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Abstract. In this paper, we consider finite dimensional vector spaces H" over the ring H
of all quaternions. In particular, we are interested in certain functions acting on H", and
corresponding functional equations. Our main results show that (i) all quaternions of H are
classified by the spectra of their realizations under representation, (ii) all vectors of H"
are classified by a canonical extended setting of (i), and (iii) the usual spectral analysis
on the matricial ring M, (C) of all (n x n)-matrices over the complex numbers C has close
connections with certain “non-linear” functional equations on H" up to the classification

of (ii).
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1. INTRODUCTION

Motivated by applications, we consider systems of functional equations over the quater-
nions, as well we their associated spectral theory. A main tool in our analysis is the
use of a new noncommutative harmonic analysis. It takes the form of particular repre-
sentations, g-spectral forms, and an induced quaternionic spectral calculus. A further
tool in our harmonic analysis is a new quaternion-spectral relation. Then we extend
such spectral-theoretic tools on the quaternions to those on the multi-dimensional
vector spaces over the quaternions.

In this paper, we study finite-dimensional vector spaces H"” over H of the quater-
nions, for n € N. In particular, we are interested in certain functions acting on H™. Let

C={az+4yi:z,yeRi=+v-1}

be the set of all complex numbers, where R denotes the real numbers. Then the set
H={z+yi+uj+vk:zyuvecRi®=;*=k=—-1and ijk=—1}

of all quaternions (or quaternion numbers) is defined.
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From a representation of [19], every quaternion g € H is realized to be a matrix
[q] € M3(C) on the 2-dimensional complex vector space C2 = C x C. For instance,
the matrices [i], [j], and [k] become the Pauli matrices,

0=y %) o= (0 ) mam= (2 ).

in M (C). The spectral properties of [q] € M2(C) is considered in [1]. And, by using
the main results of [1], we solved monomial equations, and some quadratic equations
on H, in [2]. For the self-containedness of this paper, we introduce the concepts and
main results of these preprints [1] and [2] in Sections 2, 3 and 4.

1.1. MOTIVATION

The quaternions H is an interesting object not only in pure mathematics (e.g., [9,10]
and [16]), but also in applied mathematics (e.g., [3] and [18]). Algebra on H is
considered in e.g., [20]; analysis on H is studied in e.g., [11] and [17]; and physics on H
is investigated in e.g., [6]. Also, the matrices over the quaternions H have been studied
(e.g., [4,5,14] and [17]); and the eigenvalue problems on such matrices form a branch
of linear, or multilinear algebra (e.g., [12,13] and [15]).

At this moment, we emphasize that, even though our works are motivated by the
recent studies of H, they are approached differently from the earlier works. Starting
from the representation of H (in the sense of [20]), the quaternions ¢ € H are considered
as (2 x 2)-matrices of the matricial ring Ms (C) over C (e.g., see Section 2). And then
the realizations [q] € M3 (C) of ¢ € H are classified by their spectra (equivalently,
by the similarity) (see Sections 3 and 4).

We here study finite-dimensional vector spaces H" over the quaternions H,
for n € N, and certain types of functions on H". As in [1] and [2], we focus on
certain representatives of the images of such functions acting on a complex vector
space over C.

1.2. OVERVIEW

In Sections 2, 3 and 4, the spectral analysis of the realizations of quaternions is
reconsidered (also, see [1] and [2]). Even though the representation of the quaternions,
introduced in Section 2, is well-known (e.g., [20]), the classification of quaternions
obtained from the eigenvalues of their realizations under representation is newly
introduced here in Sections 3 and 4.

In Section 5, we study finite-dimensional vector space H" over H, for n € N, and
consider natural homomorphic vector spaces of H” over C. And certain functions
on H"™ whose ranges are contained in C" (embedded in H™). As application, we
consider a set ) (H) of such functions which forms a noncommutative unital ring
over R.

In Sections 6 and 7, we study fundamental functional equations induced by >, (H),
and characterize the solvability of those equations.



Multi-variable quaternionic spectral analysis 337

By using the main results of previous sections, in Section 8, the relations between
the usual spectral theory on M, (C) and a certain type of functional equations induced
by >, (H) are studied. Remark that our functional equations and their solutions are
not only interesting pure-algebraically, but also applicable to quaternionic geometry, or
C-manifold theory, etc. And, our tools and solutions may/can provide techniques how
to handle H-manifolds as C-manifolds under our classification, so-called the g-spectral
relation.

2. A REPRESENTATION (C2,7) OF H

In this section, we review a representation of the quaternions H. In particular,
we understand each quaternion ¢ € H as a (2 x 2)-matrix [q] € M3(C) acting on
the 2-dimensional space C? (e.g., see [1,15] and [20]).

2.1. QUATERNIONS H

Let a and b be complex numbers,
a=z4+yi and b=u4wvi inC,

where z,y,u,v € R, and i = y/—1 in C.
From the complex numbers a, b € C, the corresponding quaternion ¢ € H is
canonically constructed by

g=a+bj=(x+yi)+ (ut+vi)j =z +yi+uj+vij =x+yi+uj+ vk,

in H, satisfying
i?=j% =k*> =ijk = —1. (2.1)

The set H has a well-defined addition (4), and multiplication (-); for any
q=a +bjeH, witha;,b €C,
(in the sense of (2.1)) for [ = 1,2, one has

¢+ g2 = (a1 + a2) + (b1 + b2)J,

— . (2.2)
192 = (aras — b1be) + (a1by + a3by)j
in H, where Z are the conjugates of z € C.
By (2.2),
q1G2 # q2q1  in H,in general. (2.3)

Under the operations of (2.2), the quaternions H forms a ring algebraically, moreover
it is a “noncommutative field” (in the sense of [20]). A noncommutative field (F,+, -)
is an algebraic structure satisfying that: the algebraic pair (F,+) forms an abelian
group; and the pair (F*, -) forms a “noncommutative” group, where F* = F' \ {Or},
where Op is the (+)-identity of (F,+); and (4) and (-) are left-and-right distributive.
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If ¢ € H is a quaternion (2.1), then one can define the quaternion-conjugate

q € H by

q=z—yi— ui— vi.
So, one has that
Gq=qq = la]” + |b)* = 2% + 4* + u® + 07,
by (2.4). Thus, by (2.1),
gq=¢qq>0 inR CH,for all ¢ € H.
By (2.5), one can define the quaternion-modulus || - || on H by

llgll = Vqq, for all g € H.

This quaternion-modulus ||-|| of (2.6) is a well-defined norm on H.
If ¢ # 0 in H, then the quaternion-reciprocal ¢~ ! of g,

q*l — L + _713 ]
jal® + [bf? jal® + [

is well-defined in H, by (2.1) and (2.6).

2.2. A REPRESENTATION (C2,7) OF H

(2.4)

In this section, we consider a representation of the quaternions H, introduced in [20],
realized on the 2-dimensional space C? over the complex numbers C. As in (2.1),

let us understand each quaternion ¢ € H as
g=a+bj inH, witha,be C,

where
a=x+yi, and b=wu+vi inC.

Define an injective representation,

7w H — My(C),

(q) = 7 (a+ bj) <Z —b> _ <x+yi —u—m’),

a U—vi T —Yi

(2.8)

where Z are the complex-conjugates of z € C, respectively, and M(C) is the matricial

ring of all (2 x 2)-matrices over C.
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This morphism 7 of (2.8) satisfies that

m(q1 +g2) = m(q1) + m(g2),
and
7 (q1q2) = w(q1)7(q2), (2.9)
for all g1, 2 € H, by (2.2). Then the quaternion-conjugate g of ¢ € H satisfies that

7(7) = (@ — bj) = (Z ") _ (Z b)* — n(g)", (2.10)

a a

in M3(C) by (2.4), where A* are the adjoints (or, the conjugate-transposes) of
A € M3(C). Furthermore,

det ) = et (§ ) = lal® + 10
and hence, one can have
llgll = v/det (w(q)), for all g € H, (2.11)
by (2.5) and (2.6).
Lemma 2.1. Let 7 be in the sense of (2.8). Then
((CZ,ﬂ') is a topological representation of H. (2.12)

Proof. The morphism = of (2.8) is a well-defined injective ring-homomorphism from
H into M3(C), by (2.9) and (2.10). Moreover, the relation (2.11) shows that the usual
topology for H, determined by the quaternion-modulus || is preserved by the norm
I]l on M (C), and hence, this representation is topological. O

Let ¢ € H, and 7(q), the realization of ¢ in M(C). For convenience, we denote

(q) by [gl-
Let us define a subset Hz of M3(C) by the set of all realizations of H, i.e.,

def
Hy 2 {[g] € My(C) : g € H} = 7 (H). (2.13)
Theorem 2.2. The quaternions H and the set Ha of (2.13) are isomorphic noncom-
mutative fields, i.e.,

H Yy, (2.14)

i“w

NF . ) . .
where “= " means “being noncommutative-field-isomorphic”.

Proof. Take the action 7 of (2.8) acting on C2. By the injectivity of 7, and by the
definition (2.13), two sets H and Hs are bijective (or equipotent), i.e., 7 : H — Ho
is a bijection. Moreover, 7 is a well-defined topological-ring-homomorphism from H
onto Ho by (2.12), i.e., 7 is a continuous ring-isomorphism from H onto Hs. Thus the
relation (2.14) holds. O
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3. QUATERNION-SPECTRAL FORMS

Let Hs be the noncommutative field (2.13), isomorphic to the quaternions H. In this
section, we regard each quaternion ¢ € H as a (2 x 2)-matrix [¢] € Ha in M; (C)
by (2.14), and study spectral analysis on Ho (and hence, that on H).

3.1. QUATERNION-SPECTRAL FORMS OF H

In this section, by regarding the realizations [q] € Ha of quaternions ¢ € H as
(2 x 2)-matrices in Ma(C), the spectra spec ([q]) of [q] are studied canonically. Suppose
q=a+bj € H is a quaternion with

a=x+yi,b=u+vieC,

_fa =b\  [(x4+yi —u-—wvi
[q]_<b >_<u—vi x—yi>€H2
be the realization of q.
Observe that for z € C,

and let

f

Q

det ([q] — 2I) = det ((

(=)

=b\ (2 0

a 0 =z

. . 3.1
:22—(x+yz+xfyz)z+(|a|2+|b\2) (3-1)
=z2—2xz+(x2+y2+u2+v2).

The above formula (3.1) is nothing but the characteristic polynomial of
the realization [¢] in z € C. Consider the equation

det ([¢] — zI2) = 0,

or equivalently
2% —2xz + (:r2 + 9% 4+ u? + v2) =0, (3.2)

by (3.1). Then the equation (3.2) has its solutions
z=x+i/y2+u2+v2 inC. (3.3)

Theorem 3.1. Let ¢ = a + bj € H be a quaternion, realized to be [q] € Ha. Then
the spectrum spec ([q]) of [q] is the subset,

spec([a]) = {\, A} of C,

where

A=z+ivy2+u+02 inC. (3.4)
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Proof. Under hypothesis, the characteristic polynomial of the realization [q¢] is iden-
tical to the quadratic function (3.1), providing the equation (3.2). Thus one can get

the eigenvalues,
A=z +iVy? +u? + 02,

and
A=z —iVy? +u? + 02,
in C, by (3.3). So, the set-equality (3.4) holds. O

Motivated by (3.4), we define the following concept.

Definition 3.2. Let ¢ = z + yi+uj + vk € H be a quaternion, realized to be [q] € Ha.
If u =0 = v in R, equivalently, if ¢ = x + yi + 05 + 0k in H, equivalently, if ¢ € C C H,

then the matrix,
denote [T + Yt 0 (g 0\ _

is called the quaternion-spectral form (in short, the g-spectral form) of q. Meanwhile,
if either u # 0, or v # 0 in R, equivalently, if ¢ € (H \ C) C H, then the matrix

denote (A 0
q - <0 A) S H23

A=z+ivVy?+u2+0v2eC

is called the quaternion-spectral form (in short, the g-spectral form) of g.

with

By definition, the g-spectral form q € Hs of a quaternion ¢ € H is the diagonal
matrix of M; (C) whose diagonal entries are the eigenvalues of the realization [q] € Ha,
which is “contained in Hy”, by (3.4). Note that if ¢ = = + yi + 05 + Ok in H, then
the realization [g] € H2 has its spectrum

%)
with

A=z+i\/y? + 02+ 02 =z + |y|i.

So, Definition 3.2 is meaningful, i.e., the g-spectral form

q= (wgyl xi)yz) = ld]

is well-determined in Hs.
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3.2. SIMILARITY ON ¢-SPECTRALFORMS IN Ho
Throughout this section, let
a=x+vyi,b=u+vieC, with z,y,u,veR,

and
g=a+bj=x+yi+uj+vkeH (3.5)

In Section 3.1, we showed that every quaternion ¢ € H of (3.5), realized to be
[q] € Ha, has its g-spectral form,

q<())\ O), with A =z + iv/y? + u? + 02, (3.6)
if either w # 0, or v # 0 in R, and
x4yl 0
a=l=("3" 0. (37)

in Hs, if w = 0 = v in R by Definition 3.2. In this section, we consider the similarity
on g-spectral forms “in Hy”.
Suppose b € C* in (3.5). For t € C*, define a (2 x 2)-matrix Q:(q) by

Qt(q) = (t (a,)\) —f (ta;)\)> ) (3-8)

in M5(C), where ¢ € H is in the sense of (3.5).
By the assumption that ¢,b € C*, the nonzero matrix Q;(g) of (3.8) is well-defined
in M5(C). Note that this matrix Q:(q) is invertible, since

a— A\
b

det (Q.(q)) = |t (1 + ) #0 inC, (3.9)

by the condition that t,b € C*. Observe now that

O B L B ()i
boa\ ()1 t (Rl ) -0 by ’

and
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In the computations (3.10) and (3.11), let us compare their (1, 2)-entries:

N 2
(A“‘m )t—bt
;

(o4 vi) (2 — iV T2+ 07) — (22 +4?)

—7 (v
U — Vi (u+vi)
(3.12)
_g —iz /y2+u2+02+xyi+y y2+u2+v2_y2_u2+v2
B U — Vi U — Vi
B <y y2+u2+v27y27u2702)+i(xyfx\/m+xy)
= t s
U — vl

respectively

al — \2 _[—a)\+ \2
‘( b )t‘t< b )

<x2—2xi\/y2+u2+v2—(y2+u2+v2)—(x2 —iz\/ Y2 +ud+v—ayi—y y2+u2+v2)>
t

U — v

(y y2+u2+v27y27u27v2)+i(zyfx\/y2+u2+v2+xy)

U — vi

t

(3.13)

By (3.12) and (3.13), the (1,2)-entry of [¢]Q:(q), and that of Q:(q)q are same.
Therefore,

[qQ:(q) = Qi(q)a, whenever ¢,b € C*, (3.14)

in M5(C) by (3.10) and (3.11). Note that the (2 x 2)-matrix Q:(q) of (3.8) is con-
tained in the noncommutative field s by (2.13) (which implies the invertibility (3.9)
in M»(C) automatically), whenever ¢,b € C*.

Theorem 3.3. Let ¢ = a+ bj € H be a quaternion (3.5) with its realization [q] € Ha,
and let q € Ho be the g-spectral form of q. If b # 0 in C, then

qa=Qu(q) gQi(q) <= [q] = Qu(q)aQ:(q) "

in Ha, where

Qi(q) = ((”‘t’\)t —( L )t> € Ho, (3.15)

b
for all t € C*. Meanwhile, if b =0 in C, then

q = [w] ™ afw] = [w] " [g][w] in Ho, (3.16)

where
w=w+0j+0keC* inH. (3.17)
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Proof. First, suppose that b = 0 in C, and hence, ¢ = a 4+ 05 in H. Then, by (3.6),
the quaternion ¢ has its g-spectral form

a 0 .
a=(f o) =ld .
by (3.7). Suppose w € C*, and w = w + 0j + 0k € H, realized to be [w] € Ha. Then
(e O _(w O
=i=(52)-(5 )
_{w O a 0\ (w™t 0
“\0 w/)\0 @ 0 w1

= [w][g)[w™'] = [waw] ™",

in Ho. Therefore, the relation (3.16) holds true, whenever w € C* C H are in the
sense of (3.17).
Assume now that b # 0 in C. Then, for any ¢t € C*, the corresponding matrices

Q+(q) of (3.8) satisfy
Qi(q)a = [q]Q+(q),

by (3.6) and (3.14). Thus, by the invertibility (3.9) of Q:(q),

Q:(0) ™ (Qlg)a) = Qi(q) '[g]Q:(q) in Ha,

if and only if
a=Q:(q) 'gQi(q) inHa. (3.18)

So, the relation (3.15) holds by (3.18), whenever b # 0 in C. O

Let z,a € C and b € C*, and let ¢ = a + bj € H. Observe that if we regard z € C
as a quaternion z 4 0j + 0k € H, then

- 6 - )
- )6 9- 6 )

[2]la] # ldllz] <= [] # [a]l=]la] ™" in Ha,
in general. Meanwhile, if z € R in H, then

and

in Ho, i.e.,

[2] = [q][2]lg) " in Ho.

It explains not only that the relation (3.15) is meaningful “in #H5”, but also why
we put the above condition (3.17) to show the relation (3.16).
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The above theorem shows that, for a quaternion ¢ € H with its g-spectral form
q € Ha, there exists at least one nonzero matrix A € H,, such that

q=A"'qA, or [¢=AqA7", (3.19)

in 7‘[2.
Corollary 3.4. Let ¢ =a+bj € H be a quaternion (3.5) with b # 0 in C, and let

A=z+ivVyZ+u2+0v2eC inH

s =t + (—t(‘T))jeH,

for any t € C*, such that

Then there exist

g=yy; b inH. (3.20)
Meanwhile, if b =0 in C, then there exists non-zero h € C C H, such that
q=hgh™' inH. (3.21)

Proof. Recall first that the noncommutative field Hs and the quaternions H are
isomorphic by (2.14). So, a matrix Q:(q) € Hz of (3.9) is assigned to be a quaternion,

yt:t—&—(—t(a;)\))jeﬂﬂ,

[y:] = Q:(q) in Hy, forallt € C*.
So, the formula (3.15) satisfies that

equivalently,

[q] = ] [N[we] ™" in Ha, by (3.21),

if and only if
[q] = lydys '] in Ha, by (2.9),

if and only if
q=yy; b inH, by (2.14).

Therefore, the relation (3.20) holds true.
Meanwhile, the g-spectral form q is assigned to be a quaternion,

qg=A+0j5+0k € H.

Then [A] = q in Hs. Thus, the relation (3.21) holds by (3.16) and (3.17). O
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The above corollary shows that the relations (3.15) and (3.16) on the noncom-
mutative field Ho is equivalent to the relation (3.20) and (3.21), respectively, on the
quaternions H. It also shows the relation between a quaternion ¢ € H of (3.5) and an
eigenvalue A € C of the realization [q], satisfying q = [A] in Ha, i.e., for any ¢ € H
with its realization [g] € Ha, there exists at least one nonzero gy € H, such that

q= qo)\qo_l in H, (3.22)

where spec ([q]) = {\, A} in C, as in (3.19).
Definition 3.5. Let ¢ € H be a quaternion with its realization [¢] € Ha, and let

a=(y §)=Wew

be the g-spectral form. Then the (1, 1)-entry A € C of q is called the quaternion-spectral
value (in short, g-spectral value) of q.

3.3. QUATERNION-SPECTRAL EQUIVALENCE
In this section, we let an arbitrary fixed quaternion ¢ € H be in the sense of (3.5).

Define a relation R on H by

Q1RQQ <di_f> /\1 = )\2 in C, (323)

where A; are the g-spectral values of ¢, for [ = 1, 2.
This relation R of (3.23) is an equivalence relation on H, because

qRq, for all g € H,
and
@ Rg2 = A1 = X2 &= A2y = A\ <= @2 Rqy,

for ¢1,q2 € H, and
q1Rq2, and gaRq3 <= A1 = X2 = A3

<~
A1 = A3 <= q1'Rgs,
for q1, q2, g3 € H, where \; are the g-spectral values of ¢, for all [ = 1,2, 3.
Definition 3.6. The equivalence relation R of (3.23) is called the quaternion-spectral

equivalence relation (in short, the g-spectral relation) on H. And two g¢-spectral
equivalent quaternions ¢; and ¢o are said to be g-spectral related.

Let ¢ = a; + b;j be g-spectral related quaternions in H, with b, # 0 in C,
and let A € C be the identical g-spectral value of ¢;, for [ = 1,2. Then there exists
y; € H such that

q = yl)\yl_l inH, forl=1,2, (3.24)

by (3.22).
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In particular, if b; # 0 in C, then

yl:t+<—t<alb_)\)>j€]}]l7 forl=1,2, (3.25)
A

by (3.20). Meanwhile, if b, = 0 in C, then y; € C* in H, by (3.21). So, one can have
that

a2 =y s =2 (yi 'y) A (v ) e !

by (3.24)
= (v2v1 ") (i) (niws )
by (2.14)
= (y2y1 ) @ (ygyfl)fl , (3.26)
in H.

Recall that two matrices A; and Ay are similer in a matricial ring M, (C),
for n € N, if there exists an invertible matrix U € M,,(C), such that

Ay =UA U in M, (C). (3.27)

It is also well-know that if two matrices A; and Ay are similar in the sense
of (3.27), then
spec (Ay1) = spec(A2) inC, (3.28)

and vice versa, in M, (C), i.e., the similarity (3.27) is satisfied, if and only if the
set-equality (3.28) holds.

Definition 3.7. Let ¢; € H be quaternions realized to be [q] € Ha, for [ = 1,2.
The realizations [¢1] and [ge] are said to be similar “in H,” if there exists a nonzero
matrix U “in Hs”, such that

[go] = Ulg)U™" “in Ho™ (3.29)

By abusing notation, two quaternions ¢; and g2 are said to be similar in H, if their
realizations [¢1] and [go] are similar in the sense of (3.29).

Remark that, since Hy is a noncommutative field (in My(C)), if U € Hy is
a nonzero matrix, then it is automatically invertible by (3.9). So, the similarity (3.29)
on Ha (and hence, the similarity on H) is determined by the similarity (3.27) on M3(C)
under restricted conditions. In this sense, the similarity on Hs (and hence, that on H)
is an equivalence relation, because the similarity (3.27) on M5(C) is an equivalence
relation.

Theorem 3.8. Two quaternions q1 and gz are q-spectral related, if and only if they
are similar in the sense of (3.29) in H, i.e., as equivalence relations,

the q-spectral relation on H = the similarity on H. (3.30)
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Proof. (=) Suppose ¢; and ¢y are g-spectral related in H. Then, by (3.26), (3.28)
and (3.29), they are similar in H.

(<) Suppose ¢q; and go are similar in H, equivalently, assume that their realizations
[q1] and [go] are similar in Ho. If A; are the g-spectral values of ¢;, then [¢;] and [X\;] are
similar in the sense of (3.29) in Ha, too, for all I = 1,2. So, since the similarity on Hs
is an equivalence relation, the g-spectral forms [A;] and [Az] are similar in Hs. Since

_ (M0 _
[)‘l] - (O >\l> € H27 for I = 1,2,

the similarity of them guarantees that
(A 0 (A 0

)\1:)\:)\2 in C.

by (3.29), and hence,

It means that A € C is the ¢-spectral value of both ¢; and g2 in H. Therefore,
if g1 and ¢o are similar in H, then they are g-spectral related in H. O

By (3.30), we will use the g-spectral relation R of (3.23) on H, and the similarity
(3.29) on H alternatively.

3.4. QUATERNION-SPECTRAL MAPPING THEOREM

Throughout this section, we let
g=z+yi+uj+vkeH
be a quaternion with its g-spectral value,
A=z 4 iy +u? + o2,

if either u # 0 or v # 0 in R, or
A=2x+yi,

ifu=0=wvinR.
Now, let C[z] be the (pure-algebraic) polynomial ring over a field C of all complex
numbers in a variable z,

Clz] = {f(2) : f is a polynomial in z over C},
i.e., C[z] is a ring equipped with the polynomial addition, and the polynomial multi-
plication of all polynomial,

k
Zanz”, fora, € C,foralln=1,... k, (3.31)
n=0

in a variable z, for all k € Ny = NU {0}.
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It is well-known that if A is a matrix in M, (C) for n € N, and if f € C[z] is
a polynomial (3.31), then

spec(f(A)) = f (spec(A)) inC, (3.32)
by the spectral mapping theorem, where the right-hand side of (3.32) means that
F (spec(A)) = {£(t) : t € spec(A)}.
In the left-hand side of (3.32), a new matrix f(A4) € M, (C) is
apA¥ + a1 AP 4+ a0 A? + ar A+ apl,,

where I, is the identity (n x n)-matrix of M, (C), whenever f(z) is in the sense
of (3.31).
By (3.32), one can get that

spec (f ([a])) = [ (spec([q])), for all f € Clz], (3.33)
“in My (C)”, for all ¢ € H, realized to be [¢] € Hz in M> (C).

Lemma 3.9. Let g(z) € C[z], and let ¢ € H realized to be [q] € Ha as a matriz
of My(C). Then

spec (g ([q])) = g (spec([q]))) inC. (3.34)
Proof. The relation (3.34) is proven by (3.32) and (3.33) in Ms (C). O

Now, let us define the subset C,.[z] of C[z] by
oo N
C,lz] = U {Zanz" € Clz] : ag,a1,...,anN ER}, (3.35)
N=0 \n=0
i.e., the set C,[z] of (3.35) consists of all polynomials in z over C with R-coefficients.

Theorem 3.10. Let g € H be a quaternion (3.5) with its q-spectral value A € C. If

N
f(z) =) anz" € C,[2],
n=0

then
f(X) € C is the g-spectral value of f(q) € H, (3.36)

N
where C,[z] is the subset (3.35) of C[z], and f(q) = > ang™ in H.
n=0

Proof. Let g € H be a quaternion (3.5) with its g-spectral value A € C, and let h(z)
€ Clz]. If [q] € Hq is the realization of ¢, then

spec(h([q])) = {n (M), h(N)}, InC,
by (3.34).
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Note however that, for h(z) € C[z],
h(X) # h(X) inC, in general.

(For instance, if h(z) =iz in C[z], then h(1 +4) = -1 —i# 1 +i=h(1+1i).)

N
However, if f(z) = > an2" € C.[2] with ag,a1, ..., ay € R, then
n=0
B N B N o N N L
FO)Y =D an )" =D an () =D (anA") =D anr® = f(N),
n=0 n=0 n=0 n=0

in C. It shows that, if f(z) € C,[z], then

spec (£ () = {F(), F M)} = {r (), TV},
in C, satisfying that
the g-spectral form of f ([q]) = f(q)

in Ha, if and only if the g-spectral value of f (q) is identified with f (A) in C C H,
where q is the g-spectral form of [¢] in H2. Therefore, the statement (3.36) holds. [

Remark that the statement (3.36) holds for the polynomials of C,[z], not those
of C[z] (in general). Now, let R[z] be the polynomial ring over R in a variable z, i.e.,

S N
Rlz] = U { anx” :ag,ai,...,an GR}. (3.37)
0

N=0

n—=
Then, the above theorem can be re-stated as follows.

Corollary 3.11. Let f(x) € R[z], where R[z] is the polynomial ring (3.37). If ¢ € H
is a quaternion with its q-spectral value A € C, realized to be [q] € Ha, then

spec (f ([a])) = {f(N), fF(N)} inC. (3.38)
Proof. The quantity f(A) € C is the ¢g-spectral value of f(q) € H by (3.36) and (3.37).
Therefore, the set-equality (3.38) holds. O

We call the relation (3.38), the quaternion-spectral mapping theorem.

Theorem 3.12. Let q; and g be g-spectral related in H, with their q-spectral value
A€ C. If f(x) € R[], then f(q1) and f(g2) are g-spectral related in H, too, with their
identical g-spectral value f(A\) € C. Equivalently, if ¢ and qo are similar in H, then
f(q1) and f(q2) are similar in H, for all f(z) € Rlz].

Proof. Let g1 and g2 be g-spectral related quaternions in H. Assume that A € C is the
g-spectral value of both ¢; and g2. Then, for any f(z) € R[], the quantity f(A\) € C
is the g-spectral value of both f(q1) and f(g2) by (3.36) and (3.38). Therefore, two
quaternions f(q;) and f(g2) are g-spectral related in H. By (3.30), the g-spectral
relation and the similarity are equivalent on H. So, if ¢g; and g2 are similar, then f(q1)
and f(g2) are similar in H, for all f(z) € R[z]. O
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3.5. THE QUATERNION-SPECTRALIZATION o

Motivated by the main results of Sections 3.3 and 3.4, a certain type of functions from
H to C is considered here. Define a function o : H — H by

a(q) “J the g-spectral value of ¢, for all ¢ € H. (3.39)
For example,
o(14+0i+2j —3k) =1+14/0%2 4224+ (=-3)2 =1+ V134,

and
oc(=2—i+4+0j+0k)=-2—14,

etc.

Definition 3.13. We call the function o of (3.39), the quaternion-spectralization
(in short, the g-spectralization).

Let us consider the range of the g-spectralization o.

Theorem 3.14. If o is the q-spectralization (3.39), then
o(H) = C. (3.40)
Proof. Let ¢ = x4+ yi + uj + vk € H be an arbitrary quaternion. If o is the g-spectra-
lization (3.39), then
o(q) =z +ivVy? +u2+v2eC,
(if either u # 0, or v # 0), or
o(q)=z+yieC,

(if w =0 =v) in H. So, one has
o (H) c C.

Now, let t 4+ si € C, with ¢t,s € R. If s > 0 in R, then there exists
h=t+yi+uj+vkeH, witht ,y,u,veR,
such that

o(h)=t+ivy?+u2+v2eC,
V2 +u2+1v2=5 inR,

by (3.39). While, if s < 0 in R, then there exists

satisfying

h=t+si+0j-+0k € H,

such that
o(h)=t+si inC,
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i.e., for any z € C, there exists at least one quaternion ¢ € H, such that o (¢) = 2, and
hence,
Cco(H).

Therefore, set-equality (3.40) holds, i.e.,
oc(H)={o(q):qeH} =C. O

By (3.40), the g-spectralization ¢ is onto C, and hence, it is not surjective on H.
Also, it is not injective.

4. THE QUATERNION-SPECTRALIZATION

In this section, we consider the g-spectralization (3.39) more in detail.

Corollary 4.1. Let o be the g-spectralization (3.39). Then o(q1) = o(g2) in C,
if and only if ¢1 and g2 are similar in H.

Proof. The g-spectralization o satisfies o (q1) = o0 (g2) in C for ¢1,¢2 € H. Then,
by definition, the quaternions ¢; and ¢, are g-spectral related. Conversely, if ¢; and g
are g-spectral related, then o (q1) = 0 (g2). So, o (q1) = o (g2), if and only if ¢; and
g2 are g-spectral related, if and only if they are similar in H, by (3.30). O

The above corollary confirms that all quaternions are classified by the
g-spectralization o. For a fixed quaternion ¢ € H, define the subset

¢“={h€eH:oh)=0(q)}, (4.1)

in H. Then, by the above corollary, it forms the equivalence class of ¢ € H, under
the similarity (or, the g-spectral relation). And

set-theoretically. Thus,
oc(qg)eCCcH

becomes a representative of all quaternions of ¢° in H, by (3.40).
Define now the quotient set H° by

o def o o
H° = {¢°:q € H}, (4.2)

where ¢° are the equivalence classes (4.1).

Theorem 4.2. Let H° be the quotient set (4.2). Then
H° = C, (4.3)

set-theoretically.
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Proof. Note first that ¢° = (0(q))? in H° by (4.1) and Corollary 4.1, for all ¢ € H.
Therefore, by (3.40) and (4.2),

H? = {\?: X € C, there exists ¢ € H such that o(q) = A},

and hence,
H° ={\°: A e C}. (4.4)

Define a function ¢ : H° — C by
e (A=A, forall \> € H°,

where A\° is in the sense of (4.4) for A € C. Then, by Corollary 4.1 and (4.4),
the function ¢ is surjective from H° onto C.
Also, for A{,\§ € H° (in the sense of (4.4)), if

(A7) =M =X =¢(A3) nC,
then A\ = A in H°, by Corollary 4.1, (4.2) and (4.4), i.e., ¢ is injective, too.
Therefore, the function @ is a bijection, and hence, the set-equality (4.3) holds. O

The above theorem shows that the quaternions H is classified by the g-spectral
relation (or, the similarity, or the action of the g-spectralization o). And the classifi-
cation is characterized by the set C of all complex numbers in the sense that: every
quantity A € C represents all quaternions g € H satisfying o (¢) = A.

5. QUATERNIONIC VECTOR SPACES

In this section, we consider a finite-dimensional vector space H™ over the quaternions H,
for n € N. Since H is a noncommutative field (and hence, a ring), vector spaces
over H are well-determined pure algebraically, as a vector space over a ring.

5.1. AN n-DIMENSIONAL VECTOR SPACE H" OVER H

Let H be the quaternions, and let n € N be fixed throughout this section. Define
naturally a set H™ by the set

n def
H" = {(q1,---,qn) : q1y.-.,qn € H}, (5.1)

of all n-tuples of quaternions, i.e., the set H" is the iterated Cartesian product of
n-copies of the quaternions H.
Define now a binary operation (+) on H" by

(@1, s an) +(hayoo o ha) = (@ + ha, oy o+ ), (5.2)

for all (q1,...,¢qn), (h1,...,hy) € H", where the addition (+) in the right-hand side
of (5.2) means the quaternion-addition of (2.2).
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Define the left scalar product and the right scalar product on H” by

a(q, - am) = (qq,- -, qqn) (5.3)
(qlv"'v(IH)q: (q1Qa"'7QHq)7
respectively, for all ¢ € H, (¢1, ..., gn) € H", where the multiplication (-) in the

right-hand sides of (5.3) is the quaternion-multiplication of (2.2). Then, the scalar
products of (5.3) are well-defined on H". From below, if there is no confusion, we
simply say “(-) is the scalar product (5.3)”, meaning the scalar products from both
left and right as in (5.3).

Definition 5.1. The mathematical triple (H", +, ) is called the n-dimensional
quaternion-vector space over H (in short, the n-dimensional H-vector space), where
H" is the set (5.1), (+) is the addition (5.2), and (-) is the scalar product (5.3). And
all elements, the n-tuples, of (H", +,-) are said to be n-dimensional quaternion-vectors
(in short, H"-vectors). For convenience, we denote (H™, +, ) simply by H” from below.

More generally, one can extend the above definition as follows.

Definition 5.2. Let V be a set containing H as its subset. Assume that V is equipped
with a well-defined addition (+), and a scalar product (-) over H, in the sense that:

v +vy €V, forallvy,vs €V,

respectively,
qu,vgeV, forallgc HandveV.

Then the triple (V,+,-) is called a vector space over the quaternions H (in short,
a H-vector space). All elements of (V, +,-) are said to be H-vectors.

By the above definition, every k-dimensional H-vector space H¥ is a H-vector space,
for all k£ € N.

Definition 5.3. Let V; and V5 be H-vector spaces. A function T': V; — V5 is said to be
a linear transformation over the quaternions H (or, in short, H-linear transformation)
if
T (vi +v2) = T(v1) + T'(v2),
and
T (qv) =qT(v), T(vq) =T (v)q, (5-4)

for all ¢ € H, and v,v1,v9 € Vi. If a H-linear transformation T of (5.4) is bijec-
tive, then it is called a H-vector-space-isomorphism (or, in short, a H-isomorphism).
In particular, if T is a H-isomorphism, then two H-vector spaces V; and V5, are said to
be H-isomorphic.

Let Hz be the isomorphic noncommutative field (2.13) of the quaternions H for
the representation (C2, m) by (2.14). Define now a set H3 by the Cartesian product of
n-copies of Ho,

Hy ={(la1], -5 lanl)  [@nls -+, lan) € Ha} (5.5)
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Define a binary operation (4), and a (left-and-right) scalar-product(s) (-) on the
set HY of (5.5) by

(g)s- s [an]) + (), () < (lan] + [l - [ga] + [a])
= ([(h +h1}7 ceey [qn +hn]),
and
2l lan) < (lala, -, lallan) 5.6
= (laa], -, lagn]) ,
and
(la], - s lan)) g = (nd), - - - [gnd)) ,
for all ¢,q1, ..., qn, h1, .., hy, € H. Note that the operations of (5.6) are well-defined

on the set HY of (5.5) by (2.9) and (2.14).

Lemma 5.4. The triple HY := (HY, +, -) of the set HY of (5.5) and the operations
(4+) and (-) of (5.6) is a H-vector space.

Proof. As we discussed in the very above paragraph, the operations of (5.6) are

well-defined on the set Hj. Equivalently, the triple H% forms a H-vector space. [

By the isomorphism theorem (2.14), one can verify that two H-vector spaces H™
and HY5 are related as follow.

Theorem 5.5. The n-dimensional H-vector space H"™ and the H-vector space Hy are
H-isomorphic, i.e.,
H" 20 g, (5.7)

q-iso , . .
where “"="" means “being H-isomorphic’.

Proof. To show the two H-vector spaces H™ and H} are H-isomorphic, we construct
a H-isomorphism IT from H" to H%. Let (C2, 1) be the representation of the quaternions
H, inducing the isomorphic noncommutative field Ha by (2.14). Define a function

IT:H* — HY
by

M1, ) < (7)o mlan) = (@), - (), (5-8)

for all ¢1, ..., ¢, € H.
Since the action 7 : H — # is a bijection, the above function II of (5.8) is bijective
from H" onto H3. Also, it satisfies that

IT((q1y---sqn) + (h1, ..o he)) =11((g1 + h1y o\ @n + hy))

by (5.2)
=([qr +hal, .o [gn + hal)
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by (5.8)
= (@] + [Ma], -~ [gn] + [ha)])
by (2.9)
= ([QIL R [qn]> + ([h1]7 EEE) [hnD
by (5.6)
=I((q1, -, ) TH((h1, ..., hn)),
for all (q1, ..., gn), (h1, ..., hy) € H". i.e., the addition on H" is preserved to be that
on Hy by IL
Observe now that
I (q(qr, -, qn)) =T ((qq1; -+, qan))
by (5.3)
= (laa1], -, [agn])
by (5.8)
= (gl -, [gllgn])
by (2.9)
=q ([C]l], R [qn])
by (5.6)
=q1((q1, -+ qn))
and similarly,
(g1, -2 qn) @) = ((q15-- -, qn)) 4,
for all ¢ € H, and (q1, ..., g,) € H", i.e., the scalar product on H" is preserved to be

that on ‘H% by II over H.
Therefore, this bijection II is a H-linear transformation, and hence, it is
a H-isomorphism over H by (5.4). So, the isomorphic relation (5.7) holds. O

By the relation (5.7), two H-vector spaces H" and H} are regarded as a same
H-vector space over H. So, if needed, we use them alternatively as our n-dimen-
sional H-vector space.

In the rest of this section, we consider certain weaker concepts of H-linear transfor-
mations.

Definition 5.6. Let V be a H-vector space, and let W be a R-vector space (i.e.,
a vector space over a ring R), where R is a subring of H. If a function 7' : V. — W
satisfies
Tv+w)=T(v)+T(w),
and
T(rv)=rT(v), T(vr)=T(v)r,

in W, for all v,w € V and r € R, then this function T is called a linear transformation
over R (or, in short, a R-linear transformation). If a R-linear transformation 7T is
bijective, then it is said to be an R-isomorphism; and, in such a case, V and W are
said to be R-isomorphic.

By the above definition, one can obtain the following result.
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Theorem 5.7. The n-dimensional H-vector space H" is R-isomorphic to C*"*. And
it is also R-isomorphic to R?, i.e.,
H™ reaéiso (an’ and  H" reaéiso R4n, (59)

yreal-iso ,,

where

Proof. Define a function T : H® — C?" by

means “being R-isomorphic”.

T(Qlaq2 .. 7Qn) = (a/lab17a/2ab27' .. ,(Ln,bn) )
for all (gi1,...,q,) € H", where ¢ = a;+b;j, with a;,0; € C, for all [=1,... n.
Then it is not difficult to show this function T is a R-isomorphism, i.e.,
the first R-isomorphic relation of (5.9) holds.
Now, define a function S : H* — R*" by
S(qla cee 7(177,) = ($1ay17U1>U17 e 7:Enayn7unavn> 5
for all (¢1,...,¢n) € H", with
@ =z +yi+twj+ukecH withz,y,w, v R,

for all [ = 1,...,n. Then, similarly, it is shown that it is a R-isomorphism, i.e.,

the second R-isomorphic relation of (5.9) holds, too. O

The above theorem, itself, seems trivial by constructions, however, it is meaning-
ful to demonstrate that the study of R-linear transformations on H" (as functions
on H™) has close connections with the usual functional analysis (including matrix
theory, operator theory, and noncommutative geometry, etc.).

5.2. THE FUNCTION " : H" — H¥

In Section 5.1, we considered H-vector spaces HF and H-isomorphic vector spaces H’g,
for k € N. In this section, motivated by Section 4, we fix n € N, and study a certain
function
St H — HE,
implying our spectral analytic considerations in Sections 2 and 3.
Let o : H — H be the g-spectralization (3.39), i.e., for all z + yi + uj + vk € H,

o(z+yi+ uj +vk) =z +i/y? + u? + 02,
if either u # 0 or v # 0, and
o(z+yi+0j+ 0k) =z + yi.

Then this morphism o induces the g-spectral forms (3.6), or (3.7) of quaternions,
i.e., the following diagram assigns a function

g 0(q) = q= (Uo(q) O(zq)) ,
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in Hso. Define a function Y : H — Hy by

def
> ron

ie.,

> @)= (USQ) O) = [o(a)]; (5.10)

a(q)
for all ¢ € H. Since o : H — H is a well-defined function whose range is C by (3.40),
and the action 7 : H — Hso is a well-defined bijection, the function ) of (5.10) is

well-defined.
Observe that if g =2+ 17— j+ k and g2 =2 — i + j + k are quaternions, then

> (@) = ( 2+O\/§i 2_0\@ ) =Y (a2),

in Hs. It shows that the function > is not injective. Moreover, since o (H) = C in H,
this function »_ is not surjective either, i.e., this function ) is neither injective nor
surjective from H to Hs.

Also, consider that if

@ =14 0i+ j + Ok,

and
q2 22—Z+]+OI€,
in H, then
(144 0
Z(Ch)_(o 1_Z~>7
respectively,

> (@) = <2 +Oﬁi ) _0\@) : (5.11)
in Hs. If ¢1 and ¢ are as above, then
@1+ g2 =3—1i+2j+ 0k,
satisfying

ST g +a) = < 3+0\/5i 370\/& > . (5.12)

The formulas (5.11) and (5.12) shows that

SNa+ae) #D> @)+ (a),

in Hs. It implies that the function ) is not linear either.
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Lemma 5.8. The function Y. of (5.10) is a function from H into Hy “over R”,
in the sense that: it is a well-defined function from H into Ho satisfying

St =tY (@)=Y (@t=> (qt), (5.13)

for all g € H, and “t € R”, where zA € Ha means
(z1) (A) in Hy C My (C),

for all z € C and A € M, (C).

Proof. Let >, : H — Hy be the function (5.10). In the very above paragraphs,
we showed that > = 7 oo is a well-defined function, but it is not linear. But this
function is over R in the sense of (5.13). Indeed, if ¢ € R and ¢ € H, then

o(tq) =to(q)=o(q)t=0(qt) inH,

by the g-spectral mapping theorem (3.38). Since 7 is a well-defined bijective action of H,

m (0 (tq)) = m (to (q)) = t[o (q)] = [0 (q)]t = 7 (o (qt)),

in Hy. Remark that the second and the third equalities hold because [0 (q)] is
a diagonal matrix in Hs and ¢t € R. O

Definition 5.9. Let V; and V5 be H-vector spaces. A function f:V; — V5 is said to
be over R, if

f({tw) =tf(w), and f(wt)= f(w)t,
in V5, for all w € V5 and t € R. Similarly, f is said to be over C, or over H,
if the above equalities hold for all ¢ € C, respectively, for all ¢ € H.

Now, let H" be the n-dimensional H-vector space, and let H5 be an isomorphic
H-vector space of H" (by (5.7)). Define a function,

zn::H"—ng

by

n

> (@ o aa) = (3@, s Yolan)) in 3, (5.14)

for all (¢1, ..., qn) € H™.

In the above lemma, we showed that 32! = 3 is a well-defined function over R.
So, one can verify that the function " of (5.14) is over R, too, in the sense of
Definition 5.9:

Y (tw) =tX" (w) = X" (w) t = X" (wt)

in H%, for all w € H"”, and ¢ € R. Indeed, in H",
tw=wt inH", for allwe H", t € R,

and hence, the above second and the third equalities hold automatically. Thus,
by Lemma 5.8, one obtains the following result.
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Lemma 5.10. The function >." : H® — HD of (5.14) is a function over R.

Proof. Since a function Y : H — Hs of (5.10) is well-defined, the morphism "
is a well-defined function from H™ to H% by (5.14).
Now, let t € R, and w = (q1,...,¢,) € H". Then

n

Z (tw) = Z ((tqr, -, tqn))

by (5.3)
= (Xtta), - D(tan)
by (5.14)
(5.15)
= (tZ(Q1)a R tZ(qn))
by (5.13)
=1 (@1 ra0) =1 (w).
So, the function " is a function over R by (5.15). O

5.3. THE QUATERNION-SPECTRALIZATION ON H"

In Section 5.2, we showed that there exists a well-defined function Y™ : H" — H%

over R, where
n n
Z: HZ, with Z:’JTO(T,
k=1

by (5.10) and (5.14), for n € N, where 7 is the action of H on Hz, and ¢ : HH — C is
the g-spectralization.
Throughout this section, we fix n € N. Define a function,

o" H" — H"
by
" ((q15---,qn)) = (o(q1), ---, 0(qn)) InC" C H", (5.16)
forall (q1, ..., ¢n) € C". The well-definedness of this function o™ of (5.16) is guaranteed
by that of >." by (4.3). By the definition (5.16) and (4.3), it is verified canonically
that
o" (H") =C" inH".

Note that, since the g-spectralization o is not (H-, or R-)linear, the function o™

on H"™ is not linear either by (5.16). But it is over R in the sense of Definition 5.9.
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Lemma 5.11. The function o™ : H" — H" of (5.16) is a function over R.

Proof. The function o™ is over R because the function Y." is over R. Indeed, for any

t eR,and v=(qi, ..., ¢n) € H", one has that
o™(tv) = o™ ((tq1, ..., tan)) = (to(q1), ..., to(qn))
by (3.38)
=t(o(q1), .-, 0(qn)) =ta" ((q1,---,qn)) - (5.17)
Therefore, the function o™ is over R by (5.17). O

Definition 5.12. For any n € N, the function ¢ : H” — H" of (5.16) over R is
called the (n-)quaternion-spectralization (in short, the g-spectralization) on H". Our
g-spectralization o of (3.39) is covered by this generalized definition, i.e., ¢ = o'
on H = H*.

6. NONCOMMUTATIVE UNITAL RINGS ), (H) OVER R

In Section 5, we introduced two types of functions acting on the H-vector space H",
for n € N. The first one is the function

St HE = HE
of (5.14), and the second one is the function
o™ H" —» H"

called the ¢-spectrailization. These functions are not H-linear, but they are over R in
the sense of Definition 5.9.

Since H% and H" are H-isomorphic, and since Y . = o o, the functional properties
of 32" and ¢™ would be same up to H-isomorphic relation. So, we may identify >."
and o” as a same function, called the g-spectralization on H".

Also, by (4.3), the range of o™ is C", i.e.,

o™ (H") = C",
set-theoretically.
Theorem 6.1. The g-spectralization o” is idempotent in the sense that
o"oo" =0" on H". (6.1)
Proof. Let o™ be our g-spectralization on H". For any H-vector w = (q1,...,qn),

" (Jn ((qla R Qn)))
n((U(Q1)7---7U(Qn))) (62)
= (0 (0(q1);---,0(0(an))))-

(0" 0 0™) (w) =

g
=0
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Observe that, since o (q;) are the g-spectral values of quaternions ¢, they are
C-quantities in H, for all [ = 1,...,n. By Definition 3.2, if

¢=\+0j+0k with\eC,

then
o(¢g)=A=q inCcCH. (6.3)

So, since o (¢;) € C C H, we have
olo(@)=0(q), foralll=1,...,n

n (6.2), by (6.3).
Thus the equality (6.2) satisfies that

a" (0" (w)) = (o(q),---,0(qn)) = 0" (w),
in C" C H". Since w € H" is arbitrary,

c"oo"” =0" onH",

i.e., the relation (6.1) holds. O

The above theorem shows the idempotence of our ¢-spectralizations o* on H¥,
for all k € N, by (6.1).
Now, let M, (C) be the matricial ring acting on C". Define now a set ) (H) by

S #) Y (oo™ a e M,y(C)), (6.4)

where (o) is the functional composition. By the definition (6.4) of >, (H), all elements
a oo™ are the well-defined functions on H" over R by (6.1).
Remark that, if

w1 =(q1,---,qn), w2 =(hy,...,h,) €H", and teR,

then
aoo” (wy +wz) =a(o" ((q1+hi,...,qn + hn)))
=a((o(qr+h1), ..., 0(qn + hn)))
£ a0 (@ a) +a (@ (b b)) O
=aod" (v)+aod"(w),

in general, because
o(q+h)#o(a)+o(h),

in general, for l =1,...,n.
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However,

aoo” (twy) = a (" ((tqi,- .- tqm)))

(to(q1), ..., to(gn)))

=a(te" (g1, -5 an))) (6.6)
t(aoo™) ((q1s---1qn))

= (ta) o o™ (wr) = awo (to™) (wq),

a(
a(

for all t € R, since a € M,, (C) is (linear, and hence, it is) over R, too.
Lemma 6.2. Every element co o™ € ¥,, (H) is a function over R.

Proof. Each element a o o™ € > (H) is not linear by (6.5), but it is over R
by (6.6). 0

From below, we denote a oo™ € ) (H) simply by o™,
On the set >, (H) of (6.4), define the operations (+) and (-) by

n n) de n "
ag )—|—Ozé ) def (a1 + as) oo™ = (o +02)( )7 (6.7)

n n) de n n
ozg )ozé ) def (alaz)oa( ) = (alag)( ),

for all agn), aé”) € >, (H), respectively, where the addition (4) and the multiplication
(+) on the far right-hand sides of (6.7) are the usual matricial addition, and matricial
multiplication on M, (C), respectively. These operations of (6.7) are well-defined (or
closed) on ) (H) by (6.1), i.e., the triple,

S () <Z<H>, +, ) (6.8)

n n

forms an algebraic structure, where (+) and (-) of (6.8) are in the sense of (6.7).
Note that the operations of (6.7) can be well-defined by (3.40) and (6.1). It is
trivial that the addition (+) of (6.7) is well-defined. Observe now that if

w = (Q1a--~7Qn) GH",

then
(al”af) () = a® (a2 (o(@r), -, r(aa))) = a1 (" (21, 20))
where (21,...,2,) = a2 (c(q1),...,0(¢qn)) € C*(in H"),

=a1(z1,...,2n) = (1) (6(q1),.--,0(qn))

by (6.1)

(n) (

= (maz00") (w) = (a1a2)™ (w),

in H".
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Since w € H™ is arbitrary, indeed, we have
™ol = (a100)™  in'¥, (H),

i.e., the multiplication (-) of (6.7) is well-defined, too.
Moreover, one can define a R-scalar product on ) (H) by

t-a™=t. (aoo(")) =taoo"” =aoto”, (6.9)

for all ¢ € R, and o™ € Y (H). Note that the scalar product (6.9) is well-defined
over R by (6.6).

Theorem 6.3. The triple ), (H) of (6.8) is a noncommutative unital ring over R,
in the sense that: (i) it is a noncommutative ring with its unity, and (ii) there is
a well-defined R-scalar product on ), (H).

Proof. Let ) (H) be the algebraic triple (6.8). For the addition (+) of (6.7),
(af” +af”) +af” = (a1 +a2)™ +af”
= (a1 + a2) + 03) ™ = (o1 + (a2 + )™
—af? ¢ (02 4 09)® =0 1 (of? +0f"),
for al(n) €, (H), for all I = 1,2,3. Also, there exists the zero matrix O,, of M,(C)

inducing
0, =Opo00™ €%, (H),

such that
2™ 40 = (a4 0n)™ = a®™ = (O + a)™ = 0 4 o™,
for all o™ € Y~ (H).
For the (+)-identity 0™ and arbitrary o™ € Y~ (H), there exists a unique
(=)™ € 3=, (H), such that
a™ 4 (=)™ = (o — )™ = 0™ = (—a + )™ = (—a)™ + o™,
in ) (H). Finally,
agn) + aé") = (a1 + )™ = (ag + o)™ = ag") + agn)7

for all aﬁ"), agn) € Y, (H). Thus, the pair (3, (H), +) is an abelian group.
For the multiplication (-), one has that

(af”af”) ol = ((a102)a3)™ = (1 (aza3))™ = af” (af”af") |

for ozl(n) €y, (H), foralll=1,2,3.
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Since the matricial ring M, (C) is noncommutative, the above well-defined
associative multiplication is noncommutative. So, the pair (3, (H),-) forms
a noncommutative semigroup. Moreover, it has its unity (or the multiplication-identity),

1M =1, 00" e %, (H),
where I,, is the identity matrix of M, (C), satisfying
a™ 1M = (a0 I,)™ = o™ = (I, 0 a)™ =10 . o™

for all o™ € Y (H).

It is not hard to check the left-and-right distributiveness of the operations (+) and
(-) of (6.7) on ), (H), by those of matricial addition and multiplication on M(C).
So, the triple )" (H) of (6.8) is a unital ring.

Finally, the R-scalar product (6.9) is well-defined on " (H), because all matrices of
M, (C) and our g-spectralization ™ are over R. Therefore, this ring is well-determined
over R. O

The above theorem characterizes the algebraic triple ), (H) of (6.8) as a noncom-
mutative unital ring over R.

Let o™ = aoo™ € Y (H), with a € M,(C). If a is invertible in M,(C),
then a(™ is invertible in Y, (H), in the sense that: there exists a unique element
B =Boo™ e (H), such that

oM gin) () _ gln) o). (6.10)
in > (H), where 10 = I,, 0 6™ is the unity of 3_, (H). Indeed, one can take
B =a"!, theinverse of o in M, (C),
satisfying that
o™ (ofl)(n) = (aa ) oo = 1M = (a7 'a) oo™ = (ofl)(n) o™,

in 3, (H), i.e., the invertibility of a on M,(C) implies the invertibility of a(™
on »_ (H).

Remark 6.4. Remark that “a(™ is invertible in >, (H)” does not mean o™ is
invertible “on H"”, as a function. Indeed, by definition, o™ is neither injective nor
surjective on H", implying that it cannot be invertible on H" “as a function”, i.e.,
the invertibility (6.10) on )_ (H) is pure-algebraic invertibility which does not imply
the functional-invertibility of its elements on H"™.

By the (pure-algebraic) invertibility on ) (H), one can define the subring S, (H) by

Sy, (H) = { ) ¢ Z ) is invertible in Z } (6.11)

It is not difficult to check that the sub-structure (S, (H), -) of this subring .S, (H)
of (6.11) forms a non-abelian group, where (-) is the multiplication (6.7).
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Definition 6.5. We call the noncommutative unital ring > (H) of (6.8), the
quaternion-spectral matricial ring acting on H" (in short, the g¢-spectral ring).
The subring S, (H) of (6.11) is called the invertible quaternion-spectral matricial
ring (in short, the invertible g-spectral ring). In particular, the algebraic pair (.S, (H), -)
is said to be the invertible g(uaternion)-spectral group.

7. CERTAIN FUNCTIONAL EQUATIONS

In this section, we consider certain equations induced by elements of our g-spectral
ring . (H), which is a noncommutative unital ring over R. By definition, every element
o™ of 3" (H) assigns H-vectors to C-vectors (embedded in H"), since (™ (H") = C".
So, one can naturally define an equation,

o™ (v) = w, (7.1)

for a fixed w € C", where v € H" is understood to be a H-vector variable. We here
study the solvability of an equation (7.1).

7.1. CERTAIN FUNCTIONAL EQUATIONS ON H INDUCED BY o

In this section, before considering the equations (7.1), we study how to solve certain
equations induced by the g-spectralization o. Let h € H be a H-variable, and let

teR*=R\ {0}, and seR
be arbitrarily fixed real numbers. Construct an equation for a fixed 2y € C,
to(h) + s =z et A1+ Aai. (7.2)
Suppose hg = © + yi + uj + vk € H is a solution of (7.2). Assume first that
ho =z +yi+0j + 0k € H,

and hence,
olhg) =x+yi inH. (7.3)

Then it satisfies that
to(ho) + s = 2o

—

t(x+yi)+s=XA+ Aot
—

(tl‘+$)+ty7::)\1+/\2i
—

AL — A
T = 1t s, and y:72 in R
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<
o (ho) = <A1t_s> + @2)2 in C
<
;m—<M;s>+<f>muy+% in H. (7.4)

Assume now that
ho =z +yi+uj+vkeH, withueR*, orve R,

and hence,
olho) =z +ivy?+u?+v2 inC. (7.5)

If such a quaternion hy of (7.5) is a solution of (7.2), then

tO’(ho) +s =2

<~

t(m—i—i\/y?—l—uQ—l—vz)+s:)\1+)\2i
—

(t:z:+5)+<t y2+u2+v2)i:/\1+)\2i
—

AL — A

x = 1t s, and \/y2+u2+v2:72 in R

—

d%)z(hgs>+<?)iinc (7.6)

Lemma 7.1. A quaternion hg = x + yi + uj + vk € H is a solution of (7.2), if and
only if
- )\1 — S
ot

Ao\ 2
, and y? +u ot = (;) , (7.7)

in R. As a special case, a quaternion hg = x + yi + 0j + 0k is a solution, if and only if

A — A
%:<1tﬁ+<;y+w+% in H.

Proof. Tt is shown by (7.5) and (7.6), i.e., hg € H is a solution of (7.2), if and only if
ho =z +yi + uj + uk € H,

satisfying the condition (7.7). The special case is obtained by (7.3) and (7.4). O



368 Ilwoo Cho and Palle E.T. Jorgensen

More general to (7.7), assume now that
teC*=C\{0}, and seC, (7.8)

in the linear equation (7.2) under the generalized condition (7.8). Then, similar
to (7.7), if
t=1 -‘rtgiE(C, Withtl,tQER,
s =81+ st € C, with sq,82 € R,
then a quaternion
ho=z+yi+uj+vkecH

is a solution, if and only if

(t1 + to1) (;z;+i y2 + u2 +v2) + (81 4 s28) = A1 + Aai

<
(tll‘ — ta A + 51) + (tga? + A+ Sg)i = A1 + X\t
where
A=+y2+u2+1v2eR
<
tll' — tQA + 51 = )\17
tgl‘ +t1A + 89 = )\2
<
tir — oA = N\ — S1,
{tg.’l? +t1A = g — 59. (79)
If we solve the linear system (7.9), then
tiA1 — t181 + Ao — t289
v 12 412 ’
1T
and )
tiA t —toA1 — t
A2 = (A2 + 23; ; 1 152 (7.10)
t1 + 5

Theorem 7.2. Let t = t1 +tot € C*, and s = 1 + 826,20 = A1 + Xot € C, and h,
a H-variable, and let
to(h) + s =z

be an equation (7.2) on C. A quaternion

ho=z+yi+uj+vkeH
is a solution, if and only if

tl)\l — t181 + tg)\g - t282
Tr =
tT 413

)

and

t1>\2 + t251 — t2>\1 — t152)2

7.11
t+13 (7.11)

y2+u2+v2:(
in R.
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Proof. The relation (7.11) is proven by (7.9) and (7.10). O
Remark 7.3. Note that, in (7.10) and (7.11), the reason why we put

AZ t1 g + tasy — tady —t1so
2 + 12 ’

where A = 32 4+ u? + v2, instead of putting

tido + tosy — taAy — t182

A:
2 + t3

)

is that, in fact, there are two possible cases:
(i) if either u # 0, or v # 0, then

o(z+yi+uj+vk)=z+iVy?+u®+0v2 e Hy,
in C, where H is the upper half plane of C;
(ii) meanwhile,
o(x+yi+0j+0k)=ax+yicC,

by (3.39). Indeed, if a solution hy € H of (7.11) is of the form
ho = x 4+ yi +uj + vk, withu #0, orv #0,

then
tidAo + tosy — toA1 — t182

A:
12+ t2

meanwhile, if hq is of the form,
ho = x +yi+ 0j + Ok,

then

t1A t —toA] — ¢
A:y::t<12+281 21 182).

13+ t3
One can easily verify that the relation (7.11) implies the relation (7.7). Indeed,
ift e R*, and s € R in C, then

t1=1t, s1=s, and ty=0=3s9, inR.
So, in such a case, the relation (7.11) goes to

tl)\l — tls )\1 — S
xTr = =

t2 t

tix\? A’
y2+u2+v2:(1{22) =<;)
1

which is nothing but the relation (7.7).

and
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7.2. EQUATIONS INDUCED BY }° (H)

Fix n € N, and let 3_, (H) be the g-spectral ring (6.8) over R. For o™ € Y (H),
define a canonical equation
o™ (w) = vy, (7.12)

where
w = (hla"-ahn)

is a H-vector variable on H", and
vo = (ai,...,a,) €C* C H"

is an arbitrarily H-vector. In fact, if there exists at least one Iy € {1,...,n} such
that a;, € H\ C, equivalently, if vo € H" \ C", then the above equation (7.12) is not
solvable, since

c"(H")=C", and «aec M,(C),

implying that
o™ (H") c C"  in H".

For convenience, we let

211 *12 "t Zln
221 k22 "t R2n

a = [Zij}an = . : . . S Mn((c) (713)
Znl Zn2 o Znn

If & € M,(C) is in the sense of (7.13), then the above equation (7.12) can be
re-stated by
o™ (w) = v

<
Z11 212 Z1n o(h1) ay
221 Z22 Z2n o(h2) as
Znl Zn2 e Znn U(hn) (279}
R
> zuo(h)
lil ay
> zao(hy) as
I=1 = . [, (7.14)
n ' (279
> znio(h)
I=1

i.e., as in the usual matrix theory, solving an equation (7.12) is equivalent to solve the
linear system (7.14).
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Suppose a(™ is contained in the invertible g-spectral ring S, (H) in Y, (H),
equivalently, a € M,(C) is invertible with its inverse a=! € M, (C). Then
the equation (7.12) satisfies that

o™ (w) = vy <= (aoc™) (w) = vy

—
a(o™(w)) = vo <= o"(w) = a" ' (vg). (7.15)
So, if a matrix & = [2j]nxn € Mp(C) of (7.13) is invertible with its inverse
a™ = [Aijlnxn € My (C), (7.16)
and hence, a(™ € S,,(H) in Y, (H), then the equation (7.12) is equivalent to
U(hl) a1
U(hQ) a9
. =a ! (vo) = P‘ij]nxn .
J(hn) (79}
N n
> Aua
U(h]) lil
o(h2) YA
: = | =1 , (7.17)
a(hy) n o
> Ania
i=1

by (7.15) and (7.16).

Theorem 7.4. Let o™ (w) = vq be an equation (7.12). Then it is solvable, if and
only if det(a) # 0, where det(w) is the usual determinant on M, (C). Moreover,
a H™-vector
wo = (q1,.--,qn) € H"®
with
q =z +yt+wj+ukeH,

foralll =1,...,n, is a solution, if and only if

21 = Re <Z)\lkak> )
k=1
and

n 2
le + ul2 + ’UlQ = <Im (Z)\lkak>> s (718)
k=1

foralll =1,...,n, where {\ij}i jeq1,...n} are the entries of the inverse,
0471 = [)\ij]nxn € Mn (C)v

where Re(z) and Im(z) are the real parts, respectively, the imaginary parts
of z € C.
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Proof. Let o™ (w) = v be the given equation. By (7.14), (7.15) and (7.17),
if « € M,(C) is invertible, then this equation is solvable; conversely, if « is
not invertible in M, (C), then this equation cannot have a solution, i.e., & € M, (C)
is invertible, if and only if the equation is solvable. It is well-known that o € M,,(C) is
invertible, if and only if det(«) # 0. Therefore, equivalently, the equation (7.12)
is solvable, if and only if det(«) # 0.

Suppose det(a) # 0, and hence, there exists a solution,

wo = (Q17 cee 7Q7l) S Hn7
satisfying a(™ (wg) = vo, where
q =z +yt+wj+ukeH,

forl=1, ..., n. Then, by (7.17),
- denot
o(q) = ZAlkak T w e C,
k=1

forall [ =1, ..., n, implying that
z; = Re(w;), and y7 + u} + v} = (Im(wl))2 ,

foralll=1, ..., n, by (7.17) (or (7.11)).
Therefore, the relation (7.18) holds, whenever the equation is solvable. O

8. CERTAIN EQUATIONS
INDUCED BY QUATERNION-SPECTRAL FUNCTIONS

In this section, we fix n € N, and study our g-spectral ring » (H) more in detail.
As in Sections 6 and 7,

o™ =aoc™ ey, (H), withae M, (C),

is a function on H" over R.

Definition 8.1. All functions of ) (C) are said to be quaternion-spectral matricial
functions (in short, g-spectral functions).

Note that the unital ring, the g-spectral ring > (H), is over R, equipped with the
R-scalar product (6.9);

R x %, (H) 3 (t, a(">) = (ta)™ €, (H),

where
(ta)(n) =taoo” inX, (H). (8.1)
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Motivated by (8.1), observe that, for any ¢t € R and o™ € 3~ (H)

a™ —¢. 1 =aoo"” —t(I,o0™)

where 1" =1,00" € (H) is the unity induced by the identity matrix
I, € M, (C),

=aoo" + ((—=t)I,00")
by (8.1)

=(a—tl) oo™ = (o — tI,,)"™ (8.2)
in >, (H) by (6.10), i.e.,
a™ — .10 = (o — t1,,)™

in ) (H) by (8.2), for t € R.
Therefore,

where

0" = 0,00" €%, (H)

is the zero element with the zero matrix O,, € M, (C), if and only if

a—tl, =0, in M, (C). (8.3)
Lemma 8.2. Let o™ € %, (H), and let t € R. Then
o™ — .1 = 0™ in %, (H),

if and only if
a—tl, =0, inM,(C). (8.4)

Proof. The relation (8.4) holds by (8.2) and (8.3). O
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Now, consider the equality
a—tl, =0, inM,(C), (8.5)
in both global and local senses, where a € M, (C) and ¢ € R in C. Note again that
t =t + 0i is a R-quantity in C in (8.5).

To satisfy (8.5), one can have the universal (or, global) case, and the restricted
(or, local) case as in spectral theory, i.e., the universal case is the case satisfying

(am 4. 1<n>) (v) =0,, forallveH",
and the restricted case is the case where there exists a subset £ C H", such that
(a(") —t- 1(")> (v)=0,, foralvef, inH",

where 0, = (0, ..., 0) is the zero H-vector of H".
By regarding o — t1I,, as a (usual) matrix acting on the n-dimensional vector
space C™, the universal case is of course that

a=tl, inM,(C),
i.e., globally, “for all v.€ C™”, one has
a(v)=tv inC".
Lemma 8.3. Let o™ € X, (H), and let t € R. If a = tI,, in M, (C), then
o™ —¢. 1 =™ ip %, (H).
Proof. Clearly, if « = tI,, in M, (C), then o — tI,, = O,, in M,, (C), and hence,
o™ —¢.1M = 0™ inx, (H),

by (8.4). O

Meanwhile, the equality (8.5) can holds “locally” on C™, i.e., there exists a subspace
& of C" such that
a—tl, =0, 7on&,”inC",

if and only if
a(w)=tw, forallwec€&.

This is the case where t € R is contained in the spectrum of «,
spec (a)) = {\ € C: there exists w € C" such that a (w) = Aw},

or
spec(a) = {X € C: a — A, is not invertible on C"},
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in C, i.e., the case where ¢ is an eigenvalue of «, where the invertibility here means
the usual invertibility on the matricial ring M, (C). In this case, if & C C" is the
eigenspace of the eigenvalue ¢ € spec (o), then

a(w) =tw < (a—tl,) (w) =0,, forallwe &,

if and only if
a—tl, =0, “oné&, inC", (8.6)

locally.
Lemma 8.4. Let o™ € ¥, (H), and let t € R and w € H". If

t € spec(a), the spectrum of a € M, (C),

and
o™ (w) € &, the eigenspace of tin C",

then
(a(”) —to 1(")) (w) =0, inH"

Proof. Suppose t € spec(a) N R is an eigenvalue of a € M, (C), and &; is the
corresponding eigenspace of ¢ in C™. Then

a(w) =tw <<= (o —tl,) (W) =0,
for all w € & by (8.6). So, if there exists w € H", such that o™ (w) € &, then
(a—tl) (6" (w)) = On,

if and only if
(v = tI,)'" (w) = 0,
if and only if
(a(") ¢ 1(">) (w) =0, inH",
by (8.2). Therefore, the relation (8.4) holds. O
By Lemmas 8.3 and 8.4, we obtain the following result.

Theorem 8.5. Let ™) € >, (H) be a g-spectral function and t € R. Then there
exists “non-zero” w € H"™ such that

(a(”) —t- 1(”)) (w) =0, inH",

if and only if
t € spec(a), and o"(w) €&,

where & is the eigenspace of an eigenvalue t.
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Proof. (<) By (8.2) and Lemma 40, if o = tI,, in M, (C), then the identity
a™ — .10 = (o — t1,)™ = 0™,

holds in the g-spectral ring ) (H) (globally), i.e., for all w € H", the equality of (8.5)
holds. Remark that if a = ¢I,, in M, (C), then

spec(a) = {t}, and & =C".

Thus, the above equality of (8.5) holds.
And, by (8.4), if ¢ € spec («) and o™ (w) € &, then the equality of (8.5) holds true
(locally), too. Therefore, if

t € spec(a), and o"(w) €&,

then the equality of (8.5) holds.
(=) Now, assume that either

t ¢ spec(a), or o"(w) ¢ &:.
First, assume that ¢ ¢ spec (). Then there does not exist w € C™, such that
a(w) =tw < (a—tl,) (W) = 0,,

implying that
(a —tI,)™ (w) #0,, forallwe H",

by (8.2), since o™ (w) € C™ in H", for all w € H", i.e., if t ¢ spec(a), then the equality
of (8.5) does not hold.

Suppose now that w denote o™(w) ¢ &, for w € H™. Then
a(w) #tw <= (a —tl,) (W) # Oy,
in C™, if and only if

(o — t1,)™ (w) = (a<"> —t 1<">) (w) # 0,

in H", because w € H™ is assumed to be non-zero, i.e., if 6™ (w) ¢ &, then the equality
of (8.5) does not hold, i.e., if the equality of (8.5) holds for non-zero w € H", then

t € spec(a), and o™(w) € &;. O
The above theorem characterizes the conditions where
a™ .10 — o™ op H",
globally, or locally, for a(™ € ¥,, (H) and ¢ € R. Tt says there exists w € H" such that
(e —t-10) (w) =0, immE",

if and only if
t € spec(a), and o"(w) € &;.
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Theorem 8.6. Let o™ € %, (H) be a q-spectral function, and let t € R. Then a—tI,
is invertible (in the usual sense) in M, (C), if and only if

o™ — . 1M £ 0™ iy %, (H). (8.7)

Proof. (=) Suppose the matrix o — tI,, is invertible in M, (C) in the usual sense.
Then this matrix is nonzero, and the kernel of it satisfies

ker (o —tl,) ={0,} inC",
implying that the zero vector 0, € C™ is the only vector satisfying

(o —tl,) (0,) =0, inC",
i.e., there does not exists any non-zero vector w € C™ \ {0,}, such that

(a —tl,) (W) =0, <= a(w) =tw,
in C". Thus, by (8.2),
al™ —¢. 10 £ 0 in ¥, (H),

implying that there “does not” exist non-zero w € H"™ satisfying

(oz(”) —t- 1(”)) (w)=0, inC"cCH"

i.e., the non-equality (8.7) holds.

(<) Suppose now that o — tI,, is not invertible in M, (C). Then, ¢ € spec («). So,
the relation (8.5) holds, whenever o™ (w) € &, for w € H". By the definition of the
g-spectralization o™, such H"-vectors do exist since o™ (H") = C™. Therefore, if o —tI,,
is not invertible in M, (C), then there exists at least one non-zero w € H", such that

(a<"> ¢ 1<">) (w) =0, inH".

Equivalently, if the non-equality (8.7) holds, then « — tI,, is invertible in M, (C). O
The following corollary is obtained by Definition 6.5, and Theorem 8.5.

Corollary 8.7. Let o™ € 3" (H) and t € R. If o™ —¢ -1 € %, (H) is contained
in the invertible q-spectral ring Sy, (H) in the sense of Definition 6.5, then it is non-zero
element of ), (H), i.e.,

a™ —t. 1M €8, (H) in Y (H) <=t ¢ spec(a). (8.8)

n

Proof. Observe that the g-spectral function o™ —t-1(" is contained in the invertible
g-spectral ring S, (H), if and only if (o — tIn)(") € Sy (H) by (8.2), if and only if
a — tI, is invertible (in the usual sense) in M, (C) (by Definition 6.5), if and only if it
is non-zero in ) (H) by (8.7). Therefore, the relation (8.8) holds by (8.5). O
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Our main results, Theorems 8.5, 8.6, and Corollary 8.7, illustrate that the existence
of t € R and w € H" satisfying

(a(") —t- 1(")) (w) =0, inH",

for a g-spectral function a(™ —¢.1™ € %, (H) is highly related to the usual spectral
theory on M, (C) by (8.8). In particular,

t € spec(a), and o"(w) €&,

if and only if the above equality holds, by (8.5) and (8.7).
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