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Abstract. Let n € N*, and N > n be an integer. We study the spectrum of discrete linear
2n-th order eigenvalue problems

{ZZZO(—l)’“A%u(t — k) = Au(t), t € [1, Nz,
Alu(—(n —1)) = Alu(N — (n — 1)), i €0,2n — 1]z,

where A is a parameter. As an application of this spectrum result, we show the existence of
a solution of discrete nonlinear 2n-th order problems by applying the variational methods
and critical point theory.
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1. INTRODUCTION

Let n > 1 be a positive integer. We consider the following nonlinear 2n-th order
boundary value problems:

{Zzzoum%u(t k) = f(tu(t), te [N, W)

Aty(—(n —1)) = Alu(N — (n—1)), i€ [0,2n — 1]z,
where N > n is an integer, [1, N]z denotes the discrete interval {1,2,..., N},
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A is the forward difference operator defined by
Au(t) = u(t + 1) —u(t),
A%u(t) = u(t),
Alu(t) = A Au(t)) fori=1,2,3,...,2n

and fe€ C([1,N]z x R,R).

As usual, a solution of (1.1) is a function u : [—(n — 1), N + n]z — R which
satisfies both equations of (1.1).

Let us consider the spectrum of the linear boundary value problem corresponding
to the problem (1.1):

Sioo(-DEA%u(t ) = dult), ¢ [Nz, (1.2
Aly(—(n —1)) = Au(N — (n — 1)), i€]0,2n—1]z. '
In [1], Agarwal studied the second-order linear eigenvalue problem
—A%u(t —1) = pu(t), te€[l,N]z, (1.3)
u(0) =u(N+1)=0. '
He obtained p, = 4sin2(%) for r € [1, Nz, where p, is the eigenvalue of (1.3) and

&= (6(1),6(2),...,& (N))T is an eigenvector corresponding to the eigenvalue .,

where &,.(j) = sin({%5) for j € [1, N]z.

In [12], Kelly and Peterson studied the following eigenvalue problems:

{A(p(t — DAu(t — 1)) + q(B)u(t) + pm(Bu(t) =0, € [1,N]z, a4

u(0) =u(N+1) =0,

where p,m € C([1,N]z,]0,00[) and ¢ € C([1, N]z,R). They proved that the prob-
lem (1.4) has exactly N real and simple eigenvalues u:, t € [1,N]z satisfying
11 < p2 < ... < pn and the eigenfunction corresponding to i has exactly ¢ —1 simple
generalized zeros.

Moreover, when m(t) = 1, Agarwal et al. [2] generalized the results of the problem
(1.4) to the dynamic equations on time scales with Sturm-Liouville boundary condition.

It is well known that in different fields of research, such as computer science,
economics, neural networks, biological systems, population dynamics, mechanical
engineering, the mathematical modeling of important questions leads naturally to
the consideration of nonlinear difference equations. As a result, in recent years,
many existence results of nontrivial solutions for differential equations have been
obtained due to the relatively fast development of studying the boundary value
problems for differential equations, where various methods and techniques have been
used, for example, fixed point theorems methods, coincidence degree theory, topological
degree theory, we refer to [3—6, 11, 15]. Critical point theory as well as variational
methods are powerful tools to investigate the existence of solutions of various problems
on differential equations [7-10,13,14,16].
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In this paper, we study the spectrum of the problem (1.2), via matrix theory. And
at last, as an application of this spectrum result, we show the existence of a solution
of discrete nonlinear 2n-th order problems (1.1) by variational methods and critical
point theory. The main results in this paper are the following theorems:

Theorem 1.1. If N > 2n + 1, then the problem (1.2) has exactly N real eigenvalues
Aj, j €10, N — 1]z, which satisfies

- 1]Za

Aj=a0+ 230 arcos(3), G e,
- 1]Za

N
/\jz/\]v_j, VRS [I,N

with a; = (—1)! > i Cg;‘l for any 1 € [0,n]z. Moreover, the eigenspace E();) corre-
sponding to Aj, j € [0, N — 1]z, is given as follows:

E(X\o) = span(¢y),
E(\;) = span(¢;,v;), Jj€[1,N —1]z,

where

¢; = (0;(0),0;(1),0;(2),...,¢;(N —1))",
Py = (5(0),95(1), 95(2), ..., 5 (N = 1)T

for j € [0, N — 1]z with ¢;(r) = cos(%) and ¥;(r) = sin(%) forr e [0,N —1]z.
Theorem 1.2. Assume that there exist o, 3 € ]0,00] and | € [0, N — 2]z such that

Ns? < as? < f(t,s)s < Bs® < \y18° for|s| >r > 0andt € [1, N]z. (1.5)

Then the problem (1.1) has at least one solution.

The paper is arranged as follows. Section 2 contains some preliminary lemmas.
The main results are proved in Sections 3 and 4.

2. PRELIMINARY LEMMAS

In the present paper, we define a vector space Ex by

Eny={u:[-(n—1),N +n]z — R| Alu(—(n - 1)) = A'u(N — (n — 1)),
i=0,1,2,3,....2n — 1},

Ey can be equipped with inner product (-, ), and norm || - || g, as follows:

N 1/2
() gy = Y _ult)o(t), |lullg, = (Z u(t)|2> for all u,v € Ey.

t=1
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Remark 2.1. It is easy to see that, for any v € Ey, we have

u(=(n—1)) =u(N = (n—-1)),

w(—(n—1)+1) = u(N — (n—1) +1),
u(—(n—1)+2)=u(N—-(n—1)+2),
2.1
u(0) = u(), =y
u(l) = u(N + 1),
u(n) = u(N +n).
Clearly, (En,| - ||gy) is an N-dimensional reflexive Banach space, since
it is isomorphic to the finite dimensional space RY. When we say that the vector
u = (u(1),...,u(N)) € RV, we understand that u can be extended to a vector in Ey

so that (2.1) holds, that is, u can be extended to the vector
(u(N=(n—-1)),u(N=(n—=1)+1),...,u(N),u(l),u(2),...,u(N),u(l),...,u(n)) € Ex

and when we write Exy = RY, we mean the elements in RY which have been extended
in the above sense.

Lemma 2.2 ([1]). Let u(t) be defined on Z. Then, for all k € N* we have

k
AFu(t)y => (-1 Clult +14), teZ.
=0

Lemma 2.3. Let n € N*. For all u,v € Ex we have

N N
> Aku(t — k)AFo(t — k) = (=1)F > ARu(t — k)o(t), k€ [0,n]z. (2.2)

t=1

Proof. For k =0, it is easy to check the conclusion is true. We suppose that (2.2) is
true for k € [0,n — 1]z and we prove that it is true for k + 1, i.e.,

N N
S OART (= (k+ D))AM ot — (k+1)) = (=) Y AP0t — (k4 1))v(t).

t=1
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By the summation by parts formula and the fact that v(N + 1) = v(1) and
ALy (N — k) = A%+ly(—k), it follows that

N
Z A2k+2u(t —(k+1)o(t) = A2k+lu(N —k)v(N +1)
— AP lu(—k)v(1)

Z A2k+1 AU( )

ZA2k+l A’U( )

So it follows from AZ*u(N — (k — 1)) = A?*u(—(k — 1)), Av(N + 1) = Av(1) and by
the summation by parts formula, we get

N
> ATt — k)Av(t) = AFu(N + 1 — k)Av(N +1)
t=1

— A%Ry(1 — k)Av(1)

N
- Z A%yt — (k- 1)) A20(t)

Z AQk AQ ( )

k+1ZAk Ak[A2 ( —k—l)}
1)k+1 ZM E) AR 2yt — k- 1).
Thus, we obtain
N
ZAQ’““ (k+1)et) = (FD)" 3 Arult =KAot~k = 1).

t=1
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Similarly, using the summation by parts formula, A¥*1v(N — k) = A**ly(—k) and
AFu(N — (k—1)) = Afu(—(k — 1)), and we have
N
> AFu(t — kAot — k- 1) = AFu(N = (k = 1) A" (N — k)
t=1
— APu(—(k = 1)) A" u(—k)

ZAIC+1 Ak+1 (t k)
ZAkJrl Ak+1 ( k)
Finally, we obtain
N
ZA2k+2 ( (k‘—l— )) _ k+1 ZAk+1 Ak+1 (t k)
t=1
k+1 ZAk—H /{3 + 1))Ak+1 ( _ (k + 1))
which means that
ZAkJrl k + 1))Ak+1 ( (kJr 1 k+1 ZA2I<:+2 kJr 1)) ( )
The proof is complete. O

For u € Ey, let ® be the functional denoted by

N

N n
_ % SN ARt - k)P = ST F(tu(t)),

t=1 k=0 t=1

where F(t,z) = [ f(t,s)ds for (t,x) € [1,N]z x R. Then, it is easy to see that
(NS Cl(EN,R) and 1ts derivative ®'(u) at u € Ey is given by

AFu(t — B)A*u(t — k) — fit, u(t))v(t)] for any v € En.
By Lemma 2.3, ®' can be written as
(—1)*A%ku(t — k) — f(t,u(t))] v(t) for any v € Ey.

Thus, finding solutions of (1.1) is equivalent to finding critical point of the functional .
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Finally, we introduce the saddle point theorem, which will be used later in Section 4.

Definition 2.4. Let E be a real Banach space, and ® € C*(E,R) is a continuously
Fréchet differentiable functional defined on E. Recall that ® is said to satisfy the
Palais-Smale (PS) condition if every sequence (u,,) C F, such that (®(u,,)) is bounded
and @’ (u,,) — 0 as m — 0o, has a convergent subsequence. Here, the sequence ()
is called a (PS) sequence.

Let B, denote the open ball in E about 0 of raduis p and let 0B, denote its
boundary.

Theorem 2.5 ([14], the saddle point theorem). Let E =V @ W be a Banach space
with V # {0}, dimV < oo, ® € CY(E,R) and Q = B, NV with p > 0. If

(1) a = max® < b = infd,
oQ w

(2) @ satisfies the (PS). condition, where ¢ = iggsup(b (v (w)), and
Yelue@

[={yeC@QE)[7y(u) =u on 9Q},

then c is a critical value of ® such that ¢ > b.

3. SPECTRUM OF (1.2)

We consider the linear eigenvalue problem (1.2) corresponding to the problem (1.1).
Definition 3.1. )\ is called eigenvalue of (1.2) if there exists u € Ex \ {0} such that
N n
Z Z(—l)kAzku(t —k(t) = /\Zu(t)v(t) for every v € Ejy.
t=1 k=0 t=1

For proving Theorem 1.1, we start with three auxiliary results.

Lemma 3.2. Let n € N*. The eigenvalues of (1.2) are exactly the eigenvalues of the
matriz Y, _o Ak, where Ag, k € [0,n]z, is a symmetric matriz and its general form
fO?" N 2 2]6 —+ 1 s Ak = [aij]lgi’jSN, with

Q;; = Céka 1€ [1,N]Z,
Qiiqj = (—1)j0§1jj, j e[l klz,i€[1l,N —jlz,
aii+j:()a je[k+1aN_(k+1)}Zvi€[]—7N_j]Za

vy = (~)NTICENI, jE[N—k N —1]ziec[l,N—jlz,
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that is,
ck, - (—Dreyt o 0 e (-DRO3E s (- 10%?;
(- 1) Cyt C%, (-n'eyf 0 (—13Cy (-1)2Cyt
-0ty C (-Dregrt - 0 (13
o ) . ) . .
Ay = .
: 0 : :
(-1)*Ck, : 0 (-D)IoE? (—1)2Ckr?
E k+1 (_1)30%];:2 ; k+3 Ck k+1 (_1)11?5]:1
(=D'Cyt (-1 (-0 (=1)'Cyy i

Proof. Let n € N*, k € [0,n]z and u,v € En. It is clear to see that the application

VEAZEY(E — k)u(t),

l
Mz

is bilinear and symmetric.
From the Riesz theorem, there exists a unique symmetric matrix A such that

Li(u,v) = (Agu,v)g, forall u,v € En.

Thus the eigenvalues of (1.2) are exactly the eigenvalues of the matrix Y ;_, Ax.
Now we will determine the matrix Ay. Using Lemma 2.2, we have

I
WE

(Agu, u) gy (—1)*A%*u(t — k)u(t)
=D (DR D (=)t — k+ i) | u(t)
t=1 =0

(=) u(t — k)u(t) + (=D Chou(t — (k — 1)u(t) + ...

I
] =

H_
Il

(=1)'Cy ult = Dult) + C3a?(t) + (=1) Cof hu(t + ut)

+
oo+ (DRCZRu(t + k)u(t)

Mz

Cé“kqu(t) +2 % (—l)lC’fljlu(t)u(t +1)+
t

+

S

x (=) Cu(tyu(t + k).
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So, we deduce that

oyt 0 (CDRGE o (cuick?
-D'oyt oy (Dot e 0 (el (ke
: (—1)'Cyt C3, (~1)'Cyt - 0 (—1)°Cy;?
0 . _ . . .
A = .
: 0 : :
(—-1)kCk, : 0 : (~1)ICkH (—1)205F?
71)305;3 Ck (71)105;1
(—D'Cyt (F1)2057 (~1Pogr (-1 )10Hl C3,
The proof of Lemma 3.2 is complete. O
Remark 3.3. If v is replaced by « in (2.2), we get
N N
o iakut — k)P = (~1)FAu(t — k)u(t) = (Agu,u), k€ 0,n]z.  (3.1)
t=1 t=1

Thus Ay = I is positive definite and Ay, k € [1,n]z, are positive semidefinite.

Put

n

a; = (-1)! ch;-l’ L €[0,n]z,
j=l
a; =0, l€n+1,N—(n+1)z

a=(-DN ST oY e [N-n N -1
J=N-1

We can write the matrix ZZ:O Ay for N > 2n + 1 in the following form:

ag ay az - Gp-1 Qn An+1  Any2 " AN—(n+1) AN-n OAN—(n-1) ce aN-2 aN-1
aN—1 aq ap - Ap-2 Qp-1 Qp ap41 : : aN—n c aN-3 aN-2
aN-2 aN-1 Qg ' (p-3 Gp-2 Gp-1 dn c : : : c AN-4 GN-3
n
E Ay =
k=0
as as as : : : : : : : : agp ay as
as as  ag : : : : : : : : an—1 ag ap
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Let J be the following matrix:

0 1 0 0
0

J = 0
0 |
1 0 0 0

By some calculations, it is easy to check that

Y Ap=aoly +arJ +axJ? + ... +ay_1 IV = R(J), (3.2)
k=0

where R(z) = Zﬁal azt.

Lemma 3.4. The matriz J satisfies the following proprieties:

(1) the eigenvalues of J are wy, = N ke [0, N — 1]z,

(2) J is diagonalizable on C,

(3) E(wr) = span(Xy), k € [0,N — 1]z, where E(wy) is the wy-eigenspace and

Xk = (1,&)]6,0.),%, ce ,w]E,N_l))T,

Proof. (1) Let P;(x) the characteristic polynomial of J:

1 0 - 0
Py(xz) =det(J —xIn)=|: .. .. .
o ... .- 1
1 o -+ 0 -z

Developing with respect to the first column, we get

—r 1 0o --- 0 1 0 -+ - 0
0 e .

Prx)y=—z|: . . . o+
0 -+ v 0 —x 0 -~ 0 —z 1

= ()" + (DM = ()N (" - 1).
However, the set of eigenvalues of J is the following:

Uy = {wk =¥ ke 0,N - 1]2}.
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(2) Since the eigenvalues of J are simple, then J is diagonalizable on C.

(3) Let X = (21, 29,...,2n5)T € CN. Since JX = (v2,23,24,...,2n,21)T, we get
T2 = WiT1,
T3 = WiT2,

X € E(wg) = Ker(J —wiln) <=

IN = WEIN-1,
Ty = WgIN

< X espan(Xy), ke€[0,N —1]z.
Therefore, Lemma 3.4 is proved. O

Remark 3.5.
(1) B=(Xo,X1,...,XnN_1) is a basis formed by the eigenvectors of J.
(2) The matrix J can be written as

J=PDP™ (3.3)
with
1 0 0
O w1
D = Wo
: 0
0 -+ -+ 0 wy_y
and
1 1 1 e 1
1w W -t WN-1
p—|1 wi wi o Wi
1 w{\l—l w§71 W§VN,711)
where P is the invertible matrix from B to By, B1 = (e1,e2,...,en) and e, j € [1, N]z,

is a column vector, where all terms are equal to 0 except the j-th term which is equal
to 1.

Lemma 3.6. The matriz ., _, Ay is diagonalizable and
sp( D Ak) = {R() : A € Sp(D)},
k=0

where Sp(3>_,_o Ar) and Sp(J) are the spectrum of the matrices y ;_, Ax and J,
respectively.



500 Abdelrachid El Amrouss and Omar Hammouti

Proof. 1t is clear that the matrix Y j_, Ay is diagonalizable. From (3.3) we easily
deduce that
J¥ = PD*P~! forany k € [0,N — 1]z. (3.4)

Combining (3.2) and (3.4), we obtain

Zn:Ak = R(J) = PR(D)P*, (3.5)
k=0
where
R(1) 0 oo .. 0
0  R(w) :
R(D)=| ' R(wy)
0
0 0 R(wal)

Thus, one has

The proof is complete. O

Proof of Theorem 1.1. This proof is divided into two steps.

Step 1. Let X;, j € [0,N — 1]z, be the eigenvalue of Y )_; Ax. From Lemma 3.6
we have

Aj = R(wj)’
where w; = ei*% and R(z) = Zﬁgl a;z!. Therefore,

N-1

)\j:Zalw§:Zalw —ao—i-Zalw + Z alw
1=0 1=0 I=N—n
Since wjvfl = uTé and ay—; = q; for any [ € [1, N — 1]z, we get

=+ Yo +3 0]
27lj
_ao—i—Zal [o.z —i—w} —ao—i—QZalcos( N])

=1

(3.6)

Using again (3.6), we deduce that for any j € [1, N — 1]z

B n (2l ) 2mlj .
AN_j—a:O+2§alCOb(N (N—J)> —ao+22a1006 (27Tl N ) Aj
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Step 2. It is easy to see that F(X\g) = span(¢p). Let Y = (y1,92,...,yn)T € E(\;),
j € [I,N —1]z . Denote Z = P7'Y = (z1,29,...,2x)T. From (3.5), obviously
for any j € [1, N — 1]z,

R(D)Z = )\, Z.

Since R(D)Z = (Moz1, A\122,...,An_12n)T, we have
Aozl = Ajz1,
A122 = Aj29,

AN_jEZN—j+1 = AjZN_j+1,

)\N_lzN:/\ij.
This implies that
Z = Zj41€j41 + ZN—j+1EN—j+1,
N—-1 N-1
Y =PZ= zj+1(1,wj,wj2., e ,w§ ))T + ZN_J-_,_l(l,wN_j,w]ZV_j, e ,wgv_j ))T.

Since z; € C for any j € [1, N]z, we can write z; as z; = 2 +iz]. Then we get

! - 1 / - 1

(241 +iz]q) ¥ 1 , ZN—jt1 ‘HZNﬂ'HQ s

’ -1 3252 / - 1 2 I)

(2j41 +i2)4) X N (Zn_jp1 Tizn_jp1) X €T N .

Y = j+1 j+1 + (ZN_ji1 Hizh_jp1) X €
. L2(N—1)mj ' L2(N—1)m(N—j)
! " R N / - I P
(zj+1+zzj+1) X e'T N (zN_j+1+zzN_j+1) X e N

AsY € Ey, we deduce that

Y = (241 + 2n_ji1)@5 + (ZN_jp1 — 251005

with
cos(%j.) Sln(%)
¢ = COS(%) and ;= sm(%)
J\.77 ] . ]\.77 ]
cos( X Nl) 1) sin (2N -1ms Nl) 1)
Consequently, E(X;) = span(¢;,v;), j € [1, N — 1]z. The proof of Theorem 1.1 is
complete. O

Remark 3.7. We denote r = Ngl when N is odd, or r = % when N is even. Since
A\j = An_; for every j € [1, N —1]z, the matrix Y, _, Ay, has r+1 different eigenvalues.

Therefore, these numbers can be written in the following way:

0< A <A1 < Ag...< A
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y (3.1), ® can be rewritten as

1 n N
_ §< ZAku,u>E = F(t,u(t)).
k=0

Noog=1

4. PROOF OF THEOREM 1.2

To apply Theorem 2.5 we shall do separate studies of the “geometry” of &
and its “compactness”. We decompose Eny = VE W, where V = @i:o E(X;) and

W = @7, l+1 ( )

Lemma 4.1. Under assumption (1.5), the functional ® has the following properties:

(1) ®(u) — —o0 as ||v||gy — 00, vEV,
(2) ®(u) — 0 as ||w||gy — 00, w e W.

Proof. (1) Assume by contradiction that there exist a constant A and a sequence
(Um) C V with ||y ||gy — oo such that

A < P(vy,). (4.1)
According to (1.5), there exists r > 0 such that
1., 1 1, 1 )
5)\;95 <oz < F(t,z) < 565(} < 5/\l+1:1c , (t)z]) € [1,N]z x Jr,o0[.  (4.2)
Therefore,

1
5)\[1‘2 — F(t,x) <0, (t|z]) € [1,N]z x |Jr,o0].

Then, for any (¢,z) € [1, N]z x R, we have

1 1

5)\;332 — F(t,x) < \m&X 5/\1332 — F(t,x)| = ¥(t). (4.3)
Let z,, = W then ||z, | gy = 1. Since dimV' < oo, there exists some z € V' such
that

||xm - x”EN — 07 Hx”EN =1
m— 00

In particular, z # 0. We put Hy = {¢t € [1, Nz : z(t) # 0}. For ¢t € Hy, v, (t)] — o0,
and by (4.2) we get

;_n

Z )\l|vm F(t,vn(t)) < 5 (N —« Z |V (8) |2 — —00, (4.4)

tGHl teH:

as m — 0oQ.
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So that using (4.3), (4.4) and the fact that (v,,) C V, we obtain

n N
q)(vm) = ;<kZ_OAkvmavm>EN - ;F(tﬂ}m(t))

N
1
SAllvmllEy = ZF(t’vm(t))

<
Y1
< Z 5Azlvm(t)|2 = F(t,vm(t))
= Z )‘l|Um E(t,om(t))
t€H1
1
+ D Mm@ = F(tom(1)
te[1,N]z\H1
1
<Y M OF ~Flton®) + D () — —cc.
teHy te[1,N]z\H1

This is contradiction with (4.1).
(2) Suppose on the contrary that ® is not coercive in W. Thus, there is some
constant B and some sequence (wy,) C W, with ||wy,||gy — oo, such that

®(w,) < B. (4.5)

Since  — 1\ 1122 — F(t,z) is continuous and by (4.2), we have

1

§Al+1x2 —F(t,z) > &, (t,z)€[l,N]z xR, (4.6)
where

1
= a i 7A 2 — F t, ,O .

o= ey L [0t - e o]
Let y,, = W then ||ym||gy = 1. Since dimW < oo, there exists some y € W
such that

[ym =ylley =2 0, llylley =1

In particular, y # 0. We put Hy = {t € [1, N]z/y(t) # 0}. For t € Ha, |w,(t)] — o0

— 00

and again by (4.2), we obtain

S Shalwm O = Flt,wn() > 5 v~ ) Y (1) (4.7)

t€H2 teEH2

as m — 0Q.
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Using again (4.6), (4.7) and (w,,) C W, we have

n N
O (w,y,) = %<2Akwm,wm> ZF (t, W (t
k=0 t=1

1
> §Az+1|\wm|\2EN - ZFUWm(t))
> Z A1 wm (8)[F = F(t, wm (1))
= Z /\l+1|wm )P = F(t, win(t))
tEHz
1
—+ Z 5)\[+1"U]m(t)‘2 - F(t,wm(t))
te[l N]z\H>
> Y Palen®f - Fun®)+ > & = o
tEHQ tG[l,N]’z\HQ
This contradicts to (4.5). The proof of Lemma 4.1 is complete. [

Now, we show that ® satisfies the (PS) condition.
Lemma 4.2. Under the assumption (1.5), ® satisfies the (PS) condition on Ex.

Proof. Let (u;,) C En be a (PS) sequence, i.e.,
|D(up)| <M and @ (u,) — 0, as m — oo,

where M is a constant. It clearly suffices to show that (u,,) remains bounded in (Fy).
We argue by contradiction. Defining 2y, = “4—, we have lzm||Exy = 1. There

m N
is a convergent subsequence of (z,), call it (z,,) again, such that z,, — z € En

as m — o0, ||z||gy = 1. For every y € Ey, we have

' (um),
(@ (), Yo )y>EN—>O, as m — 0o,

|wmll Ex
which means that
n N
(t, um(
<ZAkZm, > Zf “ y(t) — 0, asm — oc. (4.8)
= |um|\EN

Set Hy = {t € [1, N]z : 2(t) # 0}. From (1.5) it is clear that

[t um(t))
U, ()

AN <a< <B<Ng1, t€Hs,
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which implies that there exists a subsequence of (u,,), still called (u.,), and v; € [«, 5]
such that

b (@)

D) = forte Hs.

If t € [1,N], \ Hs, then flun®) 5 0 a3 m — co. Thus we can rewrite (4.8) as

HumHEN

<2Akzm,y>EN - Z Wzm(t)y(t) — 0, asm — oo. (4.9)
k=0 teHs m

On the other hand, it easy to see that

k=0 teHs m k=0 N

teHs
(4.10)
as m — oco. Combining (4.9) and (4.10), we get
<ZAkZ,y>EN = > mz(t)y(t) forye Ey.
k=0 teHs
We put
,3/\ Vs te H37
t =9 a
aff te[l,N],\ Hs.
Since z(t) = 0 for any ¢ € [1, N|, \ Hs, we have
<ZAkz,y> = Zﬁz(t)y(t) for every y € En. (4.11)
k=0 A

Let z =27 4 2", where 2~ € V = 692:0 E(\) and 2t e W = @, l+1 E(\;). Since
2z # 0, then 2% # 0 or 2~ # 0. Assume that 2zt # 0. Setting y = 27 — 2~ in (4.11),
we obtain

N

n n N
<kZ_OAkZ+’Z+>EN ) Jzt(t)? = <kZ_OAkz_,z_>EN — EVtZ_(t)2- (4.12)

t=1

In other words, we have

n N
<2Akz+,z+> Z > (A1 = B)l|l2H]|%, >0
k=0 t=1
and

(X4 Zw < (v —a)ll= I, <0.
k=0

But this gives us once more a contradiction from (4.12). The case where z~ # 0 can
be proved similarly. This completes the proof. O
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Proof of Theorem 1.2. In view of Lemma 4.1 and Lemma 4.2 we may apply the saddle
point theorem. We set

N—-1 l
W=@ E(\) and Q= {v eV=@BEN)uley < R}
=0

i=l+1

with R > 0 being such that

a=max® < b =infd.
2Q W

It follows that the functional ® has a critical value ¢ > b and hence the problem (1.1)
has at least one solution. The proof of Theorem 1.2 is complete. O
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