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Abstract. Let s € (0,1) and N > 2s. In this paper, we consider the following class of
nonlocal semipositone problems:

(—=A)°u = g(x) falu) n RY, u>0inRY,

where the weight ¢ € L'(RY) N L*(RY) is positive, ¢ > 0 is a parameter, and
fa € C(R) is strictly negative on (—o0,0]. For f, having subcritical growth and weaker
Ambrosetti-Rabinowitz type nonlinearity, we prove that the above problem admits a moun-
tain pass solution u,, provided a is near zero. To obtain the positivity of u,, we establish
a Brezis-Kato type uniform estimate of (uo) in L"(RY) for every r € [, oc].
Keywords: semipositone problems, fractional operator, uniform regularity estimates, positive
solutions.
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1. INTRODUCTION

In this present paper, we deal with a class of nonlocal semipositone problems on RY.
Precisely, for s € (0,1) and N > 2s, we consider the following nonlocal semilinear
equation:

(—A)*u = g(x) fa(u) in RY, (SP)
where the weight g € L*(RY) N L>*(RY) is positive, a > 0 is a parameter, and

fa € C(R) has the following form:

fa(t) = with f € C(R™) satisfying f(0) = 0.

—a, ift <0,

{f(t)—a, ift >0,
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Moreover, f satisfies the following hypothesis:

(f1) hm fit) =0, t%o& — 0, and lggo;iy(t)
C(f)>0

f®)

(f2) there exists R > 0 such that - is increasing for ¢t > R,

< C(f) for some v € (2,2%) and

where 27 = 225~ is the critical fractional exponent. The linear operator (—A)

called the fractional Laplacian defined as

S s

. u(z) — u(y) N
—A)u(z) =21 g R
(=A)°u(z) :=2 lim / iz — g W T ERY,
RN\B, (2)

where B(x) denotes the ball of radius € and centred at x. Due to the presence of the
strictly negative quantity on the R.H.S. of (SP) in the regions where u < 0 and certain
portion of u > 0, the problem (SP) is called semipositone in the literature. Semipositone
problems have applications in mathematical physics, biology, engineering etc. More
preciously, in the logistic equation, mechanical systems, suspension bridges, population
model, etc.; see for example [25, 28].

In the local case, the semipositone problems were first observed by Brown and
Shivaji in [7] while studying the perturbed bifurcation problem —Au = A(u — u?®) — €
inQ,u>0inQ, u=0o0n 9N, where A, e > 0 and (2 is a bounded domain. In this work,
the authors used the sub-super solution method to get positive solutions. Observe
that u = 1 is a supersolution for this problem since the R.H.S. of the equation is
negative at u = 1. To obtain an appropriate positive subsolution, the authors used the
anti-maximum principle due to Clément and Peletier. Later, many authors studied
the following semipositone problem on a bounded domain €:

—Au=Af(u)in, «u>0inQ, and wu=0on 09, (1.1)

where A > 0, f : Rt — R is continuous, increasing and f(0) < 0. For example, we refer
[10-12, 14, 17] where various growth conditions and nonlinearities on the function f
are imposed to find the existence of positive solutions for (1.1). In [1], Alves et al.
considered the following semipositone problem:

—Au = g(z)fo(u) in RV, (1.2)

with f,(t) = f(t)—afort > 0, f,(t) = —a(t+1) fort € [-1,0], and f,(¢) = 0fort < —1,
where the function f € C(R™) satisfies f(0) = 0, is locally Lipschitz, has superlinear
growth conditions and Ambrosetti-Rabinowitz (see [2]) type nonlinearities. Meanwhile,
the weight function g is assumed to be positive, radial, lies in L*(R) N L>(RY) and
satisfies the following bound:

|N 2/ e |y|N 5 dy < C(g), forze RN \ {0}, where C(g) > 0. (1.3)
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The authors used the regularity estimate by Brezis and Kato in [6] and the Reisz
potential for the Laplace operator to establish uniform boundedness of mountain pass
solutions of (1.2) in L>(RY), with respect to the parameter a near zero. The authors
then obtained a positive solution of (1.2) using this uniform regularity estimate,
the strong maximum principle, and the condition (1.3). For more results related to
semipositone problems, we refer [9, 16] and the references therein.

Now, we shift our discussion to the nonlocal case. In the past years, a significant
amount of attention has been given to the study of fractional laplacian due to its
numerous applications in mathematical physics, engineering and related fields. For
example, in linear drift-diffusion equations [15], image denoising [21], quasi-geostrophic
flows [3], and bound-state problems [26], to name a few. Several authors recently studied
the nonlocal semipositone problems on a bounded domain €. In [18], the authors
considered a multiparameter fractional semipositone problem (—A)%u = A(u?—1)+pu”
in Q,u>0inQ, u=0in R\ Q, where \,u > 0 are parameters, N > 2s, and
0<g<1<r<2%—1. For a certain range of A and p, the authors proved the
existence of a positive solution for this problem. Their proof relies on the construction
of a positive subsolution. Later, in [23], the authors studied the nonlocal nonlinear
semipositone problem (—A)Su = Af(u) in Q, u = 0 in RV \ Q, where (—=A) is the
fractional p-Laplace operator, A > 0, f € C(R) has superlinear, subcritical growth and
f(s) =0 for s < —1. The authors obtained at least one positive solution provided the
parameter A is sufficiently small. Their proof uses regularity results up to the boundary
of 2 and Hopf’s Lemma for (—A);. To our knowledge, nonlocal semipositone problems
on an unbounded domain have not been studied yet.

In this paper, we consider the nonlocal counterpart of —Au = g(z)(f(u) —a) in RY,
u > 0in RY (studied in [1]). On the weight function g, we impose a nonlocal analogue
of (1.3). With subcritical, superlinear and without Ambrosetti-Rabinowitz growth
conditions (see [2]) for f, our primary concern is to establish the existence of positive
solution to (SP), depending on the parameter a. The techniques used in [18, 23] to get
positive solution are not adoptable in this context. Our procedure to find non-negative
solution for (SP) is motivated by [1], where the uniform regularity estimate (with
respect to a) of solutions in L>(R¥) plays a major role. In [20, Proposition 5.1.1],
for g € LY(RYN) N L®(RY), and |f(z,t)] < C(1 + [t[P);1 < p < 2 — 1, the authors
proved that every non-negative solution to the problem (—A)%u = g(z)f(z,u) in RY
is bounded. However, this regularity result is not applicable in our situation. Also, the
Brezis—Kato type regularity estimate for weak solution to (SP) is unknown.

We consider the homogeneous fractional Sobolev space H*(RY) (introduced in [20])
defined as

H*(RY) := closure of C}(RY) with respect to H'”Hs(RN)v

where || g gy = [z + -] 22 vy and

RN xRN
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is the Gagliardo seminorm. A function u € H*(R") is a weak solution of (SP) if the
following identity holds:

(u(x) — u@)(@) —6(y) | .
/] S drdy = o) o) de, Vo e I RY).

RN xRN RN

We say a weak solution u is a mountain pass solution of (SP) if it is a critical point of
C! energy functional associated with (SP), which satisfies the mountain pass geometry
and a weaker Palais—Smale condition (see Proposition 2.5 and [27, Theorem 2.1]), and
moreover, the value of the energy functional at u possesses a min-max characterization
(see (3.1)).

Theorem 1.1. Let s € (0,1) and N > 2s. Assume that f satisfies (f1) and (f2).
Let g € LY(RYN) N L=(RYN) be positive. Then there exists a; > 0 such that for each
a € (0,a1), (SP) admits a mountain pass solution. Moreover, there exist as € (0,a1)
and C' >0, such that |[ua| s gny < C, for all a € (0, az).

From the above theorem, observe that the mountain pass solutions of (SP) are
uniformly bounded in L2: (RY). In the following theorem, we prove a Brezis-Kato type
regularity result which says the uniform boundedness of the mountain pass solutions
in L"(RY) with » > 2%, under an additional growth assumption on f near infinity:

(F1) 1im 2O

t—00 t22 -1

=0.

Theorem 1.2. Let s € (0,1) and N > 2s. Let f,g,as be as given in Theorem 1.1.
In addition, assume that f satisfies (f1). Then for r € [2%,00] and a € (0,as),
u, € L"(RY) N CRYN). Moreover, there ewists C(r,N,s, f,g) > 0 such that
uallpr @y < C, for all a € (0, az).

Next, we state the positivity of the solutions to (SP). To state the result, we invoke
further hypothesis on f and g:

(f3) f is locally Lipschitz,

(g1) |x|N23/|x_gg(/?|J]2[_28 dy < C(g), where x € RV \ {0} and C(g) > 0.
]RN

Theorem 1.3. Let s € (0,1) and N > 2s. Let f,qg,as be as given in Theorem 1.2.
Then the following hold:

(i) There exists a3 € (0,as) such that for every a € (0,a3), uq >0 on RY,
(ii) In addition, if f satisfies (f3) and g satisfies (g1), then ug > 0 on RV,

Let us briefly discuss our approach to prove the above theorems. The existence of
mountain pass solution is based on variational methods. To establish the Brezis—Kato
type regularity result for (SP), we use the Moser iteration technique and the uni-
form boundedness of the mountain pass solutions in H*(RY) along with the growth
assumption ( f 1). With this regularity result and using the Riesz representation for
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the operator (—A)*® ([29, Theorem 5]), we show that a sequence of mountain pass
solutions uniformly converges to a positive function in C(RY) near a = 0. In the
end, we conclude the positivity of the solutions by using the properties (f3) and (g1).
At this point, it is clear that the range of a, the growth of f near infinity, and the
behaviour of the weight function g are essential for the existence of positive solutions.
One example of f, g satisfying all these properties is demonstrated in Example 4.1.

We organize the rest of this paper as follows. In Section 2, we obtain some
embeddings of H*(RY) and set up a variational framework associated with (SP).
Section 3 contains the proof of the existence and regularity of the mountain pass
solutions to (SP). We establish the positivity of the solution in Section 4.

2. EMBEDDINGS OF H* (RM) AND THE VARIATIONAL SETTINGS

In the first part of this section, we discuss compact embeddings of H* (R™) into specific
Lebesgue spaces and weighted Lebesgue spaces. Using these embeddings, in the second
part, we prove qualitative properties of the energy functional associated with (SP).
In the rest of this paper, we denote C as a generic positive constant, and denote the

norm [|-[| gy by [-[],-

2.1. EMBEDDINGS OF H*(RY)

Recall that, the homogeneous fractional Sobolev space H *(R™) is the closure of C}(R™)
with respect to []5.2 + ||[|o.. In view of [19, Theorem 1.1], H*(R") has the following
representation: ’

H*(RVN) := {u: RY — R : u is measurable, [u]s o + [|uly. < oo} .

Henceforth, H*(RY) — L2 (RY). Moreover, by [8, Theorem 2.2.1] and using the
density of C(RY), we get

ullo. < C(N, 5)[uls2, VYue H(RY). (2.1)
The above inequality infers that [-]s 2 is an equivalent norm in H* (RM), ie., there exists
C1 depending on N, s such that [us,2 < [|ull g sy < Ci[uls,2 holds for all u € H*(RN).

In the following proposition, we prove that H* (R™M) is compactly embedded into spaces
of locally integrable functions.

Proposition 2.1. Let N > 2s. Then H*(RN) — L (RN compactly for every
g€ (1,27).

Proof. Combining the embeddings H*(RY) < L?:(RY) and L?EC(RN) — LI (RY)
with ¢ € (1,2%), it is evident that H*(RY) — LI (RY) for ¢ € (1,27). First, we show

that A®(R"N) is compactly embedded into L2 _(RY). Let (u,) be a bounded sequence

loc

in A*(RY), and K c RN be a compact set. Then there exists M; > 0 such that
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lunllp2(xy < Cllunl e@ay < My for every n € N. Consequently, the sequence (un’K)
is bounded in L?(K). Further, using [5, Lemma A.1] for every n € N, we have

sup /(un(x+h) — un(r))? do < C(N) funl?.». (2.2)

|R|>0 |h|2S
]RN

The boundedness of (u,) in H*(RN) and (2.2) confirm that for all n € N,

/(un(m +h) —up(x))?dr — 0
RN

as |h| = 0. Now by applying the Riesz—Fréchet—Kolmogorov compactness theorem on
(Un| ) C L*(K), we conclude (Un| ) is relatively compact. Hence, it has a convergent

subsequence in L?(K). Therefore, H*(RY) is compactly embedded into L7 (RN).
For g € (1,2), using L}, . (RY) < L] (R") we directly get the compact embeddings
of H*(RY) into L} (RY). Next, we consider ¢ € (2,2%). In this case, we express

q=2t+ (1—1)2%, where t = ;:g € (0,1). Using H*(RV) «— LI

(un} ) is bounded in L(K). Applying the Hélder inequality with the conjugate pair

(RN), the sequence

(1, %) and (2.2) we obtain the following estimate for every |h| > 0 and n € N:

/|un(:r +h) —up(z)]?de
RN
t 1—t
< /(un(m—i—h) — U, (x))? dz /|un(x+h) —un(x)|2: dz
RN RN

s 2;(1- s
< C(N) (1B Tunlo2)* 37 < CONY B 18y vy

Again the boundedness of (u,) in H*(R"), and the Riesz-Fréchet-Kolmogorov com-
pactness theorem confirm a convergent subsequence of (un| ) in LY(K). Therefore,

H*(RY) is compactly embedded into LE (RN) for ¢ € (2,2%) as well. This completes

loc

the proof. O

We now prove the compact embeddings of H* (R™) into weighted Lebesgue spaces.

Proposition 2.2. Let N > 2s and g € [2,2%). Let p be the conjugate exponent of %,
and g € LP(RN). Then the embedding H*(RN) < LI(RYN, |g|) is compact.

Proof. Let u,, — u in H*(RY). We need to show u, — u in L4(R", |g|). Set

L = sup{||u,, — ul|2. : n € N}.
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Clearly, L is finite from the boundedness of (u,) in H*(RY). Let ¢ > 0 be given.
Since C.(RY) is dense in LP(RY), we choose g. € C.(R™) such that ||g — gell, < 5%

We estimate
/|g\|unfu|qs /|gfge|\unfu|u/\genun*uw. (2.3)
RN RN RN

Using the Holder inequality with conjugate pair (p, 27) we estimate the first integral
of the above inequality as

q €
L <z 2.4
2% 2 ( )

/|g—gew|un —ul? < Jlg — gell flun — v
RN

Suppose K is the support of g.. Using the compact embeddings of HS(RN) into
L1 (RN) (Proposition 2.1), there exists n; € N such that

loc
€
Jladtun =it = [lgdten =ul < 5, vnz
RN K

Therefore, from (2.3) and (2.4) we obtain

/|g\|un —ul?<e Vn>mng.
RN

Thus u,, — u in L4(RY|g|). O

2.2. THE VARIATIONAL SETTINGS

For the existence of a solution of (SP), this subsection sets up a suitable functional
framework. In the following remark, we identify some bounds (upper and lower) for

fa and its primitive F,, defined as F,(t) = fot fa(T)dr.
Remark 2.3. (i) Let ¢ > 0 and v € (2,2%]. Using subcritical growth on f and
behaviour of f near zero (see (f1)), there exists t1(e) > 0 such that f(¢) < et, for
0<t<ty,and f(t) < Ct""Lfort > t1, where C = C(f,t1(c)). Hence f(t) < et+Ct7~!
for t € RT, and
|fa()| < e€lt| + Ot  —a and |F,(t)] < et* +C|t|" +alt| forteR, (2.5)
where C' = C(f,t1(€)). Again using the subcritical growth on f, f(t) < C(f)t7~! for
t > to. The continuity of f infers that f(¢) < C on [0,¢2]. Hence for a € (0,a), we get
Ifa@®)| < CA+tP™Y) and |F,(t)] < C(|t| + |t|") fort € R, (2.6)

where C' = C(f,ts,a). Using (f1), there exists t3(€) > 0 so that f(t) < et~ for all
t > t3. Hence for a € (0,a), we also obtain

|fa(t)] < C +€|t]? ! for t € R, (2.7)

where C' = C(e, t3(e),a).
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(ii) Let M > 0. Since f is superlinear (see (f1)), there exists a constant C = C(M)
such that f(t) > Mt—C, for every t € RT. From the superlinearity of f, it also follows

that limy_, o0 % = 00, and hence F(t) > Mt* — C(M) for every t € RT. Accordingly,

fa(t) > Mt — (C4a) and F,(t) = F(t) —at > Mt*> — (at + C) fort € RT,
(2.8)
where C = C(M).
For g € L'(RY) N L>(RY) and a > 0, we consider the following functionals
on H*(RY):
1
No(w) = [gFalu) and Lofu) = 5luf2, - Nafu).

RN

Using the upper bound of Fi, (Remark 2.3) it follows that N, and I, are well-defined.
Moreover, one can also verify that N,,I, € C*(H*(RY),R) and N/(u), I/ (u) for
u € H*(RY) are given by

Nifu)(v) = / afa(u)e

- [ M |x ¢ (li’é_‘fij W) 4y — N (u)(w),

RN xRN

(2.9)

where v € H*(RY). Every critical point of I, corresponds to a solution of (SP). In the
following proposition, we prove the compactness of N, and N/.

Proposition 2.4. Let N > 2s and v € (2,2%). Let g € L*(RY) N L>®(RY). Assume
that f satisfies (f1). Then the following hold for a > 0:

(i) The functional N, is compact on H®*(RN). Moreover, if u, — u in H*(RN) and
an — a in RV, then Ny, (uy) — Ng(u).

(ii) The map N : H*(RN) — (H*(RN))’ is compact. Moreover, if u, — u in H*(RN)
and a, — a in RY, then N. (u,)(v) — N.(u)(v) for every v € H*(RY).

Proof. (i) Let u,, — u in H*(RN). We show that N, (u,) — N,(u). The idea of the
proof is similar to Proposition 2.2. Set

L =sup {Hun

gj; + [Ju

g:+||un2: 2::nEN},
which is finite since (u n) is bounded in H*(RY). Let ¢ > 0 be given. Let p be the
conjugate exponent of 2. Using the density of C,(RY) into LP(RY) and L2 (RY),

we take g. € C.(RY) satlsfylng

< £
<7

m“\z ol

lgel < lgl and [|g = gell, + llg — gl
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For a > 0, we write

|Na(tn) — No(u)| < /|9 = 9el[Fa(un) — Fa(u)| + /|96||Fa(“n) — Fo(u)].  (2.10)
RN RN
Using (2.6) and (2.4), the first integral of (2.10) can be estimated as
/w ellFulin) = Falu)

:g/w—gJW%wwM+WMwD
RN

SC/W—%MWP+MP+MA+WD
N (2.11)

< C(llg = gelly (lunl3: + llul3. )

%
+ (g = gl g llg = gellt )™ (unlly: + el ) )
€
< O (NunlZ; + lld; + lun o + lula; )
< Ck,

where C' = C(f,a). Next, we show that the second integral of (2.10) converges to zero
as n — oo. Let K be the support of g.. Since H*(RY) is compactly embedded into

L} (RN) (Proposition 2.1), u,, — u in L7(K). In particular, up to a subsequence,
up(z) = u(x) a.e. in K. From the continuity of F,, F,(u,(z)) = Fa(u(z)) a.e. in K.
Further, since |Fy(un)| < C(|un|” + unl), and [ [un]” — [ [u]?, [lun| = [ |ul,
using the generalized dominated convergence theorem, F,(u,) — F,(u) in L'(K).
Thus

/|96||Fa(“n) — Fo(u)] < ||gell o / |Fo(uy) — Fo(u)| — 0, as n — oo.
K

Therefore, from (2.10), Ny (un) — No(u), as n — oco. Now for a sequence (a,, ), we write

WM%%Nmmzﬂwnmm—ﬂwm+/mmmm—nwL (2.12)

By the compactness of N, the second integral of (2.12) converges to zero. Further,
by noting that Fy, (u,) — Fu(u,) = (@ — an)uy, the first integral of (2.12) can be
estimated as

2
1
J15lEuy w0) = Futwn)] < lan = al [lgllun] < lan = allgl? | [loa2 ] - (213)
RN RN

RN
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Thus, combining (2.12) and (2.13), and using Proposition 2.2 we get N, (un) — Nq(u),
as n — 0o.

(ii) The compactness of N/ similarly follows using the splitting arguments shown
above. The proof of the convergence of (N, (u,)(v)) holds similarly. O

Now we prove that the energy functional I, satisfies all the conditions of the
mountain pass theorem. It is worth mentioning that I, may not satisfy the Palais—Smale
condition due to the weaker Ambrosetti-Rabinowitz type nonlinearities for f in (f1).
Nevertheless, in the first two parts of the following proposition, I, satisfies a weaker
Palais—Smale condition, called the Cerami condition introduced in [13].

Proposition 2.5. Let N > 2s and v € (2,2%). Let f satisfies (f1) and (f2). Let
g € LY(RYN) N L>(RY) be positive. Then the following hold:

(i) Let (u,) be a bounded sequence in H*(RYN) such that I,(u,) — ¢ in R and
I’ (uy) — 0 in (H*(RN)). Then (uy,) has a convergent subsequence in H*(RN).
(ii) For any ¢ € R, there exist n,B,p > 0 such that | I (u)||[u]s,2 > B for u €
17 ([e = ny e +n)) with [u]s2 > p.
(iii) There exist p > 0,5 = B(p) > 0, and a1 = a1(p) > 0 such that if a € (0,a1), then
I,(u) > B for every u € H*(RN) satisfying [u]so = p.
(iv) There exists @ € H*(RN) with [i]s 2 > p such that I,(it) < 0.

Proof. (i) By the reflexivity, up to a subsequence u, — u in H*(RN). We consider
the functional J(v) = [v]s.2, for v € H*(RY). From (2.9),

I (un) (un = u) = Ig (un) (n = u) + Ng (un) (tn — w).
By the hypothesis,
(I (), un — w)| < ||IL (wn)||[un — uls,2 — 0, as n — oo.
Moreover, since N/ is compact (Proposition 2.4),
N (un)(up —u) — 0, as n — 00

Therefore,
J (un)(up —u) = 0, as n — oo.

Further, since u,, — u in H*(RV) and J € C*(H*(RY),R), we also have
J'(u)(uy —u) — 0.

Therefore,
[n, — U]§2 = J (un)(up —u) — J'(u)(up, — u) — 0,

as required.
(ii) Our proof adapts the arguments given in [4, Proposition 3.6]. On the contrary,
assume that (u,) is a sequence in H*(RY) satisfying

Io(un) = ¢, [unls2 — 00, and |1 (uy)||[un]s2 — 0, asn — oco. (2.14)
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Set w,, = [u“]" .

in H°(RN).
Step 1. This step shows that wt = 0 a.e. in RYY. We consider the set

Then [wy,]s2 = 1, and by the reflexivity, up to a subsequence, w,, = w

Q={zeR" :w(x)>0}.
On the contrary, we assume [©2] > 0. Using (2.14),
[un]i,Z - Né(un)(un) = le(un)(“n) — 0.

Hence for each n € N, we have

1
1= T2 /gfa<un)un +en |, (215)
[un]s,Q
RN
2 (RY) and by the
Egorov theorem, there exists ; C Q with |£21] > 0 such that (w,) converges to w
uniformly on €. Thus there exists ny; € N such that for n > ny, w, > 0 and hence
u, > 0 a.e. on ;. This implies that, for every n > ny, Q; C 2, where

where €, — 0 as n — co. From the compactness of H*(RN) < L?

Qb = {z e RY 1 u,(z) > 0}.

From the definition of f,, fu(un)u, = —au, >0 on RN \ Q. Therefore, using (2.15)
and using the lower bound of f, in (2.8), for all n > n; we obtain

1
1> [u ]2 /gfa(un)un + €n
nls,2 Qj{
u2 C +a U, €n
>M [ g "Zf(M )/g + — (2.16)
[un]s,Q [tn]s,2 [tn]s,2 [un]s,Q
f (s
C n
ZM/gwg_M/gwﬁ%.
[tn]s,2 [“n]s,z
Q QF
Further,
/ gwp, — / guw®
Q4 Q1

(by Proposition 2.2) and

Jownz [ua <o (lolloly)"

QF RN
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We take the limit as n — oo in (2.16) and using [u,]s,2 — 00, to obtain

1> M/ng, for arbitrarily large M > 0,

Q1

which is a contradiction. Thus, |Q] = 0.
Step 2. For a fixed n € N, we set

My, = sup {I,(tw,) : 0 <t < [uplsz2}-

Since the map ¢ + I,(tw,) is continuous on [0, [u,]s 2], there exists ¢, € [0, [uy]s 2]
such that m,, = I,(t,w,). First, we claim that m, — oo, as n — oo. Since the
sequence (uy) is unbounded, there exists ny € N so that for n > na, [uy]s2 > M.
Hence by definition, m,, > I,(Mwy,). Using the compactness of N, (Proposition 2.4)
and |Q] =0 (Step 1), we get

M2
lim I,(Mw,)=— — lim /gFa(Mwn)

n—00 n—0o0
RN
M? M?
=5 /gFa(Mw)ZT—&—aM/gw.
RN Qc

Since the quantity MTQ + aM ch gw is sufficiently large, we conclude that

I,(Mw,) — oo, as n — 00, and hence the claim holds. Next, for each n € N,

t% - [un]EQ
I (thwn) — Iy(uy) = f + /g (Fo(un) — Fa(tawy)) . (2.17)
RN
Set s, = —#—. Then s, € [0,1] and s,u, = t,w,. Clearly,

[un]s,2 ’
Fa(un(x)) = Fa(snun(z)) =0

whenever wu,(x) = 0. If u,(x) # 0, then for R > 0 given in (f2) we apply
[4, Proposition 3.3] to get

2
1—s;

Fo(un(x)) — Fa(snun(r)) < B)

Un (x)fa(un (x)) + C<R)~

Therefore, (2.17) yields

1—s

S

Ia(tnwn) - Ia(un)

IN

“funl2s + [ guntalun) | + Rl
RN
52 —1

= ”2_ I, (un) (un) + C(R) |9l
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Hence, in view of (2.14), the sequence (I,(t,wy) — I,(uy,)) is bounded. On the other
hand, individually (I,(u,)) is bounded (see (2.14)) and (I,(t,wy)) is unbounded,
resulting in a contradiction. Therefore, such an unbounded sequence (u,,) in (2.14)
does not exist.

(iii) Let € > 0 be such that eBg||g]| x < 1, where By is the best constant of (2.1).

Then using (2.5) and the embeddings HS(RN) < LY(R™,|g|) (Proposition 2.2) we get
U 2
=52 e c/gw ~a gl
RN RN (2.18)
1 _
> 25 (5 - Bullally - Clul3") - aCll.a

where C = C(f,g,N,s). Taking [uls2 = p, Io(u) > A(p) — aCp, where A(p) =
Cp?(1 — C1p7~2) for some constants C,C; independent of a. Let p; be the first
nontrivial zero of A. For p < py, fix a1 € (0, %Z)) and 8 = A(p) — a1Cp. Therefore,
using (2.18), I,(u) > f for every a € (0,a1).

(iv) We consider ¢ € C*(RY), ¢ > 0, and [¢]s 2 = 1. For M, > 0, using (2.8) we get

F,(tp) > M(tp)? — (atep 4+ C(M)).

Hence

Lt9) < (5 =M [ 98| +at [ g0+ CODgl,
RN

RN

Choose M > (2 [on g¢>2)_1. Then I,(t¢) — —oo, as t — oo, i.e., there exists t1 > p
so that I,(t¢) < 0 for t > t1. Thus @ = t¢ with ¢ > ¢; is the required function. O

3. EXISTENCE, UNIFORM BOUNDEDNESS,
AND REGULARITY OF THE SOLUTIONS

In this section, we study the existence of solutions to (SP) and their various properties.
This section contains the proof of Theorem 1.1-1.2.

Proof of Theorem 1.1. Recall ay, 8,4 as given in (iii) and (iv) of Proposition 2.5. For

€ (0,a1) using Proposition 2.5 and the fact that [-]s2 is an equivalent norm in
H*(RN) (from (2.1)), we observe that all the properties of the mountain pass theorem
in [27, Theorem 2.1] are verified. Therefore, applying [27, Theorem 2.1] there exists
ug € H*(RYN) satisfying

I — inf I, > I — 1
a(Ua) = 'yléll‘uslél[%}i] (v(s)) =B and I;(u.) =0, (3.1)

where .
Iy = {y€C(0,1], H*(RY)) : v(0) = 0 and (1) = @} .
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Thus, u, is a nontrivial solution of (SP). First, we show that the set {/,(u,) : a €
(0,a1)} is uniformly bounded. Define 7 : [0,1] — H*(R¥) by §(s) = sii, where i = t¢
for some t > t;. Clearly, ¥ € I'; and hence using (3.1) for a € (0, a1),

< v = . .
Io(uq) < Jnax, 1.(7(s)) Jnax La(stg) (32)
Further, since F,(st¢) > M(st¢)? — ayst¢ — C(M) (see (2.8)), where M [;x g¢* > 3,
we get

1
I (stg) < |- — M/ ? t / oM
Srg[%)i] (sto) grél[%)i] s 5 99~ | +star | go+C(M)|gl,

RN RN

< tay / g6+ C(M)lgll,-

RN

Thus from (3.2), it is evident that I,(u,) < C for all a € (0,a;). Next, we prove
the existence of ay € (0,a1) such that the set {[us]s2 : @ € (0,a2)} is uniformly
bounded, i.e., [ug]s,2 < C for all a € (0, az) and for some C. On the contrary, assume
that no such ay and C exist. Then there exists a sequence (a,) in (0, a1 ), such that
an — 0, and [ug,]s,2 — 00, as n — oo. Observe that I); (u4,) = 0 for each n € N, and
up to a subsequence, I, (uq,) — ¢ in R. Set w,, = uq, [uan];% Suppose w,, — w
in H*(RY). Now using the convergence N, (w,,) — No(w) (by Proposition 2.4(i)),
we can proceed with the same arguments as given in the proof of Proposition 2.5(ii)
(with a replaced by a,) to get the following contradiction:

Ia, (ta, wa,) < C(R)”g”l + 1o, (Ua,), Yn €N,

and
I, (ta, w,,) — 00, as n — oo.

Thus there exists C' such that [uals,e < C for all a € (0,az). Therefore, (u,) is
uniformly bounded in H*(RY). O

Now we discuss the regularity of the mountain pass solution u,. Before proceeding
to the proof of Theorem 1.2, we recall a result in [24, Theorem 1.1], where the author
provided a sufficient condition for Hélder regularity of weak solutions to a class of
nonlocal equations. To state the result, we define the following spaces:

|u(z)|
L%S(RN) =4queE Llloc(RN) : /de < o0 g,
%
5,2
VVloc (RN) = u € Lloc RN (K// |l‘ _ y|N+2s dl‘dy <0 ’

where K ¢ RY is any relatively compact open set.
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Proposition 3.1. Let s € (0,1) and N > 2s. Let h € L} (RN) for ¢ > 5. Assume

that u € W22 (RN) N LY, (RN) is a weak solution of the equation (—A)*u = h in RV,
Then u € CZOO’S(RN) for a € (0, min{2s — %, 1.

Proof of Theorem 1.2. Let as be as given in Theorem 1.1 and a € (0, az). For 7 > 0,
we consider the truncation function u, € L*°(RY) associated with u,, defined as

ur = max{—7, min{u,, 7}}.

For r > 2, set ¢ = ug|u,|""2. Clearly, ¢ € L=(RY) N H*(RY). Taking ¢ as a test
function in the weak formulation of u,, we have

[ (o) —linteliete) 2 - ) o

|z — y|N+2s
RN xRN (3.3)
=/mmmwmmmmr%w
g

We use [22, Lemma 3.1] and the embedding (2.1) to estimate the L.H.S of (3.3) as

[ (o) = el 2 el o,

|z —y|N+2e
RN xRN

A(r—1) (ua () |ur (@) 7" = ua(y)lur(y)|2 ")

2 7«2 ‘Jj‘ _ y|N+28 dxdy
RN xRN
2

A(r — 1) e\

> o) | [ fua@un@lF 1 o

RN

Hence from (3.3) we get for every 7 > 0 that

2

oF

s
,,,2

/|“a($)\uf($) = do < 4(,,,_1)0(]\7,5)/9($)fa(ua)||ua($)|r1dx-

RN RN

1

Letting 7 — oo the monotone convergence theorem yields

2
2%

s

Jlua@i#ar | < oW [o@lhln@l e G4
RN RN

Step 1. In this step, for r; = 2% + 1, we show that |u,|™ € LQTS(]RN) and there
exists C' such that |||ug|™[2x < C for all a € (0,a2). Let € > 0. Using the growth
-

%=1 where C' = C(e, az)

condition (f1), for every a < ag, we have | f,(uq)| < C + €|ug
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(see (2.7)). Applying Holder’s inequality with the conjugate pair (27, %) and uniform

boundedness of (u,) in H*(RY) (from Theorem 1.1), we have the following estimates
for all a € (0,a2):

* 2*
% do < glloolltally. gry < Cllgllo,

[ @)

RN
2%
. . - 2% 0w ’
/g(x)|ua(a:) 25*2"&(1('1) 2+ 4 < ||gHooHua i;g(]liN) /|’Lba(x)|7(25+1) dzx
RN RN
2
B3
2% o«
<Clglo | [l FENas|
RN
where C' does not depend on a and e. Hence (3.4) yields
2
/ [t (@) 7 dz
RN
2 (3.5)
/"% £’I’1 ’
< mcllgllw Cl(e az) + € [ua ()= da
RN
Now we choose € such that
2
1 1
—C =.
(i Clalle) e <
Therefore, from (3.5), there exists C such that
2*
s @] <okl vac 0w, Go)
5 Ug(x x T, I, Va ,a2). :

Thus the set {|uq|™ : a € (0,a2)} is uniformly bounded in L% (RM).

Step 2. In this step, we obtain the uniform L* bound of (u,). Using (2.5) and (3.4),
for r > r1 we have

/ 1o ()| 52 da
RN
2

CV,s, ) [ )1+ @)~ o)

RN

2
=
25

(3.7)

SIr-D)
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Set m; = %2_1) and my (= 1r — 1 — my. Observe that m; < 2} whenever r > 7.

Applying Young’s inequality with ( -, 2*2:'”11) we have the following estimate:

* 2* —m
2 s 1
s

2% |

S

*
9% ;sm2
s —mq
+ fuf

ful = = ™ fuf e < 2 ul*

= o

| U

where we can verify 2* sme 2% — 2+ r. Hence, by Theorem 1.1,

Jla@r -t < [u@P do+ [ a2 ds
RN RN RN

27 -
< HUGHI;S(RN) + /\ua(z) 20247 g,
RN

<c 1+/|ua(ac)
RN

where C' does not depend on a. Therefore, from (3.7) we obtain the following estimate:

1+ /|ua(x)|§2: dz
RN

<r 2 (gl )™ [ 1+ / o (e

27 —2+4r dz

)

2
2% (r—2)

25 —2+4r
dzx ,

where C = C(N, s, f,a2). We consider the sequence (r;) defined as follows:

27 27

M= 2L =24 2 =2,y = 24 2 — 2).

*\ J
Notice that 2} — 24141 = 2 Srjand iy — 2= (%) (r1 —2). Then (3.8) yields

2
25 (rj41—2)

1+ /Iua(x)\”;l?? dz

RN

2
- 25 (r;—2)

< (5 Cll) 7 (14 [ @) F7 s
RN

Set

2
2% (rj—2)

D;= |1+ /\ua(ac)|277"J dz
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We iterate the above inequality to get

j+1 q g+l 1
Dj+1 < Céer=2 52 T];ﬂk72 D17 (39>
k=2

where C = C(N,s, f,g,az2). Using (3.6) of Step 1, D; < C for some C independent
of a. Moreover,

Ti41

Ti+1-2

25ri S 7”%
Dj—‘rl Z /ua(gj) 2 dx = 2%riia
RN LT (RY)
Therefore, from (3.9) it is evident that
SRS i1 j+1 1
” a” J;lr -i1 < CZkzz rk%z (H rék2> C, Vace (O,ag). (310)
(RN k=2

By noting that r; — oo as j — oo, we use the above estimate and the interpolation
arguments to get u, € L"(RY) for any r € [2%,00), and ||lus|,, < C(r,N,s, f, g,az)
for all a € (0,az). Furthermore,

and

<1 2 25 (25 —2)\ %
Hrk’“ = exp <(2*_2)2 log <2 <( ‘2 )) >>
k=2 s

Thus taking the limit as j — oo in (3.10), we conclude that |lu,|. < C(N,s, f,g,a2)
for all a € (0, az).
Step 3. This step verifies the continuity of wu,. Now, u, € L®(RYN) c LI (RV).

For ¢ > & 5e

[ (@fatwar <€ [ 41004 ual®07) < Clgla + ua| V) < €0 Vae (0.00)
RN RN

Further, using Proposition 2.1, H*(RY) < L? (RY), and hence from the character-

ization of H*(RYN), H*(RY) < W ?(RN). Therefore, applying Proposition 3.1 we

loc

conclude that u, € Co%(RYN) for o € (0, min{2s — %, 1}). In particular, u, € C(RY)

loc

for all a € (0,az). This completes the proof. O
Next, we prove a uniform lower bound for (u,) in L= (RY).

Proposition 3.2. Let f,g,as,u, be as given in Theorem 1.2. Then there exist
as € (0,a2) and 1 > 0 such that ||ug||, > B, for all a € (0,az).
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Proof. By the definition, F,,(t) > —alt|, for all t € R. For /3 as given in Proposition 2.5
we see that I,(u,) > B, for all a € (0,az). Hence using the uniform boundedness
of (u,) in H*(RY) (Theorem 1.1), we get for all a < as,

[ua]% 2

2,_IA%y+/ﬂ%@dzﬁ—a/leZﬁ-“j@ﬂﬂgg)?

RN RN

_1
Choose 0 < @z < min {BCl (||g|\1||g||2l) ’ 7ag}. Then

2 1

[ua]s,Q L ~ 2 ~
222 > o= B—axC (Ilgll gl )" >0, ¥ae(0a).

Hence using | fo (uq)| < C(1+ |ug|?~1) and the fact that u, € L=(RY) (Theorem 1.2),
we get

1 o
50 < 5 [[olfutuatual < Clgly (ol + o).

RN

where C' does not depend on a. Therefore, there exists 51 > 0 such that ||u,|,, > b1,
for all a € (0, az). O

4. POSITIVITY OF THE SOLUTIONS

This section contains the proof of Theorem 1.3. Afterwards, we give an example of
a function satisfying all the hypotheses in this paper. The idea of our proof for the
positivity of solutions is motivated by [1, Theorem 1.1] (also, see [4, Theorem 4.14]).

Proof of Theorem 1.3. (i) For dy as in Proposition 3.2, take as € (0,d2). Let (ay)
be a sequence in (0, as3) such that a, — 0 as n — oco. We aim to show that u,, is
nonnegative on RY for large n. By Theorem 1.1, u,, € HS(RN) is a mountain pass
solution of (SP), such that the following hold (up to a subsequence):

I, (uq,) =0, for each n € N, I, (uq,) — ¢, as n — 0o, and [ua,lls o <C. (4.1)

Therefore, (uq,) is a bounded Palais-Smale sequence in H* (RN). For brevity, we
denote the sequence (uq, ) by (uy). Since I, satisfies the Cerami condition, using the
same arguments as in Proposition 2.5(i) (replacing a by a,,), we obtain that (up to
a subsequence) u,, — @ in H*(RY), and u, (z) — (x) a.e. in RY. We split the rest of
our proof into two steps. In the first step, we prove that @ is nonnegative and (uy,)
converges uniformly to @ on R™. In the second step, we obtain the non-negativity of w,,.

Step 1. We consider the following function:

if
o= {10 =
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Since a,, — 0 in R* and u,, — @ in H* (RM), using (ii) of Proposition 2.4 it follows
that

lim / 9(@) o, (un)(x) da = / o(@) fo(@)plx) dz, V¢ € HYRY).

n—00
RN RN

So we have the following identity for every ¢ € H*(RN):

/ (a(z) — u(y)(¢(z) — o(y)) dzdy

|l‘ _ y|N+25
RN xRN
i [ (@) = @)@ - o)
) HLOEN/ {N |z —y|N+2s dody

= tim [ (@) fu, () () da = / o) fol@)é(x) de.

n—00
RN RN

Therefore, @ satisfies the following equation weakly:
(—A)*u = g(z) fo(u) in RY. (4.2)

Since |z|?*~ is a fundamental solution of (—A)® (see [29, Theorem 5]), we get

—2s

a(z) = C(N7s)/W dy >0 ae. in RY. (4.3)

Further, using the similar set of arguments as given in Theorem 1.2, we see that
@ € L=(RY) N C(RYN). Moreover, since u,, is a solution of (SP), we also have

unp(z) = C(N, s)/W dy a.e.in RV, (4.4)

Using (4.3) and (4.4) we estimate |u, — @] as follows:

[fa, (un(y)) = fo(a(y))| dy

|z —y|N 72

fun(z) — () scuv,s)( / o(v)

Bi(x)

[ e

RN\Bi (2)

[fa (1 (9)) — fol(y))] dy) |

o — 42
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Take 1 < § < ﬁ Applying Holder’s inequality with the conjugate pair (4,d")
we estimate the first integral of (4.5) as

() [fa, (un(y)) = fo(a(y))|

o =gV

dy

Bl(x)

<| [ pmmma] | [ o) e ) - R

Bl(m) Bl(l’)

We calculate

1 -1
Wdy:wzv mdrSC(N).
Bi(x) 0

We show that the second integral of the above inequality converges to zero. Observe that

[Fa (n ) = Fol@)I” <27 (afl + [folun(y)) = fo@@)I” ), (46)

where using (2.6) and the uniform boundedness of the mountain pass solution
in L°°(RY) (Theorem 1.2), we get

[ folun(y)) — fo(@y))* < C2° 711+ |un ()| =1 + Ja(y)| % —D") < C.

Moreover, fo(un,(y)) = fo(i(y) and a,, — 0 as n — oo. Therefore, by the dominated
convergence theorem,

/ ()7 (0 + folun () — folaw)|) dy — 0.
B (z)

Hence using (4.6) and the generalized dominated convergence theorem, we con-
clude that

[ 907 1 (an0) = S dy =50, a5 = .
Bi(z)
Next, the second integral of (4.5) has the following bound:

oo LD I 4y < [ gl o) ~ futat)

RN\ B (z) RN\ By ()

Again by the generalized dominated convergence theorem,

I fa, (un(y)) — fola(y))| — 0.

RN\ By (x)
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Therefore, (4.5) yields u,, — @ in L% (R"Y) as n — co. Thus (u,) converges uniformly
to @ on RY.
Step 2. Now @ € C(RV)N L>(RY) is a non-negative function and satisfies (—A)*@ > 0
in the weak sense in RV (from (4.2)). Suppose (7o) = 0 for some xq € RY. Since @
satisfies all the properties of the strong maximum principle [20, Proposition 5.2.1],
we conclude that @ vanishes identically on RY. Further, from the uniform lower
bound of (u,) in Proposition 3.2 and the uniform convergence of u,, — @ (Step 1),
there exists B2 > 0 such that ||il|, > Ba, a contradiction. Thus @ # 0 on RY
and [20, Proposition 5.2.1] yields @ > 0 on RY. Therefore, again from the uniform
convergence of (u,), there exists n; € N such that for all n > ny, u, > 0 on RV,
(ii) For a sequence (a,) given in (i), we show wu,, (denoted by wu,) is positive
on RY for large n. For each n € N, since f,, is locally Lipschitz (from (f3)) and
0 < up,a < C, we have |fo, (un(y)) — fa, (@(Y))| < Mun(y) — a(y)| for some M > 0.
For z € RV \ {0}, using (4.3) and (4.4) we write

un(o) — )| < CV,o) [ a1 [ X ZO gy g, [T
RN RN

Since g satisfies (g1), from the above inequality and Step 1 we get

fun(2) — ()] < OV, ) (Ml — 1], + ) |ﬁ§g)
Hence
sup  {|z|V " |u,(z) — d@(z)|} — 0, as n — oo. (4.7)

z€RN\{0}

Now we show that lim |z|N¥~25a(x) > 0. Using (4.3) we get

lim |z|N~2G(z) = C(N,s) lim 9() folaly)) =" =* |

|z|— 00 |w\—>ooRN |$ — y|N_28
(4.8)
. 9(y) fo(a(y))|z[N >
> C(N 1 d
e ( 35) |m\1£>noo |x_y|N—2s Y,
Br

for any R > 0. Choose R > 0 arbitrarily. Then there exists 2 € R" such that
|z| > 2R + 1. Hence

o — gV > lz| = [yl |V > o] = RV 2 227N (14 o)V, for y € Br.
Using the above estimate, for y € B we get

m T N-—2s
g(y)ig(_ (512[2 < 2V7g(y) fo(a(y)).
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Further,

~ N-—-2s
g(y)mfo_(z)Jlf_Qs — g(y) fol@) a.e. in Bp,

as |z| — oo. Therefore, the dominated convergence theorem yields

Jim 9(”{5(&(;"33'”15_23 dy = /g(y)fo(ﬂ(y))dy-

Br Br

Hence from (4.8) we conclude that

lim |2[¥=2a(z) > C(N,s) / o(y) o)) dy.

Br
Letting R — oo and applying the Fatou’s lemma,

‘xlliinoo|x|N_2sﬁ(x) > C(N,s) /g(y)fo(ﬂ(y))dy
RN

Further, using (4.3) and @ > 0 on RY it follows that gfy(i) = 0 on RY. Hence,

lim |2z|V " %a(z) > 0.
|z| =00

Therefore, from (4.7) there exists no € N and R >> 1 such that for n > na, u, >0
on B$. Moreover, since @ € C(R"), there exists n > 0 such that @ > 1 on Bg.
Therefore, from the uniform convergence of (u,) (in Step 1), there exists ng € N such
that for n > ns, u, > 0 on Bg. Thus, by choosing ny = max{ns,n3}, we see that for

n > ng, u, >0 on RY. This completes the proof. O
Example 4.1. Let s € (0,1) and N > 2s. For R > 0, we consider the following

functions:

f(t) =2tIn(1+[t]), for t e RT, g(y) = ( XEr ) Y) , for y € RV,

T+ g2V

(i) We can verify that f satisfies (f1)-(f3) and (f1).
(ii) Clearly g € LY (RN )NL>(RY). We show that g satisfies (g1). For z € R\ {0}, split

9(y) 9(y) 9(y)
e et oy

R lo—y|> 12l le—y|< 2l

The first integral has the following bound:

N-2s
9(y) :
[ s (m) o

|z
\w7y|27
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x|

Now consider the case |z — y| < |7 Set z = x —y. Then |x — z| > ||| — |z|| > %l
and hence |z — z| > |z|. Using the fact that g(y) < g(5) and g(y) < g(z) we obtain

/ ‘ 9w < / (95)9(=)*

T _y‘N—Qs |Z|N—2s
je—y|<l5! |=1< gt
- 2N—25XBR O) /
- (2+|l‘| N 2s 1+‘Z| N 25|Z|N 2s
Br(0)
R

i N-—2s / d
|| 14 7r)N-2s
0

< (;)N 2SC(N),

for some constant C(N). Here w(N) is the measure of B;(0) in RY. Therefore,

N-—2s
N
o / < )

for x € RV \ {0}.
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