Opuscula Math. 41, no. 4 (2021), 509-537
https: //doi.org/10.7494/OpMath.2021.41.4.509 OPUSCULA MATHEMATICA

ASYMPTOTIC EXPANSIONS
FOR THE FIRST HITTING TIMES
OF BESSEL PROCESSES

Yuji Hamana, Ryo Kaikura, and Kosuke Shinozaki
Communicated by Palle E.T. Jorgensen
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1. INTRODUCTION

A stock price processes in the Black—Scholes model, which is one of basic models
in mathematical finance, is based on a geometric Brownian motion, which can be
represented by a time change of a Bessel process. Moreover the Bessel process is useful
for the study of the CIR model, which describes the evolution of instant interest rates.

Random time (e.g, default time and optimal stopping time) is one of the most
principal objects in mathematical finance. The first hitting time in particular of
an asset price process works essentially in the theory of American and exotic derivative
securities when the model of a stock price is described by a geometric Brownian motion
or a Bessel process. The probability that the first hitting time of the Bessel process is
larger than a given time is significant for evaluating the possibility that a financial
instrument (e.g., the stock price and the dangerous asset price) firstly reaches a given
value after the given time. For applications of Bessel processes and first hitting times
to mathematical finance, see [4,18] for example.

We write T(E”b) for the first hitting time to b of the Bessel process with index v

starting from a. When 0 < a < b, the probability density function of T(E?b) is given
explicitly (see [2,15]). In the case that 0 < b < a, it is in [1,6]. We can trivially deduce
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the formula for P(t < Tét/b) < o0), which is denoted by Tijjb) (t) and is called the tail
probability of )

ab> from the form of the density function if 0 £ a < b. In the case that
0 < b < a, although Té’? (t) is not easily calculated by integrating the density function
of Té”b) , we can obtain a formula for the distribution function of Téf’b) by inverting its
Laplace transform (cf. [7]). When 0 = b < a, we can find that the distribution function
of Téflo) admits an asymptotic expansion in powers of 1/t for large ¢.

We concentrate on the case that 0 < b < a. In the case that v = 0, we can give the
asymptotic expansion of Téf;)) (t) by the same method which has been applied in [6].
Since Téj)y)(t) can be represented by Té:’b) (t) for v > 0, it is sufficient to consider the
case that v > 0. By a formula for the distribution function of Téf’b) , we have asymptotic

behavior of T :2 (t) for large t in [7]. Moreover an improvement of order of the error
term is given in [8].

An interesting subject of the tail probability is to derive its term of higher order or
an asymptotic expansion. The second term of Té? (t) is discussed in [11] and decided
explicitly in [3,10]. Our purpose of this paper is to give an explicit form of the third
term of the tail probability of Té”b) in the case when 0 < b < @ and v > 0. We can
determine the order of its third term and its coefficient explicitly. Although an explicit
form of Té? (t) is given in [7], it is not useful for giving the higher term. The formula
given in [3] is appropriate for calculations.

This article is organized as follows. Section 2 is devoted to giving several known

results on T CEZ)) (t). Section 3 gives an explicit form of Té"b) (t) in terms of Bessel functions

and asymptotic behavior of T(E'jb)(t) which is our new result. In Section 4 we discuss
asymptotic behavior of a functional of Bessel functions which plays an important role
to prove our result provided in Section 3. Section 5 deals with showing that each

coefficient is not zero and Section 6 is devoted to the case of the special value of v.

2. PRELIMINARIES

For v € R a Bessel process with index v is the one-dimensional diffusion process with
infinitesimal generator

1 d? L 2v+1d

2 da? 2¢ dx’

When 2v + 2 is a positive integer, the law of the Bessel process coincides with that of
radial part of a 2v 4 2 dimensional Brownian motion. This is the reason why 2v + 2
is called the dimension of the Bessel process. We need to remark the classification
of boundary points. The endpoint oo is natural for any » € R. The origin 0 is an
entrance and not exit boundary for v 2 0 and is a regular boundary, which we make
instantaneously reflecting, for —1 < v < 0. Moreover 0 is an exit but not entrance
boundary for v £ —1. For more details, see [13,14,17].
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For a,b 2 0 we use the notation T(Ub) for the first hitting time to b of the Bessel

process with index v starting at a. When 0 < a < b, the density function of 7'( b) is

given explicitly in [2,15]. Hence we discuss the case that 0 < b < a in this paper. ThlS
case is interesting since we need to consider the natural boundary oco. It is known that
the Laplace transform of 7'( b) is represented in the form of a ratio of modified Bessel

functions (cf. [14]). We obtain that, for A > 0

v+l K (aV/2A
(a ) if0=b<aandvr<0

7e Xp(rl) < t)dt = D) Mav2a)» Y
0

(b)KM if0<b<aandveR,
MK, (bV2))

where I' and K, are the gamma function and the modified Bessel function of the
second kind of order v, respectively (cf. [7]). This formula yields the well-known fact
that

a

b 2v
() if0<b<aandv >0,

P(r, (V) <o) =14 \a (2:2)

1 otherwise.

Indeed, we can obviously have (2.2) by the Tauberian theorem with the help of
the formula K, = K_, for v > 0 and

(bgi>{1+oﬂﬂ- it v =0,

')

B T R

as x } 0 (cf. [16, p. 111]). In addition, an explicit form of P(Téfb) < t) is given in [7].

In this paper we consider asymptotic behavior of the tail probability of Tétjb) and let

T () = P(t < 7.7 < 00).

In the case that 0 = b < a and v < 0 we can invert the right hand side of (2.1) and
obtain that

oo

(12
v .2 1

Té”)(t) = 7/8'/_16_75(18 = /xl”l_le_ldw
0 I(lv|)a*v J I'(|v|) )

in virtue of (2.2) (cf. [7]). Hence, for ¢ > 0, we easily obtain that

a2|1/| e (_a2)n 1

TW (1) = —.
00 )= R 22 Qo]+ mynl 27
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In the case when 0 < b < a and v = 0, we can conclude that Té?b) (t) admits the
asymptotic expansion in powers of 1/logt by the same calculation applied in [6]. In
addition, it follows from (2.1) and (2.2) that

() AN
190 =(2) 1570
for 0 < b < aand v <0 (cf. [11,17]). Therefore it is sufficient to consider only the
case that 0 < b <a and v > 0.

The remainder of this section is devoted to giving a known result on asymptotic
behavior of T(E,”b) (t). It is convenient to use the notation p(t) = t/2b% and ¢ = a/b.
We define five constants in order to give the coefficients of the first and the second
terms of TCE? (t). For > 0 and r > 1, let

_ r{ay-1,r Qp+1,r 1_7n_2ﬂ
— M I — _( Zpr TR LT —
r == =5 (S ) = g
1 I'(1 — p)cos(mp)
n#: _ I g#: 2u—1 .
2(1 - p) 22010 (p+1)

It has been shown that Téf’b)(t) is asymptotically equal to kI (v)p(t)~" (cf. [7,8]).
In addition, the second term of Téf;)) (t) is provided in [3,10,11]. Let /@92 =k, I'(v) and

K& I (2v) if0<v<landv#1/2
(c—1)3 .
— ifv=1/2,
12y/7c
K:uzg = 1-— 072
’ — ifv=1,
S8
/Qu,c<771/+ U76>F(1/+1) if v>1.
Ay ¢

ygp(t)_Q” if0<v<landv#1/2,
T () ~ 50p(8) ™ + k() ifr=1/20rv>1,
Ko P logp(t)  ifv=1,

where f(t) ~ g(t) means that f(t) = g(¢t)(1 + o[1]) as t — co.

3. ASYMPTOTIC EXPANSION FOR T.") (¢)

In this section we consider only the case when v > 0 and 0 < b < a. Our purpose of
this paper is to give the third term of Tifjb)(t) for latge t.
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We define three more constants. For > 0 and r > 1, let

2
Com = r <O‘u—2ﬂ’ Qg2 Qg — Q2 T Ap42,r — 0‘##’)
H,r I

TR\ p-2  u+2 w—1 w1
I'(l—p) 2u—3
¢H: 2 I Uu: _ _ 2
220 (p+ 1) 16(p —2)(p — 1)

and then we have that §,, = 2¢,, cos(m ). The third term of Téf’b) (t) is more complicated
than lower terms.

Theorem 3.1. We have the following asymptotic behavior for Téj’b)(t) ast — 0.
(1) Ifo<v<1/3,

7)) = p(t) ™ + kDp() ™

(3.1)
+ fiu,c(gg - ¢,2,)F(31/)p(t)—3u + O[t_4y},
(2) Ifv=1/3,
T (1) = k0, o077 + 5, plt)
Buse\ p(4Y - B (3.2)
+Kuw(m“‘f%3+ U3>[<3>mw 3 1 o[t
1/3,¢c

(3) If1/3<v<1/2,
T () = wo(t) " + w2o(t)
+ /431/70(53 - sz) ( y)p(t)*&/ + O[tiuil}_
(4) Ifv=1/2,

(1/2 1 2) _ (c—1)° B B
Lol (0) = K1) O 4 555 p(0) /2 Je=2op (0% 4+ O]

(B) If1/2<v <1,

T () = kMp(t) ™ + k()2

/BVC —v—1 —3v (3'3)
+ Rue(m + == |T(v+1p(t)"" " +Oft™"].
(6) Ifv=1,
T () = w{lp(0) ™ + £ p(t) 2 log p(t)
1—c2/1 4clogc — g cC L,
Sy log2 4 —LOBCT B2,C 3.4
e (g ECE ) 3a)
+ O[t3logt],

where v is the Euler constant.
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(7) Ifl<v<2andv#3/2,
T () = 0p(t) ™ + kEp(t) ™" + kol D (20)p(1) 2 + Ot ™72 (3.5)

(8) Ifv=2,

!
1E0) = o) + w207 + 2y togptt) + 017 36)

(9) Ifv>2o0rv=3/2,

T () = kM) ™ + kEp(t) ™

e+ Co e o (3.7)
(1 = 0+ B ) 202 4 OLR 1),
where
=2 if2<v<3,
R,(t) =<t Clogt if v=3,
t—v=3 ifv>3orv=23/2.

Before establishing Theorem 3.1, we start to treat an integral representation
of T(V)( t). A formula for Té?( t) can be deduced from (2.2) and the explicit form of

the distribution function of 7'( b) given in [7]. However the formula is not useful for

calculating higher terms of TCEI;J)( t) and hence we will use another formula for T( )( t)

described in [3]. For x> 0, r > 1 and & > 0 let

Ju(@)Y, () = J(re)Y,(x)

Lyy(z) = Ju(x)?2 Y, (2)? )

where J,, and Y, are Bessel functions of the first and the second kinds of order p,
respectively.

Lemma 3.2. We have that

™

1
v v LVC — — —
T4 (1) = © / R — ;ﬁ)e POy 4 Oft~ e ] (3.8)
0

ast — o0.

Proof. We will use C1,C5,Cs,Cy for suitable constants which are independent of
variables.
It has been obtained in [3] that

o0

T () = & / LuebV) o~ g, (3.9)

™
0
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We first give a proof of (3.9) because no paper shows it except for [3] written in
Japanese. The proof which we aim to give is based on the original proof.
Note that the Laplace transform of T(Vb)(t) can be represented by L, .. Indeed,

a

we can casily obtain by (2.1) and (2.2) that

oo

v VK, (av/2A

A OAK, (V2N

0

and thus the formula

oo

K,(a\/x) L | /Lu,c(b\/’y)d

x K, (by/x) x .

y(x +y)

for z > 0 (cf. [12]) gives that

— () 27" [ Luc(by/y)
T (t)dt = dy.
/e wp 1) ™ /y(2x\+y) Y
0
Hence it is sufficient to see that
/dtekt/”vc(\/a)e?du_g/”vc(\/@dy. (3.10)
w y(2A+y)

0 0 0

In order to obtain (3.10), we need to change the order of the double integral in the
left hand side of (3.10). In other words, we should show that the Fubini theorem can
be applied to (3.10).

It is well-known that

l.l/

Ju(z) = m(l +o[1]), (3.11)
Y, (x) = —%(1 + o[1]) (3.12)

as  } 0 (cf. [16, pp. 134-135]) and a simple calculation shows that

Jo (@)Y, (ex) = Jy(ex)Y, (@) = 225 (1 + o[1]),
i
QQUF(V)Q
2 2 _
Ju(2)* + Y, (2)° = W(l + o[1])
as z | 0. Hence we have that
T ¢

Lyc(7) = B (0 T 1)352”(1 + o[1]). (3.13)
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This immediately yields that

sup |Ly(x)| £ Crz™. (3.14)
0<z<1
Since
2 1 1 .
Jo(x) = 7mcos(:c i 47r> (1+0[z71)),

Y, (z) = \/Zsin (m - %m —~ jlw> (140"

as ¢ — oo (cf. [16, pp. 134-135]), it can be easily obtained that
i —1
Luo() = V4 o)
as x — oo, which gives that
sup [Ly,c(z)] = Cs. (3.15)

21

It follows from (3.14) and (3.15) that

/lLyc | _—du_Q/‘LVC | —p(t):c dr
1 00
Cl/le/_ d$+02/;€_p(t)m d
0

1

1 00
C’l/zQV*ldz—&—C’g/e*p(t)zzdx
0

0
< C5(1+t713).

[IA

A

Since (1 4+ t~1/2)e=* is an integrable function of ¢ on (0,00) for each A > 0, we can
apply the Fubini theorem to the left hand side of (3.10). Hence we finish the proof
of (3.10) and can conclude that (3.9) holds.

We are ready to see (3.8). A change of variables from u to 2 given by x = b%u gives
that the right hand side of (3.9) is equal to

CV/LV,C(\/E)ep(t)xdm'
0

™ €T

Applying (3.15) again, we have that

‘/ el _p(t)xdx < 04/16_0(096(13? < 04/6_"(”“'6[:3,
x
1 1

which is of order t~te~”®) and hence the proof of (3.8) is completed. O
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Lemma 3.2 implies that large time asymptotics of Tifg(t) can be determined by
asymptotic behavior of L, .(x) as x | 0. In order to show Theorem 3.1, we need to
improve (3.13) in the following way.

Proposition 3.3. We have the following asymptotic behavior for L, .(z) as x | 0.
(1) Ifo<v<1/2 andv #1/3,

Lyo(x) = wc" ko cx® {1 4+ &2 + (& — ¢7)2™ + 0[Qu (2)]}, (3.16)
where
2 if0<v<1/3,
Q=" /
x if1/3<v<1/2.
(2) If v =1/3,
Liss () = 7rCl/?"‘il/:’,,c$2/?’{1 + 51/?@2/3
5 (3.17)
+ —& .+ 1/3’C)x2+09:8/3 }
<771/3 61/3 130 [ ]
(3) Irv=1/2,
(c—1)? (c—1)*
Lyjgc(z) = a1/276${1 - 2+ 50 z* + 0[5 7. (3.18)
4) If1/2<v<1,
L, .(z)= WC”KV)C.TQV{l +&,2% + (nl, + fﬁ)xQ + O[J;4”]}. (3.19)
(5) Ifv=1,
1 2 2
Li.(z) = 7Lt 1+ z%logx
ol (3.20)
cloge — ag cc
+ (70 T R >m2 + O[chl(loggc)Q]}7
8a1,c
where vo =y —log2 — 1/2.
(6) Ifl<v<2andv#3/2,
L,.(z)= TCVHV7C$2V{1 + (T]y + gy’c)xQ +&,2% + Olz?] } (3.21)

() v =2,

1 c 1
Ly o(x) = 327roz2,cx4{1 + <172 + 52’)13 + §x4 logz + O[I4]}. (3.22)
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(8) Ifv>2o0rv=3/2,

v,c

L, (x)= WCVHV,CCﬂQV{l + (771, + BM)&CQ

(3.23)
(= o Dot s oty 01, 0
where
d if2<v<3,
Q.(z) =< 25logx ifv=23,
26

ifv>3orv=3/2.

The proof of Proposition 3.3 is deferred to the next section and we try to complete
the proof of Theorem 3.1. For p > 0, t > 0 and an integer m = 1 let

e "M~ (log )™ da.

1 1
F,(t) = / e PWegp=ldy  GM(t) = /
0 0

Lemma 3.2 and Proposition 3.3 imply that we need to give asymptotic behavior
of Fy,(t) and G}'(t) as t — oc in order to show Theorem 3.1.

Lemma 3.4. We have that

Fy(t) = T(p)p(t)™" + Ot e, (3.24)
GL(t) = I'(p)p(t) *{1(p) —log p(t)} + Oft 2e~71)], (3.25)
G2(t) = Ot *(logt)?] (3.26)

as t — oo, where v is the logarithmic derivative of the gamma function.
Proof. Recall that p(t) = t/2b%. Let

o0

fp(t) = /e_p(t)mxp_ldx

1
and then we have that

o

Fy(t) = / P02 Ly — £ (1) = T(p)p(t) ™ — f,(t).

0

It is sufficient to see that, for ¢ > 4b%p

0= fp(t) < 2p(t) TP, (3.27)
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However its proof is easy. Indeed, applying the integration of by parts, we have that,
for t > 4b%p

0= fplt) =

»—l\g

PO Py = p(t) e 4 pp() ! / o—r(Da =1,
1

A

p(t)ileip(t) + %fp(t),

which gives (3.27).
We next try to prove (3.25). Let

gp(t) = /e_p(t)””xp_llogxdm
1

and then we have that

G,(t) = /e_p(t)lxp_l log x dx — g, (t).
0

It is known that the integral in the right hand side coincides with

I'(p)p(t) " {¢(p) —logp(t)}

(cf. [5, p. 573]). The way of the estimate of g,(t) is similar to f,(¢). The integration by
parts gives that g,(¢) is dominated by

/e*P(t)’”:cp logzdz = pp(t) " gp(t) + p(t) 7' f,(2).
1

Hence it follows from (3.27) that 0 < g,,(t) < 2p(t) "1 f,(t) < 4p(t)"2e=P®) for t > 4b%p
and we can conclude (3.25).
The estimate of G2(t) can be obtained easily. We actually can deduce (3.26) from

0= Gi(t) < [ e P®rprl(log )% da

T'(p)p(t)~? [{w(m —logp(t)}* + ) mlp)2:|
n=0

(cf. [5, p. 576]). O

We are now ready to prove Theorem 3.1. Lemma 3.2 yields that it is sufficient to
give asymptotic behavior of

1
/ %\/E)e—p(t)xdw. (328)
0
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We will consider only the following three cases:
(1) 0<v<1/3 (2) v=1 3) v=2

since the way of calculation in other cases is the same as the case (1).
For 0 < v < 1/3 we obtain by (3.16) and (3.24) that (3.28) is w¢”k, multiple of

Fy(t) + & Fo (t) + () — ¢3) Fsu (t) + O [Fu, (1))
=T (W)p(t)™" + &I (2v)p(t) "> + (& — ¢2) T (Bv)p(t) > + Ot ]

Hence (3.1) can be easily derived by (3.8).
We next consider the case that v = 1. In virtue of (3.20), (3.24) and (3.25), we
obtain that (3.28) for v =1 is may /4 multiple of

4clogec — ag .

R0+ 5630 + 0+ )rato) + 0l )

8041’C

4dcloge — ap cC _
C)p(t) 2

1 1
— o(t)"L = Zp(t)"21 “~ —1og?2
p(t) 2p() og p(t) + 57 ~log2+ Sars

+ 0t (logt)?],

where we have applied that 1(2) = —y + 1. This yields (3.3).
Moreover it follows from (3.22) that (3.28) for v = 2 is mas /32 multiple of

Fa(t)+ (1 + 22 ) Fat) + 35610 + OLF(0)
= (072 2+ 222 ) o(0)72 = S0 o () + 01~

Hence we obtain (3.6) and finish the proof of Theorem 3.1.

4. ASYMPTOTIC BEHAVIOR OF L, .(x) FOR SMALL =z

Recall that ¢ = a/b > 1 and that L, (x) = LY .(x)/L, (), where

J(2)Y, (cx) — J,(cx)Y, (z),
J ()2 + Y, (x)2.

Ly ()
Ly(x)

Our goal of this section is to show Proposition 3.3, which gives asymptotic behavior
of L, .(z) as z ] 0.
The calculation for v = 1/2 is quite easy. Indeed, the well-known formulas

2 . 2
Jijo(x) = \/Esmx, Yi2(x) = —\/Ecosx
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(cf. [16, pp. 111-112]) give that

1
L)s. o) = —zsin(e= D)o, Lijple) = -,
which yields that Ly .(2) = sin(c — 1)z/y/c. This immediately gives (3.18).
In order to prove Proposition 3.3 for v # 1/2, we need to derive higher terms of
the right hand sides of (3.11) and (3.12). For € R the definition of J, yields that

Ju() = {1 LA E—e 6]} (4.1)
(z) = - x .

! 20 (p+1) 4p+1)  32(p+1)(p+2)

as z } 0 (cf. [16, p. 102]) and thus we need to improve (3.12). Note that

if 1 is not integer (cf. [16, p. 104]) and that

12;: n— —1 (2) -

> n+2k
+1Zkﬂ;ﬁr{Zlog;—w(k+l)—¢(1€+n+l)}
k=0

>1

(4.3)

3

for an integer n = 1 (cf. [16, p. 107]). Recall that we have put

Yo =7v—log2—1/2.

The following lemma is a straightforward consequence of (4.3) and thus we omit its
proof.

Lemma 4.1. It follows that

2 (L . 4
Yi(z) = . (1 29; log z 2701‘ +Olz logaz]), (4.4)
Va(e) = — 5 (14 30° - fgologa + Ol (45)
AL = T2 41‘ 163j ogx x )
and that
2"I'(n) 1, 1 \
Y, =— 1

for an integer n = 3.

We concentrate on considering the case that v is not an integer. In this case we
can derive asymptotic behavior of Y, (x) for small = by (4.1) and (4.2).
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Lemma 4.2. Assume that v is not an integer. We have the following asymptotic
behavior of Y, (z) as x | 0.

(1) Ifo<v<l,

2rr 1 1 1
Y, (z) = — Wx(,,y) {1 - ifﬂb - 5%952 + mfﬂzwz + O[$4]}- (4.6)

(2) Ifl<v<2andv+#3/2,

Y., (z) = —Q;I;E/V) (1 - %nyﬁ - %5,,1:2” + O[x4]). (4.7)
(3) If v >2 orv=23/2,
Yy (z) = *2:1_1;(;) {1 - %77%02 + mfﬂ4 + O[Q,,(x)}}. (4.8)

Proof. Note that (4.1) gives

2v x? xt

(@) = p(_yﬂ)xy{l Tii-y)  RE-n1- )

+ O[xG]}. (4.9)

It follows from (4.2) that Y3/9(x) = —J_3/2(x) and hence we can easily deduce (4.8)
for v = 3/2 in virtue of the formula

™

I'z)I'l —z) = 4.1
(P -2) = (1.10)

(cf. [16, p. 3]). Since

V<< Vv+2<v+2< v+4<rv+4<—v+6<v+6
if 0 < v < 1, we have by (4.1), (4.2) and (4.9) that

2v _, cos(mv) y
Yol@)=— ria-v) SiH(Tl'I/)x + 2I'(v+1) Sin(m/)‘73
L ov v cos(mv) 2
4(1 —v)I(1 — v) sin(mv) 2v+2(y+ 1) (v + 1) sin(7v)
+ O[z~).

The formula (4.10) yields that

v

Y., (z) =

i

2" I'(v) I'(l1 —v)cos(mv) ,
a {1 22 (v +1)

1 I'(1 —v)cos(mv) o,
_ mx2 220 1 2) 2 4+ O[x‘l]}v

which gives (4.6).
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Note that

—Vv<—v+2<v<-—v+4d<v+2 ifl<v<?2,
—v<—VvH+2<—v+4d<v<-v+6 if2<v<3,
V< —VvH+2<—vH+id<-—v+6b6<V if v > 3.

We can derive (4.7) and (4.8) in the same fashion as (4.6) and then omit their
calculations. n

We are now ready to show Proposition 3.3 and first consider the case that v =1, 2.
It follows from (4.1) and (4.4) that the numerator of L; .(z) is

1 1
;{1 - 5:102 logz — §<02 + 470)2% + O[2? logm]}

C—l

1 1
- {1 - 5021‘2 log(cx) — §<1 + 4yoc?)z? + O[z* log:c]}.
™

This immediately implies that

c 4 1 - c
L (z) = %{1 L dcloge—aree 5 | logx]},

s 80[1@

Applying (4.1) and (4.4) again, we obtain that

4 1 1 ?
Li(z) = 3 {1 - 5:132 logz — §'yox2 + O[z* log x]} + O[2?]
4

== {1- z?log x — vz + O[x4(logx)2]} ,

which yields that

1 1 2.2 2 2 4 2
—— = w1+ z°logx + Yoxr~ + Olz*(log x .

Therefore we can conclude that

4clogec — ag .

1
Ly (x) = 47ra17cx2{1 + 2% logx + <’yo + >x2 + Olz*(log x)2]},

80&1)0
which gives (3.20).
Similarly we obtain by (4.1) and (4.5) that L9 .(x) is

2

c 3—c? 1
Z 1+ 2 4
27r( t—5 T ogz + Olx ])

2 3¢t -1 1
- 02—71_ <1 012 z? — 1—6c4x4 logz + O[w4]>

1
= %(OLZC + 527C1'2 + O[;vﬂ)
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and that Li(x) is

16 1, 1, A
7T2%4(14—236 —5¢ logx + O[z"] |.

Hence we have that

1 1 1
Ly, () = 3277042,c334{1 + (fzc — 2) 24+ §$4 logx + 0[334}}

and then finish to show (3.22) since 7o = —1/2.
Before showing Proposition 3.3 in the other cases, we will give a formula for the
numerator of L, .(x).

Lemma 4.3. We have that
1

TV

L) (@) (e + Bu,ca® + O[z"]) (4.11)

in the case that 0 < v < 2 except for v =1,3/2 and that
1
Lg,c(x) = E(O‘u,c + ﬁv,cmz + Cu,c$4 + O[G.(v)]) (4.12)

in the case that v > 2 or v =3/2.
Proof. When 0 < v < 1, it follows from (4.1) and (4.6) that L) .(z) is

v 1 1 2 2 1
C{l - 551/«7:21/ - = (2771/ + ¢ )xz + 8c + ngQV-i-Q + O[.’LA]}

TV 4 v+1 v+1)
c 1 1 1 2 (c?+1)

_ 1_72ul/2v_7 221, 2 V21/+2 o) 4
7r1/{ o€ e 2(cn+1/+1>x+8(u+1)€x + Ol
1 1 cv crt?

- Ve - 2—D+2V _QVV_ 2 O 4
ﬂu{a’+4<c 77+1/+1 o 1/+1)x+ St

which can be represented by the right hand side of (4.11). In the case when 1 < v < 2
and v # 3/2, we can deduce (4.11) from (4.1) and (4.8) in the same way as the case
that 0 < v < 1 and thus omit its proof.

In the case that v > 2 or v = 3/2, it follows from (4.1) and (4.8) that LY () is

7Cr1;/[1_411<1iy+yi1)x2
02 C4
+ 312{ = 2)1(u )T 12)(1 Y R T }x4+O[Q”(I)}]
cV 02
N T [1411(1—1/+ V—lﬁ—l)x2

i 64 262 ! :E4 x
i 32{(v—2)(v—1) Torna-n " (u+1)(u+2)} + 0[Qu( )}].
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which is 1/7v multiple of

N N 1 07u+2 — Y B Cl/+2 —cv x2
ety 1—v v+1
1 c’ — C*V+4 2(0V+2 _ Cfu+2) CV+4 —cv 4
+ = + + =+ 0[Qu ().
32{(1/—2)(1/—1) v+1)v-1) (V+1)(V—|—2)} Qv (@)]

Since the coefficients of 22 and z* coincide with 3, . and (, ., respectively, we can
conclude that (4.12) holds. O

We consider the case that 0 < v < 2 but v # 3/2. For proofs of (3.16) and (3.17)
we need to calculate the denominator of L, .(z). When 0 < v < 1/2, we have by (4.1)
and (4.6) that

])2V

Li(z) = 55— (1 2

H) = smpe e+ O
22 I (v)? 2w | L4 2 2v+2
W<1—fu$ +quff —na” + O™ ),

which is equal to

2

W (V2T (v + 1)

22VF(V)2

772332y

|:1 o EVxQV 4 {j‘lfz 4 }:LAV o 771/1'2 + O[SU2V+2]:| )

The coefficient of %" coincides with

7T2

2 .2 _ 2
(bu cos (7”/) + 24VF(V)2F(V + 1)2 - d)l/?
where (4.10) has been applied. This yields that
I i 1
L@~ BTGP - 6o — G T n,a + O 7))
7.(.2$21/

= W{l + &% + (6 — ¢2)a™ +

— 26,0225 4 O[z* 2] + O[2®]}.

Note that £2 = ¢2 if and only if » = 1/3 in the case that 0 < v < 1/2. Hence, if
0 <v <1/2but v # 1/3, we have by (4.11) that

ﬂ.IQV

B 22vyI'(v)?
= 1" k™ {1 + & + (6] — ¢7)z™ + O[z™] + O[z*]},

Lyc(x) (e + O D{1+ & + (&) — ¢7)2™ + O™ ]}
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which gives (3.16). When v = 1/3, noting that &, = ¢,,, we deduce from (4.11) that

7T.732l/

Ly.(x)= BT ()?

(awe + Byea® + Oz")
X {1 + §V$2V + (771/ - 2511(?512/)336” + O[xgy}}

— WCVKV,C.’L‘ZU{l _~_£V$2u + ("71/ _ 2£V¢3 + ﬁl/,c)xéiy + O[x&/]}

Qp.c

This implies (3.17). The calculations for (3.19) and (3.21) is the case as that for (3.17)
and then we omit them.
It remains the case that v > 2 or v = 3/2, however the calculation is easy. In virtue
of (4.1) and (4.8) we can show that Ll(x) is
22DF(V)2
W(l —n2? + o2t + 0[Q, ().
which yields that
B 7T2£L'2V
Ly(z)  22I(v)

{1+ na” + () — o)z + 0[Qu(2)]}.

We combine it with (4.12) and hence can easily derive (3.23). The proof of Proposi-
tion 3.3 is finished.

Remark 4.4. Calculating LY () carefully, we can obtain that

4cl — ,
L9 (x) = 0‘170{14_ clogc az,ccx2+0[x4]}.

™ 8041,6

However this is of no effect on improvement of the error term of (3.20).

5. THE COEFFICIENTS OF T.%) ()

In Section 3 we have established Theorem 3.1. However we did not discuss whether
each coefficient in the formula for Téyb)(t) is zero or not. This section is devoted to

considering the coefficients of T(%) (t).

Proposition 5.1. We have that
doq (v — 21log2) + 4clog e — ag .c < 0. (5.1)

Especially the third term of (3.4) is negative.
Proof. For x > 0 let

p(z) = 4(z* — 1)(y — 2log2) + 42 logz — z* + 1.
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For a proof of (5.1) it is sufficient to see that p(c) < 0. Since logz < z — 1 for « > 0,
we have that

p'(z) = 4z{2(y — 2log2) + 1 + 2log x — 2%}
< 4a{2(y — 2log?2) — (z — 1)%}.
Note that
v —2log2=-0.80907---,

which yields that p'(z) < 0. Since p(1) = 0, it follows that p(z) < 0 for > 1 and
hence we conclude (5.1). O

We can deduce from the following proposition that the third term of (3.7) are
positive except for the case when 2 < v < 3.

Proposition 5.2. We have that

(1 = 00) + Buetly + Cue > 0
ifv23orv=3/2.
Proof. For simplicity let A, . = ¢*{ay, (02 — 0,) + Bu.enw + Cu.c}- Note that

2v—5
16(v —1)2(v — 2)

2
Ny, —0v =

and thus ) )
c’ -1 cV —1
c”a,,,c(n?, —0,)= -

S(v—12  16(v — 1)2(v —2)

uﬁ 1 CQV _ c2 02u+2 -1
C Pty = - ;
=80\ w1 |

holds. Since

we obtain that

CV{aV,C(ng - UV) + 6u,c7711}

B 02 —1 B C2IJ -1 N 62U+2 -1 (52)
S 8(w—1)2 16(v—12rv—-2) 8(v—-1)(v+1)

Moreover a simple calculation shows that
C2u o C4 C21/Jr4 -1 C2v+2 o C2

2o -2 -1 ReIDw+1)  160-DE+1)
In the case that v = 3/2, the right hand sides of (5.2) and (5.3) are

CVCI/,C =

(5.3)

and

8 280 20
respectively. Hence we obtain that Az/ . > 0.
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We next consider the case that v = 3. Reducing denominators of all fractions in
(5.2) and (5.3) to a common denominator, we can derive that the numerator of A4, .
coincides with

4v =2+ 1) +2)(2—1) =2+ 1)(r+2)(c* —1)
+4v - =2 +2)(* 2 -1+ (v - 1)+ 1)(v +2)(* — )
+ =12 —=2)(c™ 1) +2(v - 1) (v —2)(v+2)(c*T? - ?),
which is equal to
(v =121 —-2)*™ +6(v—2)(v—1)(v+2)c* "
+ W+ D +2)(v=3)c —(v—-1)v+1)(v+2)c! (5.4)
+2(v —2) (v +2)(v + 3)c® — 3(3° — 202 — 11v — 2).
If v = 3, it follows that the summation of the first four terms in (5.4) is larger than

(Tv® — 1202 — 250 4 18)c*. Note that it is positive and thus we have that (5.4) is larger
than 3(3v® — 2% — 11v — 2)(c¢® — 1) > 0. This yields that A, . > 0. O

The following proposition deals with the case that ¥ = 1/3 and shows that the
third terms of (3.17) and also (3.2) are negative.

Proposition 5.3. We have that both 1,3 — §{’/3 and (13, are negative. In particular,
the third term of the right hand side of (3.2) is negative.

Proof. The definitions of 7, and &, give that

1 I(2/3)3
My/3 — f%/?) = 4{3 - FE4;3§3 }

The formula

22z—1r(z)r<z + ;) = /7I(22)

(cf. [16, p. 3]) yields that
r'es) Ve

r4/3)  2131(7/6)
For a proof of ;3 — 519’/3 < 0 it is sufficient to show that

73/2
TjeF > 6. (5.5)

Since
oo

I'"(z) = /e*ttwfl(log t)2dt > 0
0
for z > 0 (cf. [5, p. 577]), we have that I" is convex on (0, c0). Hence it follows that

I(pz+ (1 —p)y) < pl'(x)+ (1 —p)I(y) (5.6)
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for x,y > 0 and p € [0,1]. We apply (5.6) for x = 1/2, y =1 and p = 1/3 and then

obtain that A
F<7) < 1F(3> +2pay = VIt

6) =3 \2 3 6
This gives that

w2 6yT \°
r/6)3 =~ \vr+4)
Note that the function x — z/(z 4+ 4) is increasing on (0,00). Since /7 = 1.77,
we have that , 5
3/2
s > 6 x 1.77 - 62,
r(v/e6)? = \1.77+4

which immediately implies (5.5).
The proof for 81,3, < 0 is easy. Indeed, we deduce from the definition of 3, . that

(5.7)

(62/3 _ 1)3(02/3 + 1).

3 (65/3 _ cl/3 c—1/3 _ c7/3> _ 3

Prse =7 2 + 4 T 16cl/3

Since ¢ > 1, we have that (/3. <O0. O

Remark 5.4. We can numerically compute the both hand sides of (5.7) by Mathe-
matica and have that
73/2

. —6.973888298 - --
r(7/6)? ’ (

6y
VT +4

The estimate (5.7) is sufficient for a proof of Proposition 5.3 but not sharp.

3
) =6.253125593 - - - .

Proposition 5.5. When 1 < ¢ £ 14 V6, we have the followings:

(1) ey +Bue>0if1/2<v < 1.

(2) aw,e + Bue <0 ifv>1.
For each ¢ > 1+ /6 there exists a constant vo(c) € (1/2,1) such that the followings
hold:

(3) vty + Bue <0if1/2 <v <wy(c) orv>1.

(4) Ay (e),eTlvg(e) + ﬁuo(c),c =0.

(5) e + Bue >0 if vp(c) <v <1

This proposition yields that the second terms of (3.5), (3.6) and (3.7) are all not
zero. Moreover we obtain that the third term of (3.3) coincides with zero if and only
if v = vy(c). In the case that v = vy(c), we need to give an improvement of (3.3) and
will discuss in the next section.

For r > 1 and = > 0 let

¢ (x) = (r* + Dar®® — (1 = 1)r*® + (r* = 3)z +r — 1. (5.8)
Since

q:(v)
41 - )1 +v)ev’

Ay Ty + By,c =
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it is enough to consider the sign of g.(x) for & > 1/2. Proposition 5.5 is the straight-
forward consequence of the following lemma.

Lemma 5.6. If 1 < ¢ <1+ /6, we have that q.(z) > 0 for x > 1/2. For a given
¢ > 1+4+/6 we can choose a constant vy(c) € (1/2,1) satisfying that q.(vo(c)) = 0 and
that

ge(x) <0 for1/2 <z < 1p(c),
ge(x) >0 for x> vy(c).

The remainder of this section is devoted to a proof of Lemma 5.6. For determining
the sign of g.(z) for x > 1/2, we need to give several properties of the first and the
second derivatives of ¢. and an elementary calculation gives that

g(x) = (2 + 1)* 4 2(c* + 1) zc* log e — 2(c? — 1)c** log ¢ 4 ¢* — 3,
¢’ (z) = 4 (log c){(* + 1)zlogc+ 2 +1 — (¢ — 1) logc).
We start to consider the second derivative and have that
q’(z) = 4c**(* + 1)(log e)*{x — w(c)},
where
2 1
y2+1  logy

for y > 1. The following lemma is useful for determining the sign of ¢//(x).

w(y) =1
Lemma 5.7. We can choose a constant ¢; > 7 such that w(cy) =1/2 and

w(y) < 1/2 forl<y<e,
w(y) > 1/2 fory>cy.

Moreover it follows that w(y) < 1 for any y > 1.

Proof. 1t is obvious that w is increasing on (1, 00) and that

li = li =1.
lim w(y) = —co,  lim w(y)

Hence w(y) < 1 for any y > 1 and we can choose the constant ¢; satisfying the claim
of the lemma. In addition, noting that e > 7, we have that

111
:1———
() 25 log7 2

This immediately yields that ¢; > 7. O
For y > 0 let

u(y) =y +y* +y* — 3+ ¢y’ logy,
v(y) =y*+y* +y —3+3ylogy — vy’ logy.
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The formula
gh(z) = (A +1)c* +2(c* + 1)ac®* loge — 2(c* — 1)c* logc + ¢ — 3

gives that

=@ 3) =,

The following lemma plays an important role to determine the sign of the first derivative
of qc.

Lemma 5.8. We have that u(y) > 0 for y > 1 and can choose a constant c2 € (4,5)
satisfying that v(ce) = 0 and

v(y) >0 forl <y < co,
v(y) <0 fory > cs.

Proof. A proof of the first claim is quite easy. Indeed, since w is strictly increasing
on (1,00) and u(1) = 0, we have that u(y) > 0 for y > 1.
We now concentrate on proving the second claim. It is obvious that

V' (y) =2y* + 2y + 4+ 3logy — 3y° logy

3
V() =y+2+ 5 — 6ylogy.

Since v"'(y) = —=5—3/y?—61logy < 0 for y > 1, we have that v” is decreasing on (1, c0).
Note that v"/(1) = 6 and v"”(2) = 11/2 — 6log4 < 0. Hence there exists a constant
y1 € (1,2) such that v”(y1) = 0 and that v is positive on (1,y;) and negative
on (y;,00). These imply that v’ takes the maximum at y; and that v’ is increasing
on (1,y1) and decreasing on (y1,00). Since v'(1) = 8, it follows that v'(y1) > 0. In
addition, since v'(4) = 44 — 45log4 < 0, there exists a constant y, € (y1,4) such that
v is increasing on (1, y2) and deceasing on (y2,00). Moreover, we have that v(1) = 0,
v(4) = 81 — 52log4 > 3 and v(5) = 152 — 110log5 < —13, where 4 < €3/2 < 5 has
been applied. Therefore we can choose a constant co € (4,5) satisfying the claim of
the lemma. O

The last lemma of this section is to give the signs of ¢.(1) and ¢.(1/2), which are
significant for deciding the sign of g.(z) for > 1/2.

Lemma 5.9. We have that g.(1) > 0 for any ¢ > 1 and that

{qc(1/2> 20 ifl<ec<1+V6, (5.10)

0.(1/2) <0 ife>1446.
Proof. Tt follows from (5.8) that

q.(1) =4(c* = 1) >0
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and that

It is easy to check (5.10). O

We are ready to give a proof of Lemma 5.6 and start to consider the case that
1 < ¢ = ¢p. Lemma 5.7 gives that w(c) < 1/2 and thus > w(c) holds for z > 1/2.
This immediately yields that ¢” > 0 on (1/2,00), which is equivalent to that ¢, is
increasing on (1/2,00). Lemma 5.8 gives that the sign of ¢.(1/2) depends on whether
c is larger than ¢, or not. Recall that ¢; > 7 and 4 < ¢ < 5 and hence it is convenient
to consider the following two cases separately; (i) 1 < ¢ < ¢g, (ii) c2 < ¢ < ¢;.

In Case (i), Lemma 5.8 yields that ¢.(1/2) = v(c) > 0. Since ¢//(z) > 0 for z > 1/2,
it follows that ¢/(x) > 0, which implies that ¢. is increasing on (1/2,00). Hence, if
1 < ¢ <146, we can deduce from (5.10) that g.(z) > 0 for x > 1/2. In the case
when 1+ /6 < ¢ < ¢o, Lemma 5.9 yields that ¢.(1) > 0 and ¢.(1/2) < 0. Since q. is
increasing on (1/2,1), we can choose a suitable constant 14 € (1/2,1) with g.(v1) = 0.
In addition, we can find that g.(x) < 0 for 1/2 < z < v and that ¢.(x) > 0 for x > v4.

In Case (ii), we have by Lemma 5.8 that ¢/(1/2) < 0 < ¢.(1) and thus can choose
a constant vy satisfying that ¢.(v2) = 0, ¢.(z) < 0 for 1/2 < z < v and ¢.(z) > 0
for x > 1. This implies that v is the minimum point of ¢/ in (1/2,00) and that ¢,
is decreasing and increasing on (1/2,v2) and (va, 00), respectively. Moreover, since
¢z > 1+ /6, it follows from Lemma 5.9 that ¢.(1/2) < 0 < ¢.(1). Therefore we can
choose a constant vs € (v2,1) such that ¢.(v3) =0, ¢.(x) <0 for 1/2 < x < v3 and
ge(z) > 0 for z > vs.

We next discuss the case that ¢ > ¢;. Lemma 5.7 gives that w(c) > 1/2 and thus
it follows that ¢”(w(c)) = 0 and that

q’l(z) <0 for 1/2 <z < w(e),
q’(z) >0 for z > w(c).

Since ¢; > ¢z, Lemma 5.8 yields that ¢.(1/2) < 0 < ¢.(1). Hence, with the help that
q/(z) > 0 for z > 1/2, we can take v4 € (w(c), 1) such that ¢.(v4) = 0. Moreover we
can see that ¢.(r) < 0 for 1/2 < = < vy and that ¢/(z) > 0 for = > vy. It follows from
Lemma 5.9 that ¢.(1/2) < 0 < g.(1) since ¢; > 1 + /6. Hence we can conclude that
there exists a constant v5 € (v4,1) such that g.(v5) = 0 and that

ge(z) <0 for 1/2 < x < vs,
ge(z) >0 for © > vs.

We complete the proof of Lemma 5.6.

Remark 5.10. We tried to decide the sign of the third term of (3.7) for 2 < v < 3.
However we have no idea of its calculations.



Asymptotic expansions for the first hitting times of Bessel processes 533

6. PRECISE ASYMPTOTIC BEHAVIOR OF T2V (t)

If ¢ > 14 /6 and v = 1(c), Proposition 5.5 gives that the third term of (3.19) and
also that of (3.3) are zero. This section deals with the improvement of (3.3) in this
case. We start to improve (3.19) in the case that v = vy(c).

Proposition 6.1. If ¢ > 1 + /6, we have that

LVO (e),c (aj) = 7" () Ryg (C),c.'IJQVO (¢)

2 [1 + fyo(c)mQVO(C) + (gzo(c) _ ¢12/0(C))x4l/0(6)

2 +1 vo(c),c
+{ (c) . Broe),
2(1 - VO(C) ) auo(c),c

}gyo(c)x2y0(c)+2 + 0[1‘4 + 31‘6’/]

as x | 0.

Proof. Recall that Proposition 5.5 gives that a,(c),c7uo(c) T Bug(e),e = 0- 1t is sufficient
to show that, if 1/2 < v < 1,

Lu,c(x) = 71'Cl/’il/,cx2y [1 + ngQV + (nu + /81)7C>x2 + (53 - ¢12/)x4y
ne (6.1)
2v+1 Bu,c 2042 4, .6
) L v O v
{2(1_1/2)—1—0[1%}590 + O[z" + =]

as x | 0. It follows from (4.2) that

22 (v)? 1 1
2 _ _ 2v 2 - 4v 2v42 4
YV('CL.) - 7_(_.1721/ {1 é‘V‘rE nV‘r + 45111. + 2(1 _ V2)£l/x + O[‘T ]}’
Since
B = (14 0l?)
YT 2 p(p 4 1)2 ’

which is derived by (4.1), we have that

221/F 2
L) = L0 {1 —&a® —n,a® + ppat
w2
) (6.2)
2042 4
Taammt ok ]}’
where the formula
T PR
Y4 2w D(v)2D (v + 1)2
has been applied. Hence (6.2) yields that
1 7T2x2l/

2v 2 2 2\, .4v
2{1+£uw +ma+ (5 — dy)z

2v+1
2(1—1v?)

Combining it with (4.11), we obtain (6.1) by a simple calculation. O

Li(z)  22T(v)

€V.CU2V+2 + 0[134 +I6u]}



534 Yuji Hamana, Ryo Kaikura, and Kosuke Shinozaki

We need to discuss whether &2 © = QS?,D(C) is zero or not.

Lemma 6.2. We can choose a constant ¢y such that ag;3.cn2/3 + B2/3,. = 0 if and
only if ¢ = cg. Moreover we have that ¢y > 4.

Proof. In virtue of (5.9) and (5.8), we should prove that there exists a constant ¢y
satisfying that ¢y > 1 and

2 2
3@+ Ded/® — (2 —1)ed® + 3@ -3+ -1=0 (6.3)

For simplicity we put z¢ = 0(2)/ % and thus (6.3) gives that
x) — bry — 5l +9 =0, (6.4)
which is equivalent to
(zo — 1)(xf + 23 — 42 — 9z9 — 9) = 0.
Hence it is sufficient to see that the equation
et — 42— 92 —-9=0 (6.5)
has the unique solution on (1, 00). A simple calculation shows that (6.5) is equivalent to

{x2+\/5+1m+3(\/5—1)}{x2_\/5—1$ 3(\/5+1)}:0.
2

2 2 - 2

Since

>0

5+1 3(vb—1
ch—i—\f;— x + (\[2 )

for any x > 1, solutions of (6.5) coincide with those of

z? — \/527 lx — 3(\/52+ D =0.

This yields that xq is the solution of (6.5) which is larger than 1 if and only if

~ VE—1+30+22V6
= . _

Zo

and thus we obtain that

. \/7+\/5+ V270 + 1225
0 — )
2

which is larger than 4. O
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Lemma 6.3. We have that cg is the unique constant satisfying that vo(co) = 2/3.

Proof. Lemma 6.2 gives that ay/3 .n2/3 + B2/3,,, = 0. Since Proposition 5.5 yields
that o ¢,y + Bu,c, = 0 if and only if v = vy(cp), we can conclude that vy(cy) = 2/3.
On the other hand, we assume that ¢, is another constant with vy(cj) = 2/3 and
then have that
Q2/3,e0M2/3 + B2/3,e, = Qug(eh),c, T Muo(eh) Bro(eh)ehy =0

in virtue of Proposition 5.5. However this contradicts that ag/3 ¢ 23 + B2/3,e, # 0,
which is obtained by Lemma 6.2. This yields that vo(cf) # 2/3. O

Asymptotic behavior of Tif;o(c))(t) depends on the value of c.
Theorem 6.4. Ifc>1+ V6 and ¢ =% cg, we have that

17 1 —vg(c 2 —2vp(c
T3 (0 = Kyl O) ™ + 1500, ()72 (6.6)

+ HVU(C),C(&?/Q(C) o ¢12/o(c))F(3V0(C))p(t)73yo(c) + O[t72y0(c)71]

as t — oo. In addition, if a = cob for a,b > 0, we have that

2/3 1 —92/= 2 _
TP (1) = w5y o003 + KT p() 43

(2) 21 | Payse —7/3 —8/3
T K2/3,00 (10+a2/3:) p(t)T* + O]

(6.7)

as t — oo and that the third term of (6.7) is positive.

Proof. Lemmas 3.2 and 3.4 show that (6.6) and (6.7) are straightforward consequences
of (6.1). Since calculations are similar to Theorem 3.1, we omit their calculations.
It remains to proving that the third term of (6.7) is positive. In the case that

c = ¢y, we put xg = 0(2)/3 and have that

3.
B2/3,co = " 20wy (x5 — 5x3 + bag — 1).
Since x( satisfies (6.4),
3
52/3,% = _270(9”3 -1)
Hence it follows that
21 3

1092/3:¢0 + B2/3,co = 57:0(33(2) -1),

which is positive since xg > 1. O

Remark 6.5. We numerically compute the constant cqg by Mathematica and have
that ¢g =4.0332457. ..
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