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Abstract. In this paper, we are motivated by uncertainty problems in volatility. We prove
the equivalent theorem of Wiener chaos with respect to G-Brownian motion in the framework
of a sublinear expectation space. Moreover, we establish some relationship between Hermite
polynomials andG-stochastic multiple integrals. An equivalent of the orthogonality of Wiener
chaos was found.
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1. INTRODUCTION

The notion of multiple stochastic integrals was first introduced by Wiener in con-
nection with his studies of classical Brownian motion. Itô was the first to establish
the existence of these multiple integrals and he was able to establish an orthogonal
decomposition of the space L2. This decomposition agrees exactly with the one ob-
tained by Cameron and Martin using Hermite polynomials and clarifies much of the
work started by Wiener in “homogenous chaos” [12]. However, the classical Brownian
motion was constructed in a linear space (a probability space where the classical
linear expectation plays the same role as the nonlinear expectation considered in our
context), such linearity assumption is not feasible in many applications because some
uncertain phenomena cannot be modelled well using linear expectations (see [4, 9]).
More specially, motivated by uncertainty problems regarding stochastic volatility and
risk measures in finance, Peng in [10] has introduced a new notion of a nonlinear
expectation space; the so-called G-expectation which can take the uncertainty into
consideration, in a systematic, beautiful and robust way.

The G-expectation has been developed very recently and opened the way to the
introduction of a G-normal random variable under the framework of a G-expectation
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space, under which the canonical process (Bt)t≥0 is a G-Brownian motion; and the
related stochastic calculus was established especially, stochastic integrals of Itô’s type
with respect to G-Brownian motion and its quadratic variation [10].

The main difficulty lies in the fact that the G-expectation is intrinsic in the sense
that it is not based on a given linear probability space, this give us hope to further
develop the stochastic analysis including the theorem of the G-Wiener chaos which is
proved after applying some properties of the generating function on the new formula
for G-multiple integrals that we have established and led us to find the equivalent of
“the orthogonality“ of Wiener chaos. We also obtain the relationship between Hermite
polynomials and G-multiple integrals, all of them are an extension of the classical case.

This paper is organized as follows. In Section 2 we introduce the necessary no-
tations and the basic notions on the nonlinear space. In Section 3 we give a short
overview of some elements of G-stochastic analysis which will be used in what fol-
lows. In Section 4 we state the main results of this paper: the theorem which gives the
equivalence of the orthogonality of Wiener chaos and the theorem of G-Wiener chaos.
In Section 5 we get the relationship between Hermite polynomials and G-stochastic
multiple integrals and some immediate consequences of the properties of the gener-
ating function G. The last two Sections 6 and 7 are devoted to proofs of the two
theorems mentioned above.

2. PRELIMINARIES

We present some notations and preliminaries of the theory of sublinear expectations
and the related G-Brownian motion. More details can be found in Peng [10]. We
denote by Ω = Cn0 (R+) the space of all Rn-valued continuous paths (ωt)t∈R+ with
ω0 = 0, equipped with the distance

ρ
(
ω1, ω2

)
=
∞∑

i=0

2−i
[(

max
t∈[0,∞]

∣∣ω1
t − ω2

t

∣∣
)
∧ 1

]
.

We will consider the following type of spaces of sublinear expectations: let H
be a linear space of real functions defined on Ω such that if X1, . . . , Xn ∈ H then
ϕ(X1, . . . , Xn) ∈ H for each ϕ ∈ Cl.Lip(Rn), where Cl.Lip(Rn) denotes the linear
space of functions ϕ such that

|ϕ(x)− ϕ(y)| ≤ C(1 + |x|m + |y|m)|x− y|, ∀x, y ∈ Rn,

for some C > 0, m ∈ N depending on ϕ.
H is then considered as the space of random variables on Ω.
Here we use Cl.Lip(Rn) in our framework only for convenience. In fact our essential

requirement is that H contains all constants and, moreover, X ∈ H implies that
|X| ∈ H. In general Cl.Lip(Rn) can be replaced by the following spaces of functions
defined on Rn:
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L∞(Rn) – the space of all bounded Borel-measurable functions,
Cunif (Rn) – the space of all bounded and uniformly continuous functions,
Cb.Lip(Rn) – the space of all bounded and Lipschitz continuous functions,
Lip (Rn) – the space of all Lipschitzian functions on Rn.

Definition 2.1. A sublinear expectation Ê on H is a functional Ê : H → R satisfying
the following properties for all X,Y ∈ H :

(a) Monotonicity: If X ≥ Y , then Ê[X] ≥ Ê[Y ].
(b) Preserving of constants: Ê[c] = c.
(c) Sub-additivity: Ê[X]− Ê[Y ] ≤ Ê[X − Y ].
(d) Positive homogeneity: Ê[λX] = λÊ[X] for all λ ≥ 0.

The triplet (Ω,H, Ê) is called a sublinear expectation space.

Definition 2.2. In a sublinear expectation space (Ω,H, Ê) a random vector
Y = (Y1, . . . , Yn), Yi ∈ H, is said to be independent of another random vector
X = (X1, . . . , Xm), Xi ∈ H, under Ê if for each test function ϕ ∈ Cl.Lip(Rm × Rn)
we have

Ê [ϕ(X,Y )] = Ê
[
Ê [ϕ(x, Y )]x=X

]
,

where Ê [ϕ(x, Y )]x=X means ψ(X), where ψ(x) = Ê [ϕ(x, Y )] .

Note that this definition is correct. To see this it suffices to show that for each
x ∈ Rm, ϕ(x, Y ) ∈ H and Ê [ϕ (·, Y )] belongs to Cl.Lip (Rm) . We have to show that
ϕ (x, ·) ∈ Cl.Lip (Rn) . Indeed, for all (x, y) , (u, z) ∈ Rm × Rn, we have

|ϕ (x, y)− ϕ (u, z)| ≤ C |(x, y)− (u, z)|
(

1 + |(x, y)|k + |(u, z)|k
)
, C > 0, k ∈ N,

and so

|ϕ (x, y)− ϕ (x, z)| ≤ C |y − z|
(

1 + |(x, y)|k + |(x, z)|k
)
≤

≤ C |y − z|
(

1 +
(
|x|2 + |y|2

) k
2

+
(
|x|2 + |z|2

) k
2

)
≤

≤ C |y − z|
(

1 + 2
k
2

(
|x|k + |y|k

)
+ 2

k
2

(
|x|k + |z|k

))
≤

≤ C ′ |y − z|
(

1 +
(
|x|k + |z|k

))
,

where we used the inequality (a+ b)
p ≤ 2p (ap + bp) for a, b ≥ 0 and put C ′ =

C max
(

2
k
2 , 1 + 2

k
2 +1 |x|k

)
. Therefore, ϕ (x, ·) ∈ Cl.Lip (Rn) .

Similarly, we have

|ϕ(x, Y )− ϕ(u, Y )| ≤ C |x− u|
(

1 + 2
k
2

(
|x|k + |Y |k

)
+ 2

k
2

(
|u|k + |Y |k

))
,
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which implies that
∣∣∣Ê [ϕ(x, Y )]− Ê [ϕ(u, Y )]

∣∣∣ ≤

≤ Ê |ϕ(x, Y )− ϕ(u, Y )| ≤
≤ C |x− u|

(
1 + 2

k
2

(
|x|k + Ê

(
|Y |k

))
+ 2

k
2

(
|u|k + Ê

(
|Y |k

)))
≤

≤ C ′′ |x− u|
(

1 + |x|k + |u|k
)
,

where C ′′ = C max
(

2
k
2 , 1 + 2

k
2 +1Ê

(
|Y |k

))
, which means that Ê [ϕ (·, Y )] belongs

to Cl.Lip (Rm) .

Definition 2.3 (G-normal distribution). A random variable X on a sublinear expec-
tation space (Ω,H, Ê) is called G-normal distributed, denoted by X ∼ N (0, [σ2, σ2]),
if for all a, b ≥ 0 the random variables aX + bX̃ and

√
a2 + b2X have the same

distribution, where X̃ is an independent copy of X.

Here the subset [σ2, σ2] characterizes the variance-uncertainty of X, where

σ̄2 = Ê[X2], σ2 = −Ê[−X2],

and the letter G denotes the generating function defined by G (α) = 1
2 Ê
(
αX2

)
by

Peng. However, the positive homogeneity of G is equivalent to the following condition

Ê (λX) = λ+Ê (X) + λ−Ê (−X) , ∀λ ∈ R,

which in turn implies that

Ê
(
αX2

)
= α+Ê

(
X2
)

+ α−Ê
(
−X2

)

and
G (α) =

1

2

(
α+σ2 − α−σ2

)
.

Recall that X̃ is a copy of X, if they have the same distributions:

Ê[ϕ(X̃)] = Ê [ϕ (X)] , ∀ϕ ∈ Cl.Lip(Rn)

(For more details see [8]).

Definition 2.4. A process {Bt(ω)}t≥0 in a sublinear expectation space (Ω,H, Ê)
is called a G-Brownian motion if for each n ∈ N and 0 < t1 < . . . < tn < ∞,
Bt1 , . . . , Btn ∈ H and the following properties are satisfied:

(i) B0 (ω) = 0,
(ii) for all t, s ≥ 0, the increment Bt+s −Bt is N (0, [σ2s, σ2s])-distributed,
(iii) for all t, s ≥ 0, Bt+s − Bt is independent to (Bt1 , . . . , Btn) for all n ∈ N and

0 ≤ t
1
≤ . . . ≤ tn ≤ t.
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3. G-STOCHASTIC INTEGRAL

We recall some notions on G-stochastic calculus.
For each fixed T ∈ [0,∞), we set ΩT = {ω.∧T : ω ∈ Ω} . The spaces of Lipschitzian

functions on Ω are denoted by:

Lip (ΩT ) = {ϕ (Bt1∧T , . . . , Btn∧T ) : t1, . . . , tn ∈ [0,∞), ϕ ∈ Cl.Lip(Rn)} ,

Lip (Ω) =
∞⋃

n=1

Lip (Ωn) ,

where Bt denotes the canonical process, that is, Bt(ω) = ωt.

Let us consider the G-expectation Ê : Lip(Ω)→ R defined by Peng in [6] when he
constructed a sublinear expectation on (Ω, Lip (Ω)) such that the canonical process
(Bt)t≥0 is a G-Brownian motion. For this purpose, let (ξi)i∈N be a sequence of ran-

dom variables on a sublinear expectation space
(

Ω̃, H̃, Ẽ
)
such that ξi is G-normal

distributed, and ξi+1 is independent of (ξ1, . . . , ξi) for each i ≥ 1. Then a sublinear ex-
pectation Ê on Lip (Ω) is constructed by the following procedure: for eachX ∈ Lip (Ω)
with

X = ϕ
(
Bt1 , Bt2 −Bt1 , . . . , Btm −Btm−1

)

for some ϕ ∈ Cl.Lip(Rm) and 0 < t1 < . . . < tm <∞, we set

Ê
[
ϕ
(
Bt1 , Bt2 −Bt1 , . . . , Btm −Btm−1

)]
= Ẽ

[
ϕ
(√

t1ξ1, . . . ,
√
tm − tm−1ξm

)]
.

Peng proved that the corresponding canonical process (Bt)t≥0 on the sublinear ex-
pectation space (Ω, Lip(Ω), Ê) called theG-expectation space is aG-Brownian motion.
In what follows, we consider this canonical G-Brownian motion on

(
Ω, Lip (Ω) , Ê

)
in

the case Ω = C1
0 (R+) .

Denis and Martini [2] introduced a new approach of quasi-sure stochastic analysis.
However, they used a quite different approach which utilizes the set of all probabil-
ity measures on Ω. Although the constructions of the quasi-sure analysis and the
G-expectations are substantially different, these theories are very closely related as
proved recently by Denis, Hu and Peng [1]. They also provided a dual representation
of the G-expectation and they established that the sublinear expectation Ê can be
represented as an upper expectation of classical expectations, i.e. there exists a set of
probability measures P such that for each random variable X we have

Ê [X] = sup
P∈P

EP [X] ,

where EP is the classical expectation under the probability measure P (see also [5]
for a simple proof).

As in [11], we utilize the terminology of Denis and Martini and we say that a
property holds P-quasi-surely, abbreviated as P-q.s., if it holds P -almost surely for
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all P ∈ P. For each partition πT = {t0, t1, . . . , tN} of [0, T ] such that 0 = t0 < t1 <
. . . < tN = T , we set

µ(πT ) = max{|ti+1 − ti| : i = 0, . . . , N − 1}.

Let
(
πNT
)
be a sequence of partitions of [0, T ] such that limN→∞ µ(πNT ) = 0. We

consider the following type of simple processes: for a given partition πT = {t0, . . . , tN}
of [0, T ], we set

ηt (ω) =
N−1∑

k=0

ξk(ω)I[tk,tk+1)(t),

where ξk are given such that Ê [|ξk|p] < ∞, k = 0, 1, . . . , N − 1. The collection of
these processes is denoted by Mp,0

G (0, T ).
We can introduce a natural norm

‖η‖Mp
G

=

{
Ê

(∫ T

0

|ηs|p ds
)} 1

p

,

under which Mp,0
G (0, T ) can be extended to the Banach space Mp

G(0, T ). We denote

the completion of Lip(ΩT ) under the norm ‖X‖p =
(
Ê [|X|p]

) 1
p

by LpG (ΩT ) .

Definition 3.1. For each α ∈ M2,0
G (0, T ) of the form

αt (ω) =

N−1∑

j=0

ξj(ω)I[tj ,tj+1[(t),

we define the stochastic integral by

I (α) =

T∫

0

αtdBt =
N−1∑

j=0

ξj(Btj+1
−Btj ).

Note that I (α) is completely independent of G and that Ê
(∫ T

0
αsdBs

)
= 0 for

each 0 ≤ t ≤ T (see [3, 13]).

Proposition 3.2. I : M2,0
G (0, T )→ L2

G(ΩT ) is a continuous linear mapping and thus
can be continuously extended to M2

G(0, T ). For any α ∈M2
G(0, T ), we have

σ2Ê




T∫

0

α2
t dt


 ≤ Ê







T∫

0

αtdBt




2

 ≤ σ2Ê




t∫

0

α2
t dt


 (3.1)

(See [7] and [10]).
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In what follows, we will need some properties of G.
Properties of G:

1)

G (α) =
1

2
sup

σ≤σ≤σ
σ2α for each α ∈ R.

2)
G (αx) = αG(x) for each α ≥ 0.

3) G is an increasing function.
4)

Gn (α) =





σ2n

2n α if α > 0,

0 if α = 0,
σ2n

2n α if α < 0,

where Gn = G ◦G ◦ . . . ◦G︸ ︷︷ ︸
n−fold

, n ≥ 1 and G1 = G.

5)

Ê




t∫

0

G (αs) ds


 ≤ G




t∫

0

Ê (αs) ds


 for each α in M2

G(0, T ).

Proof. 1) If α ≥ 0, then α+ = α and α− = 0, thus

G (α) =
1

2

(
α+σ2 − α−σ2

)
=

1

2
ασ2 =

1

2
sup

σ≤σ≤σ

(
ασ2

)
.

If α < 0, then α+ = 0 and α− = −α, thus

G(α) =
1

2
ασ2 =

1

2
sup

σ≤σ≤σ

(
ασ2

)
.

2) and 3) can be immediately obtained from 1).
4) follows by induction, 2) and the fact that

G (α) =





1
2ασ

2 if α > 0,

0 if α = 0,
1
2ασ

2 if α < 0.

5) According to the Fubini theorem, for each P ∈ P we get

EP



t∫

0

G (αs) ds


 ≤

t∫

0

EP (G (αs)) ds.

On the other hand, for a given ε > 0, there exists σε,s ∈ [σ, σ] such that

G (αs) ≤
1

2
σ2
ε,sαs + ε,
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thus

EP



t∫

0

G (αs) ds


 ≤ 1

2

t∫

0

EP
(
σ2
ε,sαs

)
ds+ εt ≤ 1

2
sup

σ∈[σ,σ]

σ2

t∫

0

EP (αs) ds+ εt ≤

≤ 1

2
sup

σ∈[σ,σ]

σ2

t∫

0

Ê (αs) ds+ εt ≤ G




t∫

0

Ê (αs) ds


+ εt,

hence

E




t∫

0

G (αs) ds


 ≤ G




t∫

0

Ê (αs) ds


 .

Definition 3.3. The quadratic variation of (〈B〉t)t≥0
is defined by

〈B〉t = lim
µ(πNt )→0

N−1∑

j=0

(
Btj+1

−Btj
)2

= B2
t − 2

t∫

0

BsdBs.

Definition 3.4. For each α ∈M1,0
G (0, T ) such that

αt (ω) =
N−1∑

k=0

ξk (ω) I[tk,tk+1)(t),

we define Q(·) : M1,0
G (0, T )→ L1

G(ΩT )

Q(η) =

T∫

0

αtd〈B〉t =
N−1∑

i=0

ξi
(
〈B〉ti+1

− 〈B〉ti
)
.

Q(·) is a continuous linear mapping, thus Q(·) can be continuously extended to
M1
G(0, T ).
The following lemma plays a crucial role in this paper.

Lemma 3.5. For α, β ∈M2
G (0, T ), we have

−2G




T∫

0

Ê (−αtβt) dt


 ≤ Ê (I (α) I (β)) ≤ 2G




T∫

0

Ê (αtβt) dt


 . (3.2)

Proof. Let

αt (ω) =
N−1∑

k=0

αk (ω) I[tk,tk+1)(t), βt (ω) =
N−1∑

k=0

βk (ω) I[tk,tk+1)(t).
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From the definition of the Itô integral and by using standard arguments of
G-stochastic analysis, we can write

Ê (I (α) I (β)) = Ê



TN−1∫

0

αsdBs

TN−1∫

0

βsdBs + αN−1βN−1

(
BtN −BtN−1

)2

 .

Then we can repeat this procedure to obtain

Ê (I (α) I (β)) = Ê

[
N−1∑

i=0

αiβi
(
Bti+1

−B
ti

)2
]

= Ê

[
N−1∑

i=0

αiβi

(
〈B〉ti+1

− 〈B〉
ti

)]
.

Otherwise, we have

σ2 (ti+1 − ti) ≤
(
〈B〉ti+1

− 〈B〉
ti

)
≤ σ2 (ti+1 − ti) .

Multiplying the above inequalities by αiβi and summing them with respect to i we
obtain

σ2
∑

αiβi≥0

αiβi (ti+1 − ti) + σ2
∑

αiβi≤0

αiβi (ti+1 − ti) ≤
N−1∑

i=0

αiβi

(
〈B〉ti+1

− 〈B〉
ti

)

(3.3)
and

N−1∑

i=0

αiβi

(
〈B〉ti+1

− 〈B〉
ti

)
≤ σ2

∑

αiβi≥0

αiβi (ti+1 − ti) + σ2
∑

αiβi≤0

αiβi (ti+1 − ti) .

(3.4)
The first member of (3.3) is equal to

σ2
N∑

i=0

(−αiβi)− (ti+1 − ti)− σ2
N∑

i=0

(−αiβi)+
(ti+1 − ti) =

= −2
N∑

i=0

G (−αiβi) (ti+1 − ti) = −2

T∫

0

G (−αsβs) ds.

By the same argument, the second member of (3.4) takes the form

2

T∫

0

G (αsβs) ds.

As a consequence, we deduce that

−2

T∫

0

G (−αsβs) ds ≤
N−1∑

i=0

αiβi

(
〈B〉ti+1

− 〈B〉
ti

)
≤ 2

T∫

0

G (αsβs) ds.
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Finally, we obtain

−2Ê




T∫

0

G (−αtβt) dt


 ≤ Ê (I (α) I (β)) ≤ 2Ê




T∫

0

G (αtβt) dt


 .

The formula (3.2) follows from the property 5) of G.

Definition 3.6. A G-Itô process X (1-dimensional case) is defined by

Xt = X0 +

t∫

0

αsds+

t∫

0

βsdBs +

t∫

0

ηsd〈B〉s, t ∈ [0, T ] ,

where X0 ∈ L2
G(ΩT ), such that α, β and η are bounded processes in M2

G(0, T ).

For the G-Itô formula, we consider an n-dimensional G-Itô process Xs =(
X1
s , . . . , X

n
s

)t, where

Xν
t = Xν

0 +

t∫

0

ανsds+

t∫

0

βνs dBs +

t∫

0

ηνsd〈B〉s, t ∈ [0, T ] , ν = 1, . . . , n.

Theorem 3.7 (The G-Itô formula [8]). Let Φ be a C2-function on Rn such that
∂2
xνxµΦ satisfy the polynomial growth condition for ν, µ = 1, . . . , n. Let αν , βν and ην ,
ν = 1, . . . , n, be bounded processes in M2

G(0, T ). Then for all s, t ≥ 0 we have
in L2

G (Ωt):

Φ (Xt) = Φ (Xs) +

n∑

ν=1




t∫

s

∂xνΦ (Xu)ανudu+

t∫

s

∂xνΦ (Xu)βνudBu


+

+

t∫

s

[
n∑

ν=1

∂xνΦ (Xu) ηνu +
1

2

n∑

ν,µ=1

∂2
xνxµΦ (Xu) (βνu)

2

]
d〈B〉u.

4. MAIN RESULTS

Before we state the main results, we give the definition of G-multiple integrals as
in [6]. Let us consider L2 (∆n) = L2 (∆n; dt1 . . . dtn) , where

∆n∧t = {(t1, . . . , tn) : 0 ≤ t1 ≤ . . . ≤ tn ≤ t} (n ≥ 1, t ≥ 0) and ∆n = ∆n∧T .

For any ϕ in L2 (∆n), we can form the (n-fold) iterated G-Itô integral by

∫

∆n∧t

ϕdB =

t∫

0

tn∫

0

. . .

t2∫

0

ϕ (t1, . . . , tn) dBt1 . . . dBtn .



Chaotic expansion in the G-expectation space 657

Note that each G-Itô integration with respect to dBti is included in M2
G (0, ti+1).

More precisely, we have

Ê




ti+1∫

0

ti∫

0

. . .

∫ t2

0

ϕ (t1, . . . , tn) dBt1 . . . dBti




2

≤

≤ σ2i

ti+1∫

0

ti∫

0

. . .

∫ t2

0

ϕ2 (t1, . . . , tn) dt1 . . . dti.

This follows by induction. To illustrate the argument we prove the above inequality
in the case of i = 2. Using the right inequality of (3.1) we have

Ê




t3∫

0

t2∫

0

ϕ (t1, . . . , tn) dBt1dBt2




2

≤ σ2

t3∫

0

Ê



t2∫

0

ϕ (t1, . . . , tn) dBt2




2

dt1 ≤

≤ σ4

t3∫

0

t2∫

0

ϕ2 (t1, . . . , tn) dt1dt2,

as claimed.
We consider the linear spaces

Zn =

{∫

∆n

ϕdB : ϕ ∈ L2 (∆n)

}

with Z0 = {constants} , where
∫

∆n
ϕdB =

∫
∆n∧T

ϕdB.

For simplicity we use the following notation: for all ϕ ∈ L2 (∆n ∧ t) and for all
(t1, . . . , tn) ∈ ∆n ∧ t, we set

ϕl(tl+1, . . . , tn) = ϕ(t1, . . . , tn) if l ≤ n.
The following theorem gives us the equivalent of “the orthogonality“ of the spaces

Zn in the classical case.

Theorem 4.1. The map ϕ 7−→
∫

∆n

ϕdB defines a linear mapping from L2 (∆n) to Zn
such that for all ϕ ∈ L2 (∆n) and ψ ∈ L2 (∆n+p) and for each l ≤ n we have:

1)

In,p (ϕ,ψ) ≤ 2lGl



∫

∆l

Ê




∫

∆n−l∧tl

ϕldB

∫

∆n+p−l∧tl

ψldB


 dt1 . . . dtl


 ,

2)

−2lGl



∫

∆n−l

Ê


−

∫

∆l∧tl

ϕldB

∫

∆n+p−l∧tl

ψldB


 dt1 . . . dtl


 ≤ In,p (ϕ,ψ) ,



658 Hacène Boutabia and Imen Grabsia

where

In,p (ϕ,ψ) = Ê



∫

∆n

ϕdB

∫

∆n+p

ψdB


 .

We can formulate a corollary which is an immediate consequence of Theorem 4.1
when l = n, m = n+ p, and the properties of G.

Corollary 4.2. For all ϕ,ψ ∈ L2 (∆n) we have:
1)

−2nGn
(
−〈ϕ,ψ〉L2(∆n)

)
≤ Ê



∫

∆n

ϕdB

∫

∆n

ψdB


 ≤ 2nGn

(
〈ϕ,ψ〉L2(∆n)

)
.

In particular, if ϕ = ψ, then

σ2n ‖ϕ‖2
L2(∆n)

≤ Ê



∫

∆n

ϕdB




2

≤ σ2n ‖ϕ‖2
L2(∆n)

.

2)

Ê



∫

∆n

ϕdB

∫

∆m

ψdB


 = 0.

Note that the last formula is equivalent to the orthogonality of Zn and Zm in the
classical case.

The next theorem is the most important result of this paper.

Theorem 4.3 (The G-Wiener chaos). We have

L2
G (ΩT ) =

⊕

n∈N
Zn P−q.s.,

that is, each X ∈ L2
G (ΩT ) admits P−q.s. a unique representation X = X0 + X1 +

. . .+Xn + . . ., where Xn ∈ Zn for each n ∈ N.

5. G-STOCHASTIC MULTIPLE INTEGRALS AND HERMITE POLYNOMIALS

Recall that the Hermite polynomials in one variable Hn(x) and in two variables
hn(t, x) are defined as follows. For each t, x, λ ∈ R,

eλx−
λ2

2 =
∞∑
n=0

λnHn(x)

and
eλx−

λ2

2 t =
∞∑
n=0

λnhn(t, x).
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Then Hn and hn satisfy the following properties:

— h0(t, x) = H0(x) = 1, h1 (t, x) = H1(x) = x and hn (0, 0) = 0 for n ≥ 1,
— hn (1, x) = Hn(x),

— Hn(x) = (−1)n

n! ex
2/2Dn

(
e−

x2

2

)
, where D = d

dx ,
— ∂xhn(t, x) = hn−1(t, x) for n ≥ 1,
— ∂thn(t, x) = − 1

2∂
2
xxhn(t, x) = − 1

2hn−2(t, x) for n ≥ 2.

The next proposition describes the relation between hn and the multiple stochastic
integrals.

Proposition 5.1. Let ϕ ∈ L2 ([0, T ] , d〈B〉t) P−q.s. Then for all t ≥ 0 and n ≥ 2
we have:

1)

hn




t∫

0

ϕ2(s)d〈B〉s,
t∫

0

ϕ(s)dBs


 =

t∫

0

ϕ(s)hn−1




s∫

0

ϕ2(u)d〈B〉u,
s∫

0

ϕ(u)dBu


 dBs

(5.1)
in L2

G (Ωt) .

2) Assume that
∫ T

0
ϕ2(t)d〈B〉t = 1 P−q.s.. Then we have

Hn




T∫

0

ϕ(t)dBt


 =

∫

∆n

n
ϕdB P−q.s., n ≥ 2, (5.2)

where
l
ϕ (t1, . . . , tl) = ϕ (t1) . . . ϕ (tl) for each l ≤ n.

Proof. According to G-Itô’s formula with Φ (t, x) = hn(t, x) and

Xt =




t∫

0

ϕ2(u)d〈B〉u,
t∫

0

ϕ(u)dBu




we have

hn (Xt) = hn (0, 0) +

t∫

0

ϕ(s)∂xhn (Xs) dBs+

+

t∫

0

(
ϕ2(s)∂thn (Xs) +

1

2
ϕ2(s)∂2

xxhn (Xs)

)
d〈B〉s.

The formula (5.1) follows from the properties of hn.
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By repeating the formula (5.1) we obtain

Hn




T∫

0

ϕ(s)dBs


 =

T∫

0

ϕ(s)hn−1 (Xs) dBs =

=

∫

∆2

2
ϕ (t1, t2)hn−2 (Xt2) dBt1dBt2 =

...

=

∫

∆n

n
ϕ (t1, . . . , tn)h0

(
Xtn−1

)
dBt1dBt2 . . . dBtn =

=

∫

∆n

n
ϕdB P−q.s.

Lemma 5.2. Let λ1, . . . , λp ∈ R be such that
∑p
k=1 λ

2
k = 1, and let x1, . . . , xp ∈ R.

Then

Hn

(
p∑

k=1

λkxk

)
=

∑

α1,...,αp=n

Cα1,...,αp
p∏
k=1

λαkk Hαk (xk) ,

where Cα1,...,αp is a constant depending only on α1, . . . , αp.

Proof. For each θ ∈ R, we have

e
θ

p∑
k=1

λkxk− 1
2

p∑
k=1

λ2
kθ

2

=

p∏

k=1

eθλkxk−
1
2λ

2
kθ

2

.

Note that

e
θ

p∑
k=1

λkxk− 1
2

p∑
k=1

λ2
kθ

2

=

∞∑

n=0

θnhn

(
p∑

k=1

λ2
k,

p∑

k=1

λkxk

)
=

∞∑

n=0

θnHn

(
p∑

k=1

λkxk

)
,

while on the other hand, we get

p∏

k=1

eθλkxk−
1
2λ

2
kθ

2

=

p∏

k=1

∞∑

α=0

θαλαkHα (xk) =
∞∑

n=0

θn
∑

α1+...+αp=n

Cα1,...,αpλαkk Hαk (xk) .

This implies that

Hn

(
p∑

k=1

λkxk

)
=

∑

α1+...+αp=n

Cα1,...,αp

p∏

k=1

λαkk Hαk (xk) .

Let us denote by
∨
n∈NZn the linear space generated by

⋃
n∈NZn, that is,∨

n∈NZn = Z0+ Z1 + . . .+ Zn + . . .. We obtain the following proposition.
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Proposition 5.3. Each X ∈ ∨n∈NZn has a unique representation P−q.s.

X = X0 + . . .+Xn + . . . ,

where Xn ∈ Zn for each n ∈ N.
We write

∨
n∈NZn =

⊕∞
n=0Zn P-q.s.

Proof. It suffices to prove that the random variable 0 admits the unique representa-
tion, the trivial one. Let

0 = X0 + . . .+Xn + . . .

be a representation of 0. Since X2
n0

= − ∑
i 6=n0

Xn0
Xi for each n0 ∈ N, then by “the

orthogonality” of Zi and Zn0
, we obtain that

0 ≤ Ê
(
X2
n0

)
≤ ∑
i 6=n0

Ê (−Xn0
Xi) = 0,

which implies that Xn0
= 0 P−q.s.

6. PROOF OF THEOREM 4.1

1) According to the fact that

∫

∆n

ϕdB =

T∫

0




∫

∆n−1∧t1

ϕ1dB


 dBt1 ,

∫

∆n

ψdB =

T∫

0




∫

∆n−1∧t1

ψ1dB


 dBt1 ,

the definition of the multiple stochastic integrals and the second inequality from the
formula (3.2), we have

In,p (ϕ,ψ) ≤ 2G




T∫

0

Ê




∫

∆n−1∧t1

ϕ1dB

∫

∆n+p−1∧t1

ψ1dB


 dt1


 .

Similarly, we deduce that

Ê




∫

∆n−1∧t1

ϕ1dB

∫

∆n+p−1∧t1

ψ1dB


 ≤ 2G



t1∫

0

Ê




∫

∆n−2∧t2

ϕ2dB

∫

∆n+p−2∧t2

ψ2dB


 dt2


 ,

and so

In,p (ϕ,ψ) ≤ 22G2




T∫

0

t1∫

0

Ê




∫

∆n−2∧t2

ϕ2dB

∫

∆n+p−2∧t2

ψ2dB


 dt1dt2


 .



662 Hacène Boutabia and Imen Grabsia

By repeating this procedure, we conclude that

In,p (ϕ,ψ) ≤ 2lGl



∫

∆l

Ê




∫

∆n−l∧tl

ϕldB

∫

∆n+p−l∧tl

ψldB


 dt1 . . . dtl


 . (6.1)

2) By the first inequality of the formula (3.2), we obtain

In,p (ϕ,ψ) = Ê




T∫

0




∫

∆n−1∧t1

ϕ1dB


 dBt1

T∫

0




∫

∆n−1∧t1

ψ1dB


 dBt1


 ≥

≥ −2G




T∫

0

Ê


−

∫

∆n−1∧t1

ϕ1dB

∫

∆n−1∧t1

ψ1dB


 dt1


 .

The formula (6.1) with t1,−ϕ1, ψ1, l − 1 instead of T, ϕ, ψ, l, respectively, takes the
form

Ê
[
−

∫

∆n−1∧t1

ϕ1dB

∫

∆n−1∧t1

ψ1dB

]
≤ 2l−1Gl−1

( ∫

∆l−1∧t1

Ê
[
−
∫

∆n−l∧tl

ϕldB

∫

∆n+p−l∧tl

ψldB

]
dt2 . . . dtl

)
,

hence

In,p (ϕ,ψ) ≥ −2lGl



∫

∆l

Ê


−

∫

∆n−l∧tl

ϕldB

∫

∆n+p−l∧tl

ψldB


 dt1 . . . dtl


 .

7. PROOF OF THEOREM 4.3

Let ΠT be the set of polynomials in Bt1 , . . . , Btp (t1 ≤ . . . ≤ tp ≤ T ). We first prove
that ΠT is dense in L2

G (ΩT ). In fact we have to approximate anyX = ϕ
(
Bt1 , . . . , Btp

)

by a sequence of ΠT , where ϕ ∈ Cl.Lip (Rp) .
Since ϕ is Lipschitz on every closed ball B

(
0, R
√
p
)

=
{
x ∈ Rp : |x| ≤ R√p

}

(R > 0), then it is continuous on B
(
0, R
√
p
)
. Thus, by the Stone-Weierstrass theo-

rem, there exists a sequence (Pn) of polynomials which converges uniformly to ϕ.
Let TR be the random variable defined by TR = inf {t ≤ T : |Bt| > R} . Since(
Bt1∧TR , . . . , Btp∧TR

)
∈ B

(
0, R
√
p
)
, then

lim
n→∞

Pn
(
Bt1∧TR , . . . , Btp∧TR

)
= ϕ

(
Bt1∧TR , . . . , Btp∧TR

)

in L2
G (ΩT ). The continuity of Pn, ϕ,Bt and ||·||2 , and the fact that TR converges to

T when R goes to infinity imply that

lim
R→∞

Pn
(
Bt1∧TR , . . . , Btp∧TR

)
= Pn

(
Bt1 , . . . , Btp

)
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and

lim
R→∞

ϕ
(
Bt1∧TR , . . . , Btp∧TR

)
= X in L2

G (ΩT ) .

Thus, using the commutativity between limR→∞ and limn→∞, we obtain

X = lim
n→∞

Pn
(
Bt1 , . . . , Btp

)
in L2

G (ΩT ) .

Let Hn be the linear space generated byHn

( ∫ T
0
ϕ(t)dBt

)
such that

∫ T
0
ϕ2(t)d〈B〉t = 1

P−q.s. if n ≥ 1 and H0 = {constants} . For each ϕ ∈ L2 ([0, T ] , d〈B〉t) such that

T∫

0

ϕ2(t)d〈B〉t = 1 P−q.s.,

we claim that for every p ∈ N there exist (not necessarily unique) (ϕi)
p
i=1 ⊂

L2 ([0, T ] , d〈B〉t) , (λk)
p
k=1 such that

∑p
k=1 λ

2
k = 1 and ϕ =

∑p
k=1 λkϕk P−q.s. For

example, if 0 = t0 < . . . < tp = T is a subdivision of [0, T ] such that

λk =




tk∫

tk−1

ϕ2(t)d〈B〉t




1
2

6= 0,

then we have

p∑

k=1

λ2
k =

p∑

k=1




tk∫

tk−1

ϕ2(t)d〈B〉t


 =

T∫

0

ϕ2(t)d〈B〉t = 1 P−q.s.

We set
ϕk =

ϕ

λk
I[tk−1,tk).

This implies that
p∑

k=1

λkϕk = ϕ.

According to Lemma 5.2 we have

Hn




T∫

0

ϕ (s) dBs


 =

∑

α1+α2+...+αp=n

Cα1,α2,...,αp

p∏

k=1

λαkHαk




T∫

0

ϕk(s)dBs


 ,

thus Hn ⊂ Un, where Un is the linear space generated by

Hα1




T∫

0

ϕ1 (s) dBs


Hα2




T∫

0

ϕ2(s)dBs


 . . . Hαp




T∫

0

ϕp(s)dBs



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such that
ϕ1, . . . , ϕp ∈ L2 ([0, T ] , d 〈B〉t) and α1 + . . .+ αp = n.

We have

ΠT ⊂
∨

n∈N
LS

{(
p∑

k=1

µkBtk

)n
: µ1, . . . , µp ∈ R

}
,

where LS means “the linear space generated by”.
Note that the double inequality σ2dt ≤ d 〈B〉t ≤ σ2dt implies that the integral

of a point under the measure d 〈B〉t is zero. This allows us to modify, for a given
ν1, . . . , νp ∈ R, any ϕ ∈ L2 ([0, T ] , d 〈B〉t) such that

∫ T
0
ϕ2(t)d〈B〉t = 1 P−q.s. as a

function ϕ̃ such that ϕ̃ (tk) = νk (k = 1, . . . , p) and
∫ T

0
ϕ̃2(t)d〈B〉t = 1 P−q.s., thus

p∑

k=1

µkBtk =

p∑

k=0

νk
(
Btk+1

−Btk
)

=

T∫

0

ϕ̃(s)dBs,

which yields

LS

{(
p∑

k=1

µkBtk

)n
: µ1, . . . , µp ∈ R

}
⊂

⊂ LS








T∫

0

ϕ (s) dBs



n

: ϕ ∈ L2 ([0, T ] , d 〈B〉t) ,
T∫

0

ϕ2(s)d 〈B〉s = 1 P−q.s.



 .

Thus
ΠT ⊂

∨

n∈N
Hn,

and according to the density of ΠT in L2
G (ΩT ), we have

L2
G (ΩT ) =

∨

n∈N
Hn =

∨

n∈N
Un,

where A is the closure of A in L2
G (ΩT ). On the other hand, if

∫ T
0
ϕ2(t)d〈B〉t = 1

P−q.s. for ϕ in L2 ([0, T ] , d〈B〉t) , then

Hn




T∫

0

ϕ(t)dBt


 =

∫

∆n

n
ϕdB ∈ Zn,

hence
Hn ⊂ Zn for each n ∈ N.

Therefore, L2
G (ΩT ) =

⊕
n∈N Zn P−q.s. and Hn = Zn for each n ∈ N.

Note that the equality L2
G (ΩT ) =

∨
n∈N Un gives us another decomposition of

L2
G (ΩT ) . �
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