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Abstract
Understanding the local evolution of phase transformations in steels, particularly the γ (austenite) → α (ferrite) transfor-
mation, is crucial for controlling the microstructure and properties of steel components. Over recent decades, significant 
progress has been made in the numerical modeling of this complex phenomenon. This development has been driven by 
both scientific curiosity and industrial needs, especially in processes such as hot rolling, forging, thermal treatment, etc. 
The developed models have evolved from simple solutions based on local equilibrium to more complex approaches that 
consider local heterogeneities. Modern computational approaches, such as Phase-Field (PF), Level-Set (LS), Cellular Au-
tomata (CA), Monte Carlo (MC) or Vertex based simulations, allow for the precise reproduction of microstructural evolu-
tion considering local instabilities. They also enable the analysis of phase boundary motion in an explicit manner. These 
techniques also allow for direct integration with thermodynamic data and mechanical models, thereby better capturing the 
physical mechanisms of phase transformations, such as chemical composition, diffusion resistance, or the influence of de-
formation. An overview of the state of the art in this area is presented within the paper. The model’s concepts, assumptions, 
fundamental equations, advantages, limitations, and potential practical applications are summarized. Special attention is 
given to modeling the γ → α transformation by the Cellular Automata method. The importance of incorporating phenomena 
such as diffusion, nucleation, and growth is emphasized. The need for consistency between experimental results and simu-
lations is also highlighted.
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1. Introduction

Phase transformations in steels play a key role in shap-
ing their mechanical and physical properties. Partic-
ularly important is the transformation of austenite (γ) 
into ferrite (α), which directly affects the material’s 
microstructure, including the size and shape of grains 
and the distribution of alloying elements (Bengochea 
et al., 1998; Furuhara et al., 2008; Wang B. X. et al., 
2009). These parameters determine the steel’s charac-

teristics, such as hardness, strength, ductility, and im-
pact strength. A  theoretical understanding of thermo-
dynamic stability, phase equilibria, or diffusion-driven 
transformation mechanisms provides the foundation 
for developing complex thermo-mechanical cycles for 
new steel grades and tailored products (Hodgson et al., 
2005; Zhang Jiantao et al., 2020). 

Experimental approaches remain indispensable 
for studying the evolution of phases within the mi-
crostructure during such thermo-mechanical cycles. 
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Methods such as dilatometry and thermal analysis en-
able the precise determination of transformation start 
and finish temperatures, while advanced microscopy 
techniques – including scanning electron microsco-
py (SEM), transmission electron microscopy  (TEM), 
and electron backscatter diffraction (EBSD) – allow 
for the detailed analysis of grain morphology, crystal-
lographic orientation relationships, or phase boundary 
types (Málek et  al., 2020; Ubhi et  al., 2014). In-situ  
techniques, such as synchrotron X-ray diffraction 
and high-temperature confocal microscopy, offer 
a  real-time observation of phase evolution under 
controlled conditions (Liang C. et  al., 2024; Rozo 
Vasquez et al., 2023; Zhang Jiantao et al., 2020). To-
gether, these experimental tools provide critical data 
for calibrating and refining processes in industrial 
conditions. Besides the enormous possibilities pro-
vided by experimental approaches, the time and cost 
of such analysis are often the main limitations in the 
development of new processing cycles. Therefore, ac-
curate numerical modeling of phase transformations 
is crucial to support such experimental investigations 
at both the material design stage and the optimization 
of technological processes.

In recent decades, significant progress has been 
made in numerical modeling of microstructural phe-
nomena in steels. In the early days, models assuming 
local equilibrium at the phase boundary were used. 
An example of such a model is the Johnson–Mehl–
Avrami–Kolmogorov (JMAK) approach, commonly 
referred to as the Avrami model, which is widely used 
to simulate phase transformations due to its simplic-
ity and analytical nature (Shirzad & Viney, 2023). 
JMAK-based models describe the kinetics of phase 
change by assuming uniform nucleation and isotro-
pic growth of new phases within a  homogeneously 
transforming material. The transformation fraction as 
a function of time is expressed through an exponen-
tial relationship involving parameters related to nu-
cleation rate, growth rate, and dimensionality of the 
transformation. These models belong to the phenom-
enological class of methods and thus do not account 
for local microstructural heterogeneities or spatial 
interactions between grains. However, they still pro-
vide valuable insights into the overall transformation 
behavior, particularly for isothermal processes. They 
are often used in combination with experimental data 
to extract transformation kinetic parameters and serve 
as a benchmark for more complex, spatially resolved 
models. Over time, approaches that are not based 
solely on analytical methods have been developed, 
integrating, among other things, the limited mobility 
of the phase boundary, diffusion resistance and the in-

fluence of previous plastic deformation. These mod-
els, belonging to the mean-field or full-field class, 
can incorporate critical microstructural heterogene-
ities, complex thermodynamic databases and kinetic 
parameters derived from experimental data or CAL-
PHAD (Calculation of Phase Diagrams) assessments 
(Spencer, 2008), allowing for realistic predictions of 
phase distribution, grain morphology, and transfor-
mation kinetics under varying processing conditions 
(Deffrennes et al., 2023).

Modern numerical methods, for example Phase-
Field (PF), Level-Set (LS), Cellular Automata (CA), or 
Monte Carlo (MC) methods, enable the detailed simu-
lation of microstructure evolution and phase transfor-
mations under various technological conditions (Go-
mez et al., 2019; Szeliga et al., 2020). Furthermore, the 
recent coupling of these models with machine learning 
techniques is opening new possibilities for data-driven 
optimization of steel design and processing (Cheloee 
Darabi et al., 2023). This synergy between experimen-
tal observation and theoretical modeling forms the cor-
nerstone of modern computational materials science 
and advanced materials engineering.

This work focuses on the analysis of the state of 
the art in the area of numerical methods for modeling 
the γ → α transformation in steels. Particular attention 
has been paid to the use of a  hybrid approach based 
on cellular automata and the finite difference meth-
od (FDM), which allows for the efficient representation 
of diffusion processes and ferrite grain growth during 
cooling. The purpose of this paper is to present the 
advantages and limitations of various methods and to 
outline directions for their further development in an 
industrial context.

2. Full-field methods

Phase transformations in steels and alloys involve 
changes in microstructures, such as the formation of 
new phases (e.g., ferrite, martensite) or the precipitation 
of particles, which significantly affect material proper-
ties. As mentioned, full-field modeling approaches ex-
plicitly simulate the spatial distribution and evolution 
of phases within a material, unlike mean-field models, 
which only use averaged information (Szeliga et  al., 
2020). A  variety of approaches have been developed 
over the years, and the most commonly used are evalu-
ated in the following sections. Each of the investigated 
methods has unique principles, advantages, and limita-
tions, making them suitable for different length scales 
and types of transformation phenomena (Gomez et al., 
2019; Madej et al., 2016).
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2.1. Phase-Field method

The PF method employs a diffuse-interface approach, 
meaning it represents interfaces between phases as 
smooth gradients rather than sharp boundaries (Fig. 1). 
This is achieved through the use of continuous field 
variables known as order parameters (Tourret et  al., 
2022). These parameters indicate the presence of dis-
tinct phases within the material in particular areas. In 
multi-phase systems, multiple order parameters may 
be necessary to capture the characteristics of each 
phase. The evolution of these order parameters and 
other field variables, such as composition, is governed 
by partial differential equations (PDEs) derived from 
thermodynamic principles. Two key types of equa-
tions are used in this method: the Allen–Cahn equa-
tion for non-conserved order parameters (Chen L.-Q. 
&  Zhao, 2022), which governs interface motion 
without conserving the volume of each phase; and 
the Cahn–Hilliard equation for conserved fields 
(Wu, 2022), which describes the diffusive redistribu-
tion of solute. These equations ensure that the simu-
lation adheres to thermodynamic driving forces and 
kinetic laws (Yamanaka, 2023).

A significant advantage of the PF method is its ef-
ficiency in modeling the evolution of complex micro-
structures (Chen L.-Q., 2002; Moelans et al., 2008). 
Instead of requiring explicit front-tracking algorithms 
to monitor every interface, the method allows inter-

faces to emerge naturally as narrow transition regions 
where order parameters change values (Fig. 2). Such 
a concept is often classified as a front-capturing ap-
proach (Chen L.-Q., 2002). This concept simplifies 
the computational process while maintaining physical 
realism. Its versatility is evident in its ability to simu-
late complex morphologies, such as lamellae, without 
the need for manual interface tracking, thereby en-
hancing computational efficiency and reducing errors. 
Moreover, this method’s foundation in thermodynam-
ic consistency allows it to seamlessly integrate with 
free-energy frameworks and databases like CALPHAD, 
ensuring accurate modeling of phase diagrams and 
thermodynamic data in multicomponent systems 
(Liu C. et al., 2021). Furthermore, the PF method is 
capable of accommodating various physical effects 
such as solute diffusion, elastic strains, plasticity, 
electromagnetic fields, and thermal fields through 
additional terms or equations. This capability is par-
ticularly demonstrated in modeling martensitic trans-
formations (Mamivand et al., 2013), where elasticity 
coupling helps describe lattice distortions, thereby 
showcasing its broad applicability across various ma-
terial systems. In addition, its adaptability extends 
to the modeling of a  wide range of phenomena, in-
cluding solidification, solid-state transformations in 
steels, precipitation and dissolution processes (Hall-
berg, 2011; Kobayashi, 1993; Thiessen et  al., 2007; 
Xu & Meakin, 2008).

Fig. 1. Description of the interfacial boundary using the phase-field method

Fig. 2. Simulation of grain growth and nucleation by the Phase-field method in subsequent steps
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As described, the PF method is a powerful tool for 
studying microstructural evolution but faces challenges 
related to computational demands and practical imple-
mentation. The most common problem is computational 
intensity due to the need for the fine grid resolution of 
the diffuse interface (Zhang Jin et al., 2023). Mesh spac-
ing is supposed to be smaller than the interface width to 
accurately resolve these diffuse interfaces. This results 
in large numbers of integration points, especially in 3D 
simulations, and can be particularly time-consuming 
when combined with small time steps required for solu-
tion stability and accuracy. While adaptive mesh refine-
ment can help concentrate appropriate finite element res-
olution at interfaces, it adds complexity and overheads. 
As a result, phase-field methods are more computation-
ally demanding than alternative techniques such as CA 
or MC. At the same time, the diffuse-interface approach 
involves solving coupled PDEs across the entire domain 
at each time step, which poses challenges for paralleliza-
tion. Although many open-source phase-field codes sup-
port high-performance computing (HPC), the parallel 
efficiency is often lower compared to discrete methods 
like MC simulations, as phase-field requires global com-
munication of field variables and implicit equation solv-
ing (Chafia et al., 2024; Ghosh et al., 2022; Hu et al., 
2024). Model parameter calibration is another critical 
issue (Qin & Bhadeshia, 2010). To achieve quantitative 
results, interface parameters such as width and mobil-
ity must be related to physical values. If the selected 
interface thickness is artificially large for computational 
efficiency, corrections or asymptotic analysis are neces-
sary to ensure the accurate reproduction of sharp-inter-
face kinetics, thereby avoiding so-called “thin interface” 
artefacts. Therefore, determining kinetic parameters 
(e.g., interface mobility, nucleation conditions) that align 
with real material behavior remains a  challenge. The 
handling of nucleation poses additional difficulties (Hu 
et al., 2024). In classical phase-field models, new phase 
regions are introduced either through the imposition of 
initial nuclei or fluctuations induced by the addition of 
noise. However, capturing heterogeneous nucleation at 
specific sites (e.g., grain boundaries or inclusions) is not 
straightforward and often requires ad hoc approaches, 
such as introducing nuclei based on probability or em-
ploying specialized free energy terms (Mecozzi et  al., 
2008; Schoof et al., 2018). 

2.2. Level-Set method

The LS method is another computational technique that is 
often used to model moving interfaces in the microstruc-
ture. In this case, the interfaces are represented implicitly 

using a higher-dimensional function, typically denoted 
as φ(x, y, z, t), which depends on coordinates x, y, z and 
time t. This function acts as a  signed distance field, 
where the interface corresponds to the contour (Fig. 3) 
of a particular feature. Instead of tracking the interface 
directly with markers or mesh points, the LS method up-
dates this function over time according to a PDE. This 
implicit formulation allows for the efficient handling of 
topological changes without the need for complex mark-
er management (Osher & Sethian, 1988).

The LS method offers a precise geometric represen-
tation of interfaces through an implicit approach, elim-
inating the need for parametric tracking. It maintains 
sharp interfaces and provides geometrical properties, 
such as normal to grain boundaries and their curvature, 
via the differentiation of the LS field (Bernacki, 2024a; 
Ervik et al., 2014; Lervåg & Ervik, 2013). This formula-
tion naturally handles topological changes as φ evolves, 
accommodating complex interface dynamics without 
requiring special implementation of the additional solu-
tions. An additional benefit of LS is its straightforward 
extensibility to three dimensions (Fig. 4), allowing it 
to be compatible with finite difference or finite element 
methods. It avoids challenges like mesh tangling asso-
ciated with explicit front-tracking. It has proven effec-
tive across various application fields, including fluid 
dynamics (Ning et al., 2023) and image processing (Os-
her & Tsai, 2003), and particularly for the mentioned 
curvature-driven grain growth (Zhang X. et al., 2008). 
LS couples well with continuum field calculations, such 
as heat flow or diffusion, due to the coupling possibility 
with discretized space. This allows simultaneous solu-
tion of diffusion or thermal equations on the same grid, 
enabling modeling of transformations influenced by field 
variables. It is worth mentioning the LS method exhibits 
higher computational efficiency compared to PF formu-
lations, especially in diffusive phase transformations (Ja-
cobsson et al., 2024). This is because only the interface 
region requires fine resolution, while bulk regions are 
computed with coarser resolution. As a result, LS may 
utilize fewer degrees of freedom or allows for the appli-
cation of larger time steps. 

The classical LS method works well for describing 
a two-phase system, i.e., one phase boundary. However, 
a large number of level-set functions are required, or an 
extended implementation of regions is needed when deal-
ing with many grains or phases. For example, in modeling 
grain growth, each grain can be assigned its own level-set 
function, or they can be combined iteratively in pairs. With 
a larger number of grains, this becomes increasingly com-
plex and computationally demanding, requiring dedicated 
solutions like level-set function re-initialization solutions 
(Murgas et al., 2022; Zhang X. et al., 2008).
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Fig. 3. Diagram of the level-set method showing the cross-section of the computational domain as a φ function 

Fig. 4. Three-dimensional LS microstructure for Inconel 718 alloy with second phase particles (green spheres)  
from the work by Scholtes et al. (2016)

Managing multiple boundaries and their mutual in-
teractions is more challenging compared to the PF method, 
where multiple ordinal parameters can be used simultane-
ously. This affects the applicability of the level-set method 
in highly complex multi-phase structures. However, there 
are strategies for handling this, such as assigning each 
grain its own function or using coloring algorithms. To 
ensure that the function φ maintains the property of a dis-
tance function, it needs to be reconstructed periodically. 
This reconstruction involves additional computational 
costs. Furthermore, to reduce these costs, a so-called “nar-
row band” (Fig. 5) is often used (Olshanskii et al., 2024; 
Osher & Fedkiw, 2001). This means that function φ is 
only updated near the phase boundary, which increases 
the complexity of the implementation.

Fig. 5. Narrow band method for optimizing computation time 
in the level-set method by limiting the computation area

Although the phase boundary is theoretically sharp, 
its precise numerical representation requires an appro-

priately fine grid, which is somehow similar to the PF 
approach. A mesh of great precision must describe small 
feature curvatures or thin, layered structures. During 
diffusive transitions, the thickness of the phase bound-
ary often spans only a few grid cells, resulting in sharp 
concentration gradients. To accurately represent and pre-
serve continuity, a mesh as detailed as that used in the 
phase-field method is needed. Often, an adaptive mesh 
is employed near the boundary, which increases compu-
tational cost. The LS method does not naturally describe 
nucleation processes or crystallographic texture (Mourad 
& Garikipati, 2006). New phase boundaries must be intro-
duced arbitrarily based on predefined criteria. Therefore, 
this method does not account for the spontaneous forma-
tion of new phases or their crystallographic orientations. 
Suppose crystallographic orientation plays a crucial role, 
like in anisotropic growth or martensitic transformations. 
In these cases, the LS does not capture changes in orien-
tation but describes only the geometry of the boundary. 
It also struggles with handling texture evolution under 
large plastic deformation. To incorporate such effects, 
coupling with other models or methods is required, such 
as CA (Szeliga et al., 2020) or FEM (Bernacki, 2024b). 
The application of them enables the LS method to use and 
provide information about the interior regions of grains, 
enhancing its capabilities. However, the hybrid approach 
increases the complexity of the model and, therefore, may 
impose limits on the use of space and increase calculation 
time (Khedkar et al., 2025).
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2.3. Cellular Automata method

The CA method is one of the discrete methods in 
which the computational space (automaton) consists 
of CA  cells with regular shapes, usually providing 
a regular simulation grid (Sarkar, 2000). Each CA cell 
represents a  small volume of material with a  defined 
state. The primary state evolution mechanism of this 
method involves updating the state of each CA cell in 
successive time steps according to predefined transition 
rules. These rules utilize information stored in the con-
sidered CA cell, as well as from its local neighborhood. 
Transition rules are used to capture the physics behind 
the investigated phenomena, such as recrystallisation, 
phase transformations or grain growth. A key feature 
of cellular automata is the concept of neighborhood, 
which refers to a set of adjacent cells. In a 2D space, 
eight surrounding cells form the Moore neighborhood, 
while four form a von Neumann neighborhood (Fig. 6).

 
Fig. 6. Neighborhood diagram: a) von Neumann;  

b) Moore for 2D automata with cubic cells

The transition rules analyze both the neighboring 
CA cell configuration and the current cell’s state to de-
termine its new state (Fig. 7). The update of CA cell 
states can occur synchronously (all CA cells at the 
same time) or asynchronously (Schönfisch & de Roos, 
1999). In many microstructure models, a  synchro-
nous approach is employed, where all cells evaluate 
their neighbors’ states from the previous time step be-
fore updating their own states simultaneously. Time in 

CA simulations progresses in a discrete manner, which 
can be calibrated to correspond to real physical time 
(Wolfram, 1984).

Using the CA method does not require solving 
complex differential equations; instead, it uses logical 
rules and possible random number inputs for proba-
bilistic events. Each cell interacts only with its near-
est neighbors, giving the algorithms a local character. 
Due to this and the separation of calculating the new 
state stage from applying these changes, this method 
is well-suited for parallel computing (Hansen, 1993). 
CA algorithms can be efficiently parallelized across 
multiple processors or computing nodes with minimal 
communication overhead. This makes CA especially 
effective for large-scale simulations of phase trans-
formations in steels, where high spatial resolution 
is necessary to accurately capture grain nucleation, 
growth, and impingement (Sitko & Madej, 2016). It’s 
worth  mentioning that CA effectively represents the 
inhomogeneity of microstructures. This enables the re-
alistic modeling of differences in grain size, shape, and 
distribution of element concentration, as well as dislo-
cations or stored energy. Additionally, while cellular 
automata models operate discretely, they can be com-
bined with continuous calculations, such as finite element 
simulation of temperature distribution. Often, they are 
also combined with other numerical methods, e.g.,  
finite differences (FD) (Opara & Kuziak, 2020) or finite 
element (FE) (Gawąd et al., 2008). The FD or FE solv-
er calculates the field of temperature or diffusion, and 
cellular automata use this data to determine when 
a phase change occurs. For example, in solidification 
modeling, the temperature curve for each cell is pro-
vided by the temperature solver (Zyska et al., 2018). 
When it drops below the liquidus line, the cell chang-
es state from liquid to solid according to the dendrite 
growth rules. This combination brings together the 
strengths of CA for detailed microstructure description 
with the precision of continuum theories in describing 
physics (Opara & Kuziak, 2020; Sitko & Madej, 2021; 
Zhi et al., 2024). 

Fig. 7. The stages of the CA method: a) considering the state of the CA cell and internal parameters; b) collecting information 
from neighboring cells; c) determining the new CA cell state. In the case of d), the space is presented in a final form after 

considering all CA cells in a given time step

a) b)

a) b) c) d)
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At the same time, the CA method has several sig-
nificant limitations. One of them is the dependence of 
results on the geometry of the grid, that is, the influ-
ence of artificial anisotropy (Shi et al., 2022; Wei et al., 
2016; Wermiński et al., 2025). Growth directions align 
with grid axes, potentially leading to unnatural effects 
such as deformed growth fronts if rules are not careful-
ly chosen (Fig. 8). To mitigate this effect, strategies in-
clude expanding neighborhoods, randomizing growth 
directions, or using hexagonal grids have been devel-
oped (Marek, 2013). The CA’s discrete nature makes 
models also less precise for curvature and phenomena 
like the Gibbs–Thomas effect compared to continuous 
methods (Liang X. et al., 2023).

 

Fig. 8. Grain geometry during growth in successive steps 
of phase transformation simulation with visible influence of 

CA space on the final shape of the grain

As mentioned, in the CA, each CA cell represents 
a volume element, so boundaries are at the cell lev-
el, requiring fine grids or numerical smoothing for 
smooth, curved interfaces. Another problem is that 
CA rules lack assigned physical units, necessitating 
calibration of time steps and CA cell sizes to match 
real-world scales (Ghumman et al., 2023). This cali-
bration can constrain the model’s predictive capabil-
ities beyond its adjusted range. Continuous and ran-
domized methods, such as the MC or PF approaches, 
describe curvature more directly in terms of energy, 
offering better accuracy for physical effects like sur-
face tension. Thus, while CA is effective for large-
scale structures, it has limitations in handling small 
details and certain physical aspects.

2.4. Monte Carlo method

The classical Monte Carlo (MC) method, such as the 
Metropolis algorithm, involves random sampling of 
system states according to a  probability distribution 
dependent on energy. In materials science, it is often 
employed in conjunction with lattice models, such as 
the Potts model, for simulating microstructures (Wright 
et al., 1997). For instance, individual MC cells in the 
MC space are assigned states corresponding to differ-
ent phases or crystallographic orientations, and state 
changes are accepted with a specific probability to re-
flect the system’s tendency to minimize energy, such 
as interfacial energy (Fig. 9). This method allows for 
the study of system evolution toward equilibrium or 
metastable configurations with an element of thermal 
fluctuation. In grain growth, it mostly causes small 
grains to disappear and larger ones to grow (reducing 
boundary energy). For phase separation or ordering, it 
can also simulate domain coarsening (Sitko & Madej, 
2016). However, unlike CA, which follows determin-
istic kinetic rules, the Monte Carlo approach follows 
a  thermodynamic driving force through probabilistic 
changes. 

Fig. 9. The stages of the MC method: a) selecting a random cell in the MC space; b) calculation of energy based on the current 
MC cell state and the states of neighboring cells; c) calculation of energy after new state assignment; d) accepting a new state 

with a certain probability calculated using the difference in energy before and after the change

a) b) c) d)
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Similar to cellular automata, Monte Carlo simu-
lations can be conducted on large 2D or 3D lattices. It 
can also be done by applying parallel algorithms (Preis 
et al., 2009). However, this method is asynchronous, so 
care must be taken to avoid read-write conflicts (Weigel, 
2017). Various strategies exist to address this issue. It 
should be mentioned that MC has a physical basis relat-
ed to feature curvature. The approach based on energy 
naturally incorporates the tendency to minimize the sur-
face area of boundaries. It can be shown that, in the limit 
of a large system and low “temperature,” the Potts mod-
el yields kinetics consistent with grain growth driven 
by curvature. This establishes a  semi-quantitative con-
nection with the physics of surface structure evolution. 
While the basic Potts model minimizes only boundary 
energy, it can be extended by adding additional terms to 
the energy function. For example, a term can be added 
that gives certain orientations an energetic advantage – 
this represents stored energy due to deformation. Addi-
tionally, interaction energy can be introduced to facilitate 
neighbor relationships for specific phases, aiding in sim-
ulations of dislocations or phase ordering. 

The main drawback of the Monte Carlo method is 
that it does not have a direct connection between MC 
steps and real-time (Wermiński et  al., 2023). To com-
pare MC simulation time with physical time, adjusting 
the MC steps relative to the experiment or another model 
is necessary. There are different approaches – for exam-
ple, matching the growth rate to a known flow curvature 
equation or reflecting through values of grain boundary 
mobility. However, there is no clear, direct relationship 
by default. This means that MC effectively exhibits 
qualitative behavior and normalized kinetics, but precise 
time prediction requires additional assumptions (Raabe, 
2000). Another issue is that the lattice in the Potts mod-
el enforces the discretization of position boundaries be-
tween grains. Boundaries “tremble” and shift by lattice 
units. On a  large scale, this works correctly; however, 
it may introduce slight anisotropy, as boundaries prefer 
to move along specific lattice directions (Mason et al., 
2015). This can be mitigated by using a large number of 
possible states and smoothing algorithms. It is also worth 
mentioning that the standard Potts model does not solve 
equations of diffusion or stress equilibrium. It only aims 
to reduce boundary energy by a probabilistic rule. There-
fore, when changes occur that involve long-range diffu-
sion (e.g., the growth of new phases with composition 
changes), the Potts model alone is insufficient. Similarly, 
it does not represent elastic deformation energy unless 
added to the energy functional. Some researchers incor-
porate components that penalize configurations causing 
deformation (Williamson & Delplanque, 2015). Howev-
er, this significantly complicates the MC model. A nota-

ble feature of this method is that, due to the stochastic 
nature of MC, the results contain unavoidable noise. 
Typically, many runs are performed, and data is aver-
aged, or a large system is simulated to achieve smooth 
and representative behavior. Key events, such as nucle-
ation, may require multiple trials to obtain statistically 
significant results. If the model parameters are not set 
properly, the results may be far from the physics; for ex-
ample, feature boundaries can become unnaturally rough 
or the system becomes stagnant (pinning effect). There-
fore, the MC model parameter must be carefully adjust-
ed to suit the specific problem, which is not an easy task. 

2.5. Vertex method

The vertex-based model describes the microstructure 
of polycrystals by directly representing the geome-
try of grain boundaries. In a 2D case, grains are rep-
resented as polygons, with their edges being line seg-
ments connecting vertices where three grains meet at 
triple points. In the 3D case, grains are polyhedrons 
with flat faces that meet along edges and vertices. The 
fundamental concept involves tracking the movement 
of these vertices, along with their corresponding grain 
boundary edges, according to physical laws such as 
curvature flow and energy minimization. In the typ-
ical 2D model of grain growth, the position of each 
vertex is updated by solving its equation of motion. 
This equation arises from the equilibrium of the grain 
boundary tensions at that vertex where three grains 
meet. The velocity of an edge’s movement is often pro-
portional to its curvature and mobility (Fig. 10). The 
vertex-based model essentially solves these equations 
for all vertices simultaneously. As a  result, the grain 
structure changes: edges move, part of them shrink, 
and others disappear (Fuchizaki & Kawasaki, 1995; 
Kawasaki et  al., 1989; Lépinoux et  al., 2010; Syha 
& Weygand, 2010).

Fig. 10. In vertex method simulations, a velocity v is calculated 
for each vertex based on the assigned grain boundary energy γ  
and mobility. Information on angles ρ between grain-forming 
segments is often used to ensure equilibrium at grain junction 

points
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The model based on this method can represent grain 
boundary lines as continuous smooth curves or straight-
line segments between vertices. They are not confined to 
a pixel grid, allowing for precise representation of cur-
vature and length within the set resolution of vertices. 
This facilitates accurate modeling of processes depen-
dent on curvature, such as grain growth. In this case, the 
number of degrees of freedom increases proportionally 
to the number of grains (vertices), rather than the total 
area or volume. This makes it efficient for simulations 
with a moderate number of grains, especially when there 
are a few hundred grains. Another important feature of 
this approach is the possibility to incorporate the anisot-
ropy (Enomoto et al., 1996; Hallberg, 2011). The vertex 
model can easily account for the anisotropic properties 
of grain boundaries. These properties vary depending 
on the angle between crystals or the orientation of the 
boundary plane. Equilibrium at the vertices can reflect 
these differences, enabling phenomena such as abnormal 
grain growth, where some boundaries move faster or 
slower depending on their angles. 

On the other hand, vertex-based models have pri-
marily been developed for describing grain growth in 
single-phase microstructures. Their application to phase 
transformations (where a  new phase nucleates and 
grows) is more challenging. Nucleation of a new phase 
means introducing a new closed boundary loop into the 
lattice. The method is capable of doing so, but the user 
has to specify when and where to add new vertices and 
edges (Hallberg, 2011). Furthermore, the method is not 
well-suited for cases where simulating a large number 
of grains. If the grains become very small compared to 
their neighbors, algorithms in this method can random-
ly remove them to prevent them from being reversed or 
distorted. Compared to grid-based methods, this meth-
od is much more complex. The reason is that geometry 
and topology must be handled carefully, i.e., detecting 

events, determining how to restructure the lattice, man-
aging the addition and removal of vertices, and ensur-
ing the numerical stability of vertex movements (Torres 
et al., 2015). These limitations introduce practical lim-
its on the number of grains and their size. It is worth 
emphasizing that vertex-based models primarily focus 
on boundary motion driven by curvature and surface 
energy. They do not account for diffusion in the bulk 
or the thermodynamics driving transformations. There-
fore, these models are best suited for phenomena driven 
by capillarity, such as grain growth within one phase. 

2.6. Comparison of Full-Field methods 

As presented, full-field methods, such as phase-field, 
level-set, cellular automata, Monte Carlo, and vertex, 
are widely used to model phenomena in materials. Each 
of these methods has its strengths but also its limita-
tions, which are summarized in Table 1. 

The phase-field method enables the accurate repre-
sentation of shapes and the evolution of phase boundaries. 
However, it is computationally very expensive. The lev-
el-set method also effectively describes moving interfac-
es. However, it requires advanced numerical techniques 
and can have problems with mass conservation. Cellular 
automata are simpler and faster to implement than the PF 
and LS. They are suitable for large-scale simulations but 
are sensitive to artificial anisotropy. Monte Carlo simu-
lations effectively reproduce statistical processes, such 
as recrystallisation. However, it does not always provide 
physical realism. The vertex method, on the other hand, 
properly captures the topology and migration of boundar-
ies in polycrystal structures but its applicability to multi-
phase or 3D systems is limited. The choice of method 
depends on the phenomenon being studied, the required 
accuracy, and the availability of computational resources.

Table 1. Comparison of evaluated full-field methods with respect to their capabilities in microstructure evolution modeling

Method Key features Advantages Limitations

Phase-Field 
(PF)

diffuse interface, 
thermodynamically consistent 

PDEs 
handles complex morphologies, 

elastic/plastic coupling
high computational cost, needs 
a fine mesh, difficult nucleation 

modeling

Level-Set 
(LS)

sharp interface via signed distance 
function, implicit boundary 

tracking

efficient for tracking sharp 
interfaces, natural topological 

changes

complex for multi-phase/multi-
grain systems, requires periodic 

reinitialization
Cellular 

Automata 
(CA)

discrete grid, sharp interface, 
transition rule-based system 

evolution with neighborhood role

efficient, suitable for 
parallelization, handles large-scale 

structures

grid-induced anisotropy, lacks 
physical units, lower accuracy in 

curvature

Monte Carlo 
(MC)

discrete grid, sharp interface, 
probabilistic state change based 

on energy minimization

captures thermodynamic 
tendencies, curvature-driven grain 

growth

no natural time scale, 
discretization artifacts, high noise 

level

Vertex tracks grain boundary vertices, 
geometric and topological updates

precise boundary representation, 
supports anisotropy in curvature-

driven growth

limited to grain growth, complex 
implementation for topology 

changes
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This work specifically addresses phase transfor-
mation modeling; therefore, the state of the art in this 
area is further expanded in the following chapters. 

3. Modeling γ → α phase transformation  
in Fe-C and Fe-C-M systems

Modeling phase transformations in steels during cool-
ing has undergone significant theoretical evolution in 
recent decades (Bhadeshia, 2010; Gamsjäger et  al., 
2006; Gaude-Fugarolas & Bhadeshia, 2003; Gomez 
et  al., 2019; Gouné et  al., 2015; Hackenberg, 2012; 
Hillert, 1999). With particular emphasis on the trans-
formation of austenite into ferrite, early research was 
dominated by an approach assuming local equilibrium 
at the phase boundary, specifically, the Local Equilib-
rium (LE) model (Bhadeshia, 2021). Classical frame-
works were based on describing the growth of ferrite 
nuclei as a phenomenon controlled solely by diffusion, 
with the assumption that the transformation occurs in 
accordance with thermodynamic equilibrium between 
phases. The turning point in the development of models 
was introduced in the article by Van der Ven & Delaey 
(1996) where the formalism of irreversible thermody-
namics was applied to analyze the iron potential during 
isothermal transformations in Fe-C and Fe-C-M sys-
tems. In this model, the γ/α boundary was considered 
a surface with infinite mobility, and the kinetics of the 
transformation were determined by carbon diffusion in 
the austenite. The authors indicated that the dissipation 
of free energy during transformation could result from 
various processes: volume diffusion, interface migra-
tion, or solute drag effects. They introduced an analysis 
of different kinetic regimes, describing transformations 
not only as diffusion-controlled but also influenced by 
interfacial properties such as their resistance, structure, 
and mobility.

This approach was further developed in mod-
els considering out-of-equilibrium conditions at the 
phase boundary, as in the work by Krielaart et  al. 
(1997). The authors introduced a  numerical model 
where the actual mobility of the interface is finite, and 
local equilibrium conditions are not satisfied. In this 
framework, interface migration depends not only on 
the chemical potential difference between phases but 
also on the local carbon concentrations on both sides 
of the phase boundary. This approach yields a descrip-
tion of transformations in a  mixed mode (Fig. 11). 
Consequently, this model accounts for the transition 
from a  diffusive transformation at low undercooling 
to an interface-controlled transformation at higher un-
dercoolings.

Fig. 11. Carbon concentration profile at the interface for 
growing ferrite grain in austenite matrix. Variants of the 
control of diffusion and mobility of the interface present 
two extremes, in which, respectively, diffusion is low, and 

mobility is infinitely high, and conversely

The issues of solute drag and trapping in out-of- 
equilibrium conditions were explored in depth by Hil-
lert (1999). In his comprehensive review, he presented 
a comparison between approaches based on Gibbs en-
ergy dissipation and classical sharp-interface and dif-
fuse-interface models (Fig. 12). He pointed out that at 
high interface migration velocities, phenomena occur 
that cannot be captured by models relying on local equi-
librium assumptions. Specifically, interface acceleration 
can lead to the accumulation of alloying elements at the 
phase boundary and a reduction in the driving force for 
transformation. Parallel development was carried out 
for kinetic models incorporating the interaction between 
diffusion and interface motion. In an article by Svoboda 
et al. (2001), a boundary condition was proposed based 
on the kinetics of phase boundary migration, taking into 
account both chemical and mechanical contributions to 
the driving force of transformation. This enabled the 
model to predict composition changes and microstruc-
tural evolution, even in the presence of stresses arising 
from phase lattice mismatch.

a)	 b)

Fig. 12. Sharp (a) and diffusive model (b) of the interface 
with marked area of the phase boundary

In the context of technological applications, re-
search on the γ → α transformation under real hot roll-
ing and cooling conditions holds significant importance. 
Leeuwen et al. (2003) demonstrated that this transforma-
tion can occur in a mixed mode, with its nature poten-
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tially evolving during the process based on local con-
centration and geometrical conditions. By employing 
carbon concentration analysis at the γ/α boundary, the 
authors demonstrated the feasibility of quantitatively 
determining the transformation’s character, ranging 
from interface-controlled (when the local concentra-
tion approximates average levels) to diffusion-con-
trolled (as it approaches equilibrium values). Sietsma 
& Zwaag (2004) formally generalized these assump-
tions by proposing a single-parameter model based on 
the Z factor, which is a function of diffusion, interface 
mobility, and the geometry of the growing phase. This 
parameter enables a clear determination of the transfor-
mation’s nature at any point during its process. A sig-
nificant conclusion from their work was that every 
transformation begins as interface-controlled; howev-
er, as the new phase grows, it progressively shifts to 
being diffusion-controlled. Experimental confirmation 
of these concepts was provided by Liu Y. et al. (2006), 
who analyzed the effect of cooling rate on the shape of 
transformation kinetics. It was found that at low rates, 
the transformation occurs in a diffusive mode; howev-
er, at high cooling rates, it exhibits a massive character 
driven by interface mobility. Similar conclusions were 
presented in article by Chen H. et  al. (2010). Here, 
a  modified JMAK model incorporating sequences of 
transitions between different growth modes from in-
terfacial through diffusive to re-interfacial was used. 
An important supplement to kinetic models considers 
the influence of prior plastic deformation of austenite 
on the driving force and transformation kinetics. Si-
etsma (2012) noted that the presence of defects arising 
from plastic deformation, such as dislocations or grain 
boundary distortions, significantly lowers the energy 
barrier for ferrite nucleation, thereby increasing the 
density of nuclei and accelerating the entire transfor-
mation process.

In the work of Chen H. & Zwaag (2014), a  new 
modeling framework called the Gibbs Energy Bal-
ance (GEB) model was introduced as a generalization of 
the mixed-mode approach for multicomponent Fe-C-M 
alloys. This model incorporates a physically and ther-
modynamically consistent treatment of substitutional 
alloying element M diffusion (such as Mn and Ni) within 
the migrating interface. It bridges the gap between clas-
sical local equilibrium (LE) and paraequilibrium (PE) 
conditions, demonstrating that both can be derived as 
limiting cases of a more general formulation. A novel 
feature of the GEB model was its capacity to predict 
“transformation stasis” – a  state in which the phase 
transformation slows down/stops due to an insufficient 
chemical driving force to overcome the combined dis-
sipation from solute drag and interface friction. This 

was demonstrated experimentally and modeled for 
Fe-C-Mn and Fe-C-Ni alloys, showing that elements like 
Mn significantly intensify the stasis effect due to their 
high partitioning coefficients and interaction energies.

The presented models are widely used in full-field 
modeling. They are treated as concepts that are im-
plemented using methods like PF, CA, MC or Vertex 
method. They help to understand how certain phenom-
ena work during transformation, and they can be used 
as a  tool for validation and parameters identification. 
The following sections discuss the application of the 
various full-field methods to model the austenite-ferrite 
transformation based on the considerations outlined 
above.

3.1. Phase-field models of  
austenite-to-ferrite  

Phase Transformations

Pariser et al. (2001) presented the first simplified mod-
el to simulate the γ-α transformation in ultra-low-carbon 
(ULC) and interstitial-free (IF) steel grades. In this 
work, the model highlighted the critical role of nucle-
ation undercooling and interface mobility parameters. 
Although showing promising agreement with experi-
mental results, it also emphasized the need for further 
improvements in model parameter identification. Then, 
Loginova et al. (2003) discussed the transition between 
diffusion-controlled and massive transformation γ → α 
in binary Fe-C alloys. This work combined the solute 
drag effect with a  1D phase-field approach and ther-
modynamic models, where the space was limited to 
the boundary of only one grain. In a subsequent paper 
(Loginova et al., 2004), the authors introduced an ex-
tension of a previous approach to a 2D model, allow-
ing for the analysis of Widmanstätten ferrite plate for-
mation from an austenite grain boundary. This model 
uniquely captured different growth morphologies (dif-
fusion-controlled, Widmanstätten, and massive) within 
a single phase-field formulation, significantly extending 
the capabilities of previous models. Another 2D model 
was presented in (Mecozzi et al., 2005), where the PF 
approach was used to examine the effects of interface 
mobility and niobium carbide precipitation on the ki-
netics of ferrite formation during controlled cooling 
from different austenitisation temperatures. The prima-
ry limitation of this work was the dependence on the 
fitted parameters of the model. The interfacial mobility 
was not measured independently but was adjusted to 
achieve an optimal fit to experimental data, which neg-
atively impacted the predictive capabilities of the mod-
el. Another solution introduced in (Huang et al., 2006) 
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was capable of simulating γ-α transformation kinetics 
in low-carbon steels over large spatial and temporal do-
mains during both isothermal and continuous cooling 
transformations. As before, there was a problem with 
the need to adjust model parameters, and it showed lim-
itations in predictive capabilities at high cooling rates 
due to simplified nucleation assumptions. Although 
this model successfully simulated interface movement, 
considering grain impingement and solute enrichment. 
Moreover, a modified version of this model was pre-
sented in the article by Huang et al. (2006), considering 
the grain coarsening mechanism.

At the same time, Militzer et  al. (2006) demon-
strated the extent to which results can differ when the 
PF are conducted not in 2D but in 3D space. The authors 
demonstrated that the transformation rates observed in 
2D are noticeably faster than those in the 3D case, re-
sulting in underestimated mobility values when com-
pared with experimental data. Additionally, the mor-
phology of the remaining austenite toward the end of 
the simulation was more accurately captured in 3D, 
whereas in 2D it often appeared unrealistic. As a result, 
three-dimensional simulations yield far more accurate 
representations of the final non-ferritic transformation 
products, such as pearlite, bainite, and martensite. In 
the article by Mecozzi et al. (2008), the authors used 
a 3D model to analyze the interplay between the nucle-
ation temperature range and effective interface mobility 
and validated the results against the experimentally ob-
tained transformation kinetics. They demonstrated that 
broader nucleation temperature intervals require higher 
interface mobility to match experimental data. 

Several studies in the literature have also focused 
on extending 2D models to 3D space by incorporat-
ing additional modules. The model presented in the 
publication by Suwanpinij et al. (2009) integrated ex-
perimentally observed nucleation behavior and defor-
mation-induced changes in driving force to simulate 
microstructural evolution during isothermal holding. 
Another work (Cha et  al., 2010) introduced a model, 
that explicitly incorporated the elastic lattice effects 
caused by the volume mismatch between the two 
phases in a binary Fe-C system. The authors build on 
earlier phase-field and elasticity models, combining 
them to predict the nucleation, growth, and morpholog-
ical evolution of ferrite under different cooling rates, 
grain sizes, and wetting angles.

However, in recent years, the direction of research 
shifted onto the pearlitic, bainitic and martensite trans-
formations (Yamanaka, 2023). According to the austen-
ite-pearlite transformation, Mushongera et  al. (2018) 
introduced a complex model to study the formation and 
development of divergent pearlite structures in ternary 

Fe-C-Mn steels in isothermal conditions. The authors 
presented a detailed analysis of how local changes in 
elemental composition and cooling conditions affect 
the initiation and propagation of pearlite branching, 
which could not be observed with binary approaches. 
In further work (Mushongera et  al., 2020), the mod-
el was extended to use partitioning local equilibrium 
conditions at the interface. The authors argue that in 
Fe-C-Mn systems, the assumption of classical local 
equilibrium known from binary systems cannot be ap-
plied. In addition, particular attention was paid to the 
role of manganese diffusion, demonstrating that its low 
mobility and strong reduction of phase boundary ener-
gy have a key influence on the rate and direction of new 
phase development. Another interesting work is the ar-
ticle by Wang K. et al. (2025), which focuses on mul-
tiphase modeling of the transformation of austenite to 
pearlite and ferrite in hypoeutectoid steels. The model 
takes into account the influence of cooling rate, primary 
austenite grain size, and carbon content on the amount 
and morphology of pearlite and on the microstructure 
of ferrite, providing a complete quantitative analysis of 
these relationships.

3.2. Level-set models of  
austenite-to-ferrite  

Phase Transformations

The level-set method was first applied to model diffu-
sive phase transformations in steels in the work by Iwa-
moto et  al. (2008). Iwamoto and his team introduced 
a model based on the finite element method and level- 
set approach. This enabled the simulation of phase 
boundary movements driven by diffusion during cool-
ing. In their study, they demonstrated that the LS meth-
od effectively models complex shapes of interphase 
boundaries during solid-solid phase transformations. It 
laid the foundation for further research, demonstrating 
that the LS method enables the natural reproduction of 
phenomena such as merging, splitting, and any move-
ment of phase boundaries.

Then, Barbe & Quey (2011) developed a  fully 
three-dimensional LS model for simulation of the diffu-
sive austenite-to-ferrite transformation at the polycrys-
talline scale. Their work is notable because it incorpo-
rated crystalline plasticity into the phase transformation 
model. Moreover, this model enabled the tracking of 
the evolution of three-dimensional phase boundaries 
using the LS function. The work represented a signifi-
cant advancement from earlier models, which typically 
considered only one phase boundary or one grain. This 
allowed to explore how mechanical deformations and 
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phase transformations mutually influence each other. 
Furthermore, it demonstrated how stress and plastic 
deformation in austenite influence the growth of ferrite 
grains, providing a more realistic simulation of micro-
structure development in two-phase steels.

At the same time, the work by Hallberg et al. (2010) 
explored the application of LS methods in the thermo-
mechanical context. The authors developed a model for 
martensitic transformation in steel that included ther-
momechanical coupling. The proposed approach was 
based on internal variables rather than directly on the 
LS method.

For the following years, the high computational 
cost of 3D LS simulations remained a challenge. Strate-
gies based on representative volume elements were then 
applied to reduce the system complexity. In the article by 
Bzowski et al. (2021) a comprehensive model of the mi-
crostructure development in bainitic steel during inter-
critical heating was developed, where interface tracking 
from the LS method was combined with the so-called 
statistically representative volume element (SSRVE) 
concept. This allowed for a reduction in the size of the 
computational domain required for simulation, opening 
the way for more extensive analysis at industrially rele-
vant scales. In this model, the phase boundaries between 
austenite and ferrite were tracked using cross-sectional 
functions, while carbon diffusion was solved on a mesh. 
This approach enabled consistency with experimental 
results regarding changes in phase fractions.

Recently, the work by Chandrappa & Bernacki  
(2023) introduced a  novel finite element level-set 
framework. The focus was on the simulation of diffu-
sive phase transformations, in particular the austenite 
to ferrite transformation in polycrystalline materials. 
A key innovation was the use of a diffuse interface ap-
proach within the level-set method (Fig. 13). This al-
lowed the avoidance of the need for explicit treatment 

of jump conditions at phase boundaries during solute 
diffusion.

The approach provided a  unified and efficient 
modeling of solute partitioning and interface migration. 
The framework also included the possibility of simu-
lating concurrent phenomena, such as grain growth 
and recrystallisation. In an article by Chandrappa & 
Bernacki (2024), the model was significantly extended 
to deal with ternary and more complex alloy systems. 
The authors included solute drag effects and introduced 
more advanced nucleation models. They also improved 
the numerical treatment of boundary conditions. In 
particular, they addressed the conservation of both dif-
fusive and advective solute fluxes. The updated model 
was tested in large-scale simulations of microstructure 
evolution, and these improvements confirmed the po-
tential of the level-set method.

Another recent work (Pohjonen, 2023) presents 
a  hybrid computational approach that links the lev-
el-set concept with phase-field-like diffuse interfaces, 
illustrating how the strengths of different methods can 
be combined. The author modeled the transformations 
from austenite to ferrite (and also from austenite to 
bainite) during cooling. This approach treated the in-
terface as a “diffuse field” but derived an advection 
equation for interface movement. In particular, it was 
shown that the formulation was reduced to the classi-
cal level-set equation in the limit of a narrow interface 
thickness. By incorporating transformation strains and 
carbon partitioning effects, this approach can naturally 
account for the invariant-plane strain shape change of 
bainite, as well as the volume change of ferrite.

The main limitation of this model is the selection 
of appropriate parameter values. While the author of 
this paper focused on showing how the presented mod-
el works, the selected parameters have no relation to 
the experimental data.

Fig. 13. Carbon diffusion in a two-phase system using the novel LS method (Chandrappa, 2024)
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3.3. Monte Carlo models of  
austenite-to-ferrite  

Phase Transformations

Only a few research groups have modeled the diffusion-
al austenite-ferrite transformation using Monte Carlo 
methods. Tong and co-workers (Tong et al., 2002, 2004a, 
2004b, 2005) conducted extensive simulations for Fe-C 
and Fe-C-Mn steels. These 2D simulations successfully 
reproduced both the microstructure of nucleating ferrite 
and kinetic dependencies. Initially, Tong et al. (2002) in-
troduced a two-dimensional Monte Carlo simulation uti-
lizing a Landau–Ginzburg free-energy model, focusing 
primarily on the free-energy minimization and carbon 
diffusion within the austenite-ferrite system. This initial 
approach effectively predicted equilibrium volume frac-
tions of phases and was experimentally validated. Sub-
sequently, Tong et  al. (2004a) introduced a mesoscale 
simulation employing a Q-state Potts model, incorporat-
ing continuous cooling conditions and a random-jump-
based carbon diffusion model independent of numerical 
diffusion equations. This paper provided a detailed ex-
amination of interfacial energies and simulated the for-
mation of polygonal ferrite grains and pearlite structures 
under varying cooling rates. Another work (Tong et al., 
2004b) further expanded the model by modeling defor-
mation-induced ferrite transformation (DIFT), incor-
porating deformation energy, dislocation densities, and 
recrystallization effects. This work uniquely examined 
oscillations in the volume fraction of ferrite, highlight-
ing the effects of strain and strain rate, as well as the 
phenomenon of reverse transformation. Finally, Tong 
et al. (2005) refined the Q-state Potts model approach 
to investigate the transformation under non-equilibrium 
interface conditions, applying a  mixed diffusion/inter-
face-controlled mechanism. This model uniquely con-
sidered carbon diffusion within ferrite and analyzed the 
impact of carbon concentration and annealing tempera-
ture, employing a  simplified constant-value interface 
energy model. Thus, each successive paper introduced 
new physical phenomena and refined modeling tech-
niques, progressively enhancing the realism and com-
plexity of simulations.

These 2D simulations on a hexagonal lattice suc-
cessfully reproduced both the microstructure of precip-
itating ferrite and kinetic dependencies. It is worth not-
ing that cementite was not explicitly modeled in these 
studies, meaning its inclusion would require expanding 
the number of phases and incorporating separate plates 
for cementite.

In subsequent years, hybrid approaches were em-
ployed, combining the Monte Carlo method with oth-
er discrete techniques. Xiao et  al. (2006) developed 

a  coupled mesoscale simulation that integrated the 
Crystal Plasticity Finite Element Method (CPFEM) 
with a  Q-state Potts Monte Carlo method. This ap-
proach enabled a  detailed study of the influence of 
plastic deformation of austenite on the subsequent 
ferrite formation. By incorporating stored deforma-
tion energy and crystallographic orientation data from 
CPFEM as initial conditions for the Monte Carlo sim-
ulation, this work revealed that plastic deformation 
accelerates transformation kinetics and increases the 
equilibrium ferrite fraction. The study emphasized 
that deformation-induced defects significantly enhance 
ferrite nucleation sites and examined the interplay be-
tween deformation and long-range carbon diffusion 
as well as short-range iron diffusion across the inter-
face. In the same year, Bos et  al. (2006) introduced 
a novel multi-lattice kinetic Monte Carlo (kMC) sim-
ulation specifically targeting the massive transforma-
tion from fcc (γ-austenite) to bcc (α-ferrite) iron. This 
method uniquely accounted for variable, individual 
atomic jump activation energies based on local 
atomic environments, as opposed to using constant 
energy barriers. This allowed detailed insight into the 
energetics of atomic jumps at the interphase boundary. 
The study concluded that transformation kinetics were 
governed by sequences of energetically unfavorable 
jumps of atom groups, forming intermediate states at 
the phase boundary.

Building upon these methodologies, Li et al. (2007) 
applied both deterministic cellular automata and prob-
abilistic Potts Monte Carlo models to analyze ferrite 
grain growth modes in detail. Their simulations showed 
that the ferrite grain growth behavior is influenced by 
both “hard impingement,” related to grain boundary 
interactions, and “soft impingement” resulting from 
overlapping carbon diffusion fields. This work identi-
fied multiple grain growth behaviours, including par-
abolic growth, delayed growth, and even temporary 
or permanent shrinkage of ferrite grains, phenomena 
that were partly confirmed by synchrotron X-ray ex-
periments.

Later studies by Biglari & Mittemeijer (2013, 
2014) further advanced understanding of the trans-
formation under mechanical loading conditions using 
multi-lattice kinetic Monte Carlo simulations. Their 
research provided insights into how external uniaxial, 
planar, and hydrostatic stresses influence the massive 
transformation kinetics. It was found that the presence 
of stress significantly affects interface mobility, primar-
ily by modifying local atomic arrangements required 
to unblock lattice sites for transformation. Specifically, 
compressive stresses accelerated the transformation, 
while tensile stresses slowed it down. Their work also 
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highlighted the importance of vacancy concentrations 
at the interface. They demonstrated that local clusters 
of relaxed atoms surrounding vacancies strongly influ-
ence transformation kinetics and interfacial mobility 
under stress. 

For MC modeling of austenite-ferrite transfor-
mations, the method has not been developed recently. 
However, currently, the method has found application 
especially in the direction of microstructure modeling 
under thermal loading, e.g. 3D printing, welding with 
different materials (Zhang Z. et al., 2022).

3.4. Cellular Automaton models of 
 austenite-to-ferrite  

Phase Transformations

One of the first works in this area (Jacot & Rappaz, 
1997) focused on the development of a 2D grain growth 
model for predicting microstructural evolution during 
continuous cooling. The authors presented a  gener-
al two-phase approach that predicted diffusive phase 
transformations from ferrite to γ austenite, incorpo-
rating a hexagonal grid to solve the diffusion equation 
using the FDM approach. Special interface elements 
were introduced to account for boundary conditions 
at the moving interface between the two phases, such 
as equilibrium phase diagrams and solute flux balance. 
Each CA cell in this grid could represent a grain, and its 
carbon concentration and was updated at each time step 
based on the solution of the diffusion equation. When 
the phase fraction fell below zero, the CA cell was con-
sidered to be fully transformed. Kumar et  al. (1998) 
developed a  similar model to study the nucleation 
and growth of ferrite using a 2D square cell-based CA 
space. The model assumed that nucleation sites were 
distributed along the grain boundaries, each with an as-
sociated undercooling range. These sites became active 
at specific undercoolings, initiating nucleation without 
incubation time. The distribution of these sites fol-
lowed a Gaussian function with three parameters deter-
mined by fitting to experimental data. Once activated, 
nuclei grew into austenite through diffusion-controlled 
growth. Then, Varma et al. (2001) proposed a modified 
model that successfully predicted ferrite grain size and 
volume fractions across different cooling rates. It incor-
porated the growth of pearlite and extended nucleation 
with time and temperature dependence. This model re-
sulted in notable agreement between simulated and ex-
perimental results for 0.28% and 0.38% carbon steels. 
Furthermore, Zhang L. et al. (2003) developed a model 
based on the article by Jacot & Rappaz (1997) utilizing 
nucleation probability calculation. In this approach, nu-

cleation occurred when undercooling happened, and the 
nucleation probability for each cell at the grain bound-
ary was calculated using the nucleus density function. 
The solution incorporated the cooling rate and calcu-
lation of nucleation rate, which was based on physical 
parameters and differences in Gibbs energies. Finally, 
due to the limitations of the model, there was no possi-
bility to quantitatively predict the ferrite grain growth 
kinetics (Lan Y. J. et al., 2004a, 2004b). The CA model 
presented by Kundu et al. (2004) incorporated nucle-
ation and diffusion processes, with the FDM applied to 
solve the second Fick’s law within the CA cells. They 
assumed 1D diffusion along the grain boundary and 2D 
diffusion within the grains. The nucleation model was 
based on calculating a number of new nuclei from the 
Classical Nucleation Theory (CNT) approach and plac-
ing them randomly at the boundary region. The growth 
mechanism of ferrite grains utilized mass balance to 
obtain velocity, and it was used to calculate the frac-
tions of ferrite in cells.

The first CA-based model that introduced the aus-
tenite to ferrite transformation under non-equilibrium 
interface conditions was developed by Lan Y. J. et al. 
(2004a, 2004b). The authors included interface mo-
bility in the form of a thermally activated function as 
a part of grain velocity calculations. The model used 
a driving force derived from the chemical potentials of 
specific elements at the interface. This work has been 
later extended to include deformed C-Mn steel during 
continuous cooling (Lan Y. J. et al., 2005a). The driving 
force was represented by a sum of chemical and stored 
deformation energies. The calculation of stored ener-
gy was primarily based on dislocation density, which 
was assumed to be homogeneous throughout the en-
tire  CA space for simplification purposes. In another 
work (Lan Y. J. et al., 2005b), the authors coupled this 
model with the crystal plasticity finite element model 
(CPFEM) to provide heterogeneously distributed de-
formation energy. Because ferrite nuclei emerge not 
only along austenite grain boundaries but also within 
austenite grain interiors where the stored deformation 
energy is high, the authors modified the nucleation 
model to incorporate this behavior. 

Then, Bos et al. (2010) introduced a complex CA 
model to simulate the continuous annealing stage of ter-
nary DP steels in a  three-dimensional (3D) space. The 
approach consisted of a number of simplified submod-
els, including recrystallization, ferrite-austenite, and 
pearlite-austenite transformations upon heating, as well 
as austenite-ferrite transformation upon cooling. Each of 
them, despite the simplifications, did provide qualitative-
ly accurate results. The extended version of this model 
was presented in the work by Mecozzi et al. (2011). Un-
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like the previous model, this one considered site-saturat-
ed nucleation during the austenite-ferrite transformation 
stage and incorporated the chemical concentration of 
substitution elements into the driving force calculation. 
Svyetlichnyy & Mikhalyov (2014) introduced a Frontal 
Cellular Automata (FCA) framework adapted to phase 
transformations in 3D space with a focus on nucleation 
to reduce the computational time. Contrary to the clas-
sical CA approach, in the FCA, the transfer of data be-
tween the CA cell its neighbouring cells is reversed. This 
approach reduced computational complexity but incor-
porated changes only at the front of the moving phase 
boundary. This model also considered only the transfor-
mation of austenite to ferrite and pearlite with low cool-
ing rates, where grain growth is controlled by diffusion. 
Another interesting model is presented by Zheng et al. 
(2012). The authors of this work aimed to predict the 
behavior of austenite-to-ferrite and reverse transforma-
tions during cooling and deformation processes using 
the CA approach in 2D space. The research revealed 
that the transformation from retained austenite to fer-
rite and the reverse can occur simultaneously with-
in the same material under specific conditions. Work 
presented in the work by Opara & Kuziak (2020) was 
designed to cover the decomposition of austenite into 
ferrite, bainite and martensite during continuous cool-
ing. The authors have used a well-known and proven 
method of CA + FDM, and they successfully simulated 
these transformations for CP steel in 2D space. The sim-
ulations were performed using different cooling rates, 
from which it can be seen that the kinetic results deviate 
for particular rates. Nevertheless, these works show the 
potential of combining these methods.

Recently, various approaches have been increasing-
ly used as a complement to CA-based models. One such 
interesting work is the article by Łach & Svyetlichnyy 
(2020), which is a combination of the FCA technique 
and the Lattice Boltzmann Method (LBM). The LBM is 
used to simulate carbon diffusion and heat flow. The au-
thors have proved that the model works for 1D space for 
the austenite-to-ferrite transformation. In further work 
(Łach & Svyetlichnyy, 2023), the 3D heat flow model 
is developed using LBM and combined with the FCA 
method, where the grain growth process is controlled 
by temperature and the enthalpy of transformation. 
Sun et al. (2023) showed a different approach to simu-
late austenite-to-ferrite transformation, that is, a combi-
nation of CA with Bayesian Optimisation (BO), where 
the BO part is responsible for the automatic adjustment 
of the model parameters to the experimental data. This 
model is able to perform a simulation in isothermal con-
ditions for 2D space with different initial carbon con-
centrations.

In the simulation of phase transformations, the 
CA method is an attractive choice for several reasons. 
The CA allows for effective modeling of large systems 
and is naturally suited to parallel computing, which fa-
cilitates simulations of large samples or long cooling 
times. Unlike the PF approach, which requires very 
large computational resources due to the need to use 
a fine mesh and solve costly differential equations. On 
the other hand, MC does not have a natural time scale 
and generates a high level of computational noise, mak-
ing it more difficult to accurately reproduce real kinetic 
processes. CA, thanks to its neighborhood-based evo-
lution rules, better reflects phase transformations and 
the dynamics of nucleation and growth. This method 
is also characterized by flexibility and expandability 
because it is based on simple rules which allow for 
the easy introduction of various physical mechanisms. 
Conversely, the LS and PF methods are more challeng-
ing to implement for multiphase or multigrain systems. 

Therefore, this work focuses on the CA method, 
making use of its strengths and minimizing its weak-
nesses by incorporating it within a flexible architecture, 
which, together with the developed transition rules, al-
lows for the simulation of complex phenomena at the 
phase boundaries.

4. Developed cellular automata model  
for γ → α transformation

As already mentioned, in this work, the CA method was 
selected as the main method to simulate the diffusive 
transformation from austenite to ferrite under continu-
ous cooling conditions. Taking advantage of the fact that 
this method uses a regular, discrete space in the form of 
a grid, the finite difference method was also introduced. 
FDM is used to calculate changes in carbon concen-
tration in the austenite region caused by diffusion over 
time. The entire coupled CA-FDM model was built us-
ing a modular structure, where each module represents 
a  separate phenomenon: Nucleation, Diffusion, Grain 
growth, and Redistribution. During the simulation, glob-
al steps are performed with a certain time step. In each 
of these steps, every module is considered in turn and 
carries out its own iterations using a time step equal to 
or smaller than the global time step, as seen in Figure 14. 
The CA space is assumed to be 2D and composed of 
regularly distributed square CA cells. Each CA cell has 
a physical size, a state, and stores additional information 
such as element concentration and ferrite fraction. Avail-
able CA cell states are defined as follows: austenite (γ) 
and ferrite (α) and austenite/ferrite (α/γ), which marks 
a CA cell located at the phase boundary region (Fig. 15).
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Fig. 14. Diagram of the developed modular CA-FDM model

Fig. 15. Conceptual representation of the CA cells’ states

The first module, Nucleation, is responsible for 
placing nuclei in the CA space. During the simulation, 
the probability p of nucleation (Eq. (1)) is calculated for 
each austenite cell. This probability depends on the val-
ue of undercooling, the local position (inside the grain, at 
the grain boundary, or at triple junctions), the ratio of the 
current austenite volume fraction to the initial state, and 
a Gaussian function. The shape and range of this function 
are fitted based on experimental results. For each investi-
gated material, these model parameters must be identified:
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where: c – cooling rate [K/s]; dt – time step [s]; T – cur-
rent temperature [K]; Ae3 – temperature at Ae3 line in 
phase diagram; Bcurr – current number of austenite cells; 
Binit – initial number of austenite cells; l – local position 
factor; a1, a2, a3 – Gaussian function shape parameters.

The second module, Diffusion, is implemented to 
solve Fick’s second law. The finite difference method, 
with a central scheme in space and a forward scheme 
in time (Eq. (2)) is used in this case. It is assumed that 
carbon diffusion mainly takes place in the austenite re-

gion, while it is neglected in the ferrite region. At the 
interface between phases, a von Neumann boundary 
condition is applied. The diffusion coefficient depends 
on temperature and activation energy. The module’s 
time step is adjusted to meet the stability condition 
(Eq. (3)):
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where: u – element concentration [%]; t – step of simu-
lation; Do – diffusion coefficient [m2/s]; Q – activation 
energy [J/mol]; Lca – cells physical size [m]; R – gas 
constant [J/K∙mol].

During the grain growth stage, the increments of 
ferrite inside boundary cells are calculated across the 
whole automaton space (Eq. (5)). These increments are 
then summed up in the neighboring austenite cells. The 
increases depend on the velocity of the phase bound-
ary, which varies according to the local carbon con-
centration. This velocity comes from multiplying the 
boundary’s mobility by the chemical driving force. The 
chemical driving force depends on how far the system 
is from equilibrium. At the same time, transition rules 
are used to simulate the movement of the boundary 
and, thus, the growth of ferrite grains (Eq. (6)):
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where: v – grain boundary velocity [m/s]; M – boundary 
mobility [m2s/kg]; M0 – mobility coefficient [m2s/kg]; 
F – chemical driving force [J3/m]; x – model coef-
ficient  [J3/m]; uc

eq – equilibrium carbon concentra-
tion [%]; uc – carbon concentration of a cell [%]; i, j – 
investigated CA cell location; k, l – neighbors location 
of the investigated CA cell.

Redistribution related to carbon is a complementa-
ry module to the previous one. It is assumed that the 
boundary between ferrite and austenite is dimensionless. 
When a boundary cell evolves to ferrite, the surplus car-
bon remains in place. However, in reality, this carbon 
moves across the boundary into the austenite, and the de-
veloped redistribution module simulates that process. It 
calculates the carbon flux (Eq. (7)) from ferrite cells with 
surplus carbon into neighboring boundary cells. Then, 
based on this flux, the carbon is transferred until the fer-
rite cell reaches its equilibrium concentration:
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where: V – cell’s volume; uα
c – carbon concentration at fer-

rite cell; uα
c
eq

 – carbon equilibrium concentration in ferrite.

Test simulations were carried out to verify the 
functionality of the presented model. For this purpose, 
a 2D cellular automaton with a size of 300 × 300 CA 
cells was created, where the side length of a single cell 
is 1 μm. The initial temperature was set to 1103 K, and 
the initial carbon concentration in the austenite cells 
was 0.16%. The exemplary results presented in Fig-
ures 16–18 correspond to a cooling rate of 1 K/s.

Figure 16 represents the distribution of carbon in 
the simulated CA space. The resulting ferrite grains 
transport excess carbon across the phase boundary 
toward the austenite region. This carbon is partially 
carried over by a diffusion mechanism toward the cen-
ter of the austenite grains, into areas with lower con-
centrations. Between the resulting grains (Fig. 17) at 
the end of the simulation, clusters of carbon with high 
concentration, close to the equilibrium value, were 
formed. These are the areas where future transforma-
tions (pearlitic and bainitic) will take place. The dis-
tribution of the nuclei presented in Figure 18 ensures 
the correctness of nucleation. Moreover, the introduced 
sub-models, grain growth and distribution, are capable 
of simulating the kinetics of ferrite grain growth, as 
shown in the same figure. The curve of ferrite fraction 
represents three stages of ferrite transformation:

1.	 initial nucleation and slow grain growth;
2.	 transformation start (approx. 5%) and dynamic 

growth of grains with diffusion of elements;
3.	 end of transformation (approx. 80%), where the 

microstructure has stabilized

Fig. 16. Carbon concentration maps from the initial (a), middle (b), and final (c) stage of  
the austenite to ferrite transformation simulation

Fig. 17. Microstructure from the initial (a), middle (b), and final (c) stage of the austenite to ferrite transformation simulation

a) b) c)

a) b) c)
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Fig. 18. The distribution of nuclei  
and evolution of ferrite fraction  

during the austenite to ferrite transformation 

Additionally, Table 2 summarizes the individual 
results for the simulation and the results obtained from 
the experiment to confirm the model’s validity. 

Table 2. Summary of quantitative results  
for simulation and experiment for 1 K/s cooling rate

Source Ferrite fraction 
[%]

Average ferrite  
grain diameter [μm]

Experiment 84.25 19.03
Simulation 85.38 18.70

As presented, the model is able to successfully 
simulate the austenite-ferrite transformation under con-
tinuous cooling. The applied CA method gives correct 
results, especially when the introduced modifications 
solved the main problems of this approach. However, it 
should be noted that this model has certain limitations. 
The driving force during transformation is calculated 
from the difference in carbon concentration, without 
considering other elements. Not considering substitu-

tion elements may cause the results for higher cooling 
rates, where bainitic and pearlitic transformations be-
gin, to deviate significantly from the actual values. This 
is because at higher rates, interface-controlled trans-
formation mode dominates, and substitution elements 
have a  significant influence in this mode. Due to this 
factor, the presented model is capable of performing 
reliable simulations for rates lower than 10 K/s. These 
issues will be addressed during the further development 
stages of the model.

Conclusions

In recent years, significant progress has been made in 
modeling the phase transformation from austenite to fer-
rite in steels. Modern computational techniques, such as 
PF, LS, CA, or MC models, have enabled the detailed re-
production of microstructural evolution on a large scale, 
capturing phenomena like diffusion, nucleation, and par-
ticular transformation control modes.

A promising direction identified in the study is the 
development of hybrid methods combining the strengths 
of the aforementioned approaches. Such hybrid models, 
exemplified by the Cellular Automata-Finite Difference 
method used for γ → α transformations under contin-
uous cooling, integrate discrete simulation with diffu-
sion modeling. This approach demonstrates improved 
accuracy and computational efficiency, enhancing prac-
tical applicability.

Moreover, the study emphasizes the need for con-
tinuous improvement in computational efficiency, par-
ticularly addressing issues such as grid anisotropy in 
CA methods, the time dependence in MC simulations, 
and the high computational cost of PF methods, to ex-
pand their practical usability in more complex systems.
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