÒEÝ\Î�Ô9ÑáÒHå9Ø]ÎÌÔ9ÑÓÒAÝ\Î�ÙáÒ0àHÔ9Ê��#î0Ñ�Z î0Ý\Î�Ë×Ê�ï

Ð�Ò,�1Z]Õ+Ê}ÙèÎ
φ
ÆÈ��Ë�ÍÏÎ�Í×Ò0îHÝ0Ô9ÑÓÒ�ÐxÑR�0î'N]Ö×Ò\Î�ÙáÑáÝ0ÎÌî,�-�!Õ2Ê}ÙáÎ

φ
Ý0å9Ò]z]Ô9ÑÓÛ4�#Ò0Ú�óAÕ2Ê�å]Î��QPÌî

nx
ÙáÑáîHÝ0Ø

φ1, . . . , φnx

Æ*ÉqÖ×ÎSÐxå"Ê}Õ2Ê�å9Ê}Ø"ÑáÒ50"Ë#ÍòÐ�ÊoÍÏÎ�ç�ÑÓÒ,�*çÌÊ}Ô[z9æ}Û9Ö
Î�î,�#ÑKÚoÊ}àHÒ0Ú�óAÊ}Ø9ÙáÑÓî0Ý�ó5þ�ÝjÊ}æ�7}Ù ï
Ô9ÒHæ}Ê{ÐxÝ0Ê}Ö#Û_�ëâ}Å��sã

P (φ1, . . . , φnx
) = (2π)−nx

∫ ∞

−∞
dξ1 . . .

∫ ∞

−∞
dξnx

exp
{
−1

2

∑nx

i,j=1 ξi < φiφj > ξj − i
∑nx

j=1 ξjφj

}
,

eÂé"ÆÈÇd9hg

ç¯ÍW7}Ö�óÜå9ÙáÎ!Õ9Ö#Ê5îHÒ0Ë×Û�æ¯Î�Û9Ë×Ë#ÊFÐxË#çIÑáÒ0æÌÊMN¯Ý*ç¯ÍW7}Ö�ó5Ú�ÚoÎÌÚ�ójÍ
Û"Í
Î��$å9Ê�î0Ý�ó5Ô"ÑáÒ0Ô"ÑèÎ=Û9Õ9Ö×ÎÌË×ÝHî0Ý0Î
Ë×ÑR��å9Ê�Õ2Ê}Ë�ÍÏÎÌîHÑ

P (φ1, . . . , φnx
) ∝ 1

N
exp

{
−1

2

nx∑

i,j=1

φi < φiφj >
−1 φj

} eÂé"ÆãÅ:;hg

æ}å9ÝHÑáÒ
< φiφj >

−1 �#Ò0Ë#ÍBÒHÙáÒ0Ú�Ò0Ô¯Í×Ò0Ú ij
ÚoÎÌî0ÑÓÒ0Ö×Ý�óCÊ�å"ÐxÖ#ÊÌÍ
Ô9ÒL�*å"Ê�ÚoÎÌîHÑáÒ0Ö#ÝHóCçÌÊ}Ö#Ò0ÙèÎ�î,�#Ñ

å]ÎÌÔ"Ò,�xÐxÝHÊ}Ö×ÒHÚ eÂé"ÆÓÇÌÇ�g�Æ pgØ¯ó�Ú�7�îbÝ�Í
ÒHæ}ÊoÐxÝHÊ}Ö×Û@Ë#çÌÊ}Ö#ÝHó�Ë#Í
ÎÌþÜÕ+ÊÌÍ
Ö#Ý0ÒHØ9Û4�#Ò0Úbó�ÐtÎÌÖ�Í
Ê�ï�×îHÑ�ÞßÎÌå9Û9Ô"ç:7SÐ�Ê5å"å9Ý0ÑáÎ�ÞßÛ4�QP�îHó�î/.AÚ�Ñk�0å"ÝHó{Ë#Ê}ØUP�ÑUÛ9Ú�ÑáÒHË×Ý0îHÝ0Ê}Ô¯ó�î/.AÐ Õ9Û"Ô9ç¯ÍÏÎÌî/.
xi
Ñ
xj
Æ

É6ÊÌÔ9ÑáÒ�Ð>ÎÌà'N]�×ÎÌç�Ý0ÊÌË#ÍÏÎIÞßÊÈ�#Û9àtÕ2ÊSÐxÑáÒHå9Ý0ÑáÎÌÔ9Ò'NÌÊ}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑèÎxÚoÒ�Í
Ê�åUP=í"É�p:Ø]ÎÌÝHÛ4�QP!Ô]ÎBÐtîHÝ0Ò�ï�×Ô"ÑáÒ,�#Ë#ÝHó�î/.ON�Ê}Ø9ÙÓÑáî0ÝHÒ0Ô9ÑáÎÌî/.ÜÐ:Õ"Ö×ÝHó�Ø9ÙÓÑáàHÒ0Ô9ÑÓÛ��~nyp�N¯å"ó�Ë×Õ+Ê}ÔIÛ4�#Ò0Ú�ó�ÐxÑk�0îxÕ+Ò0Ö#ÑáÊ�å"ó�î0Ý0Ô¯ó�Ú
Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÒ0Ú�Ë×ÎÌÚ�Ê}Û9Ý0æÌÊ5å9Ô"ÑáÊ}Ô¯ó�Ú�Ê}Ö×ÎÌÝ�æ��0Ë�Í
Ê��#î0ÑkPEÞßÎÌå9Û9Ô9çIÛ�Ð çÌÊÌÚm7}Ö#î0Ò�Ò0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö�ï
Ô9ÒL�HÆKÁ�ÎÌå9Û9Ô9çIÑ]Ð:Õ"Û9Ô9ç¯ÍÏÎÌî/.

xi
Ø��0å"Ý0ÑáÒHÚ�óÜÐxÑR�0î*Ð*ó�Ý0Ô]ÎÌîHÝ\ÎÌÙÓÑUÝBÔ9ÎÌË#ÍQ�0Õ9Û4�QP�î0Ò0æÌÊbÐxÝ0ÊÌÖ×ÛOã

qi =

∫ xi+0.5·a/nx

xi−0.5·a/nx

ρ(x)dx,
eÀé"ÆãÅ5Ç�g

æ}å9ÝHÑáÒ
ρ(x)

�#Ò0Ë#ÍBæ��HË#Í×Ê��×îHÑlPAÞ¼ÎÌå9Û"Ô9çIÛ
Æ�!ÎÌË�ÍW�HÕ9Ô9ÑáÒEÝ0ÎÌç9Þ¼ÎÌå9ÎÌÚ�ó�NMàHÒAÐ�çðÎÌàHå"ó�Ú�Õ9Û9Ô9ç�î0ÑÓÒ
xi
Õ+Ê}ÙÓÒ

φ
Ú�Ê}à0ÒAÕ"Ö×ÝHóX�#Ú�ÊSÐ>ÎÌþ�#Ò0å"ÔUP�Ý

nv
ÐtÎÌÖ#Í×Ê��×îHÑSã

φji = −κ
(

1 − 2
j − 1

nv − 1

)
j = 1, . . . , nv

eÂé"ÆãÅ}Å�g
æ}å9ÝHÑáÒ

κ
�#ÒHË#ÍjË#Í
Î�ÞYPbNKÝ0ÎÌå]ÎÌÔMP�ÎÌÚ�Õ9ÙÓÑÓÍ
Û"åUPmç]Û9ç¯Í×Û]ÎÌî,�#ÑqØ��0åMPÌîXPLÕ]ÎÌÖ×ÎÌÚoÒ�Í
Ö#Ò0Ú Ê}Ø"ÙáÑáîHÝ0Ò10
Æ+°ÎÌÖ#Í×Ê��×îHÑtÍ
ÒLËWPwÖ#Ê}ÝðÞèÊ}à0Ê}Ô"ÒEË#ó�ÚoÒ�Í
Ö�ó5îHÝ0Ô9ÑÓÒEÐxÝ0æ}ÙR�0å9ÒHÚ�Ý0ÒHÖ
ÎwÐ�çðÎÌàHå"ó�Ú�Õ9Û9Ô9ç�î0ÑÓÒ

xieÂÕ+Ê}ÙÓÒ
φ
�#Ò0Ë#ÍBÕ+Ê}ÙáÒHÚ�æ¯Î�Û9Ë×Ë#ÊFÐxË#çIÑáÚÔg�ÆÈ�!Í
Ö#ÝHó�ÚÜÛ4�#ÒHÚ�óAÐxÑk�Hî

Npot = nnx

v

eÂé"ÆãÅÌêhg
çÌÊÌÔ[z]æ}Û9Ö×ÎÌî,�#Ñ$Õ2Ê}ÙáÎ

φ
Ú�Ê}à0ÙÓÑÓÐ*ó�î/.@å9ÊEÝHÖ×Ò0ÎÌÙáÑÓÝ0ÊSÐ>Î�Ô9ÑèÎoÐ çðÎÌà0å"Ò,�=çÌÊ}Ú�7}Ö×îHÒÜÒ0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö�ï

Ô9ÒL�HÆ|p!Ø¯ówÚoÎ��QPÌî�çÌÊ}Ô9çIÖ#ÒHÍ
ÔMP�Ö#Ò\ÎÌÙÓÑáÝ\Î�î,�-�|ç]Û"çIÍ×Û9Û4�QPÌîHÒ0æ}Ê�Õ+Ê}ÙèÎ
φ
eÂË#ó�ÚÜÛ"ÙáÛ4�QPÌîHÒ0æ}ÊLÊ�å5ï

å9ÝHÑèÎ�Þáó�ÐtÎÌÔ9ÑÓÒ{Õ2ÊÌÚoÑR�0å9Ý�ó ÒHÙáÒ0ç¯Í×Ö×Ê}Ô]Î�ÚoÑlgBÛ9Ý�ó5Ë#çðÎÌþ�Ê5å9Õ+ÊSÐxÑèÎÌå9Î��QPÌîHó ÚÜÛwÕ9Ö#Ý0Ò0Ø"ÑáÒ0æ�î\ÎIÞáï
çÌÊSÐxÑÈÍ
Ò0æÌÊ�Ò]
¼Ò0ç¯ÍòóIÐxÔ9Ò0æÌÊCÕ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛEÐ�ç�Ê}Úm7ÌÖ×î0Ò�ÒHÙáÒHÚoÒHÔIÍ
ÎÌÖ×Ô"Ò,�1N9ÚÜÛ"Ë×ÑáÚbóCÝHË×Û9Ú�ÊSÐ>ÎÌþ
Ë
Î�ÚoÊ}Û"Ý0æ}Ê�å9Ô9ÑÓÊ}Ô¯óoÕ+ÊÌÍ×Ò0Ô9îL�×Î�Þ�Ò1
¼ÒHç¯Íòó�ÐxÔ¯óLÛ9Ý�ó�Ë×çðÎÌÔ¯óAÐ8Õ9Ö×Ý�ó�Ø9ÙáÑÓà0Ò0Ô"ÑáÛx�onyp Ê}Ö
Î�Ý=Õ2ÊÌÙáÒ
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φ
Æà�=Í×Ö×Ý�ó5ÚoÎÌÚ�ó�Ð:Í
ÒHÔCË×Õ+Ê}Ë-7}Ø

Npot
Õ+ÊÌÍ
ÒHÔ9î,�×Î�Þl7SÐ Ò1
¼ÒHçIÍòóIÐxÔ¯ó�î/.
Æ ��ÎÌàHå"ó�ÝgÔ"Ñáî/.v�#Ò0Ë#Í

Ð Õ+ÒðÞèÔ9Ñ
Ë#î/.]ÎÌÖ
Î�çIÍ×Ò0Ö�ó5ÝHÊSÐ>ÎÌÔ¯ó�Õ2ÊÌÕ9Ö×ÝHÒ0Ý�Õ2Ê�å]ÎÌÔ"ÑáÒ
nx
ÐtÎÌÖ#Í×Ê��×îHÑeÕ2ÊÌÙèÎ

φ
Ð Õ2Ê}Ë#Ý0îHÝ0Ò0æ:7}ÙÈï

Ô¯ó�î/. Õ9Û9Ô"çIÍ
ÎÌî/.
xi
ã
Veff(xi) = V (xi) + φ(xi) = V (xi) + φi

eÂé"ÆãÅ ý g
n!ÙèÎEçðÎÌàHå9Ò0æ}Ê�Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛ ÐtÎÌÖ�Í
Ê��#î0ÑqÐ�Õ+Ê}Ý0ÊÌË#ÍÏÎIÞèó�î/.°Õ9Û"Ô9ç¯ÍÏÎÌî/. ÐhçÌÊ}Ú�7}Ö#î0Ò�Ò0ÙÓÒ�ï

Ú�Ò0Ô¯ÍÏÎÌÖ#Ô9Ò,�KÐ*ó�ÝHÔ]ÎÌî0Ý0ÎÌÚ�óbçÌÊ}Ô"Ë#Í
Ö#Û9Û4�QPÌî*Ë#çIÙáÒ,�#ç'�tÍ
Ö#Ý0ÒHî0ÑáÒHæ}Ê=Ö#Ý5�0å"ÛÜÕ9Ö×ÝHÒ0î/.9Ê�å9Ý5PÌîXP�Õ9Ö#Ý0Ò0Ý
Õ9Û9Ô"çIÍòó {(xi, Veff(xi))}

ÑeàXPÌå]Îd�QPÌî�ÎÌØ¯óEØ¯ó]Þ¼Î�Ê}Ô]Î�
¼Û9Ô9ç�î,�QP�Õ2ÒHÖ×ÑáÊ�å"ó�î0ÝHÔUP{Ý�Ê}çIÖ×ÒHË×Ò0Ú
Ë#Í
Î�ÞßÒL�*Ë#ÑáÒHî0Ñ Æ�eÑáî0ÝHØ8��Ú�Ê}àHÙáÑÓÐ*ó�î/.EÕ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ¼7SÐ

Npot
ÚoÊ}àHÒ0Ú�óoå9Ê�å]Î�Í×çÌÊSÐtÊ�Ú�Ê5îHÔ9Ê{Ê}æ}Ö×ÎÌÔ9ÑÓî0ÝHó�þ

Ð Õ9Ö#ÝHó�Õ]ÎÌå9çIÛÔ�#Ò0å"Ô9Ò0æ}ÊVZãÎ�Í×Ê}ÚÜÛOZ+Û9Ú�ÑáÒHË×Ý0îHÝ0Ê}Ô"Ò0æ}ÊCÐÕ�#Ö×Ê�å9çIÛwçÌÊ}Ú�7}Ö#ç�ÑKÒ0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö×Ô9ÒL�
Ý\Î�ÛIÐtÎÌà0Î��QPÌî:N$à0ÒoÐ*Í×Ò0å"ó Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ>Ò]
¼Ò0ç¯ÍòóIÐxÔIó°ÚÜÛ9Ë#Ñ�Ø¯ó�þCË�ó�ÚoÒ�Í
Ö#ó�îHÝ0Ô¯ó}Æ é ÑáÊÌÖWPÌî{Í
Ê
Õ+Ê5åLÛ¯Ð>Î�æ��:NUå9Ê}Ë�ÍÏÎ��#ÒHÚ�óEÙÓÑáî0ÝHØ8�!Õ2ÊÌÍ×Ò0Ô9îL�×Î�Þ¼7SÐ�ÖQ7SÐxÔUP

N ′
pot = n Â·Ã Ä (nx,2)+1

v

eÂé"ÆãÅ}â�g
æ}å9ÝHÑáÒ�å9ÑÆÅ

(a, b)
�#Ò0Ë�ÍBÐ*ó�Ô9ÑÓçIÑáÒ0Ú�å9Ý0ÑÓÒ0ÙáÒHÔ9ÑèÎbØ2ÒHÝbÖ#Ò0Ë×Ý�ÍòóLÙáÑÓî0Ý0Ø¯ó

a
Õ9Ö#Ý0Ò0Ý

b
Æ

É6ÊxË×ç�Ê}Ô9Ë�Í
Ö×Û"ÊFÐtÎÌÔ9ÑÓÛ�ÝHØ9ÑáÊ}Ö#Û�Õ2Ê�Í
Ò0Ô"î,�×Î�Þl7FÐÆeÀé5Æ Å ý g+ÐxÖ
ÎÌÝqÝqÕ"Ö
Î\Ðxå9Ê}Õ+Ê5å"Ê}Ø9ÑáÒ109Ë#ÍòÐtÎÌÚ�Ñ
å]ÎÌÔ¯ó�Ú�Ñ�ÐxÝHÊ}Ö×ÒHÚ eÂé"Æ Å';hgjÊ}Ø"ÙáÑáîHÝ0ÒHÔ9ÑèÎLË#Í×Ö×Û9ç¯Í
Û"Ö#óWÒHÙáÒHçIÍ×Ö×Ê}Ô"ÊFÐ�Ò,�bÐ*ó�çÌÊÌÔ�Û��#Ò0Ú�óWÎÌÔ]ÎÌÙÓÊ�ï
æ}ÑÓî0Ý0Ô"ÑáÒ��×Î�çoÐ Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛ�Ë�Í
Ê}Õ"Û�Ô"ÑáÒ0Û"Õ2Ê}Ö#ÝXPÌå"çÌÊSÐ>Î�Ô9Ò0æ}Ê"Æ��ÌÒHå"ó�ÔUP{ÖQ7}àHÔ9Ñáî5PÇ�#Ò0Ë�ÍxÑáÙáÊ:�×þ
Õ+ÊÌÍ
ÒHÔ9î,�×Î�Þl7SÐ Ø9Ö×ÎÌÔ¯ó5î/. Õ2Ê�åLÛIÐtÎÌæ���Ææ+ ÚoÒ�Í
Ê�å9Ý0ÑÓÒjí"É8pÆ�#Ò0Ë�ÍgÊÌÔ]Î�Ø+ÊSÐxÑáÒHÚ�Õ9Ö×ÝHÒHÐtÎÌà�ï
Ô9ÑÓÒ{Ø]ÎÌÖ×å"Ý0ÊLå9Û9à0Î"Æ�É6Ê}Ô9ÑÓÒHÐtÎÌà�ÙáÑÓî0Ý0Ø9ÎAÚoÊ}àHÙáÑÈÐ*ó5î/.wÕ+ÊÌÍ×Ò0Ô9îL�×Î�Þ¼7SÐ

Npot
Ö#Ê��×Ô"ÑáÒ{Ø]ÎÌÖ#å9Ý0Ê

Ë×Ý�ó�Ø9çÌÊ�Ý
nx
N�Ð�Õ"Ö
ÎÌç¯Íòó�î0Ò�Û¯ÐxÝ0æ}ÙR�0å9Ô"ÑèÎÌÔ9ÑÓÒ!ÐxË×Ý�ó�Ë#Í
çIÑÓî/.��#ÒHË#ÍxÔ9ÑÓÒ0Ú�Ê}à0ÙÓÑÓÐ�ÒÌÆà�BÊ}ÙáÒL�#ÔIó�ÚKN

Ê}Ø+Ê}ç}eÀé"ÆãÅ}â�g�N2Ë#Õ2ÊÌË×Ê}Ø+Ò0ÚJÝ0Ú�Ô9ÑáÒL�#Ë×ÝHÒ0Ô9ÑáÎCÑáî/.@ÙÓÑáîHÝ0Ø¯ó��#Ò0Ë#ÍgÐ*ó�Ø87}Ö!Ë×Õ+Ê��×Ö-75å ÐxË#ÝHó�Ë#Í×çIÑáî/.
N ′
pot

Õ+ÊÌÍ
ÒHÔ9î,�×Î�Þl7SÐ�Íòó�Ùáç�Ê
Nmax

Í
ÎÌçIÑáî/.ON�çIÍQ7}Ö#ó�î/.NÕ9Ö
Î\Ðxå9Ê}Õ+Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐtÊ Ð*ó5Ë�ÍW�HÕ2Ê�ï
ÐtÎÌÔ9ÑèÎy�#Ò0Ë#Í>Ô]Î���ÐxÑk�HçIË×Ý0Ò�ÆÈ�!ÎÌË�ÍW�0Õ"Ô9ÑáÒ=Ô"Ê}Ö×ÚoÎÌÙáÑÓÝ0Û4�#ÒHÚ�ó{Û9Ý�ó�Ë×çðÎÌÔ9Ò

Nmax
Õ9Ö
Î\Ðxå9Ê}Õ+Ê�å9Ê�ï

Ø9ÑÓÒ509Ë�ÍòÐ å9Êv�#Ò0å"ó�Ô9çIÑ�Ñ/Ð*ó�çÌÊÌÔ�Û��#Ò0Ú�ó�Ê}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑèÎ"Æ
�gÑÓÒ0Ë#Í×ÒHÍòó�Ô]Îd�#Õ9Ö×Ê}Ë�Í
Ë#Ý\Î)ç�Ê}Ô9îHÒ0Õ+îHóX�#Ô9ÑáÒ�Ñ*Ê}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑáÊSÐtÊwÚ�ÒHÍ×Ê5å9ÎwÍ×ÝHÐ�Æ�çIÖ#ó�Ë×Ý�ÍÏÎ�ÞèÛ

ÐxÑáÖ�Í
Û]Î�ÙáÔ9ÒHæ}Ê_eÈÇ < p�ï�Ç!ÑáÖ�Í
Û]ÎÌÙ < Ö�ó5Ë�ÍÏÎÌÙæp!Õ9Õ"Ö×ÊXu5ÑáÚoÎ�Í
ÑÓÊ}Ô$g=Ô9ÑáÒ�Ú�Ê}à0Ò�Í
Û"Í
Î��bØ¯ó5þCÝ\Îðï
Ë#Í×Ê}Ë×ÊSÐtÎÌÔ]Î"Æ + ÚoÒ�Í
Ê�å9Ý0ÑÓÒ�Í×Ò,�BË�Í
Ê}Õ�Õ9Ö×Ý�ó�Ø9ÙáÑÓà\Î�Ë×Ñk�jçIÖ#ó�Ë×Ý�ÍÏÎ�ÞèÒ0Ú ÝjÕ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÒHÚ4Ò1
¼ÒHç¯ï
ÍòóIÐxÔ¯ó5Ú�Ø8�HåUPÌî�ó5Ú �#Ö×Ò0å"Ô9ÑlP�Ð>ÎÌàHÊ}ÔUPCÝbÕ2Ê�Í
Ò0Ô"î,�×Î�Þl7FÐ�Ðtî/.9Ê�å9Ý5PÌîHó�î/.`Ð Ë×ç9Þ¼Î�å@Ë#Í×Ê}Õ9Û
Æ�ÌÒ0å"Ô]ÎÌç`Ð�Õ"Ö×ÝHó�Ø9ÙÓÑáàHÒ0Ô9ÑÓÛWÕ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛ Ë#Í
Ê�î/.]ÎÌË�Íòó�î0Ý0Ô"Ò0æ}Ê Ê5å"î/.Ió�ÙÓÒ0Ô9ÑáÎ Ê5å°Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ
Ð*óX�-�×îHÑáÊSÐtÒHæ}Ê�Ý\ÎÌÖ-7FÐxÔ"Ê�ÐBZëæ:7}ÖQ�'Z��×ÎÌçoÑ/ÐBZ åM75Þ-Z9ÚoÎ��QP�Í
ÎÌçIÑáÒ=Ë×ÎÌÚoÒ�Õ"Ö
Î\Ðxå9Ê}Õ+Ê5å"Ê}Ø9ÑáÒ105ï
Ë#ÍòÐtÎ"ÆqÉKÊÌÍ
ÒHÔ9î,�×ÎIÞUÒ1
¼ÒHçIÍòóIÐxÔ¯ó{Ð�ÚoÒ�Í
Ê�å9Ý0ÑÓÒ.Ç < p å9ÎSÐtÎ�ÞèØIóbÐxÑk�Hî>å9Ê}ç9Þ¼Î�å9Ô9ÑáÒ�Õ2Ê�Í
Ò0Ô"î,�×Î�Þ
Ð*óX�-�×îHÑáÊSÐ*ó}Æn!ÊxÊ}Ø9ÙÓÑáî0ÝHÒ50�Ø��0å9ÝHÑáÒHÚ�ó=Ë�Í
Ê}Ë#ÊFÐtÎÌþqÐxÑk�HîqÚoÒ�Í
Ê�åM��Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞßÛ�çÌÊ�."Ò0Ö×ÒHÔ¯Í
Ô9ÒHæ}Ê�e < É8pvg
Ê}Õ9ÑÓË
ÎÌÔMPÜå9Ê}ç9Þ¼ÎÌå"Ô9ÑáÒ=Ð�Ö×Ê}ÝHå9Ý0ÑáÎÌÙáÒ�â�ÆÈi�ÒHÍ×Ê5å]Î{ÍÏÎ��#ÒHË#ÍBÊ}Ø+Ò0î0Ô"ÑáÒ�Ë×ÝHÒ0Ö#Ê}çÌÊ�ÑeÝ�Õ2ÊSÐ�Ê5å"Ý0Ò�ï
Ô9ÑÓÒ0Ú�Ë�Í
Ê}Ë#ÊFÐtÎÌÔ]Î�å9ÊjÊ}Ø9ÙÓÑáî0ÝHÒ50�Ë#Í×Ö×Û9ç¯Í×Û9Ö#ó�Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô9ÊSÐ�Ò,�qÐ:ÚCÎ�Í×Ò0Ö#ÑèÎ�ÞßÎÌî/.{Ô9ÑáÒHÛ9Õ+Ê}Ö×Ý5PÌå5ï
çÌÊSÐtÎÌÔ¯ó�î/.�eÂÕ9Ö#ÝHó�ç9Þ¼ÎÌå5óEÍÏÎÌçIÑáî/.�Ê}Ø9ÙÓÑáîHÝ0Ò50LÝHÔ]Î��#å9Û4�QP�Ë×ÑR�=Ð Ö#Ê}Ý0å9ÝHÑèÎÌÙÓÒ�
�g�Æ
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º ��� » rAiEk��ok dj�L�HkHnts>l1É i�|L� l>�6rCnts*i{rCnqp
�!Î�Ë×ÝHó�Ú îHÒ0ÙÓÒ0Ú�Ø��0å"Ý0ÑáÒqÝHØ]ÎÌå]Î�Ô9ÑáÒ�Ô9Îxç�Ê}Ô9çIÖ×Ò�Í
Ô¯ó�Ú Õ9Ö×Ý�ó�ç]ÞßÎÌå9ÝHÑáÒMî0Ý�ó�Ê}Ø9ÙÓÑáî0ÝHÒ0Ô9ÑáÎtË#Í×Ö×Û9ç}ï
Í
Û"Ö#óEÒHÙáÒ0ç¯Í×Ö×Ê}Ô9ÊSÐ�Ò,�BÛ"àHóIÐ>Îd�QPÌîbÚ�ÒHÍ×Ê5å5óc�����>ï�í5É8p Ú�Ê}à0Ô]Î{Ë×ÎÌÚoÊÌÛ9Ý0æ}Ê�å9Ô9ÑÓþ=Ê}Ö×ÎÌÝ��×ÎÌç�×ÎÌç�Ê��×îHÑáÊSÐtÊ°ÑBÑÓÙáÊ��#î0ÑÓÊFÐ�Ê`Û9ÝHó�Ë#ç�Î�Ô9Ò Ð*ó�Ô9ÑáçIÑBÚCÎd�QP Ë#Ñk��å9Ê°Ê}Ø"ÙáÑáîHÝ0Ò10NÐ Õ9Ö#ÝHó�Ø9ÙáÑÓà0ÒHÔ9ÑáÛ�onyp�Æ�É6Ê}Ý0Î`Íòó�Ú Ô]Î�ÙáÒ0à�ó Ý0Ø9ÎÌå]ÎÌþLÝ0Ø"ÑáÒ0àHÔ9Ê��#þ�Ú�ÒHÍ×Ê5å"ó°Ð�Ý\Î�ÙáÒ0àHÔ9Ê��#î0ÑxÊ5å

nx
N
nv
N
κÊ}Ö×ÎÌÝ

Nmax
ÆMÉ6ÊSÐ*ó�à0Ë×ÝHÒ�îHÝHÍ
ÒHÖ#óoÐxÑáÒ0ÙÓçÌÊ��#î0Ñ
ËQP��#Ò0å"ó�Ô¯ó�ÚoÑeÕ]Î�Ö
ÎÌÚ�ÒHÍ×Ö
ÎÌÚ�ÑUÊ}Ø9ÙáÑÓî0ÝHÒ50EÕ9Ö#ÝHó

Û9à�ó5îHÑáÛ�Ë#Í×Ê5î/.]Î�Ë#Íòó�î0ÝHÔ9Ò0æ}ÊCÕ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛLÒ]
¼Ò0ç¯ÍòóIÐxÔ9Ò0æ}Ê"Æ
�BÊÌÝHÐtÎÌà0Ú�ó��#Ò0å"Ô9ÊSÐ*ó5Ú�ÑèÎ�Ö×ÊSÐ*ó çIÖ�ó5Ë#ÝHÍ
Î�Þ�ÊAË#Í
Î�ÞßÒL�gË×ÑÓÒ0î0Ñ

a = 4aB
Ýy�#Ò0å9Ô¯ó�Ú Î�Í×Ê�ï

Ú�Ò0Ú�ÐÿçÌÊ}Ú�7}Ö#î0Ò{Ò0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö×Ô9ÒL��ÊLÙáÑÓî0ÝHØ9ÑáÒ{ÎðÍ
Ê}Ú�ÊSÐtÒL�
Z = 2

Æ{ÉKÊÌÍ
ÒHÔ9î,�×ÎIÞèówÊ�å9å9ÝHÑèÎðï
ÞèóIÐtÎÌÔ9ÑáÎ

Vee
N
Vej

Ñ
Vjj

ÝHå9Ò1z9Ô9ÑáÊSÐtÎÌÔ9ÒAÐ%Ö×ÊÌÝ0å9ÝHÑèÎÌÙÓÒAê[N�ÊÌÖ
ÎÌÝoÕ2ÊÌÍ×Ò0Ô9îL�×Î�Þ*Ð*ó�Ú�ÑáÒ0Ô"Ô9Ê�ï
çÌÊÌÖ×Ò0ÙáÎÌîHóX�#Ô¯ó

Vxc
Õ"Ö×ÝHóX�#Ú�ÑáÒHÚ�óCÐ�Ô]ÎÌË#ÍQ�0Õ9Û��QPÌî0ÒL�BÕ2ÊÌË#ÍÏÎ�î0ÑÈeÌ�#ÒHå9Ô9Ê}Ë�Í
çIÑ�Î�Í×Ê}ÚoÊSÐ�Òdg�ã

Vee(r) =
1√

r2 + εee
,

eÂé"ÆãÅÌéhg

Vej(r) =
Z√

r2 + εej
,

eÂé"ÆãÅ�
�g

Vjj(r) =
Z2

√
r2 + εjj

,
eÂé"ÆãÅÌôhg

Vxc(x) = −6 · ρ(x), eÀé5Æ Å:9�g
æ}å9ÝHÑáÒ

εee = εej = εjj = 0.05a2
B

eÂé"Æëê�;hg
ÉqÑáÒ0Ö�ÐxË×Ý�ó5Ú çIÖ#Ê}çIÑáÒ0Ú8Ð°ÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ�î/.æ�#Ò0Ë#Í�Û"ÝHó�Ë×çðÎÌÔ9ÑÓÒMË
ÎÌÚ�Ê}Û9ÝHæ}Ê5å"Ô9ÑáÊ}Ô"Ò0æ}Ê>Õ+ÊÌÍ×Ò0Ô5ï

î,�×ÎIÞßÛ`ÚoÒ�Í
Ê�åUPx�����*ïL�~nypbÆOåùÍ
ÒHÖ
ÎÌîL�#Ò�Ø¯ó]ÞèówÐ*ó�ç�Ê}Ô¯ó�ÐtÎÌÔ9ÒAÎÌà{å9ÊLÛ9ÝHó�Ë#ç�Î�Ô9ÑèÎLÖQ7}àHÔ9Ñáî�ó
Õ+ÊÌÍ
ÒHÔ9î,�×Î�Þl7SÐ

∆V < 0.001
�xó · Î B N9î0Ê�Ý\Îd�-�ðÞßÊCÅÌê{ÑÓÍ×Ò0Ö×ÎÌî,�#Ò�Æí"ÎÌÚ�Ê}Û9ÝHæ}Ê5å"Ô9ÑáÊ}Ô¯ó�Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ=Ê}Ö×ÎÌÝ�Ê5å9Õ+ÊSÐxÑèÎÌå9Î��QPÌî0Ò�ÚÜÛNÕ]ÎÌË×ÚoÎ)ÒHÔ9Ò0Ö#æ}ÒHÍòó�îHÝ0Ô9Ò'N

æ��HË#Í
Ê:�×þ°Ë�ÍÏÎÌÔ[7FÐ Ê}Ö
ÎÌÝ æ��HË#Í
Ê:�×þ�ÞßÎÌå9Û9Ô"ç�Û�ËWPNÕ"Ö×Ý0ÒHå9Ë#Í
Î\ÐxÑáÊ}Ô9Ò)Ê5å"Õ2ÊSÐxÑáÒHå9Ô9ÑÓÊ�Ô9ÎNÖ#ó¯ï
Ë×Û"Ô9çðÎÌî/.:é"ÆÈÇHïòé"Æ ý ÆWÉ6Ê�Í
Ò0Ô"î,�×Î�ÞBÑ*æ��HË#Í×Ê��×þ@Þ¼Î�å9Û9Ô9çIÛ�Ø8�HåUPwå]ÎÌÔ¯ó�ÚoÑ>Ð�Ò,�-�#î0ÑáÊSÐ*ó�Ú�Ñ*å9ÙèÎ
Ê}Ø9ÙÓÑáîHÝ0Ò50LÝ�Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÒ0Ú�Ë�Í
Ê�î/.]ÎÌË�Íòó5îHÝ0Ô¯ó�Ú�Æ�gÊ}Ö#ÝHó�Ë#Í
Î��QPÌî Ý`æ��0Ë�Í
Ê��#î0Ñ�Þ¼Î�å9Û9Ô9çIÛ�Õ+Ê}çðÎÌÝ0ÎÌÔ9Ò,�AÔ]Î Ö#ó�Ë#Û9Ô9çIÛ é"Æ ý ÚoÊ}àHÒ0Ú�ó3Ô]Î��-ï
Õ9ÑÓÒ0Ö#ÐNÝ0Ø9ÎÌå]ÎÌþxÝ\Î�ÙáÒ0àHÔ9Ê��#þBÖ#Ê}Ý0ç9ÞßÎÌå9Û�Õ9Ö
Î\Ðxå9Ê}Õ+Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐ:Ê�å�ÑÓÙáÊ��#î0Ñ9Õ"Û9Ô9ç¯ÍW7SÐ3Ð3ç¯ÍW7�ï
Ö#ó�î/.8ÎÌÔ]Î�ÙáÑáÝHÛ4�#Ò0Úbó^ç]Û9ç¯Í
Û]Î�î,�#Ò

nx
ÊÌÖ
ÎÌÝ�ÚCÎÌçIË�ó5ÚoÎÌÙÓÔ9Ò,�oÚ�Ê}à0ÙÓÑÓÐ�Ò,�oÎ�ÚoÕ9ÙÓÑÓÍ×Û9å"ó^ç]Û9ç}ï

Í
Û9ÎÌî,�#ÑtÐ�çðÎÌà0å5ó5ÚmÕ9Û9Ô9ç�î0ÑáÒAÐxÝHæ}Ùk�Hå9Ò0ÚmÕ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛWÐ*óX�-�#î0ÑáÊSÐ�Ò0æ}Ê
κ
Æ_�eÑáîHÝ0Ø��EÚoÊÌà�ï

ÙáÑÈÐ*ó�î/.�ÐtÎÌÖ�Í
Ê��#î0Ñ�Õ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛ�Ð çðÎÌà0å"ó�Ú Õ9Û"Ô9çÌîHÑáÒ Õ9Ö×Ý�ód�#Ú�Û4�#Ò0Ú�óa�×ÎÌçÌÊ
nv = 15

Æ
É6ÊÌç�Î�à0Ò0Úbó8Ð*ó�Ô9ÑÓçIÑbå9ÙáÎ

nx = 7
Ê}Ö×ÎÌÝ

nx = 13
îHÊ3ÝHæ}Ê5å"Ô9ÑáÒ Ý0Ò ÐxÝ0Ê}Ö#Ò0Ú eÀé"ÆãÅ}â�g

å]Î��#ÒbÙáÑÓî0Ý0Ø���ÐxË×ÝHó�Ë�Í
çIÑáî/.`Ú�Ê}à0ÙÓÑÓÐ*ó�î/. Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ¼7SÐ Ê5å"Õ2ÊSÐxÑáÒHå9Ô9ÑÓÊ
154 = 50625

Ê}Ö×ÎÌÝ
157 = 170859375

Æ�É6Ê}Ô9ÑÓÒHÐtÎÌà�ËWPCÍ×ÊEÙáÑáîHÝ0Ø¯ó@Ø9ÎÌÖ×å9ÝHÊEå9Û9àHÒ:N�Ø8�Hå9Ý0ÑÓÒ0Ú�ó�Ð Ê}Ø¯ó5å5Ð�7�î/.
Õ9Ö#ÝHó�Õ]ÎÌå9çðÎÌî/.oÛ¯ÐxÝ0æ}ÙR�0å9Ô9ÑáÎÌþ>Íòó�Ùáç�Ê

Nmax = 101
Õ+ÊÌÍ×Ò0Ô9îL�×Î�Þ¼7SÐNÊjÔ9Î���ÐxÑk�Hç�Ë#ÝHó�î/.AÕ9Ö×Î\Ð>ï

å9Ê}Õ+Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐ>ÎÌî/./Æ��!ÎÌÙÓÒ0àHó Ý\ÎÌÝHÔ]ÎÌîHÝHó�þ:NKà0Ò{ç�Ê}Ô9Ë#Í×Ö×Û9Û��QPÌî�Õ2ÊÌÍ×Ò0Ô9îL�×Î�Þèó��×ÎÌçÌÊLË×çIÙÓÒ,�#ç:�
Õ9Ö#Ý0Ò0î/."Ê5å9Ý5PÌîXPEÕ9Ö#Ý0ÒHÝÜÊ5å"Õ2ÊSÐxÑáÒHå9Ô9ÑÓÒ

nx
Õ"Û9Ô9ç¯ÍW7SÐ�N

nx
ÚÜÛ9Ë×Ñ6Ø¯ó5þ�ÙáÑáîHÝ0ØUPoÔ9ÑáÒHÕ]ÎÌÖ×Ý�ó�Ë#Í/PeÂÝHÒ°�×Ö#Ê5å9ç�ÊSÐ*ó5Ú Õ"Û9Ô9ç¯Í
ÒHÚ Ð �#Ö×Ê�å9çIÛ ç�Ê}Ú�7}Ö×çIÑ!ÒHÙáÒHÚoÒHÔIÍ
ÎÌÖ×Ô"Ò,�Wg�Æò+ Õ"Ö×Ý0ÒHî0ÑÈÐxÔIó�Ú

Ø+ÊFÐxÑÓÒ0Ú Ð*ó�Õ]ÎÌå9çIÛ�Ð>ÎÌÖ�Í
Ê��#þ`Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ:Ð �×Ö#Ê5å"ç�Û�ç�Ê}Úm7ÌÖ×çIÑ=Ø¯ó]Þ¼ÎÌØ¯ó:å"Ê}Ø9Ö
Î�Ô]ÎWÐ
Ë×Õ+Ê}Ë-7}ØwÔ9ÑáÒHçÌÊ}Ô¯Í×Ö×Ê}ÙÓÊFÐtÎÌÔ¯ó@Õ"Ö×Ý0ÒHÝ{Ô]ÎÌÖ#Ý0Û9îHÊ}Ô9ÒÜÐtÎÌÖ×Û9Ô"ç�Ñqæ�Þ¼ÎÌå9ç�Ê��×îHÑÊ
¼Û9Ô9ç�î,�#ÑÀÆbÉKÊSÐtÊ�å9Ê�ï
ÐtÎ�ÞßÊ}Ø¯ó@Í×ÊEÝ0Ô]Î�î0Ý0Ô"Ò:N�Ë×Ý�Í
Û9îHÝ0Ô9Ò�Ý0Ú�ÑèÎÌÔ¯ó�ÐÿÐxÑÓÒ0Ùáç�Ê��×îHÑèÎÌî/.@Í
ÎÌçIÑáî/.Ô�×ÎÌç�Ô9Õ
Æ�Ë�Í
Ö#Û9ç¯Í
Û9Ö×Î
Õ]ÎÌË#ÚoÊSÐtÎ î0ÝHó�æ:�0Ë#Í×Ê��×þWÞßÎÌå9Û9Ô9çIÛ
Æ pgØ¯ó�Û9Ô9ÑáçIÔUP�þwØ2Þ¼�HåM7SÐ ÝHÐxÑkPÌÝ\Î�ÔIó�î/. Ý å5ó5Ë#çIÖ×Ò�ï
Íòó�Ý\ÎÌîL�QPwÖ×Ê}ÝHç]ÞßÎÌå9Û�Õ9Ö×ÎSÐxå"Ê}Õ2Ê�å9Ê}Ø"ÑáÒ50"Ë#ÍòÐtÎ Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ¼7SÐ ç9Û9ç¯Í
Û9Û4�QP�îHó�î/.ONtç¯ÍQ7}Ö#óc�#Ò0Ë#Í
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Ë#ó�Ú�ÒHÍ×Ö#ó�î0ÝHÔIó:N�ÖQ7SÐxÔ9ÑÓÒ0à

Nmax
Õ+ÊFÐxÑÓÔ9Ô9ÊLØ¯ó�þoÙÓÑáî0ÝHØUPEÔ9ÑáÒHÕ]ÎÌÖ#ÝHó�Ë#ÍWP"ÆÔ�gÎ�Ö�ó�Ë×Û9Ô9çIÛ°é"Æ â

Õ+Ê}çðÎÌÝ\ÎÌÔ"ÒAËWP@Ö#Ê}Ý0ç9Þ¼Î�å"óWÕ9Ö×Î\Ðxå9Ê}Õ+Ê5å9ÊÌØ9ÑáÒ109Ë#ÍòÐ Ð*ó�Ë#ÍW�HÕ2ÊSÐtÎÌÔ9ÑáÎ`Õ+Ê}Ë#Ý0î0ÝHÒ0æ�7ÌÙáÔ¯ó�î/.NÕ+Ê�ï
Í
ÒHÔ9î,�×ÎIÞ¼7SÐÿå"ÙèÎEÕ9Ñk�Hî0ÑÓÛ@Ð>ÎÌÖ�Í
Ê��#î0ÑqÕ]Î�Ö
ÎÌÚ�ÒHÍ×Ö×Û

κ =
;"ÆãâbNKÅbNKâbNqÇd;EÊ}Ö×ÎÌÝ�Å:;c�*ó}Æ��gÎEÊ}Ë×Ñ

Õ+Ê}Ý0ÑÓÊ}ÚoÒL�qÝ0ÎÌÝ0Ô9ÎÌî0ÝHÊ}Ô¯ó��#ÒHË#Í�ÔIÛ9ÚoÒHÖ�å9ÎÌÔ9Ò0æÌÊ�Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛONIî0Ý�ó5ÙÓÑUÝ\ÎÌçIÖ×ÒHË�Í×Ò,��Ê}Ë#Ñ]Ð*ó5Ô"Ê}Ë×Ñ
1 − 50625

å"ÙèÎ
nx = 7

ÊÌÖ
ÎÌÝ
1 − 170859375

å9ÙáÎ
nx = 13

Æ
�!ÎWÊ}Ë#Ñ!Õ9ÑÓÊ}Ô9ÊSÐ�Ò,�oÕ+Ê}çðÎÌÝ\ÎÌÔ"Ò��#Ò0Ë�ÍEÕ9Ö
Î\Ðxå9ÊÌÕ2Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐtÊ Ð*ó�Ë#ÍWP�Õ"ÑáÒ0Ô"ÑèÎ°å]Î�Ô9Ò0æ}Ê

Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛ
Æ>ÉqÖ×ÎSÐxå"Ê}Õ2Ê�å9Ê}Ø"ÑáÒ50"Ë#ÍòÐ�ÊCÍ
Êv�#Ò0Ë�Í!ÝHÔ9Ê}Ö×ÚoÎÌÙÓÑáÝ0ÊSÐtÎÌÔ9Ò�Ô]Î�çðÎÌà0å"ó�Ú Ö#ó�Ë#Û9Ô9çIÛ
Ð:Í×Ò0ÔCË#Õ2ÊÌËQ7}ØON5ÎÌØ¯ó{ÐxË×Ý�ó�Ë#Í
çIÑÓÒ

Nmax = 101
Õ9Ö
Î\Ðxå9ÊÌÕ2Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐ Ë×Û"ÚoÊSÐtÎ�Þèó�Ë×ÑR�xå9Ê

�#Ò0å"Ô9Ê��×îHÑ ÆbÉ$ÎÌÖ×ÎÌÚ�ÒHÍ
Ö!Ê5å9å"Ý0ÑèÎIÞèóIÐ>Î�Ô9ÑèÎCÚ�Ñk�Hå9ÝHó�Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô]ÎÌÚ�Ñ$Õ"Ö×ÝHó Ê}Ø9ÙÓÑáî0Ý0ÎÌÔ9ÑÓÛ@Õ9Ö
Î\Ð>ï
å9Ê}Õ+Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐ Ô]Î{Ö#ó�Ë#Û9Ô9çIÛ@é"ÆãâÜÐ*ó5Ô"Ê}Ë×Ñ

εee = 0.1a2
B

Æ
�}ÎÌç ÐxÑáå]Î�þ:N�å9ÙèÎ�ÚCÎIÞèó�î/. Ê�å9î/.¯ó5ÙÓÒ50 ÚoÎÌçIË#ó�ÚoÎÌÙáÔ¯ó�î/. Ê�å�Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛ�Ð*óX�-�×îHÑáÊ�ï

Ð�Ò0æ}Ê�eÂå9ÙáÎjÚoÎ�Þèó�î/.
κ
gMÖ#Ê}Ý0ç9Þ¼Î�åCÕ9Ö×ÎSÐxå"Ê}Õ2Ê�å9Ê}Ø"ÑáÒ50"Ë#ÍòÐ}�#ÒHË#Í�Õ9Ö
ÎÌç¯Íòó�î0ÝHÔ9ÑáÒà�#Ò0å9Ô"Ê}Ö×Ê�å9Ô¯ó}Æ�=Ý0Ô]Î�î0Ý\ÎjÍ
ÊMN�à0ÒBÐxÑáÒ0ÙÓÒgÕ+ÊÌÍ×Ò0Ô9îL�×Î�Þ¼7SÐ:Ð�Ê}ç:7�Þ�Õ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛoÐ*óX�-�×îHÑáÊSÐtÒHæ}Ê��#Ò0Ë�Í>Õ9Ö×ÎÌç¯Íòó�î0Ý�ï

Ô9ÑÓÒ�Í
ÎÌçEË
Î�ÚoÊ�Õ9Ö
Î\Ðxå9ÊÌÕ2Ê�å9Ê}Ø9Ô¯ó�î/.
Æ�á
ÎÌØ9Û9Ö#Ý\ÎÌÔ"ÑáÒ�Õ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛ ÚoÎ�Þèó�Ú�Ñ*ç]Û9ç¯Í
Û9ÎÌî,�×ÎÌÚ�Ñ�#Ò0Ë�ÍMÐxÑk�0îBçÌÊÌÖ×ÝHó�Ë�Í
Ô9ÒgÑ]Õ2Ê}à5PÌå]ÎÌÔ"ÒÌÆÊ+ ÚoÑáÎÌÖQ�\�×ÎÌçÜÎÌÚoÕ"ÙáÑÓÍ×Û9å]Î�ç9Û9ç¯Í
Û]ÎÌîL�#ÑUÖ×Ê��#Ô9ÑáÒ'N�ÚoÎ��QP
Ê}Ô9Ò`îHÊ}Ö
ÎÌÝ`Ú�Ô9ÑáÒL�#Ë×ÝHÒ ÝHÔ]ÎÌîHÝ0Ò0Ô"ÑáÒ`Ð Õ+Ê}ÖQ7SÐxÔ]ÎÌÔ"ÑáÛ8å9Ê�Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ�Ð*óX�-�×îHÑáÊSÐtÒHæ}ÊÕeßÐ�×Ö#Ê5å"ç�ÛUg�Æ��BÊÌÝ0ç9Þ¼ÎÌå`Õ9Ö×Î\Ðxå9Ê}Õ+Ê5å9ÊÌØ9ÑáÒ109Ë#ÍòÐÿÕ9Ö×Ý�ód�#Ú�Û4�#Ò�Õ2Ê}Ë�ÍÏÎÌþ�çIÖ×Ý�óIÐtÒL�|�jÎ�Û9Ë×Ë×Î"Æ�+
Ë×ÝHî0ÝHÒ0æ�7}ÙÓÔ¯ó5ÚhÕ"Ö×ÝHó�Õ]Î�å9çIÛCå9ÙáÎ

nx = 13
Ñ
κ =

Å:;��xó{Õ+ÊÌÍ×Ò0Ô9îL�×Î�ÞUÐ*óX�-�×î0ÑÓÊSÐ*ó�ÚCÎ=Õ9Ö×Î\Ð>ï
å9Ê}Õ+Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐtÊBÕ9Ö
Î�çIÍòó�îHÝ0Ô9ÑÓÒ�Ö-7FÐxÔ"ÒO�#ÒHå9Ô9Ê��#î0ÑsN�îHÝHó�ÙáÑ¯Õ9Ö#ÝHó�Õ9Ö#ÝHóX�-�HÍòó�î/.ÜÕ9ÎÌÖ
ÎÌÚ�ÒHÍ×Ö
ÎÌî/.
Ê}Ø9ÙÓÑáîHÝ0Ò50CÕ9Ö×Ý�ó5Ø"ÙáÑáàHÒ0Ô9ÑÓÒ�í"É�p Ë×Õ9Ö#ÊSÐ>ÎÌå"Ý\Î{Ë×ÑR�=å9Ê}ç9Þ¼Î�å9Ô9ÑáÒ!å9Ê{Ê}Ø9ÙÓÑáî0ÝHÒ50CÐ Õ9Ö#ÝHó�Ø9ÙáÑÓà0ÒHÔ9ÑáÛ�onyp�ÑeÕ+ÊÌÍ×Ò0Ô9îL�×Î�ÞKÒ1
¼ÒHçIÍòóIÐxÔ¯ó�Ô9ÑáÒæ�#ÒHË#ÍBÝ\ÎÌØ"Û9Ö×Ý0ÎÌÔ¯ó}Æ

�!ÎBÖ#ó�Ë×Û9Ô"ç�Û�é5ÆãéBÕ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáÊ}Ô"Ò>ËWPxÐ*ó5Ô"ÑáçIÑ"Î�Ô]ÎÌÙáÊÌæ}ÑáîHÝ0Ô9Ò'N�ÙÓÒ0î0Ý�å9ÙáÎBÑÓÔ9Ô9Ò,�eÐ>ÎÌÖ�Í
Ê��#î0Ñ
Õ]ÎÌÖ×ÎÌÚ�ÒHÍ
Ö#Û�Ê5å9å"Ý0ÑèÎIÞèóIÐ>Î�Ô9ÑèÎ

εee = 0.001a2
B

Æ%ÉKÊ}Ý0Ê}Ë�ÍÏÎ�ÞèÒ`Õ]ÎÌÖ
Î�ÚoÒ�Í
Ö#ó3Ê}Ø9ÙÓÑáî0ÝHÒ50�ËWP
Ý\Î�î/.9ÊSÐ>ÎÌÔ"ÒÌÆ�+ Íòó5Ú Õ9Ö#ÝHó�Õ]ÎÌå9çIÛLÊ�å9å9Ý0ÑáÎ�ÞèóIÐtÎÌÔ9ÑÓÒgÕ+Ê}Ú�Ñk�0å"ÝHó�Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô]ÎÌÚ�Ñ:�#Ò0Ë#Ítå9Û9àHÊ
Ë×ÑÓÙáÔ9ÑÓÒ,�#Ë#Ý0ÒÌÆ=�}ÎÌç�ÐxÑÓå]ÎÌþ�Õ9Ö
Î\Ðxå9Ê}Õ+Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐ>ÎWÐ*ó�Ë#ÍQ�0Õ+ÊFÐtÎÌÔ9ÑáÎtç]Û9ç¯Í
Û9ÎÌî,�#Ñ=Ê°å9Û9à0ÒL�
ÎÌÚ�Õ9ÙáÑÈÍ
Û9å"Ý0ÑáÒEËQP)å9Û"à0Ê°ÐxÑR�0çIË×ÝHÒ@Ô9Ñáà�Õ+Ê}Õ9Ö×ÝHÒ0å9Ô"ÑáÊ9ÆÆ+ Ë#Ý0î0ÝHÒ0æ�7ÌÙáÔ9Ê��#î0Ñgå9ÙèÎ

nx = 13Ñ
κ = 20

�xóWÕ9Ö
Î\Ðxå9Ê}Õ+Ê�å9Ê}Ø9ÑÓÒ509Ë�ÍòÐtÊ)Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ�Ô9ÑÓÒLÝ\ÎÌØ9Û"Ö×Ý0ÊÌÔ9Ò0æ}Ê`Ð*ó�Ô9Ê}Ë#ÑBÍ×Ò0Ö
Î�Ý
Ô9ÑÓÒHÐxÑáÒHÙáÒ{Õ+Ê}Ô]ÎÌå

0.3
ÑqÑáÔ9Ô"Ò�Õ+ÊÌÍ×Ò0Ô9îL�×Î�ÞèówÚoÎ��QPAÍ
Û5ÍÏÎ���ÑáË#Í×ÊÌÍ
Ô¯ówÐxç9Þ¼Î�å
Æ�+�ÑÓå]ÎÌþ{ÐxÑk�Hî:N

à0ÒBÐ*ó�Ô9ÑáçIÑUÛ9ÝHó�Ë#ç�ÑÈÐ>Î�Ô9Ò�Õ9Ö×Ý�ó�Û9àHó�î0ÑÓÛCÚ�ÒHÍ×Ê5å"óoí5É8p�ÝBÕ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÒ0ÚhË�Í
Ê�î/.]ÎÌË#Íòó�îHÝ0Ô¯ó�Ú
ÖQ7Ìà0Ô9ÑkPxË#Ñk�qÍòó�Ú ÐxÑk�0îHÒ,�eÊ5åjÖ×ÒHÝ0Û9ÙÈÍÏÎ�ÍQ7FÐ°ÐWÕ9Ö#ÝHó�Ø9ÙáÑÓà0ÒHÔ9ÑáÛ��onqp�ÑáÚ�Ë×ÑáÙÓÔ9ÑáÒL�/Ê5å9å"Ý0ÑèÎIÞßÛ4�QP*Ý0Ò
Ë×ÊÌØUP�Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô¯ó}ÆÚ+ æ}Ö×ÎÌÔ9Ñáî�ó�Ø9Ö
Î�ç�ÛEÊ�å9å9ÝHÑèÎ�ÞáóIÐ>ÎÌÔ"ÑèÎ[NIÊ}Ø9ÑÓÒgÚ�ÒHÍ×Ê5å5óoå9Î��QP�Ñáå"Ò0Ô¯Íòó�î0Ý0Ô"Ò
Ð*ó�Ô9ÑáçIÑÀÆ

É6Ê}Ô"ÑáÒHÐtÎÌà�ÑÓÙáÊ��#þgÐxË×Ý�ó�Ë#Í
çIÑÓî/.�Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ¼7SÐ6ç9Û9ç¯Í
Û9Û4�QP�îHó�î/.�Ö#Ê��×Ô"ÑáÒ=Ø]Î�Ö×å9ÝHÊ{Ë×ÝHó�Ø9ç�Ê
Ý
nx
Ê}Ö×ÎÌÝ

nv
N]ÚÜÛ"Ë×ÑáÚbóCÊ}æÌÖ
ÎÌÔ9ÑÓî0Ý0ÎÌþ=ÙáÑÓî0ÝHØ8�!Íòó�î/.�çÌÊ}Ô[z9æ}Û9Ö
Î�î,�#ÑSN"çIÍQ7}Ö×Ò�Û¯ÐxÝHæ}Ùk�Hå9Ô9ÑèÎ�Ú�ó

Ð�ÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ�î/. å"Ê
Nmax

Õ+ÊÌÍ
ÒHÔ9î,�×ÎIÞ¼7SÐhÊ�Ô]Î���ÐxÑk�HçIË×ÝHó�î/.WÕ"Ö
Î\Ðxå9Ê}Õ+Ê5å"Ê}Ø9ÑáÒ109Ë#ÍòÐtÎÌî/.
Æ�!ÎWÖ�ó�Ë×Û9Ô9çIÛ é"Æ¾
)Õ2ÊÌç�Î�Ý\ÎÌÔ]ÎK�#ÒHË#ÍEÝ0ÎÌÙáÒHà0Ô9Ê:�×þwî\ÎIÞßçÌÊSÐxÑÈÍ
Ò,�CÑÓÙáÊ��#î0ÑBË#ÍÏÎ�ÔM7SÐ Ê�å:Ò0Ô"Ò0Ö×æÌÑáÑ
Ê}Ö×ÎÌÝjÐ*ó�Ô9ÑÓçðÎ��QPÌî\ÎoÝ�Ô9ÑÓÒ,�Bæ��HË#Í×Ê��×þbË#ÍÏÎ�ÔM7SÐ ÒHÔ9Ò0Ö#æ}ÒHÍòó�îHÝ0Ô¯ó�î/.Æe�n���íMgxÐ Ý0ÎÌÙáÒHà0Ô9Ê��#î0ÑKÊ5å
Õ]ÎÌÖ×ÎÌÚ�ÒHÍ
Ö#Û

Nmax
Æ��=å9å9ÝHÑèÎ�Þáó�ÐtÎÌÔ9ÑÓÒÜÕ+Ê}ÚoÑR�0å9Ý�óLÒ0ÙÓÒ0ç¯Í
Ö#Ê}Ô]ÎÌÚ�Ñ6å9ÎÌÔ9ÒÇ�#ÒHË#Í�Ö-7FÐxÔ9ÎÌÔ9ÑáÒHÚeÀé5Æ ÅÌé�g]NUÔ]Î�Í×Ê}ÚoÑáÎÌË#ÍxÕ+Ê}ÝHÊ}Ë#Í
Î�ÞßÒjÕ]ÎÌÖ×ÎÌÚoÒ�Í
Ö�óEÐ*ó5Ô"Ê}Ë×Ñ¼Þèó�ã

κ =
Çd;Ô�*ó�N

nv = 15
N
nx = 7

Æ
É6ÊÌç�Î�Ý\ÎÌÔ9Òoæ��0Ë�Í
Ê��#î0Ñ�Ë#ÍÏÎ�ÔM7SÐ�Õ+ÊSÐxÑáÔ9Ô¯ó Ø¯ó�þAÕ2ÊÌÖQ7SÐxÔ]ÎÌÔ9ÒCÝCæ��HË#Í
Ê:�×î0ÑkP�Ë�ÍÏÎÌÔM7SÐ ÊÌÍ×Ö×ÝHó¯ï
ÚoÎÌÔUP�Ð%Íòó�Ú Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛ�ÚoÒ�Í
Ê�åUPV�onyp�Ñ�Õ2Ê}çðÎÌÝ0ÎÌÔUP Ô9Î Ö#ó�Ë×Û"Ô9çIÛNé5Æãê"Æ ÉqÑáÒ0Ö�ÐxË×Ý5P
ÖQ7Ìà0Ô9ÑÓîXPbÐ8Õ+Ê}ÖQ7SÐxÔ]ÎÌÔ"ÑáÛAÝ=Ú�ÒHÍ×Ê5åMP��onqpä�#ÒHË#Í*Ö#Ê}Ý0Úbó5îHÑáÒgÒ0Ô9ÒHÖ×æ}Ò�Íòó5îHÝ0Ô9Òjî\ÎIÞßçIÑáÒHÚ�Õ2ÞßÎðï
Ë×çIÑÓÒ0æ}ÊÜÕ9ÎÌË×ÚoÎbÝHÔ]Î��#å9Û4�QP�î0Ò0æÌÊÜË×ÑR�gÐ�Ê}ç�Ê}ÙáÑÓî\ÎÌî/. −6

�xóÌÆÚ+�Ñáå]ÎÌþ'N5àHÒ=Õ+Ê4�#Ò0å"ó�09îHÝHóCË#ÍÏÎ�Ô
Õ9Ö#Ý0Ò0î/."Ê5å9ÝHÑ$Ð

Nmax
Ë�ÍÏÎÌÔ[7FÐ�ÊAÖ-7}à0Ô¯ó�î/. Ò0Ô9ÒHÖ×æ}ÑáÎÌî/.
Æ��ÌÒHË#Í=Í×ÊAÝ,�×Î\ÐxÑáË#çÌÊLÎÌÔ9ÎÌÙáÊ}æÌÑáî0ÝHÔ9Ò

å9Ê�Õ2Ê��×ÎSÐxÑáÎÌÔ9ÑáÎAË×Ñk��Ë�ÍÏÎÌÔM7SÐhå"Ê}ÚoÑÓÒ0Ë#Ý0çÌÊSÐ*ó�î/.WÔ9Õ/Æ�ÐÿÕ875ÞèÕ9Ö×ÝHÒHÐ�Ê5å"Ô9ÑáçðÎÌî/.
Æ�+)Ö
ÎÌÝ�Ý0Ò
ÐxÝ0Ö#Ê}Ë#Í×Ò0Ú

Nmax
Ë×î/.9Ê�å9ç�ÊFÐtÎ{Õ2ÊÌË#ÍÏÎ�þÇ
¼Û9Ô"çÌî,�#Ñ+ÑáÙÓÊ��×îHÑ]Ë#Í
ÎÌÔM7SÐ�Ë#Í
Î��#Ò!Ë#Ñk�Bî0Ê}Ö×ÎÌÝgØ9ÎÌÖ×å9ÝHÑáÒL�

æ5ÞßÎÌå9çðÎ"ÆÊ+ æ}Ö×ÎÌÔ9ÑÓîHó�Ø8�Hå9Ý0ÑÓÒgÐxÑR�0î=Ê}Ô9Î�å]Î\Ð>Î�þ=Ë×ÝHÒ0Ö×ÊÌç�ÑÓÒ:N9Õ+Ê4�#ÒHå"ó�09î0ÝHÒ�Õ]ÎÌË×Ú�ÊÜÒHÔ9Ò0Ö#æ}Ò�ï
Íòó�î0ÝHÔ9ÒjÐ�ÚoÑÓÒ,�#Ë#î0Ò�Õ9ÑÓç�ÛLÐ æ:�0Ë#Í×Ê��×îHÑeË#Í
ÎÌÔM7SÐ Ð Ú�ÒHÍ×Ê5å"Ý0ÑáÒv�~nypbÆ8�BÊ}ÙáÒL�#Ô¯ó5Ú�Ò1
¼ÒHçIÍ×Ò0Ú



���q�O���*�L���½¼h���7�����y�y�ï�Ç���*���������v�A�	�o���9�¾¬��v�o�1;1�à�2����/�� ý Å

0.750

0.500

0.250

 

i (numer konfiguracji)

κ=20 Ry

0.450

0.300

0.150

 

κ=10 Ry

0.090

0.060

0.030

P(
i)

κ=5 Ry

0.015

0.010

0.005

 

κ=2 Ry

0.012

0.008

0.004

 

nx=7

κ=0.5 Ry

 0.9

 0.6

 0.3

 

i (numer konfiguracji)

κ=20 Ry

 0.9

 0.6

 0.3
 

κ=10 Ry

0.450

0.300

0.150

P(
i)

κ=5 Ry

 0.045

 0.03

 0.015

 

κ=2 Ry

 0.012

 0.008

 0.004

 

nx=13

κ=0.5 Ry

���]�/���]�X �Ê�¢�Ðh¤Ñ�F±¼ª]µ�²�À[¯:À[²�À Þ ¶·¨'ß�³,«Yµ�ª�µæ¬�³,«´¿h¯�¶·¨'®�¶·ªØ¯�À�³´­5¦]­1¨1Ñ�v[½Ó®d¬4¦4§Ø¯:À:«,¨'®4¦sÂ´ªd»wvXµÀÒ�¸hº]É«/¸h¸´Â,¿'¦�¬4¦4§�µ(º4±k¬�³´­]«´ªh½ ¨�­�¯�À:«,¨4®4¦SÂ,ª�»k¨'©j¨1ÐY¨4º1«�¬XµÇ®d¬h©f¯:À[º�ª�­5ªh®d¬h©=®4ª�±k¬�³�¸h®hº'¸+�MÃÆÍÀh±¼ª�­�À[²[¯:Àdµq¶·ª'²hª´Â,¿'¦1¿K©�¸�Ñ�Ë1³´«,À�~-¦�¶·¿Ô»¼ª4²[¸h®hº'¸ | ±k¬�³�¸h®�¨'º<�[ÃzxX}]Ã
κ
ÂL¨5³,«�ªh©�¯h½ ¶ «/¸4²h¿Ò8¸hº]«/¸4ª4¦SÂQ¶æ­5²�¨ÔÓ8®�¶ ÀdµàªÏ®4¿�±!vXµ�®4ªh®�¶·¨4©Õ�MÃz���MÃl�Mª'±lªÏ©�¨1«/±�Àb²h²�­�¶·ª�»Y¬Xµ�ªh®�¶Áª	©�¶ ËX²�­�¬¨'½ ¨'º]«/±lÀ[®4ªh©�¶ÏµÈ¬h®�À�³/¶

εee = 0.1a2
B

Ã
nV Ö Í�×[Ò Nmax Ö ÍØ�>ÍhÃ



���q�O���*�L���½¼h���7�����y�y�ï�Ç���*���������v�A�	�o���9�¾¬��v�o�1;1�à�2����/�� ý ê

0.120

0.080

0.040

 

i (numer konfiguracji)

κ=20 Ry

0.018

0.012

0.006

 

κ=10 Ry

0.012

0.008

0.004

P(
i)

κ=5 Ry

0.012

0.008

0.004

 

κ=2 Ry

0.012

0.008

0.004

 
nx=7

κ=0.5 Ry

 0.3

 0.2

 0.1

 

i (numer konfiguracji)

κ=20 Ry

 0.05

 0.03

 0.01

 

κ=10 Ry

 0.016

 0.012

 0.008

 0.004

P(
i)

κ=5 Ry

 0.012

 0.008

 0.004

 

κ=2 Ry

 0.012

 0.008

 0.004

 

nx=13

κ=0.5 Ry

���]�/���]�X �Ê�¢�Ê�¤ Ä ¬�³�¸h®�¨'º�ªh®4ªh½ À�Ñb¶·¦1­�®d¬�²�ÀÙ�MÃ�×UÃAsd¨X²:¬h®4¿x±wv�Ý�®�¶Á¦1¿�ÂL¨5³,«�¶Ì®h®4ª|µ�ª4±k«,À�~��Ô¯4ª'±¼ªXÉ
©�¨]«/±S¸|À[²h²�­d¶Áªd»Y¬Xµ�ªh®�¶Áª®Ú

εee = 0.001a2
B

Ã



���q�O���*�L���½¼h���7�����y�y�ï�Ç���*���������v�A�	�o���9�¾¬��v�o�1;1�à�2����/�� ý}ý
�#Ò0Ë�ÍjÝ\ÎÌÔ9ÑÓçðÎÌÔ9ÑáÒ{Õ"Ö×Ý0ÒHÖ#Ð*ó Ò0Ô"Ò0Ö×æÌÒHÍòó�î0ÝHÔ9Ò,�bÐ�ÊÌçÌÊ}ÙÓÑáî\Î�î/.`ïòêK�*ó}ÆoÉ6ÊÌÔ9ÑáÒ�Ð>ÎÌà�ÖQ7Ìà0Ô9ÑÓî\ÎEÐ
æ��HË#Í
Ê:�×î0ÑáÎÌî/.8Ë#ÍÏÎ�ÔM7SÐ Õ9Ö×Ý�ó

Nmax = 201
Ñ
Nmax = 501

�#Ò0Ë�Í�Ô"ÑáÒHÐxÑÓÒ0ÙÓç�ÎbNgÚ�Ê}à0Ô9Î
ÐxÔ9ÑÓÊ}Ë×ç�ÊFÐtÎÌþ'N9à0Ò!Ð�Õ"Ö
ÎÌç¯Íòó�î0ÝHÔIó�î/.�Ê}Ø9ÙÓÑáî0ÝHÒ0Ô9ÑáÎÌî/.CÕ9ÎÌÖ
ÎÌÚ�ÒHÍ×Ö�Í×Ò0ÔEÕ+ÊSÐxÑáÔ9ÑÓÒ0ÔCØ¯ó�þ=Ö#Ý5�0å"Û
çIÑáÙÓç�Î�Ë×ÒHÍ0Æ�gÊ}ÙÓÒ,�#Ô¯ó�Ú�çIÖ×ÊÌç�ÑÓÒ0Ú8Ð°Ø]Î�å]ÎÌÔ9ÑÓÛ�Õ9Ö×Ý�ó5å9Î�Í
Ô9Ê:�×î0ÑIÚ�ÒHÍ×Ê5å"ó=í"É�p å9ÊxÊ}Ø9ÙáÑÓî0Ý0ÎÌÔ9ÑèÎ�Ë#Í×Ö×Û9ç}ï
Í
Û"Ö#óAÒHÙáÒHçIÍ×Ö×Ê}Ô"ÊFÐ�Ò,�xç�Ö�ó�Ë×ÝHÍ
Î�Þ¼7SÐ�ØIó]ÞèÊoÝHØ]ÎÌå]ÎÌÔ"ÑáÒ=ÐxÕ2Þáó�ÐxÛ�Ô]Î{Ð*ó�Ô9ÑáçIÑ
Õ]Î�Ö
ÎÌÚ�ÒHÍ×Ö×Û

nv
N

î0Ý�ó�ÙáÑ$ÙÓÑáîHÝ0Ø¯ó�ÚoÊ}àHÙáÑÈÐ*ó5î/.�Ð>ÎÌÖ�Í
Ê��#î0Ñ6Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ"ç]Û9ç¯Í
Û9Û��QPÌî0ÒHæ}ÊEÐ çðÎÌàHå"ó�Ú�Ý
nx
Ö#Ê}Ý�ï

ÐtÎÌà\ÎÌÔ¯ó�î/.`Õ9Û9Ô9ç¯ÍQ7FÐ�Æv+ Íòó�ÚJî0Ò0ÙÓÛ
nv
Ø¯ó]ÞßÊEÝ�ÐxÑk�0çIË#Ý\ÎÌÔ9Ò{Ý�ç�Ö#Ê}çIÑáÒHÚ Å�Õ9Ö×Ý�ó��#ÒHå9Ô9Ê�ï

î0ÝHÒ0Ë#ÔIó�Ú Ý�ÐxÑk�0çIË#Ý\ÎÌÔ9ÑÓÛ�Õ]ÎÌÖ
Î�ÚoÒ�Í
Ö×Û
κ
Ð�Í
ÎÌçIÑtË#Õ2Ê}Ë-7}ØON�ÎÌØ¯óWçðÎÌàHå"óWÔ]Î�Ë#ÍW�HÕ9Ô¯ó�Ý0Ø9ÑR7}Ö

Õ+ÊÌÍ
ÒHÔ9î,�×Î�Þl7SÐ=ç]Û9ç¯Í
Û9Û��QPÌîHó�î/. Ý\Î\ÐxÑáÒHÖ
Î�Þ$Ð Ë×Ê}Ø9ÑÓÒ�å9ÊÌç]ÞßÎÌå9Ô9ÑÓÒbÐxË#ÝHó�Ë#Í×ç�ÑÓÒ{Õ2Ê�Í
Ò0Ô"î,�×Î�Þáó Ý
çIÖ×Ê}çIÛ�Õ2Ê}Õ"Ö×Ý0ÒHå9Ô9ÑÓÒ0æ}ÊoÕ9ÙáÛ9ËxÕ+ÊÌÍ
ÒHÔ9î,�×ÎIÞèóLÔ9ÊSÐ�ÒÌÆqá
Î�çðÎÌà0å"ó�Ú Ö
Î�Ý0Ò0Ú4Ýjå]ÎÌÔ"Ò0æ}Ê�Ý0Ø9ÑÓÊ}Ö×Û
Õ+ÊÌÍ
ÒHÔ9î,�×Î�Þl7SÐhÐ*ó5Ø"ÑáÒ0Ö×ÎÌÔ¯ó�î/."�#Ò0Ë#Í�å9Ê@Ê}Ø"ÙáÑáîHÝ0Ò10)Íòó�Ùáç�Ê

Nmax

¼Û9Ô9çÌîL�#ÑtÊ�Ô]Î���ÐxÑk�HçIË×ÝHó�Ú

Õ9Ö×ÎSÐxå"Ê}Õ2Ê�å9Ê}Ø"ÑáÒ50"Ë#ÍòÐxÑáÒ�ÆBÉ6Ê}Ô9ÑÓÒHÐtÎÌà�Õ"Ö
Î\Ðxå9Ê}Õ+Ê5å"Ê}Ø9ÑáÒ109Ë#ÍòÐ�ÊEå]ÎÌÔ"Ò,�Bç�Ê}Ô[z]æ}Û"Ö
ÎÌîL�#Ñ6ÚoÎðï
ÙáÒL�#Ò�Ý0ÒbÐxÝHÖ×Ê}Ë�Í
ÒHÚJÊ�å9î/.¯ó�ÙáÒHÔ9ÑèÎ�Ê5å�Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛ�Ð*óX�-�×îHÑáÊSÐ�Ò0æ}ÊMN+Õ+ÊFÐxÑÓÔ9Ô9ÑR�×Ú�óEÐ ç�Ê�09îHÛ
Û9Ý�ó5Ë#çðÎÌþ=Ý0Ø"Ñk7}Ö

Nmax
Õ2ÊÌÍ×Ò0Ô9îL�×Î�Þ¼7SÐ ç¯ÍQ7}Ö#óv�#Û9àgÔ9ÑáÒBÝ0Ú�ÑáÒHÔ9ÑèÎ�Ë×ÑR�!Õ9Ö#ÝHó�å]ÎÌÙÓË×Ý�ó5Ú%Ý�ÐxÑk�0ç}ï

Ë×Ý0ÎÌÔ9ÑÓÛAÕ]ÎÌÖ�ó
nV

Ñ
κ
Æà�BÑáÒ0Ë�Í
Ò�Íòó�N9Õ+Ê}Ô9ÑÓÒHÐtÎÌà!ÑÓÙáÊ��#þBÕ+ÊÌÍ×Ò0Ô9îL�×Î�Þ¼7SÐ�Ö×Ê:�×Ô9ÑÓÒ!Ø]ÎÌÖ#å9Ý0Ê�Ë×ÝHó�Ø9ç�Ê

Ý0Ò�ÝHÐxÑk�HçIË×Ý\Î�Ô9ÑáÒHÚ
nV
N2å9ÙèÎ

nx = 7
ÚCÎ�ç�Ë�ó�ÚCÎÌÙÓÔ]Î��#ÒHæ}ÊoÐtÎÌÖ�Í
Ê��#þÜÛ9Ú�Ê}à0ÙÓÑÓÐxÑèÎd�QPÌî\Î�Ê}Ø5ï

ÙáÑÓî0ÝHÒ0Ô9ÑáÎLÐ Ö×ÊÌÝ0ËWP�å9Ô¯ó5Ú î0Ý0ÎÌË×ÑÓÒCÐ*ó�Ô9Ê}Ë#ÑÂÞ¼Î
nV < 20

Æ É6Ê@ÊÌË×ÑlPIæ}Ô9ÑR�0îHÑáÛ`Í
Ò,�jÐtÎÌÖ�Í
Ê��#î0ÑSN
κ
ØIó]ÞßÎAÝHÐxÑk�HçIË×Ý\Î�Ô]ÎEå]ÎÌÙáÒL��eÂÔ9ÑÓÒ0ç�Ê}Ô9ÑáÒHî0ÝHÔ9ÑáÒÜÝbÍòó5Ú�Ë
ÎÌÚbó5Ú�çIÖ×Ê}çIÑáÒHÚ�g�N/Ô]ÎðÍ
Ê}Ú�ÑèÎÌË�Í

nvÝ0Ô"ÊFÐxÛ�Ý\ÎÌîHÝHó�Ô]Î�ÞèÊ�Ë×Ñk��Ê�åbÐtÎÌÖ#Í×Ê��×îHÑ
5
Æ é ó]Þ¼ÎxÍ
Êà�×ÎÌçIØIójå9Ö#Û9æ¯Î!Ë#Ò0Ö#ÑèÎgÊÌØ9ÙáÑÓî0Ý0Ò10ONFÐ�çIÍQ7}Ö×ÒL�

Ý0Ø"Ñk7}Ö�Õ+ÊÌÍ×Ò0Ô9îL�×Î�Þ¼7SÐ:Ô"ÑáÒ>Ý0ÎSÐxÑÓÒ0Ö×Î�Þ��#Û9à 
¼Û9Ô9ç�î,�#ÑUÝ*Ë×ÒHÖ×ÑÓÑ9Õ2ÊÌÕ9Ö×ÝHÒ0å9Ô9ÑÓÒ,�HÆà�BÝHó�Ë×çðÎÌÔ"ÒxÐtÎÌÖ�Í
Ê�ï�×îHÑ¯Ò0Ô9ÒHÖ×æ}ÑÓÑ}î\ÎIÞßçÌÊSÐxÑÈÍ
Ò,�1NðÒ0Ô"Ò0Ö×æÌÑáÑ¯ä]Ò0Ö#ÚoÑÓÒ0æ}ÊtÊ}Ö
ÎÌÝqÖ-7}à0Ô"ÑáîHó=Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ�Ò]
¼Ò0ç¯ÍòóIÐxÔ9Ò0æ}Ê!Ê}Ø5ï
ÙáÑÓî0ÝHÊ}Ô9Ò,��Ð�Ò0å2ÞèÛ9æ{ÐxÝ0Ê}Ö#Û_eÂê"ÆÈÇFâ�g�Õ+Ê��#Ò0å9Ô"Ò,�>ÑÓÍ
ÒHÖ
ÎÌîL�#Ñ/ÝHÊ}Ë#Í
Î�ÞèóEÕ"Ö×Ý0ÒHå9Ë#Í
Î\ÐxÑáÊ}Ô9Ò�Ð8ÍÏÎÌØ+Ò0ÙÓÑ
é"ÆÈÇ}ÆBÉ6Ê}ÝHÊ}Ë#Í
Î�ÞßÒbÕ]ÎÌÖ×ÎÌÚoÒ�Í
Ö�ó�ÊÌØ9ÙáÑÓî0Ý0Ò10�Í×Ê

nx = 7
Ê}Ö
ÎÌÝ

Nmax = 101
ÆgÉ6ÎÌÖ
Î�ÚoÒ�Í
ÖBÊ5å5ï

å9ÝHÑèÎ�Þáó�ÐtÎÌÔ9ÑáÎ!Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô5ïùÒ0ÙáÒHç¯Í
Ö×ÊÌÔ{Ý0Ê}Ë�ÍÏÎ�Þ+Õ9Ö#ÝHóX�-�HÍòóÇ�×ÎÌçÌÊ
εee = 0.05a2

B

�=Õ9ÑáË×ÎÌÔ9Ò*Õ+ÊFÐ*ó¯ï
à0ÒL�*å5ÐxÑáÒ=Ë#Ò0Ö×ÑÓÒ=Ê}Ø9ÙÓÑáîHÝ0Ò50EÊ�å9å9ÝHÑáÒHÙáÊ}Ô9ÊjÐ Í
ÎÌØ+Ò0ÙáÑ+Õ+Ê}Ý0ÑÓÊ}ÚÔPjçIÖ×Ò0Ë#ç4P"Ææ�}ÎÌçoÐxÑÓå]ÎÌþ=ÒHÔ9Ò0Ö#æ}ÑèÎ
î\ÎIÞßçÌÊSÐxÑÈÍÏÎ�å9ÙèÎ�çÌÊ�0"î0ÊSÐ*ó�î/.EçÌÊ}Ô[z9æ}Û9Ö
Î�î,�#Ñ]Ð Ê}Ø¯ó�å"Ðæ75î/.AË#Ò0Ö#ÑèÎÌî/.��#Ò0Ë#Í�Ø]ÎÌÖ#å9Ý0ÊjÝ0Ø"ÙáÑáàHÊ}Ô]Î
ÑMÐ*ó5Ô"Ê}Ë×Ñ�Ê}çÌÊ5ÞèÊ

Etot = −13.84
�*ó}ÆKp!Ô]ÎÌÙÓÊ}æ}ÑÓî0Ý0Ô"ÒoÊ}Ø"ÙáÑáîHÝ0ÒHÔ9ÑèÎ�Ý0Ê}Ë�ÍÏÎ�Þáó)Õ"Ö×Ý0ÒHÕ9Ö×ÊSÐtÎðï

å9ÝHÊ}Ô9Ò�å9ÙèÎLË×ÑÓÙáÔ9ÑÓÒ,�#Ë×ÝHÒ0æ}ÊLÊ�å9å9ÝHÑèÎ�Þáó�ÐtÎÌÔ9ÑáÎ�Õ+Ê}Ú�Ñk�Hå9ÝHówÒHÙáÒHçIÍ×Ö×Ê}Ô9ÎÌÚoÑ
εee = 0.001

�*ó�NKÎ
Ð*ó�Ô9ÑáçIÑ6Õ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑèÎoÍ
ÎÌØ+Ò0ÙèÎoé"ÆãÅ5Æv�}Î�ç�ÐxÑÓå]ÎÌþjÒ0Ô9ÒHÖ×æ}ÑáÎCî\Î�ÞèçÌÊSÐxÑÓÍ
Î��#Ò0Ë�Í!Ð Íòó�Ú�Õ"Ö×ÝHó¯ï
Õ]ÎÌå"ç�Û�å9Û9à0ÊBÐxÑk�Hç�Ë#Ý\Î[NÌÙáÒ0îHÝ�Ö-7SÐxÔ9ÑáÒHàtÑ¯Íòó�Ú�Ö×ÎÌÝ0ÒHÚ çÌÊ�09îHÊSÐ>Î��#ÒL�KÐ>Î�Ö#Í
Ê:�×þ�ÐWÊ}Ø¯ó5å5Ð�7�î/.
Ë×ÒHÖ×ÑáÎÌî/.°Ê}Ø"ÙáÑáîHÝ0Ò10��#ÒHË#ÍbØ]ÎÌÖ#å9Ý0Ê�Ý0Ø9ÙÓÑáàHÊ}Ô]Î[N�Ê}çUÆ

Etot = −0.76
�*ó}Æm�gÝ�ó�Ë×çðÎÌÔ9Ò�Ð*ó5Ô"ÑáçIÑ

Õ+Ê}ÝHÐtÎÌÙèÎd�QP�Ë#ÍòÐxÑÓÒ0Ö×å"Ý0Ñáþ'N9à0Ò=Ð*ó�Ô9ÑÓçIÑ
Û9ÝHó�Ë#ç�ÑÈÐ>Î�Ô9ÒjÐ8Ú�ÒHÍ×Ê5å9ÝHÑáÒ�í5É8p�Ð�ÎÌÔ]ÎÌÙÓÑáÝHÊFÐtÎÌÔ¯ó�Ú
Õ9Ö#Ê}Ë#Íòó�Ú Õ9Ö#ÝHó�ç9Þ¼ÎÌå9ÝHÑáÒ�Ô9ÑÓÒ{Ý\ÎÌÙÓÒ0àXPEÐÿÐxÑR�0çIË×Ý�ó�Ú Ë#Í
ÊÌÕ9Ô9ÑáÛ Ê�å`ÐtÎÌÖ�Í
Ê��#î0ÑqÕ]ÎÌÖ×ÎÌÚ�ÒHÍ
Ö-7SÐ
nV

Ñ
κ Û�=Ë#ÍÏÎðÍ
Ò0îHÝ0Ô¯ó�Ú ÒHÍÏÎ�Õ2ÒHÚ�Í
ÒHË#Í
ÊSÐtÎÌÔ9ÑáÎBÔ9ÊSÐ�Ò,�KÚ�ÒHÍ×Ê5å5óÈ�#Ò0Ë�ÍKÛ9ÝHó�Ë×çðÎÌÔ"ÑáÒMÝ\ÎÊ�#Ò,�
Õ2ÊÌÚoÊ�îXP

Ë
Î�ÚoÊ}Û"Ý0æ}Ê�å9Ô9ÑÓÊ}Ô9Ò0æÌÊ Õ+ÊÌÍ
ÒHÔ9î,�×Î�ÞèÛWÒ1
¼ÒHç¯Íòó�ÐxÔ"Ò0æ}Ê`Ð çÌÊ}Ú�7}Ö×îHÒAÒ0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö×Ô9ÒL�HÆ`É6ÊÌÍ×Ò0Ô5ï
î,�×ÎIÞßÒ0Ú Ð*óX�-�×îHÑáÊSÐ*ó�ÚÿÐ�Ê}Ø9ÙáÑÓî0ÝHÒ0Ô9ÑáÎÌî/.�Ø¯ó]Þ+Õ2Ê�Í
Ò0Ô"î,�×Î�ÞUË×ÎÌÚ�Ê}Û9Ý0æÌÊ5å9Ô"ÑáÊ}Ô¯ó�ÊÌÍ×Ö×ÝHó�ÚoÎÌÔ¯óÜÝ
Ê}Ø9ÙÓÑáîHÝ0Ò50EÚ�ÒHÍ×Ê5åMP��onyp eÂÖ�ó5Ë#Û9Ô9ÒHçLé"ÆÓÇdgtÊ}Ö
ÎÌÝ�Ê�å9Õ+ÊSÐxÑèÎÌå]Îd�QPÌî\ÎÜÚÜÛLæ��HË#Í×Ê��×þÜÞ¼Î�å9Û9Ô9çIÛ
Æ
É6ÊÌÝ0Ê}Ë�ÍÏÎ�ÞèÒjÕ9ÎÌÖ
ÎÌÚ�ÒHÍ×Ö#óoÍ
Ê

nx = 7, nv = 11, κ = 1
�*ó

Nmax = 101
eÀé"Æëê"Ç�g

�q7}à0Ô9ÑÓî\Î@Õ+Ê}Ú�Ñk�0å"ÝHó)Õ2ÊÌÍ×Ò0Ô9îL�×Î�Þ¼Î�ÚoÑ�Õ9Ö×ÝHÒ0å�Ñ>Õ2ÊwÑÈÍ
ÒHÖ
ÎÌîL�#Ñ�Ð*ó�Ô9Ê}Ë#ÝXPÌî0Î)Õ+Ê}Ô9ÑáàHÒ,�
0.001�*ó ·aB Ý0Ê}Ë�ÍÏÎ�ÞßÎxÐ°Íòó5Ú Õ"Ö×ÝHó�Õ]Î�å9çIÛÜÊÌÍ
Ö#ÝHó�ÚoÎÌÔ]Î*Õ2ÊBË×ÑÓÒ0å9Ú�ÑáÛ�ÑÈÍ
Ò0Ö×ÎÌî,�×Î�î/.
Æ~+°ÎÌÖ�Í
Ê��#î0Ñ¯Í
ÒL�ÖQ7Ìà0Ô9ÑÓîHójÕ2Ê!ç�Î�à0å9ÒL�6ÑÓÍ
ÒHÖ
ÎÌîL�#ÑIÕ2Ê}çðÎÌÝ0ÎÌÔ9Ò�ËWP=Ô]Î!Ö�ó�Ë×Û9Ô9çIÛ�é"Æëô[N}Ô9Î�Í
Ê}Ú�ÑèÎ�Ë#Í�Ð>Î�Ö#Í
Ê:�×î0Ñ5Ò0Ô9ÒHÖ�ï

æ}ÑÓÑ6î0Î�Þßç�ÊFÐxÑÈÍ
ÒL��Ô]ÎAÖ�ó�Ë×Û9Ô9çIÛ)é"ÆÓ9"Æ�ä6ÑáÔ]ÎÌÙÓÔ¯ó�N/Ë×ÎÌÚ�Ê}Û9Ý0æÌÊ5å9Ô"ÑáÊ}Ô¯ó�Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞMÒ]
¼Ò0ç¯ÍòóIÐxÔIó
Û9Ý�ó5Ë#çðÎÌÔ¯ó@Õ9Ö#ÝHó@Û"àHó�î0ÑÓÛwÚoÒ�Í
Ê�å"ó í"É8p�Õ"Ö×Ý0ÒHå9Ë#Í
Î\ÐxÑèÎAÖ#ó�Ë#Û9Ô9Ò0ç é"ÆÈÇd;"Æ��=îHÝHóIÐxÑk�#î0ÑáÒ�Ô9ÑáÒ�#Ò0Ë�ÍEÍ
Ê�Õ+ÊÌÍ
ÒHÔ9î,�×Î�Þ=ÐxÑáå9ÝHÑèÎÌÔ¯ó:Õ"Ö×Ý0ÒHÝ`Ò0ÙáÒHç¯Í
Ö×ÊÌÔIóÌÆB+ ÚoÒ�Í
Ê�å9Ý0ÑÓÒ Í
ÒL�EÒHÙáÒ0ç¯Í×Ö×Ê}Ô ÐxÑáå"Ý0Ñ
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���]�/���]�X �Ê�¢�Ü�¤�ÙOª�»,º/ÀXµq¶ «´ªV¶¾½ À�~��m³,«´ªÏ®ÏvXµ | ¯�À}½ ¨]µÚ¨ ÂC}�Àh±lª4­�Ñ�Ë1³´«,À�~��m³,«´ªh®Ïvdµ | ¯�À¹¯'±lª]µà¨SÂ�}À Þ ½Ó¶·¦1­]À[®�¨Ô©�¨1«,Àb²h¿7�.� Ä ÉQÙ¾�:ÅyÃ�Ý Þ ½ ¶Á¦1­]¨'®�¶·ªm­]À�³,«´ª�»Y¬�µÈ¬hº/À[®4ªh®�¨�²[½·ª�µÈ¬´Â�~-¦�¶ ÀXµà¨5Ñ:À¯�À:«,¨4®4¦SÂ,ªd»´¸Ô¨1ÐY¨4º1«�¬XµÇ®�¨5Ñ�À¹¶�Ñ�Ë5³,«,À�~-¦�¶8»¼ª4²[¸h®hº'¸"¯�À[º�ª�­1ªÏ®d¬4¦�§�Àb²[¯�ÀXµq¶·¨X²[®�¶ À°®4ªV±k¬XÉ³]¸h®hº/ª'¦�§Ë�MÃ¶Í¹¶Þ�MÃ�xUÃtÛ¹¨�µæ³-­�¬�³´«/º�¶Á¦�§^¯'±k­]¬h¯4ª4²[º�ª4¦4§°­]À�³,«´ª�»Y¬}¸�Ý]¬d«,¨°®4ª�³´«,Ë4¯h¸´Â´¿4¦1¨¯4ª'±¼ªh©�¨1«/±k¬|À Þ ½Ó¶·¦1­]¨'ß®Ú
κ = 10

Ä ¬5Ò
nv = 15

Ò
nx = 7

Ã
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nV κ EF ∆V Etotâ ;"Æ ý ;"ÆÈÇd; ý}ý 
:
 ý é}ê"Ç\ôh
Ìô ý}ý ;5Æãéh
';}ê�;}é ý ê�9}é}é�;}âÌé"Ç ïÏÇ\ê"ÆÌ
ÌâÌô�;�;h
�Çd;�;}é�;5ÇSé

 ;"Æëé ;"ÆÓ;�9�9}ô"Ç\ô�; ý é}éÌô"Çd;}ê"Ç ;5Æãéh
�ÇSô"ÇSé}éÌé¯Å}ÅÌô�;}Å�
}Å ïÏÇ\ê"ÆÌ
�é¯ÅÌô}ê"Ç ý ô"ÇFÅ ý ê}é9 ;"Æëô ;"ÆÓ;�9�9¯â}â';}ê"Ç}Ç�
ÌâÌô�9¯âÌô ;5Æãé}é�
:;}ê"ÇSôÌé¯ÅÌé}ô"ÇSÅÌê ý ïÏÇ\ê"ÆÌ
�é¯Å ý Ç ý â5Çd; ý ô5ÇFâ
Ç}Ç Ç}ÆÓ; ;"ÆÓ;�9�9�9"Ç ý ÅÌé}ô¯â�ê}ê¯â:;"Ç ;5Æãéh
�é¯Å:9}é�9:9�;}ô¯â5Ç\é}ê}é ïÏÇ\ê"ÆÌ
�é¯â5Çd9h
 ý}ý Ç ý Ç\ê}ê
ÇFâ Ç}Æ ý ;"ÆÓ;�9�9"Ç ý ÅÌé}ô¯âÌê}ÅÌêh
}âÌé ;5Æãé}éÌé}é¯â5Ç ý 9 ý ê�9}ê5Ç�
:9 ïÏÇ\ê"ÆÌ
�é¯ÅÌê}êh
';�9}é¯Å5Ç\é ý
Ç�
 Ç}Æëé ;"ÆÓ;�9�9"Ç ý ÅÌé}ô¯âÌêÌê¯Å:9h
Ìé ;5ÆÌ
5Ç ý ê¯â5ÇSé�
Ìé}ê ý ô5Çd;}é ïÏÇ\ê"ÆÌ
:
Ìê}é�;}ô}â}Å}â ý}ý ;¯â
Çd9 Ç}Æëô ;"ÆÓ;�9�9"Ç ý ÅÌé}ô¯âÌê}Å:;}é�9h
 ;5Æ âÌô}â}â ý â:95Ç}Ç}Çd9 ý ô�; ý ïÏÇ\ê"ÆãôÌê�9¯Å ý Å'9¯Å ý Å}Å�ô�;
â Å5ÆÓ; ;"ÆÈÇSé}é"ÇSé�
}Å:;�9 ý Å}â�
}Å�
 ;5Æãé¯â�ô}ô}ô}é}éÌô�;}é}ê"ÇSâ�
5Ç ïÏÇ\ê"Æãô:;�;}é}ê¯â:
Ìéh
5ÇFÅ�ê�9
 ê"ÆÓ; ;"ÆÈÇ�
 ý ÇSé�
:;h
:;"Ç ý âÌê¯â:9 ;5Æãé�9}â}ÅÌé}ê�95ÇFÅ:9"Ç}Ç\ô}ô}é ïÏÇ\ê"Æãô5ÇSê¯ÅÌé¯â�êh
}Å�
�
�Ç�
9 ý ÆÓ; ;"ÆÈÇ�
Ìê}ô}éÌé¯âÌéh
 ýÌý ;¯Å}ÅÌê ;5Æãé�9:9"ÇSô ý ;:9¯Å}Å:9�;:9}ô"Ç ïÏÇ\ê"ÆÌ
'9"ÇFâ:9}ô}âÌô}é"Çd;:;}ô
Ç}Ç â5ÆÓ; ;"ÆÈÇ�
Ìê}ô}ê:;}ô ý é}é5ÇSê"Çd;}é ;5Æãé�9�
Ìê¯Å}âÌé�
 ý ÇSô"ÇX9�;h
 ïÏÇ\ê"ÆãôÌê�;h
5ÇFâ:
5ÇFâ�
ÌôÌê}ô
ÇSê é"ÆÓ; ;"ÆÈÇ�
Ìê}ô}ê:;}ô ý é}é5Çd;¯Å5ÇSé ;5Æãé"ÇX9�9¯â}Å}â�é}é}é�9¯Å ý âÌê ïÏÇ\ê"ÆÌ
�ô"Ç ý é ý ê}ô"Çd;�;Ìê"Ç
ÇFâ 
5ÆÓ; ;"ÆÈÇ�
Ìê}ô}ê:;}ô ý é}é:;h
Ìê�9h
 ;5Æãé ý Å5Ç}ÇSé¯â�é¯âÌé"Çd9Ìé¯ÅÌé ïÏÇ\ê"ÆãôÌê}é"ÇFâÌê ý Çd; ý ÇSâ�


ß àÏá:â�ã äåà�Ê�¢£¡d¤�Ûaª'±R«,À�~-¦�¶o¨4®�¨'±lÑ�¶¾¶�æ�¨'±s©�¶ ¨5Ñ�À |
EF

}]Ò�±!v�Ý4®�¶·¦]¬°¯:À:«,¨'®4¦sÂ´ªd»wvXµÜ¯�Àb¦1­1¿d«/º/ÀXµà¨5Ñ:À¶�º/À[ß4¦]ÀdµÚ¨5Ñ�À |
∆V

}tÀÏ±lª4­�¨'®�¨'±kÑb¶¾¶�¦1ª�»,º/ÀXµq¶ «,¨SÂ |
Etot

}	¯:ÀäÂL¨5²[®�¨ Â_¶ «,¨'±lª'¦sÂQ¶�²[½·ª
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nV ∈ [5, 33]Ê}Ö×ÎÌÝ
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 Ð�ä]Ò�ï

ì*Ñßí�Ø Ê}Ö
Î�Ý3Çd9NÐ �BÑáì*Ñßí�Ø
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Î�ÔIó�î/.Aç�Ê}Ô9îHÒ0Ô¯Í
Ö×ÎÌî,�#ÑUÝ0ÊÌË#ÍÏÎIÞèó
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¯:À'Éµq¶·¨'±k­5¦�§h®�¶Áªìæ4¨4±S©�¶·¨5Ñ:À�®�¶·¨�¶ ³´«/®�¶ ¨ ÂL¨:Ò�¯�À[®�¶ ¨]µ�ª�Ý�¯:À�­d¶·À[©eæ�¨'±S©�¶·¨1Ñ�Àx½ ¨1Ý]¬vµj¯4±l­]¨'±Rµq¶ ¨¨'®�¨4±lÑ�¨]«s¬4¦]­4®�¨SÂ | ¯4ªd«/±l­�±k¬�³1Ã�yMÃzÌh}1Ã

É6ÊSÐ*ó�à0ÒL�MÍ
ÒL�qÐtÎÌÖ#Í×Ê��×îHÑ]Ê}Ø��-��Í
Ê��#þgÕ+ÊSÐxÑáÒ0Ö#Ý0î/.9Ô"ÑUäUÒHÖ×Ú�ÑáÒHæ}Ê=Ý0Ô"ÊFÐxÛoÖ×Ê��#Ô9ÑáÒ�Æ$ìMó�ÚhÖ
ÎÌÝHÒ0Ú
Ë×ç9ÞßÎÌå]Î�Ë×Ñk�xÊ}Ô9Î��#ÒHå9Ô]ÎÌç�ÝBÕ+Ê4�#ÒHå"ó�09î0ÝHÒ0æ}ÊÜÕ+Þ¼Î�Í
Î�Ê��#Ö×Ê�å9çIÛ�Ð3Õ9Û9Ô9ç�î0ÑáÒ

X
ÆqÉKÊSÐxÑáÒ0Ö#Ý0î/.5ï

Ô9ÑáÎ�äUÒHÖ×Ú�ÑáÒHæ}Ê!ÝHÚoÑÓÒ0Ô9ÑáÎ!Ë×ÑR�>ÐxÑk�0î*Ý*å"Ý0ÑáÛ"Ö×ÊSÐtÒL�qÔ9Î�ÒHÙáÒHçIÍ×Ö×Ê}Ô"ÊFÐ�P[NIî0Ê�Õ+ÊSÐtÊ�å9Û4�#Ò*ÝHÚoÑáÎÌÔM�
Ý0Ô9ÎÌçIÛLÐxË#Õ87�Þßî0Ý�ó�Ô9Ô9ÑáçðÎ�í5ÒHÒ0Ø+Ò0îÏçðÎ{Õ9Ö×Ý�óAÕ9Ö#Ý0Ò,�-�#î0ÑÓÛ�Õ"Ö×Ý0ÒHÝ

x = 0.5
ÆMÉ6ÊÌÖQ7SÐxÔ]ÎÌÔ9ÑÓÒ=Ê}Ø9ÙÓÑÈï

î0ÝHÊ}Ô¯ó�î/.CÐ>Î�Ö#Í
Ê:�×î0Ñ]ÐxË#Õ875Þèî0Ý�ó5Ô"Ô9ÑáçðÎbí5Ò0ÒHØ2ÒHîÏç�ÎjÐ3Í
ÒHÚoÕ+Ò0Ö×Î�Í
Û"Ö×Ý0Ò
300

�8ÝxÐtÎÌÖ�Í
Ê��#î0ÑèÎ�ÚoÑ
Ò0çIË#Õ2ÒHÖ#ó�ÚoÒHÔ¯ÍÏÎÌÙÓÔIó�Ú�Ñ��¾
 ý ��Ý0Ô]Îd�#å9Û4�#Ò�Ë×ÑR�jÔ9Î�Ö�ó�Ë×Û9Ô9çIÛ¹
�Æ â5Æ
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experiment

���]�/���]�X �Ü�¢�Ðh¤'�bÀÏ±!vXµ�®4ªh®�¶·¨VÀ Þ ½Ó¶·¦1­]À[®d¬4¦4§°µ�ª4±k«,À�~-¦�¶Úµæ³�¯�v:»l¦1­�¬h®h®�¶Ìº�ªt¥[¨5¨ Þ ¨X¦�º�ªaµ
T =

300K
| ¦1­1ª'±S®�¨�º�v:»,º�ª÷} ­�µ�ª'±R«,À�~-¦�¶Áªh©�¶[¨4º5³�¯�¨4±k¬h©�¨'®d«´ªh½¾®d¬h©�¶�� y{x�� | ¯h¸�³´«,¨�º�v:»,º�ª÷}1Ã

�}ÎÌç`ÐxÑáå]ÎÌþoÝ\ÎÌÙÓÒ0àHÔ9Ê��×þCå9Ê��#ÐxÑáÎÌå9îHÝ\ÎÌÙÓÔ]Î��#ÒHË#Í{Ø]Î�Ö×å9ÝHÊ@å9Ê}Ø9Ö#Ý0ÒAÊ�å"ÍòÐ�Ê}Ö×ÝHÊ}Ô]Î@Ú�ÑáÚ�Ê
Õ9Ö#ÝHóX�-�0îHÑèÎoÝ0Î�ÞßÊÌà0Ò0Ô"ÑèÎoÊoÙáÑÓÔ9ÑáÊSÐ�Ò,�>Ý\ÎÌÙÓÒ0à0Ô"Ê��×îHÑ

S(T )
Æq�!Î���ÐxÑR�0çIË×Ý0ÎCÖQ7Ìà0Ô9ÑÓî\Î��#Ò0Ë#Í!Ê}Ø9Ë#Ò0Ö�ï

Ð�ÊFÐtÎÌÔ]Î�å9ÙèÎ
x = 0.6

Æ��gÑáÒHË#Í×ÒHÍòó Ø9Ö
Î�çwÕ2Ê}Ú�ÑèÎ�ÖQ7SÐÿÊÌÕ2Ê}Ö#Ô9Ê��#î0ÑMÐhÔ9ÑáË#çIÑáî/.)Í×Ò0Ú�Õ2ÒHÖ
Îðï
Í
Û"Ö
ÎÌî/.AÔ"ÑáÒBÕ2Ê}Ý�Ð>Î�ÙèÎ�Ô]ÎbØ+Ò0ÝHÕ2Ê��#Ö×ÒHå9Ô9ÑáÒgÕ2ÊÌÖQ7SÐxÔ]ÎÌÔ9ÑÓÒgÝgÒ0çIË×Õ+Ò0Ö�ó�ÚoÒHÔIÍ×Ò0Ú�Ê}Ø9ÙáÑÓî0ÝHÊ}Ô¯ó5î/.
Ê}Õ+Ê}Ö×Ô"Ê��×îHÑ!Ö×ÒHË×Ý�Í
çÌÊSÐ*ó�î/.
Æ +°ÎÌÖ#Í×Ê��×îHÑ!ÙáÑÓî0ÝHØ2ÊSÐ�Ò ÐxË×Ý�ó5Ë�Í
çIÑáî/. Ê}Ø9ÙÓÑáî0ÝHÊ}Ô¯ó�î/.�ÐxÑÓÒ0ÙÓçÌÊ��#î0Ñ
Ý0ÊÌË#ÍÏÎIÞèóEÝHÒ0Ø9Ö×ÎÌÔ9Ò�Ð Í
ÎÌØ2ÒHÙáÑo
�ÆÓÇ}Æ

ø @ a�@¸? ��L
1−x

���
x � \·D�ý

�gÊÌÙáÒ,�#Ô¯ó�Ú�î0ÑáÒHçðÎSÐ*ó�Ú ÚCÎ�Í×Ò0Ö#ÑèÎ�ÞèÒ0Ú Ê�Ë#Í×Ö×Û9ç¯Í
Û"Ö×Ý0Ò*Õ�75ÞÓï-ñgÒHÛ9Ë×ÙÓÒ0Ö×ÎÈ�#Ò0Ë#Í < Ê
1−x
< Û

x
ì*Ñèí5Ø
Æ�}ÎÌçwÐ*ó�Ô9ÑáçðÎ@ÝoÕ2Ê}Ú�ÑèÎ�ÖQ7SÐ�ÒHç�Ë#Õ2ÒHÖ#ó�Ú�Ò0Ô¯ÍÏÎÌÙÓÔ¯ó5î/.6�Ó
}â4�sN�Ë#Í×Ö×Û9ç¯Í
Û"Ö
Î@Õ�75ÞáïòñgÒ0Û"Ë×ÙáÒHÖ
Î��#Ò0Ë#Í

Í
Û5ÍÏÎ��jÝ0ÎÌî/.9ÊSÐ*óIÐ>Î�Ô]Î@Íòó5ÙÓçÌÊ�å9Ê@Ê}ç�Ê5ÞßÊ
x = 0.5

Æ�í�Í
Î�Þ¼Î�Ë×ÑáÒHî0ÑMÐ�Íòó�Ú Ý0ÎÌçIÖ×ÒHË×ÑáÒoçÌÊ}Ô�ï
î0ÒHÔ¯Í
Ö
Î�î,�#ÑxÚoÑÓÒ0å9ÝHÑ*Ý0Ú�ÑáÒHÔ9ÑèÎ@Ë#Ñk�LÔ9ÑáÒHÝ0Ô]Î�î0Ý0Ô"ÑáÒte

∆a < 0.001
Ô9Ú�gÜÑ*Ô9ÑÓÒ0Ú�Ê}Ô9ÊÌÍ×Ê}Ô9ÑÓî0Ý�ï

Ô9ÑÓÒÌÆ^+ Ê}Ø"ÙáÑáîHÝ0ÒHÔ9ÑèÎÌî/. Õ"Ö×ÝHóX�-�HÙáÑk�#Ú�óWÐxÑR�0îLË#Í
Î�ÞYP[NÈ�×Ö#Ò0å9Ô"ÑlP@Ð>Î�Ö#Í
Ê:�×þ
a = 5.882 � å9ÙáÎÐxË×Ý�ó�Ë#Í
çIÑÓî/.)Ö#Ê}Ý0Õ]ÎðÍ
Ö#óIÐtÎÌÔ¯ó�î/.)ç�Ê}Ô9î0ÒHÔ¯Í
Ö
Î�î,�#Ñ Æ�ÉKÊ}Ô9ÑÓÒHÐtÎÌà�Ð�Õ9Ö×Ý�ó�Õ]ÎÌå9çIÛ ç�Ö×Î:09îHÊFÐ�Ò0æÌÊ< Ê}ì*Ñèí5Ø@Õ+Ê}Ý0ÑÓÊ}ÚJäUÒHÖ×Ú�ÑáÒHæ}ÊCÙÓÒ0àHóLÐ�Õ9Ö#Ý0Ò0Ö�ÐxÑáÒÜÒHÔ9Ò0Ö#æ}ÒHÍòó�îHÝ0Ô9ÒL�1N�ÐxÑR�0îÜÕ"Ö×ÝHó Ô]Î��#Ú�Ô9ÑáÒL�-ï

Ë×ÝHÒ,�gÔ]Î\Ð�ÒHÍgå9Ê}Ú�ÑáÒHË×Ý0îHÒbÚ�ÑáÒHå9Ý0ÑeÛ"ç]ÞßÎÌå Ø��0å"Ý0ÑáÒjÕ9Ö#Ý0Ò0î/."Ê5å9ÝHÑÂÞ$å9ÊCË�ÍÏÎÌÔIÛ@Ú�ÒHÍ
ÎÌÙáÑÓî0ÝHÔ9Ò0æ}Ê"Æ
ì6ÎÌçIÑáÒtÕ"Ö×Ý0ÒL�-�×îHÑáÒ>Õ�75ÞßÕ"Ö×Ý0Ò�ÐtÊ�å9Ô9ÑÓç}ïòÚ�ÒHÍÏÎ�Ùd�#ÒHË#Í�ÊÌØ9Ë×ÒHÖ#Ð�ÊFÐtÎÌÔ9ÒxÖ-7FÐxÔ"ÑáÒ0àtÒ0çIË×Õ+Ò0Ö�ó5Ú�Ò0Ô¯Í
ÎÌÙÈï
Ô9ÑÓÒÌÆ�ÉqÖ×Ý0ÒHÖ#ÐtÎ Ò0Ô"Ò0Ö×æÌÒHÍòó�î0ÝHÔ]Î�Ð < ÊÌì*Ñßí5Ø��#Ò0Ë�Í�Û9ç�Ê��×Ô9Î_e

X
ï
Γ
g!Ñ�Ð*ó�Ô9Ê}Ë×Ñ

Eg ≈ 1
Ò ÇÜÆ< ÑáÒHçðÎSÐ*ó�ÚKN�Î|�#Ò0å9Ô"Ê5îHÝ0Ò5�#Ô9ÑáÒ�Í
Ö#Û9å9Ô¯ó�Ú å"Ê Ê�å"ÍòÐtÊÌÖ×Ý0ÒHÔ9ÑèÎ�ÔIÛ9ÚoÒHÖ#ó�î0ÝHÔ9Ò0æÌÊMN�Ý\Î�î/.9ÊSÐ>Îðï

Ô9ÑÓÒ0ÚD�#Ò0Ë#ÍEÍ×Û"ÍÏÎd�AØ9ÎÌÖ×å9ÝHÊ�Ë×ÝHó�Ø9çIÑ�Ë#Õ]ÎÌå9ÒHç:Ø2ÒHÝHÐxÝHæ}Ùk�Hå9Ô9Ò,�CÐtÎÌÖ#Í×Ê��×îHÑ!ÐxË×Õ�75ÞßîHÝHó�Ô9Ô9ÑÓçðÎ
í5ÒHÒ0Ø+Ò0îÏçðÎ)ÝLçÌÊÌÔ9î0ÒHÔIÍ×Ö
ÎÌîL�QP < Û
Æ	n!ÙáÎwì*Ñ < ÊIí5Ø�Ð*ó�Ô9Ê}Ë#Ñ*Ê}Ô ≈ −350µ

Ç9�'��Ñ*Ë×Õ9ÎÌå]Î
Õ9Ö×ÎSÐxÑÓÒAå9Ê@ÝHÒ0Ö×Î`å"ÙèÎ

x ≈ 0.5
Ô"ÑáÒAÝHÚoÑÓÒ0Ô9ÑáÎ��QPÌî�Ý0Ô]ÎÌçIÛj�Ó
}â��ÀÆ}á/ÒoÐxÝ0æÌÙk�0å"Û�Ô9Î�ÍÏÎÌçIÑÓÒ

æÌÐtÎ�ÞèÍ×ÊSÐxÔ9Ò>Ý\Î�î/.9ÊSÐ>ÎÌÔ"ÑáÒ>Ð�Ê}çÌÊÌÙáÑáî0ÎÌî/.
x ≈ 0

N}Ê}Ø"ÙáÑáîHÝ0ÒHÔ9ÑèÎxÐ=Þ¼ÎÌË#Ô9Ê��×îHÑ5Í×Ö
ÎÌÔ9Ë#Õ2ÊÌÖ#Í
ÊSÐ*ó�î/.
Ý0ÊÌË#ÍÏÎIÞèó Õ9Ö#Ý0ÒHÕ9Ö×ÊSÐtÎÌå9Ý0ÊÌÔ9Ò å9ÙáÎ

x = 0.01, 0.03, 0.05, 0.1, 0.2, 0.3
Ñ

0.4
Æ_+ î\ÎIÞèó�Ú

Íòó�Ú Ý0ÎÌçIÖ×ÒHË×ÑáÒ'NMË#Í
Ö#Û9ç¯Í
Û9Ö×Î@Õ]ÎÌË#ÚoÊSÐtÎ Ý0Ú�ÑáÒHÔ9ÑèÎ�Ë×Ñk�oÔ9ÑáÒHÝ0Ô]Î�î0Ý0Ô"ÑáÒÌÆ`ÉKÊ}Ý0ÑÓÊ}Ú ä]Ò0Ö×Ú�ÑáÒHæ}Ê�#Ò0Ë�Í*Õ9Ö×ÎSÐxÑÓÒ!Ë�ÍÏÎ�Þáó�N9ÎÇ�#ÒHå"ó�ÔUPÜÝ0Ô9ÎÌî0Ý5PÌîXPÜÝHÚoÑáÎÌÔUPy�#ÒHË#Í*Ý0ÎÌî/.9ÊSÐtÎÌÔ9ÑáÒ!Ë×Ñk�!Õ]ÎÌË×ÚoÎ�ÒHÔ9Ò0Ö#æ}Ò�ï
Íòó�î0ÝHÔ9Ò0æ}ÊjÕ9Ö#Ý0Ò0î/."Ê5å9Ý5PÌî0ÒHæ}ÊjÕ9Ö×ÝHÒ0Ý*Õ+Ê}Ý0ÑÓÊ}Úÿä]ÒHÖ×Ú�ÑáÒ0æÌÊ9Æ\�ÌÒ0Ë#ÍMÍ×Ê=ÐxÑáå9Ê�î0ÝHÔ9Ò*Ô]Î=Ö#ó�Ë#Û9Ô9çIÛ
5Æëé�æ}å9ÝHÑáÒ=ÝHÊ}Ë#Í
Î�ÞèóoÕ9Ö#Ý0Ò0å"Ë#ÍÏÎ\ÐxÑÓÊ}Ô9Ò�çIÖ×Ý�ó�Ð�Òjå"ó�Ë×Õ+Ò0Ö×Ë¼�#Ñ
å9ÙáÎ

x = 0.01
Ê}Ö×ÎÌÝ=Ñáî/.CÕ2Ê}Ö-7SÐ>ï
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x
Îc� � � ρ0K

calc[µΩm] ρ300K
exp [µΩm]

í^��ìB�
µV/K2 � S300K

calc [µV/K] S300K
exp [µV/K]

;"ÆãÅ}â â5ÆÓ9¯Å ý ;"ÆÈÇFâ ý ÆÈÇ ï,;"ÆÓ; ý ïÏÇFÅ ≈ ;
;"Æ ý â5ÆÓ9"Ç�
 ;"Æëé ý Çd95ÆÓÇ ;"Æ ý ÇSÅ:; ÇFÅ ý
;"Æãâ â5ÆÓ9"Çd; ∞ ÇSê ý ÆÌ
 ; ; ê}ê
;"Æëé â5ÆÓ9�;}é Ç}ÆÈÇSê 9�;5Æãô ï,;"ÆÈÇSê ï-ê�9 ïÏÇ}ÇSÅ
;"Æ¾
}â â5ÆÓ9�;h
 ;"Æëê"Ç ý ÆãÅ ï,;"ÆÓ;¯â ïÏÇFâ ≈ ;
ß àÏá:â�ã äåà Ü�¢£¡d¤ Ý Þ ½ ¶Á¦]­1À[®�¨ ¶6²�À{~,µq¶Áª4²h¦1­1ªh½¾®�¨ � y÷x��r¯4ª'±lªÏ©�¨1«/±R¬ «/±lªÏ®�³�¯�Àh±R«,ÀdµÚ¨ ²[½·ªæ4¨

1−x
Í�¶
x
çq¶·¥ Þ Ã

a
À�­�®4ª4¦1­1ªc³,«´ªd»¼¿x³�¶ ¨X¦d¶£Ò

ρ0K
calc

ÂL¨5³,«�À Þ ½ ¶Á¦1­]À[®4¿�À[¯:Àh±S®�À�~-¦�¶·¿°±k¨5³´­]« É
º/ÀXµ�¿ÏÒ

ρ300K
exp

ÂL¨5³,«ÇÀ[¯�Àh±S®�À{~Q¦d¶Á¿m­�©�¶·¨'±k­1Àb®4¿�µ6«,¨'©�¯�¨'±lª�«/¸h±k­1¨�Ì{���^��Ò*¥! :çtÂL¨5³,«ÇÀ Þ É½Ó¶·¦1­]À[®d¬h© ®4ª'¦�§d¬h½ ¨'®�¶ ¨'© º4±l­�¬Xµà¨ Â�¥ | ç�}]Ã
S300K
calc

ÂL¨5³,«�µ�ª4±k«,À�~-¦�¶·¿"¥! :çï¯�À[©�®�À�Ý]À[®4¿¯'±k­1¨1­7Ì{���^��Òq®4ªd«,À[©�¶Áª�³´«
S300K
exp

ÂL¨5³,«�­4©�¶·¨4±l­]À[®4¿Vµ�ª'±R«,À�~-¦�¶Á¿Øµæ³]¯{v:»¼¦]­]¬h®h®�¶¾º�ªa¥[¨]É¨ Þ ¨X¦4º/ª�µ�«,¨ Âæ«,¨4©�¯:¨'±lª�«/¸h±k­1¨:Ã

1.0

0.8
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0.4

Re
 E

(k
) [

Ry
]

Γ X L W K Γ L K

x=0.01
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0.75
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Re
 E

(k
) [

Ry
]

Γ X L

x=0.01

0.85

0.75

0.65

Re
 E

(k
) [

Ry
]

x=0.4

Γ X L

���]�/���]�X �Ü�¢�Ê�¤���±k­]¬XµÚ¨|²:¬�³�¯�¨4±l³RÂQ¶ | «s¬h½Óº/Àm¦1­]Ë�~���±l­]¨X¦]­]¬Xµq¶ ³´«´ª�¨'®�¨4±lÑb¶Ó¶z}�µæ­5²:»,¸�ÝvµÈ¬ Þ ±lªÏ®d¬4¦�§
º4¶ ¨'±s¸h®hº�vXµ(À�µÈ¬�³-Àbº4¶ ¨ Â�³´¬h©�¨1«/±�¶¾¶hµ�³´«/±k¨­Ób¨�ÎÊ±s¶Ì½Ó½ À[¸�¶¾®4ª�²[½ ª�Ù*À

1−x
Ù\¸

x
çy¶Á¥ Þ Ã.Î,vh±s®d¬¯4ªÏ®�¨4½O¯4±l­]¨X²�³,«´ª]µq¶ÁªV¯4ª�³]©�ªÔ²[½ ª

x = 0.01
Ã�×ÚÀ[½Ó®�¨�¯4ªÏ®�¨4½ ¨Ô¯:À[º�ª�­4¸´Â,¿K¯:Àh±wvXµÇ®4ªÏ®�¶ ¨À Þ ³´­5ª'±s¸�µBº]«�vh±k¬h©H¯4ª�³�©�ÀV¯4±l­]¨X¦�§�À[²�­d¶F¯4±l­]¨5­�¨4®�¨'±kÑb¶·ËÙæ�¨'±s©�¶ ¨5Ñ�ÀK²[½ ª

x = 0.01
¶

x = 0.4
ÃKs�ªÏºÇµÇ¶·²hª÷�|¯:À�­1ª�º1³-­�«´ª�»Y«,¨4©=«,¨5Ñ�ÀÇÂL¨X²[®�¨1Ñ�Àx¯4ª4³�©vª�º'±k­]¬XµÚ¨�²:¬�³]¯:¨'±l³RÂQ¶�³Q¿¯'±lª]µq¶·¨�®�¶·¨�­�©�¶ ¨'®�¶ À[®�¨�Ã
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k y
 [2

π/
a]

kx [2π/a]

x=0.1
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 1

k y
 [2

π/
a]

x=0.01

-1 -0.5 0 0.5 1
kx [2π/a]

x=0.2

x=0.03

-1 -0.5 0 0.5 1
kx [2π/a]

x=0.3

x=0.05

���]�/���]�X ªÜ�¢�Ü�¤ �F±l­]¨'±kÀ/ÂL¨jµ ¯d»¼ª�³´­5¦]­]¬#"�®�¶·¨
kz = 0

¯'±k­1¨1­f¯�ÀXµq¶·¨4±l­1¦4§h®�¶ ¨�æ4¨4±S©�¶·¨1Ñ�À
µ ÙOÀ

1−x
ÙÊ¸

x
çy¶Á¥ Þ ²[½·ª¹ªÏ®4ªh½Ó¶ ­1ÀXµàªÏ®d¬4¦�§^º/À[®4¦1¨4®d«/±¼ª4¦SÂQ¶ Ãe�[ÀXµq¶·¨'±k­5¦�§h®�¶Áª½æ4¨4±S©�¶·¨5Ñ:À³]º]»¼ª4²hªm³/¶·Ë|­m¯�ÀWÂ,¨5²:¬hß4¦1­]¨5Ñ�À[Ò*¨'½ ¶Ì¯d«�¬4¦1­�®�¨5Ñ�À°¯d»lª�«´ª�ÀÙ~]±kÀ[²[º4¸�µò¯h¸h®hº�¦�¶ ¨

X
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ÎÌîL�QP Î�Í×Ê}Ú�7FÐ
å9Ê}Ú�ÑáÒHË×ÝHç�ÑÀÆ_�}Î�ç)ÐxÑk�HîAÐxÑáå]Î�þ:NqÐ*ó�Ø87}Ö{Ú�ÒHÍ×Ê5å5óWÔIÛ9Ú�Ò0Ö#ó�îHÝ0Ô9ÒHæ}Ê Ð*ó�ç�Ê}Ô¯ó�ÐtÎÌÔ9ÑáÎ)Õ+Ê�ï
î/.9Ê�å9Ô9ÒL�xÒ0Ô"Ò0Ö×æÌÒHÍòó�î0ÝHÔ9Ò,�gÔ9ÑÓÒ�ÚCÎÜÐ Íòó5Ú�Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛ@Õ9Ö×ÎÌç¯Íòó5îHÝ0Ô9ÑÓÒ�Ý0Ô]ÎÌîHÝ0ÒHÔ9ÑèÎ"Æ

É6Ê}Ö-7SÐxÔ]ÎÌÔ9ÑÓÒBÊÌØ9ÙáÑÓî0Ý0ÊÌÔIó�î/.�Ð>Î�Ö#Í
Ê:�×î0Ñ9Í×Ò0Ö#ÚoÊ}Ë#ÑÂÞáó�Ý*Ð*ó�Ô9ÑáçðÎÌÚ�Ñ"å"Ê��#ÐxÑáÎÌå9î0Ý0ÎÌÙáÔ¯ó�Ú�Ñ9Ð
ì/��ê�;�;��JÕ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑèÎ Ö#ó�Ë×Û"Ô9Ò0çä
5ÆÈÇSê"Æä�}ÎÌç°ÐxÑÓå]ÎÌþEÐtÎÌÖ#Í×Ê��×þ�Ø2ÒHÝHÐxÝHæ}Ùk�Hå9Ô]ÎwÐxË×Õ�75Þáï
î0Ý�ó�Ô9Ô9ÑáçðÎLí5ÒHÒ0Ø+Ò0îÏçðÎEË×Õ]Î�å]ÎAØ]ÎÌÖ#å9Ý0ÊEË#ÝHó�Ø9çÌÊLå9ÙáÎCÚoÎ�Þèó�î/.@ÐtÎÌÖ#Í×Ê��×îHÑ

x
Æ�ì6ÎÌçIÑáÒÜÝ0ÎÌî/.9Ê�ï

ÐtÎÌÔ9ÑáÒO�#Ò0Ë�Í�Õ9Ö×ÎÌç¯Íòó�î0Ý0Ô"ÑáÒ>Ô9ÑÓÒ0Ú�Ê}à0ÙÓÑÓÐ�ÒMå9Ê!Ê�å"ÍòÐ�Ê}Ö×ÝHÒ0Ô9ÑáÎBÐ�Ê}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑèÎÌî/.bÚoÒ�Í
Ê�åUP < É�p|N
æ}å"ó�à�
¼ÊÌÖ×ÚoÎÌÙáÑÓÝ0Ú Í×Ò0ÔEå9ÙáÎjÍ
ÎÌç�ÚCÎ�Þáó�î/.AçÌÊ}Ô"î0Ò0Ô¯Í×Ö
ÎÌîL�#Ñ��#Ò0Ë�Í*Ô9ÑáÒHå9Ê}ç9Þ¼Î�å9Ô¯óCÑ+Ô9ÑáÒHË#Í
ÎÌØ9ÑáÙÓÔ¯ó
ÔIÛ9Ú�Ò0Ö#ó�îHÝ0Ô9ÑÓÒÌÆ < Ê îHÑáÒ0çðÎ\Ð�ÒCÊ}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑèÎEÕ9Ö×Ý�ó Û9àHó�î0ÑÓÛWÕ9Ö#Ê}Ë#Í×Ò,��
¼Ê}Ö#ÚÜÛ2ÞáóäeS
5Æëê�9hg=å]Î��QP
Õ9Ö×ÎÌç¯Íòó5îHÝ0Ô9ÑÓÒ>Ñáå"Ò0Ô¯Íòó�î0Ý0Ô"Ò>Ð*ó5Ô"ÑáçIÑFe¼î0Ê=Ô9ÑÓÒtÝHÊ}Ë#Í
Î�ÞßÊgÕ2Ê}çðÎÌÝ0ÎÌÔ9Ò�Ô]ÎgÐ*ó�çIÖ×Ò0Ë#ÑáÒ*ÝHÒtÐxÝ0æ}ÙR�0å9Û
Ô]ÎLÝ0Ø¯óIÍjÚCÎ�ÞèÒ{ÖQ7}àHÔ9ÑáîHÒdg Æ�+)Ý57ÌÖÔes
5Æëê�9hg!Ê}Õ9ÑÓÒ0Ö×ÎLË#Ñk�{Ô]ÎLÝ\ÎIÞßÊ}àHÒ0Ô9ÑÓÛ)ÊLË#Í
Î�ÞßÊ:�×î0ÑqÖ#Û9î/.9ÙÓÑÈï
Ð�Ê��×îHÑ�Ò0ÙÓÒ0ç¯Í
Ö#Ê}ÔM7SÐ�Ê5å@ÒHÔ9Ò0Ö#æ}ÑáÑ

µ(E)
Æ�É6Ê}Ô"ÑáÒHÐtÎÌàÜÖ#Û9î/.9ÙÓÑÓÐ�Ê��×þÜÝ0ÎÌÙáÒHàHó�Ê5å Õ9ÖQ�Hå9çÌÊ��#î0ÑqÑ

î0Ý0ÎÌËQ7SÐ�àHó�î0ÑáÎ[N�ÝHÊ}Ë#Í
Î�Þèó Ð*ó�çÌÊ}Ô]Î�Ô9ÒEÊ}Ø9ÙÓÑáî0ÝHÒ0Ô9ÑáÎLÐxË#Õ87�Þßî0Ý�ó�Ô9Ô9ÑáçðÎ í5ÒHÒ0Ø+Ò0îÏçðÎ@Ý\ÎÌç9ÞßÎÌå]Îðï�QPÌî'N
à0Ò��#Ò0å5ó5Ô"ÑáÒ{çIË×Ý�ÍÏÎ�ÞáÍ�Õ2ÊSÐxÑáÒHÖ×ÝHî/.9Ô9Ñ�ÑÓÝ0Ê�Ò0Ô9ÒHÖ×æ}Ò�Íòó5îHÝ0Ô9ÒL��Ë#Ñk�{Ý0Ú�ÑáÒHÔ9ÑèÎbN/Õ+Ê5å9îHÝ\ÎÌË�æÌå"ó
Õ9Ö-�0å9ç�Ê��×îHÑ
Ñ2îHÝ\ÎÌË�óCà�ó�î0ÑèÎÜËQP�Ë#Í
Î�ÞßÒgÑ2Ö-7SÐxÔ9Ò=Ë#Ð�Ê}ÑÓÚ%ÐtÎÌÖ�Í
Ê��#î0ÑáÊÌÚ�Ô]ÎjÕ2ÊSÐxÑÓÒ0Ö×ÝHî/.9Ô9Ñeä]ÒHÖ�ï
Ú�ÑáÒ0æÌÊ@Ð ÎÌÔ]ÎÌÙÓÊ}æ}ÑÓî0Ý0Ô¯ó�î/.�Õ9Û9Ô9ç¯ÍÏÎ�î/.

k
Æ�+ Ê}Ø"ÙáÑáîHÝ0ÒHÔ9ÑèÎÌî/.�Õ+Ê}ÙáÒHæ¯Î Í
Ê Ô]Î`Õ9Ö×Ý�óX�-�0î0ÑÓÛ

Íòó�î/. ÐxÑáÒHÙáç�Ê��×îHÑb�×ÎÌçÌÊoË#ÍÏÎIÞèó�î/. Ô]Î�î\Î�Þáó�Ú4Ê5å9îHÑáÔ9çIÛLÐ Õ9Ö#Ý0ÒHË#Í
Ö#Ý0ÒHÔ9Ñ$Ê�å"ÐxÖ×Ê�Í
Ô9ÒL�xÕ9Ö#Ý0Ò0îHÑÈï
Ô]Î��QP�îHó�Ú%Õ2ÊSÐxÑáÒHÖ×ÝHî/.9Ô9ÑáÒ!ä]Ò0Ö×Ú�ÑáÒHæ}ÊjÑ+ÑÓÔ9Ô9ÒBÕ2ÊSÐxÑÓÒ0Ö×ÝHî/.9Ô9ÑÓÒ!ÑáÝHÊ5ÒHÔ9Ò0Ö#æ}ÒHÍòó�îHÝ0Ô9Ò�Æ ( 
¼ÒHçIÍ×Ò0Ú
Íòó�î/.�Ê}Ø9ÙáÑÓî0ÝHÒ50K�#ÒHË#ÍÜÍ×Ö×Ý0ÒHî0ÑáÎ çIÖ×ÝHóIÐtÎwÔ]Î Ö#ó�Ë#Û9Ô9çIÛÆ
�ÆÓÇSêteÂÊ}Õ"ÑáË
Î�Ô]Î�Ð ÙáÒHæ}Ò0Ô9å"Ý0ÑáÒ��×ÎÌçÌÊZ Ê}Ø9ÙáÑÓî0ÝHÊ}Ô9Ò:N>Å8N Í��=îHÊ}Ô9Ë#Í5ZÌg Ææ�}ÎÌçCÐxÑáå9ÎÌþæ�#Ò0Ë�ÍgÊÌÔ]Î�Ø"ÙáÑáàHË×Ý0ÎÜç�Ö#ÝHóIÐ�Ò,�gå9Ê���ÐxÑèÎÌå"î0Ý\Î�ÙáÔ9ÒL�HÆ
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²[½·ªcÙOÀ
1−x

Ù\¸
x
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ø @ a�@21 ��L
1−x

cT\
x � \�DFý

É6Ê�å9Ê}Ø"ÔIó�Ú4Û9ç9ÞßÎÌå9Ò0Ú�å9Ê�Ö×Ê}Ý�Ð>ÎÌà0ÎÌÔ9ÒHæ}Ê�Ð�Õ2ÊÌÕ9Ö×ÝHÒ0å9Ô9ÑÓÚ�Õ]Î�Ö
ÎÌæ}Ö×Î'z]Ò < Ê
1−x

< Û
x
ì*Ñßí5Ø�#Ò0Ë�Í < Ê

1−x
�gÑ

x
ì*Ñßí�Ø
Æ(á
ÎÌÙÓÒ0à0Ô"Ê��×þLÍ
ÒHÖ×Ú�Ê}Ë×Ñ¼ÞèóWÊ�å�çÌÊ}Ô9îHÒ0Ô¯Í
Ö×ÎÌî,�#Ñgå9Ê}Ú�ÑáÒHË×Ý0ÒHç"�#Ò0Ë�ÍCÕ+Ê�ï

å9Ê}Ø"Ô]ÎEÝÜÍ/PAÖQ7Ìà0Ô9ÑÓîXP[NeàHÒ{Ë×Õ]ÎÌå"Ò0ç ÐtÎÌÖ#Í×Ê��×îHÑ |S| å9ÙáÎAÚCÎIÞèó�î/. x ïL7SÐj�#ÒHË#Í�Ú�Ô9ÑáÒL�gæÌÐtÎ�ÞáïÍ
ÊSÐxÔ¯ó}Æèn=Î\Ð>Î�ÞèÊWÍ
ÊWÔ9ÎÌå9Ý0ÑÓÒ,�#Ò�Ô]Î°ÙáÒHÕ9Ë×Ý5P°Ý0æÌÊ5å9Ô"Ê��×þ�Ê}Ø9ÙáÑÓî0ÝHÒ50:Ý�å]ÎÌÔ¯ó�ÚoÑgÒ0çIË×Õ+Ò0Ö�óIï
Ú�Ò0Ô¯ÍÏÎÌÙÓÔ¯ó5Ú�Ñ��Ó
:;'�ÀÆ�+ Íòó�Ú Õ9Ö×Ý�ó5Õ9ÎÌå9çIÛ@Ô9ÑÓÒbÊ}Ø"Ë×Ò0Ö�ÐxÛ4�#Ò0Úbó�ÝHÚoÑáÎÌÔ¯óEË#Í×Ö×Û9ç¯Í×Û9Ö#ó�Õ9Ö×ÝHÒ�ï
Ë#Í×Ö×ÝHÒ0Ô9Ô9ÒL�HÆt+ î\Î�Þáó5Ú Õ9Ö×ÝHÒ0å9ÝHÑèÎÌÙÓÒAçÌÊÌÔ9î0ÒHÔIÍ×Ö
ÎÌîL�#Ñ

0 < x < 1
Û9ç9Þ¼ÎÌå�ÚoÎ@Ë#Í
Ö#Û9ç¯Í
Û9Ö-�

Íòó�Õ9Û�p!æÏi�æ�p!ËHÆ°íIÍÏÎ�ÞèÒAË×ÑÓÒ0î0Ñ�Õ9Ö
Î\ÐxÑÓÒAË×ÑR�CÔ9ÑÓÒAÝ0Ú�ÑáÒHÔ9ÑÂÞáówÐ�Õ+Ê}Ö-7FÐxÔ9ÎÌÔ9ÑáÛ å"Ê@Û9ç9Þ¼ÎÌå"Û
å9Ê}Ú�ÑáÒHË×ÝHçÌÊSÐ>Î�Ô9Ò0æ}ÊbÚoÑÓÒ0å9ÝHÑlP[NÌÕ2Ê}Ô"ÑáÒHÐtÎÌàxÕ9Ö#Ê}ÚoÑÓÒ0Ô9ÑÓÒxÎ�Í
ÊÌÚoÊSÐ�ÒBå"ÙèÎ < ÛCÑ$�BÑ+ËQPjÕ"Ö
Î\ÐxÑáÒ
ÍÏÎ�ç�ÑÓÒ>Ë
Î�ÚoÒ�Æà�=Ø9Ë×ÒHÖ#ÐxÛ4�#ÒHÚ�ó{Ô]ÎðÍ
Ê}Ú�ÑèÎÌË�Í�Ú�Ô9ÑáÒL�#Ë×Ý5P=Õ9Ö×ÝHÒ0Ö#Ðæ�xÒ0Ô9ÒHÖ×æ}Ò�Íòó�î0Ý0ÔMPbÊ�Ë×ÝHÒ0Ö#Ê}çÌÊ�ï
�×îHÑ

Eg = 0.19
Ò ÇÜÆ��gÝ�ó�Ë×çðÎÌÔUP�Ý\ÎÌÙÓÒ0à0Ô"Ê��×þjÐxË×Õ�75ÞßîHÝHó�Ô9Ô9ÑÓç�ÎCí5Ò0ÒHØ2ÒHîÏçðÎCÊ5å�çÌÊÌÔ9î0ÒHÔIÍ×Ö
ÎÌîL�#Ñ

å9ÙáÎ�ì/��ê�;�;:��Õ2Ê}çðÎÌÝ0ÎÌÔ9Ê�Ô]Î Ö#ó�Ë#Û9Ô9çIÛ	
5ÆÈÇ ý ÆK�BÝHÒ0îHÝHóIÐxÑk�#î0ÑáÒ'Nqå9Ý0ÑR�0çIÑ*Þ¼ÎÌæ}Ê�å9Ô9ÑÓÒ,�#Ë#ÝHó�Ú
Ý0Ú�ÑèÎ�Ô9Ê}Ú

S
å9ÙáÎ)ÚoÎ�Þèó�î/.:ç�Ê}Ô9îHÒ0Ô¯Í
Ö×ÎÌî,�#ÑgÔ9ÑáçIÙáÛ*NtÐ>Î�Ö#Í
Ê:�×î0ÑBÊ}Ø9ÙÓÑáîHÝ0Ê}Ô9Ò�ÙáÒHÕ9ÑáÒL��Ê�å9å]Î��QP

Ö×ÝHÒ0îHÝHóIÐxÑáË�Í
Ò�Ý\ÎÌî/.9ÊSÐtÎÌÔ9ÑÓÒÌÆ�+ ó5ç�Ê}Ô]ÎÌÔ"ÒoÝHÊ}Ë#Í
Î�ÞèówÖ-7SÐxÔ9ÑáÒHà{Ê}Ø9ÙáÑÓî0ÝHÒ0Ô9ÑáÎ
S
Õ9Ö#ÝHówÛ"àHó�î0ÑÓÛ

Û9Õ9Ö#Ê}Ë×ÝHî0ÝHÊ}Ô9Ò,�|
¼Ê}Ö#ÚÜÛ2ÞèóÆeS
�Æãê�9�g�Ð*ó�çÌÊ}Ö#ÝHó�Ë#Í×Û4�QPÌîHÒ,�{Íòó�ÙÓçÌÊwæ��HË#Í
Ê:�×þEË#Í
ÎÌÔM7SÐ�Æ`ì�ó�Ú�Ö×Îðï
Ý0ÒHÚ�Ð*ó�Ô9ÑáçIÑKÔ9ÑáÒ�ËWPv�#Û9à�ÍÏÎÌçIÑáÒ�Ë×ÎÌÚoÒ�Ñ�Ý0ÊÌË#ÍÏÎIÞèóLÖQ7SÐxÔ9ÑÓÒ0àjÕ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáÊÌÔ9Ò�Ô]Î�Ö#ó�Ë#Û9Ô9çIÛ
5ÆÈÇ ý Æq�BÑáÒjÝ0Ú�ÑáÒ0Ô"ÑèÎÜÍ
Ê�
ÂÎÌç¯Í
ÛON+à0ÒjÍ
ÊCå"Û9à0ÒÜÕ"Ö×ÝHó�Ø9ÙÓÑáàHÒ0Ô9ÑÓÒbÖ-7FÐxÔ"ÑáÒ0àbØ]ÎÌÖ#å9Ý0Êoå9Ê}Ø9Ö#Ý0Ò�Ë#Ñk�
å9Ê}Õ9ÎÌË×ÊSÐxÛ4�#Òjå9Ê�å]ÎÌÔ¯ó�î/. å9Ê:�#ÐxÑèÎ�å9î0Ý0ÎÌÙáÔ¯ó�î/.
Æ
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ø @ a�@54 � \
1−x

D�j
x

cT\·D�H
ì*Ñ

1−x
í5î

x
�BÑßí5Ô�Ö-7FÐxÔ"ÑáÒ0àxÝHÚoÑÓÒ0Ô9ÑáÎ=î/.]ÎÌÖ
Î�çIÍ×Ò0ÖMÕ+Ê5å�ÐxÕ2ÞèóIÐ�Ò0Ú%å9Ê}Ú�ÑáÒHË×ÝHçÌÊSÐ>Î�Ô9ÑèÎ�ÝxÕ87�Þáï

Õ9Ö#Ý0ÒHÐ�Ê�å9ÝXPÌîHÒ0æ}ÊwÔ9Î ÚoÒ�ÍÏÎÌÙÓÑáîHÝ0Ô¯ó}Æ"�ÌÒ0Ë�Í�Í×Ê@Õ2Ê�ÍòÐxÑáÒ0Ö#å9Ý0ÊÌÔ9ÒCÝ0ÎÌÖQ7SÐxÔ9Ê@å"Ê��#ÐxÑáÎÌå9î0Ý0ÎÌÙáÔ"ÑáÒ�Ó
Ìê4�8�×Î�ç�Ñ$Í×Ò0Ê}Ö#ÒHÍòó�î0ÝHÔ9ÑáÒc�Ó
Ìé'�ÀÆjì*Ñl�gÑèí5Ôm�#Ò0Ë�Í�Õ87�ÞßÕ9Ö#Ý0ÒHÐ�Ê�å9Ô9ÑáçIÑÓÒ0ÚJÝ0Ò{Ë×ç�Ê��×ÔMP�Õ9Ö#Ý0ÒHÖ#Ð�P
Ò0Ô"Ò0Ö×æÌÒHÍòó�î0ÝHÔUPCÖ×Ý1�0å9Û

0.4
ï
0.5
Ò Ç Õ2Ê}Ú�Ñk�Hå9ÝHóCÕ9Û9Ô9ç¯Í
ÎÌÚoÑ

X
Ñ
Γ
Æ�É6Ê�å9î0Ý0ÎÌËgå"Ê}ÚoÑÓÒ0Ë#Ý0çÌÊðï

ÐtÎÌÔ9ÑèÎ�Ë×çðÎÌÔ"å9Ò0ÚKN2Û"ç]ÞßÎÌå Õ"Ö×Ý0ÒHî/.9Ê�å9Ý0Ñ6Ý0Ú�ÑèÎÌÔM��Ë�Í
Ö#Û9ç¯Í
Û9Ö�ó Õ9Ö#Ý0ÒHË#Í
Ö#Ý0ÒHÔ9Ô9Ò,�!ÝjçIÛ9Ø9ÑáîHÝ0Ô9ÒL�e
F 4̄3m

g>å9Ê�Ê}Ö#Í×Ê}Ö×Ê}Ú�Ø2ÊSÐ�Ò,��e
Pnma

g>Õ9Ö×Ý�ó
x ≈ 0.6

Æ
p!Ø¯ó�Õ+ÊÌÍòÐxÑáÒHÖ×å9ÝHÑáþAÊ}Ø"Ë×Ò0Ö�ÐtÊSÐtÎÌÔUP°ÝHÚoÑáÎÌÔM�AË�Í
Ö#Û9ç¯Í
Û9Ö�ó�Õ9Ö×ÝHÒ0Ë#Í×Ö×ÝHÒ0Ô9Ô9ÒL�1N>å9ÙáÎ@ç�Ö×Î:05ï

î0ÊSÐ*ó�î/. ÝHÐxÑkPÌÝ0ç'7FÐ e¼ì*Ñl�gÑèí5Ô�Ñbí5î5�gÑèí5Ô$gLÐ*ó�ç�Ê}Ô]ÎÌÔ9Ê ÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ�Ë
Î�ÚoÊ}Û"Ý0æ}Ê�å9Ô9ÑÓÊ}Ô9Ò
Ú�ÒHÍ
Ê�åUPK������Ý�Õ+ÒðÞßÔ¯ó�Ú Õ2ÊÌÍ×Ò0Ô9îL�×Î�ÞßÒHÚ ÐhçÌÊÌÚm7}Ö#î0Ò�Ò0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎÌÖ#Ô9Ò,�HÆ�+ Ê}Ø¯ó5å5Ð�7�î/.
Õ9Ö#ÝHó�Õ]ÎÌå9çðÎÌî/.EÕ"Ö×ÝHóX�-��ÍÏÎÜÝ0ÊÌË#ÍÏÎIÞ¼ÎbÖ×ÎÌÝ!Ë�Í
Ö#Û9ç¯Í
Û9Ö×ÎÜç�Û"Ø9ÑáîHÝ0Ô]Î[N"ÎbÖ×ÎÌÝ!Ê}Ö�Í
Ê}Ö#Ê}ÚÜØ+ÊSÐ>Î"ÆÚn!ÙèÎ
í5î5�gÑßí�ÔwÊ�Ë�Í
Ö#Û9ç¯Í
Û9Ö#Ý0Ò�Ê}Ö#Í×Ê}Ö×ÊÌÚÜØ2ÊSÐ�Ò,�!Õ9Ö#ÝHóX�-�HÍ×Ê�ÒHçIË×Õ+Ò0Ö#ó�Ú�Ò0Ô¯ÍÏÎ�ÙáÔ9Ò�Ë#Í
Î�ÞßÒ{Ë#ÑáÒHî0ÑSã

a =
6.625 � N b = 4.333 � N c = 7.536 � ÆMÉ6Ê�ÞßÊ}àHÒ0Ô9ÑáÎ)Î�Í×Ê}Ú�7FÐ�Ðf�#Ò0å"Ô9Ê}Ë#Í×çðÎÌî/.:Ë#Í
Î�Þèó�î/.
Ë×ÑÓÒ0îHÑ
Í
Êoí5î ý î:ã�es;5Æ âÌêÌô[NU;"ÆãÅ}âbNU;5Æ ÅÌô}â�g]NU�BÑ ý î:ã�e�;"Æãô:;¯ÅbNU;"ÆãÅ}âbNM;"Æ â�é�9hg]N]í5Ô ý î:ã�es;"ÆãÅ5ÇSé5Ç�N;"ÆãÅ}âbN~;"Æãâ:9¯Å�g Æ�n!ÙáÎK."ÑáÕ+ÊÌÍ
Ò�Íòó5îHÝ0Ô9ÒL�bË#Í×Ö×Û9ç¯Í
Û"Ö#ó çIÛ9Ø9ÑáîHÝ0Ô9ÒL�jÕ9Ö#ÝHóX�-�HÍ×Ê@Ò0çIË#Í×Ö
ÎÌÕ+Ê}ÙÓÊFÐtÎÌÔUP
Ë#Í
Î�ÞYP�Ë×ÑáÒHî0Ñ

a = 6.17 � Æ\pgÔ]ÎÌÙÓÊ}æ}ÑáîHÝ0Ô9Ò�Ê}Ø9ÙÓÑáîHÝ0Ò0Ô"ÑèÎ�Ð*ó�ç�Ê}Ô]ÎÌÔ9ÒEÝHÊ}Ë#Í
Î�Þèó)å9ÙáÎ ì*Ñl�BÑßí5Ô
Æ+°ÎÌÖ#Í×Ê��×îHÑtÒ0Ô"Ò0Ö×æÌÑáÑtî0Î�Þßç�ÊSÐxÑÓÍ
ÒL��Ô]Î@çÌÊ}Ú�7}Ö#ç:�EÒ0ÙÓÒ0Ú�Ò0Ô¯ÍÏÎ�Ö×ÔUP@Õ9Ö#Ý0ÒHå9Ë#Í
ÎSÐxÑáÎ ÍÏÎÌØ+Ò0ÙáÎ°
5Æëê"Æ�}ÎÌç`ÐxÑáå]Î�þCÕ9Ö#Ò1
¼Ò0Ö#Ò0Ô9îL�#ÒAÐ*ó�Ô9ÑáçðÎ��QPÌîHÒEÝEÎÌÔ]Î�ÙáÑáÝ�ó`Ò0Ô9ÒHÖ×æ}ÑÓÑ�î0Î�Þßç�ÊSÐxÑÓÍ
ÒL��Ý0æ¯ÎÌå"Ý\Î��QP@Ë#Ñk�AÝ
Ê}Ø9Ë#Ò0Ö�ÐtÊSÐtÎÌÔUPCÝHÚoÑáÎÌÔUPÜË#Í×Ö×Û9ç¯Í×Û9Ö#ó�ÝjäKï ý êÌÚ�Ô]Î�ÉqÔ9ÚoÎ�Õ9Ö#ÝHóLÕ9Ö#Ý0ÒL�-�×î0ÑÓÛ Ý�ì*Ñl�BÑßí5ÔLå9Ê
í5î5�gÑßí�Ô
Æ

+ î0ÒHÙáÛCÊ�î0ÒHÔ¯ó��×ÎÌçIÑ]ÐxÕ2Þáó�Ð8Ô]ÎjÛ9ÝHó�Ë#ç�ÑÈÐ>Î�Ô9Ò=Ð*ó�Ô9ÑáçIÑ+ÚCÎ�Õ9Ö×Ý�ó�Ø9ÙáÑÓà0Ò0Ô"ÑáÒBÚÜÛ�`�Ô5ïùÍ×ÑáÔ
Û9à�ó�ÐtÎÌÔ9Ò�ÐWÕ9Ö#ÝHó�Õ]ÎÌå"ç�ÛbÚCÎðÍ
Ò0Ö#ÑèÎ�Þl7SÐ°Ô9ÑÓÒ0Û9Õ+Ê}Ö#ÝXPÌå9ç�ÊSÐ>ÎÌÔ¯ó�î/.ONÌÐ*ó�ç�Ê}Ô]ÎÌÔ9ÊgÖQ7SÐxÔ9ÑÓÒ0à�Ê}Ø5ï
ÙáÑÓî0ÝHÒ0Ô9ÑáÎjÚ�ÒHÍ×Ê5åUP������ Ý=Õ+ÊÌÍ×Ò0Ô9îL�×Î�ÞßÒHÚ%Íòó�Õ9ÛEÚ�Û�`�Ô5ïùÍ×ÑáÔCå"ÙèÎbì*Ñk�gÑèí5Ô
ÆÊ+ ó�Ý0Ô]ÎÌîHÝ0Ê}Ô9Î



���q�O���*�L���Võd�q��	�
F�Ô�à�*���Ç���ï�¹�F�����|�A0��Ê���\�q���v�b���y�Ç�����=;1�¾¬ 
}Å

E(F − 43m) E(Pnma) ∆Eì*Ñk�gÑßí�Ô ïòé}ô}ê¯â ý Æãé"ÇSÅ��xó ïòé}ô}ê¯â ý Æ Å�
ÌÅ��xó ï,;"Æëê ý ;��*ó
í5î5�gÑèí5Ô ïòéh
Ìé}ê}ô5Æãé}ê}Å��xó ïòéh
Ìé}ê}ô5Æãô}é ý �xó ��;"ÆãÅÌê¯Å��*ó
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Õ9Ö#Ý0Ò0Ö�Ð>ÎjÒ0Ô9ÒHÖ×æ}Ò�Íòó�î0Ý0Ô9ÎjÐ*ó�Ô9Ê}Ë#Ñ
0.53

Ò Ç Ð:Õ"Ö×ÝHó�Õ]Î�å9çIÛAÕ2ÒFÞßÔ9ÒHæ}Ê�Õ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛoÑ
0.47

Ò Ç
Ð Õ"Ö×ÝHó�Õ]Î�å9çIÛ@Õ2Ê�Í
Ò0Ô"î,�×Î�ÞèÛ�Ë´
¼Ò0Ö#ó�îHÝ0Ô9ÑÓÒbË�ó5Ú�ÒHÍ×Ö#ó�î0ÝHÔ9Ò0æÌÊ9Æ*É6ÊÌÖQ7SÐxÔ]ÎÌÔ9ÑÓÒ�Ë#Í
Ö#Û9ç¯Í
Û9Ö�ó�Õ]Îðï
Ë×Ú�ÊSÐtÒL�Ê�#ÒHË#ÍBÕ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáÊÌÔ9ÒbÔ9Î�Õ"ÑáÒ0Ö�ÐxË×Ý�ó5Ú4Õ9ÎÌÔ9Ò0ÙÓÛ�Ô9Î�Ö�ó�Ë×Û9Ô9çIÛØ
5ÆÓÇSâ5Æ

�}ÎÌç ÐxÑÓå]ÎÌþ:NeÕ9ÎÌË×ÚoÎEÕ2Ê5ÞèÊ}à0ÊÌÔ9Ò{Ø9ÙáÑÓË×ç�Ê�Õ+Ê}ÝHÑáÊ}ÚÜÛ@äUÒHÖ×Ú�ÑáÒHæ}ÊEÑ�Ê�å9Õ2ÊSÐxÑÓÒ0å9ÝHÑèÎÌÙÓÔ9ÒÜÝ\Î
Ð=Þ¼Î�Ë×Ô9Ê��#î0Ñ�Í
Ö×ÎÌÔ9Ë#Õ2Ê}Ö�Í
ÊSÐ�Ò Ö-7}à0Ô"ÑlPWË×ÑR�`Ø]ÎÌÖ×å"Ý0Ê�Ô9ÑáÒ�ÐxÑáÒHÙáÒÌÆf+�Ñk�0çIË#Ý0Ò ÖQ7}àHÔ9ÑáîHÒwËWP ÐxÑÈï
å9Ê�î0ÝHÔ9Ò�Ð�Õ2Ê}ÝHÊ}Ë#Í
Î�Þèó�î/.WÊÌØ9Ë×Ý0ÎÌÖ
ÎÌî/.)Ò0Ô9ÒHÖ×æ}ÑÓÑ Æ�+)ó�Ô9ÑÓç@Í
ÒHÔ°Õ+ÊÌÍòÐxÑáÒHÖ×å9Ý0Î�Õ9Ö#ÝHó�å]Î�Í×Ô9Ê��#þ
Ñ
å9ÊÌç]ÞßÎÌå9Ô9Ê:�×þjÕ9Ö×Ý�ó5Ø"ÙáÑáàHÒ0Ô9ÑáÎÜÚÜÛ�`�Ô5ï Í
ÑáÔAÐ�Ê}Ø9ÙÓÑáî0ÝHÒ0Ô9ÑáÎÌî/.EÐ=Þ¼ÎÌË#Ô9Ê��#î0Ñ
Í
Ö×ÎÌÔ9Ë#Õ2Ê}Ö�Í
ÊSÐ*ó�î/.
ÐJì*Ñ

1−x
í5î

x
�BÑßí5ÔONxÎ°Í
ÎÌçIà0Ò@Ú�Ê}àHÒ Ø¯ó�þ`ÎÌÖ×æ}Û"ÚoÒHÔIÍ×Ò0Ú Ô]Î°Ö#Ý0Ò0îHÝwÛ9àHóIÐtÎÌÔ9ÑáÎ°Í
Ò,�CÕ+Ê�ï

Ë#Í
ÎÌî0Ñ]Õ+ÊÌÍ×Ò0Ô9îL�×Î�ÞßÛ{Ð:ÊÌØ9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ�î/.�å"ÙèÎ=ÑáÔ"ÔIó�î/.oÕ2Ê�å9Ê}Ø9Ô¯ó�î/.�ÚCÎ�Í×Ò0Ö#ÑèÎ�Þl7FÐ�Ê�Ë#Í×Ö×Û9ç¯Í×Û9Ö×ÝHÒ
Õ�75ÞáïòñgÒ0Û"Ë×ÙáÒHÖ
Î"Æ

�=Ø9ÙáÑÓî0Ý0ÒHÔ9ÑèÎ Ð=Þ¼ÎÌË#Ô9Ê��×îHÑ=Í
Ö×ÎÌÔ9Ë×Õ+Ê}Ö�Í
ÊSÐ*ó�î/.8Ð�ì*Ñ
1−x
í�î

x
�BÑßí5Ô ÝHÊ}Ë#Í
Î�ÞèóNÐ*ó5ç�Ê}Ô]ÎÌÔ"Ò

å9ÙáÎ
x = 0.05, 0.1, 0.2, 0.3, 0.4, 0.5

Ñ
0.6
Æv�gÎCå"Ðæ75î/.wÊÌË#ÍÏÎðÍ
Ô9ÑÓî/.@Õ]ÎÌÔ9ÒHÙèÎÌî/. Ö#ó�Ë×Û9Ô"ç�Û
5ÆÈÇFâ=Õ9Ö×ÝHÒ0å9Ë�ÍÏÎ\ÐxÑáÊÌÔ9ÒgËQPjîHÝ5�1�×î0Ñ+Ö×ÝHÒ0îHÝHóIÐxÑáË�Í
Ò!ÒHÔ9Ò0Ö#æ}ÑáÑ9Ð=ÞßÎÌË×Ô¯ó�î/.Aå9ÙáÎ

x = 0.1
Ñ
x = 0.4ÐxÝ0å+ÞßÛ9àBÐ*ó5Ø"Ö
ÎÌÔ¯ó�î/.EçIÑáÒ0Ö#Û9Ô9ç'7FÐ8ÊjÐ*ó5Ë#Ê}çIÑáÒL��Ë#ó�Ú�ÒHÍ
Ö#ÑáÑ]Ð Ë�Í
Ö×Ò]z]Ò é Ö×ÑáÙÓÙáÊ}Û"ÑáÔ]Î"ÆF+ ÊÌØIó¯ï

å"Ðæ75î/. Õ9Ö×Ý�ó�Õ]ÎÌå9çðÎÌî/.8Í
Ö×Ý�ó�Õ]ÎÌË#ÚCÎ Õ9Ö#Ý0Ò0î/."Ê5å9Ý5P3Õ9Ö#Ý0Ò0Ý
E = EF

Æ{+�ÑÓå]ÎÌþ'N=à0Ò`Ý0Ò
ÐxÝ0Ö#Ê}Ë#Í×Ò0Ú'Ý\Î\ÐtÎÌÖ#Í×Ê��×îHÑMË×çðÎÌÔ9å9Û*N$Õ+Ê}Ý0ÑÓÊ}Ú ä]Ò0Ö#ÚoÑÓÒ0æ}ÊEÊ}Ø"Ô9Ñáà0Î�Ë#Ñk�:N�Õ+ÊSÐtÊ�å9Û4�QPÌî�ÐxÝ0Ö#Ê}Ë#Í
ÐxË×Ý�ó�Ë#Í
çIÑÓî/.:Í
Ö×ÝHÒ0î/.:Õ+Þ¼Î�ÍQ7FÐ Õ+ÊSÐxÑáÒHÖ×Ý0î/."Ô9Ñ!ä]ÒHÖ×Ú�ÑáÒ0æÌÊ9Æ ( Ð�Ê}ÙáÛ"î,�-� Õ+ÊSÐxÑáÒHÖ×Ý0î/."Ô9Ñ!ä]ÒHÖ�ï
Ú�ÑáÒ0æÌÊgÔ]Îd�#ÙáÒ0Õ"ÑáÒ,��Õ2Ê}çðÎÌÝHÛ4�QPgÕ"Ö×Ý0ÒHçIÖ×Ê4�#ÒtÐ�Õ2ÞßÎÌË×ÝHî0Ý�ó>�HÔ9ÑáÒ

kz = 0
Õ2ÊÌç�Î�Ý\ÎÌÔ9Ò�Ô]Î!Ö�ó5Ë#Û9Ô9çIÛ
5ÆÈÇSé"Æ

+°Ë#ÝHó�Ë#Í×çIÑáÒoÍ×Ö×Ý�ó)Õ+Þ¼Î�ÍòówËQP�Ý0ÎÌÚoçIÔ9ÑR�HÍ×Ò�ÑMÚoÎ��QPx�×Ö#Ê5å9ÒHçwÐhÕ9Û9Ô9ç�î0ÑÓÒ
Γ
ÆEÉqÑáÒHÖ#ÐxË#ÝHóeÂÔ9Î��#ÚoÔ"ÑáÒ,�#Ë#ÝHó[g*Õ2Þ¼Î�ÍgÚoÎoçIË×Ý�ÍÏÎ�ÞáÍ=Ý0Ø"ÙáÑáàHÊ}Ô¯óLå9ÊCÊ:�×Ú�ÑáÊ��#î0ÑèÎ�Ô�Û�ÑKÔ9ÑáÒjË#Íòó�çðÎCË×ÑR��Ô9ÑÓæ}å"óLÝ

Õ+Ê}Ý0Ê}Ë�ÍÏÎ�Þáó�ÚoÑ
å5ÐtÊ}ÚoÎ"Æ�n!Ö#Û9æ}ÑeÑ/Í×Ö×ÝHÒ0î0ÑeÕ+Þ¼Î�ÍxË�Íòó5çðÎ��QP�Ë×ÑR��Ý0Ò�Ë×ÊÌØUP�ÐxÝHå2ÞßÛ"àbçIÑáÒHÖ×Û9Ô"ç:7SÐ
ÊAÐ*ó�Ë×Ê}çIÑÓÒ,�=Ë#ó�ÚoÒ�Í
Ö#ÑáÑ Æ�pgàÜå9Ê

x = 0.5
Ö×Ê}ÝHÚoÑáÎÌÖgÐxË#ÝHó�Ë#Í×ç�ÑÓî/. Í×Ö×ÝHÒ0î/. Õ2Þ¼Î�ÍQ7SÐ Ö#Ê��×Ô"ÑáÒÌÆ�ÌÒ0å"Ô]ÎÌç:Õ+ÊSÐ*ó5àHÒ,�

x = 0.5
Õ2ÊSÐxÑáÒHÖ×ÝHî/.9Ô9ÑèÎ ä]ÒHÖ×Ú�ÑáÒ0æÌÊWÝ\ÎÌîHÝHó�Ô]Î�Ë×ÑR�wç�Û"Ö×î0Ý�ó�þÌÆhìKÒ0Ô

Ò1
¼ÒHç¯ÍÊ�#Ò0Ë#Í>Õ9Ö
Î\Ðxå9Ê}Õ+Ê�å9Ê}Ø9Ô9ÑÓÒ=Ë×Õ+ÊSÐtÊ�å9ÊSÐtÎÌÔ¯óEÝ0Ú�ÑèÎÌÔMPbË#Í×Ö×Û9ç¯Í×Û9Ö#óEÕ"Ö×Ý0ÒHË#Í×Ö×Ý0ÒHÔ9Ô9ÒL�xÕ9Ö#ÝHó
x = 0.6

Æ{ì6Ö-74��Ð*ó�ÚoÑáÎÌÖ×ÊSÐ�Ò{ÐxÑáÝ0Û9ÎÌÙáÑÓÝ\ÎÌîL�#Ò�ÐxË×Ý�ó5Ë�Í
çIÑáî/. Í
Ö#Ý0Ò0î/.)Õ2Þ¼ÎðÍW7SÐ�Ý{Ê}Ë#Ê}Ø9Ô]ÎLå9ÙáÎ
Õ9Ö#ÝHó�ç9Þ¼ÎÌå9ÊSÐ�Ò,�Bç�Ê}Ô9îHÒ0Ô¯Í
Ö×ÎÌî,�#Ñ

x = 0.3
Ý0Ê}Ë�ÍÏÎ�ÞáóLÕ2Ê}çðÎÌÝ0ÎÌÔ9Ò�Ô]Î�Ö#ó�Ë#Û9Ô9çIÛ°
5ÆÈÇ�
5Æ

�=Ø9ÙáÑÓî0Ý0ÊÌÔ]ÎÜÊ}Õ+Ê}Ö×Ô9Ê:�×þ�Ö×ÒHË×ÝHÍ×çÌÊSÐtÎCå9ÙèÎÜÕ+Ê}Ë#Ý0î0ÝHÒ0æ�7ÌÙáÔ¯ó�î/. çÌÊÌÔ9î0ÒHÔIÍ×Ö
ÎÌîL�#Ñ6ÝHÊ}Ë#Í
Î�Þ¼Î{Õ+Ê�ï
çðÎÌÝ\Î�Ô]ÎAÔ]ÎAÖ#ó�Ë#Û9Ô9çIÛ_
�ÆÓÇSô5Æ�i ÎÌÙáÒL�QPÌî0ÒbÐ>ÎÌÖ�Í
Ê��#î0Ñ�Õ+ÊÌÍòÐxÑÓÒ0Ö×å"Ý\Î��QPAÊ}Ø"Ë×Ò0Ö�ÐtÊSÐtÎÌÔ9Ò�Õ9Ö×ÝHÒ,�-ï
�×îHÑáÒ�Õ�75ÞßÕ"Ö×Ý0Ò�ÐtÊ�å9Ô9ÑÓçAÚ�ÒHÍÏÎ�Ù Æà�BÑáÒ0Ë�Í
Ò�ÍòóEØ9Ö
Î�çCå]ÎÌÔ¯ó�î/. Õ+Ê}Ú�ÑèÎÌÖ#ÊSÐ*ó5î/.EÐ�Ô9ÑáË#ç�ÑÓî/.EÍ
Ò0Ú{ï
Õ+Ò0Ö
ÎðÍ
Û9Ö×ÎÌî/.�Û"Ô9ÑáÒHÚoÊ}àHÙáÑÈÐxÑèÎ��QPjÕ2Ê}Ö-7SÐxÔ]ÎÌÔ9ÑÓÒ=Íòó5î/.�Ð>Î�Ö#Í
Ê:�×î0Ñ�Ý�å9Ê���ÐxÑèÎÌå"î0Ý0ÒHÔ9ÑáÒHÚ�Æ¿5Ö×ÒHå9Ô9ÑÓÒgÐtÎÌÖ#Í×Ê��×îHÑ2Õ9Ö-�0å9ç�Ê��×îHÑ/ÒHÙáÒ0ç¯Í×Ö×Ê}ÔM7SÐ ÊÌÖ
ÎÌÝBî0Ý0ÎÌËQ7SÐ8àHó�î0ÑáÎbÕ9Ö#Ý0ÒHå9Ë#Í
ÎSÐxÑáÎ��QP�Ê�å5ï
Õ+ÊFÐxÑÓÒ0å9Ô"ÑáÊ�Ö�ó�Ë×Û9Ô9çIÑ~
5ÆÈÇd9�Ñ*
5ÆãÅ:;"Æà�gÎ���ÐxÑk�HçIË×Ý0Ò�Õ9Ö-�0å9ç�Ê��×îHÑ
Ò0ÙÓÒ0ç¯Í
Ö#Ê}Ô¯óCÚoÎ��QP�Ô9Î�Õ9ÑáÒHÖ#Ð>ï
Ë×Ý�ó�Ú"N=Ô9Î��#Ø]ÎÌÖ#å9Ý0ÑÓÒ,�EÐ�ÒHÐxÔ[�HÍ
Ö#Ý0Ô¯ó�Ú Õ2ÞßÎÌî0ÑÓÒ	eÂÊ�Ô]Î���ÐxÑR�0çIË×ÝHÒ,��çIÖ×Ý�ó�ÐxÑ_�0Ô9ÑÓÒdgAÑ�ËWP�Ê}Ô9Ò
Õ+Ê}Ô]ÎÌå�å"ÐtÎjÖ×ÎÌÝHó�ÐxÑk�0çIË#Ý0ÒBÔ9Ñáà*Ô]Î�Õ+Ê}Ý0ÊÌË#ÍÏÎIÞèó�î/.oå5Ð�7�î/.CÕ2ÞßÎ�ÍÏÎ�î/.
ÆqÉqÖQ�Hå9çÌÊ��#î0Ñ]Í
ÒxÖ#Ê}Ë×ÔUP
Ý{Ý\Î\ÐtÎÌÖ#Í×Ê��×îHÑlPAË#ç�Î�Ô9å9ÛONeÙÓÒ0î0Ý{Õ"Ö×Ý0ÒHå

x = 0.6
Ý\Î�î0ÝHó�Ô]Îd�QP�Ô9ÑÓÒ0ÝHÔ]ÎÌî0ÝHÔ9ÑáÒ�ÚCÎÌÙÓÒ0þ�Æf¿�Ö×Ò0å�ï
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