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Abstract. In this paper, we investigate a free boundary problem relevant in several
applications, such as tumor growth models. Our problem is expressed as an elliptic
equation involving discontinuous nonlinearities in a specified domain with a mov-
ing boundary. We establish the existence and uniqueness of solutions and provide
a qualitative analysis of the free boundaries generated by the nonlinear term (inner
boundaries). Furthermore, we analyze the dynamics of the outer region boundary.
The final result demonstrates that under certain conditions, our problem is solvable
in the neighborhood of a radial solution.
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1. INTRODUCTION

In various contexts, free boundaries often take the form of curves or surfaces whose
exact positions are initially undetermined, serving as interfaces between regions with
differing properties. An example is found in tumor growth models, where the boundary
of the tumor region (separating it from healthy tissue) is not given a priori and changes
during the process. This lack of knowledge requires a major study of the free boundary.

Over the last decades, several mathematical models have been proposed to de-
scribe the growth of tumor spheroids. The starting point in the study of free bound-
ary problems arising in tumor growth models is due to the pioneering papers of
Greenspan [20, 21]. Later, with a rigorous analysis, Byrne and Chaplain [8, 9] extended
similar results to the case of discontinuous nonlinearity and recently, Friedman and
collaborators in a series of papers [12, 15, 16, 18] develop mathematical techniques
to analyze the existence, uniqueness and bifurcation of solutions. For the historical
development of mathematical cancer modeling, we refer the reader to [2].

Inspired by the previous relevant works, the authors investigate in [1], for ¢ > 0
the following problem:

{Au =ANe+(1—e)H(u—p)) inQ(t),

U = Ueo on 90(t), (L1)
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where g is the critical value for which the tumor Q(t) developed a region of slow
growth in its center due to lack of nutrients. Note that the problem (1.1) appears in
other contexts like Budyko climate models. We refer the reader to [4] and [5] for more
details.

Spherical coordinates, which are well suited to represent the spherical configuration
of tumors are useful in analyzing our problem. So, let u := wu(r,t) be the concentration
nutrient in Q(¢) where = |z|. The dynamic of the outer tumor radius denoted by R(t)

is governed by
3
dt 47TR // / w)r?sin do de dr

(1.2)
- // / N(u)r®sin@ df d¢ dr,
Q(t)
where S(u) and N(u) are the proliferation and the mortality rate functions.
The purpose of this work is to investigate the following problem:
Au = A(sH(u —p)+ (1 —e)H(u— ,ug)) in Q(t), (1.3)
U= Uoo on 90(t), '

where Q(t) C R3 is the domain at time ¢ > 0 with a moving boundary 9€(¢), € € (0, 1),
Uso, A, M1, Mo are positive parameters such that p; < pe < Uy and H is the Heaviside
function, i.e.

1, fort >0,

H(t) = -
0, fort<O0.

So, the present paper can be considered as a natural continuation of the previous
paper by the authors [1] in which the same program of research was devoted to the
one discontinuous nonlinearity. Here, we consider the sum of discontinuous nonlineari-
ties, and as we shall see, our discontinuities generate free boundaries which are not
given explicitly like [1] and this requires more attention. The challenge is to develop
mathematical concepts that can handle the complexity of the problem.

In this work, we focus the study on the following multiphase free boundary problem

%%(TQ%) = /\(EH(u—,ul) +(1 —a)H(u—;@)), 0<r<R({t),t>0,

ou
u(R(t),t) = oo, 5r(0,) =0 for t > 0, (1.4)
R2(t )dR = fo ® g (u)r?dr — OR(t) N (u)r?dr,
R(0) = Ry,

where 1, uso are the critical values for which tumor goes from one phase to another
verifying pq < pe < oo and

S(u) = MeH (u—p) + (1 —e)H(u—p2)), N(u)=mH(u—p)+moH(p — ),

where 71,72 are positive constants.
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Let us introduce the notations:

wpi (1) = {ulr,t) < i}, wpp = {ulr) < pi}

and

FM (t) = 8wui (t)a Fﬂi = 8&),“,

where p; € (0,Ts) for i =1, 2.

Hence, the discontinuous nonlinearities generate two free boundaries namely T',,, (t)
and Iy, (¢) in addition to the outer boundary 0€2(¢) (moving boundary). This is the
first time that the problem (1.4) is considered. One of the main difficulties in problem
(1.4) is that the free boundaries are not explicitly given (contrary to the paper [1]).

First, for the stationary solution and regarding the position of v with respect to u
and uo dealing with the three phases, we give the existence of a stationary solution for
problem (1.4). Moreover, we show the existence of their corresponding free boundaries
given by

U’(TZ) = Mi, i = 17 2.

We further obtain the long time behavior of all transient solutions with the form
(u(r,t), R(t)). Finally, we will assume that Q(t) is a perturbation of the ball B(0, R(t)).
More precisely, we assume what follows:

The boundary 9€(¢) can be parameterized as R(t)+ 3(0) for t > 0, ©)
where 8 € C2(S), § € S and S is the unit sphere.

Using this parametrization of our free boundaries which are the unknowns of our
problem, we reduce the study to the solvability of a nonlinear integral equation and
show the existence of functions namely b; such that

u(ri(t) +6:(0),0) = pi, i=1,2,t>0.

Moreover, this perturbation method gives the existence of exceptional free boundaries
in the case of a stationary solution with the form

u(ri(t) + h(0),0) =, i=1,2,

where h € C(S). This result is far from obvious.

The structure of the rest of this paper is arranged as follows. In Section 2, we study
the stationary solutions when @ = B(0, R(t)) with different phases. Section 3 is
devoted to establishing the existence of a transient solution and studying its asymptotic
behavior. In Section 4, using perturbation, we reformulate our free boundary problem
and prove the existence of free boundaries through the use of local methods. Finally,
some comments are given.
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2. STATIONARY SOLUTIONS

This section deals with the existence of stationary solutions for the problem (1.4).
Hence, we consider the following problem:

{#afwzgf:)=A(eHw—m)+<1—e>H<u—uz>)’ O<r<f o)

and the integral equation

R R
;(/S(u)ﬁdr - /N(u)r2dr> =0. (2.2)
0

0

We recall that the nonnegative solution of (2.1) is strictly convex function such that

(
Jmin u(r) = u(0).
The sets I',,,, ', are the free boundaries corresponding to (2.1). So, there are three
cases to be considered: u(0) > po, p1 < u(0) < p2 and u(0) < p;.
We denote by u} the solution of (2.1) in the case u(0) > po (without a free
boundary), by uy,,, the solution in the case p1 < u(0) < po (with one free boundary)
and by wy ,, 4, the solution in the case u(0) < p; (with two free boundaries).

Theorem 2.1. For e € (0,1), we have the following result:

(i) If A< Ay = w, then there exists a unique solution u} of (2.1). Moreover,

-
U;(O) = ?Rz + Uso > M2,
i.e. the line (A\,7v*(\)), where u}(0) :=~*(\) = 2 R*+uc defines a decreas-
ing part of the bifurcation diagram (see Figure 1).
(ii) There exists \* > 0 such that if X € [A1, \*), then there exists a unique positive
solution uy ., of (2.1) giving rise to a free boundary given by

(e —3)
3e —1)

(iii) If A € [\*,+00), the problem (2.1) has a unique solution uy ,, ., with two free
boundaries namely ry ., and ry 4, satisfying 0 <1y ., <7xu, < R.

™=

27(e = 1)?(AR* - ”°°/\”2))> 47r>]

1
R[l + 2 cos (g arccos (1 + 2 5)3R2 4+ =

3

Proof. First, to prove (i), we consider the case u(0) > us (without a free boundary).
We have the corresponding problem

L2 (r294) =X in (0, R),
u(R) = uwo, 4/ (0) = 0.
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Fig. 1. A qualitative description of the bifurcation curve
So,
A
uy(r) = 8(7"2 — R2) + U, r€][0,R].
Since

—A 2 6(uso — p12)
Secondly, to prove (ii), we assume that g1 < u(0) < pe. In this case, a solution
take the value s at only one value of r, say 7y, i.e. u(ry) = p2. Hence, we have the

following problem:

= Al.

(2.3)

In [1], we have studied the solutions of problem (2.3) for all € > 0. Here, we reduce
the study for € € (0,1). More precisely, we have the following problem in the different
regions (0, 7)) and (ry, R).

020 <0 i ()
L9 (p29u) — in (ry, R),
u(ra) = piz, /' (0) = 0, u(R) = tiso.

Thus, the following solution is obtained:

(r) = %(Tz_ri)'f'/JQ, 0<r<ry,
T e+ 0% - B + R (2~ v — 303 - RY)) ST <R
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Using the transmission condition

Oux py / — U 1y
D 1) = Pra (13,

where 6“57’]"2 (ri), 8“57;"’2 (ry) are the right and the left derivatives at the value r = ry,

respectively. Thus,
- R—r
(e = DR+ (R = 13)

= g(rx)-

Then, for A > g(0) :== A\; and ¢ € (0,1) we obtain the explicit form of ry:

_ (-3
73\73(5—1)

27(e — 1)2(%32 _ 3(uoo/\uz))) . 47”)}

1
R[l 2 (f (1
+ 2cos 3 arccos | 1+ 2(e — %)3R2 3

A complete analysis can be found in [1].

Now, to prove (iii) we shall assume that «(0) < p1. As in the case (ii), we look for
the free boundaries {(rx ,,,0) : 0 € S}, ¢ = 1,2, with u(rx,,,) = p;. So, we consider the
corresponding problems verified by u in the different regions (0, 7x ., ), (Tx 11,72 u2)
and (rx ., R). On (0,7, ), we have the following problem:

T%%(TQ%) =0 in (0,75 ),
U(T)\’Hl) = M1, ul(o) =0.
Then,
UN, 1,12 (7‘) =pu, 0<r< [SWIER
On (T/\,ul JTAus), We get the problem
{:28%(7"22:) =Ae in (Tz\ymém,uz)v
=g (i)

u(T)\,,uz) = M2, %(T;HI) - or T>\7N1

and thus,

e
UN,p1,p2 (T’) = F

AE 5 (1 1

2 2
(T - T)\,ug) + ?T/\,ul I~

— ) + H2, X\ p1 S r S X2
r T)\’Mz

Finally, we examine the problem

BEEG) =) i ra )
U(R = Uoso, %(T;,Mz) = g%(r)t”2)'

So,

UN, 1,z (7’) =
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Our solutions must satisfy the conditions

U, 1 s iz (T;\r,m) = H1,
UN, i1,z (T)J\r,#g) = H2.

More precisely, we obtain the system

Ae _ Ae r3 _ 1 — _

6 (MR~ ) + 3 >\#1(r,\ pritowed Al CRal 3

A Rz Ae .3 1 1 _ (2.4)
303 — Lk = ) (k) = e e

where 0 <7y ,, <7, < R. The resolution of the system (2.4) gives the existence
of the free boundaries ry ,, and 7y ,, to conclude with the study of solutions of (2.1).
The first equation in the system (2.4) can be regarded as an algebraic equation, where
the unknown variable is 7y ,,. We have

6(#2 - ﬂl)
S — (37&7#1 + T) Pags + 275, = 0. (2.5)

Taking 7y ,, = n, this implies that

6(p2 — 1) Tx s

A= .
€ (T§HU.2 —37? Tz T 2773)

(2.6)

As in [1], we introduce the auxiliary function

6(p2 —pa) 7
K(r) = . re(nR).
(r) e(rd =3 n2 r+213) reR)
Hence,
K,(T’) _ 12(/‘L2 — Nl)(n3 — 703) <0 re (77 R)
- 2 3 ) .
e (rl e =317 A +20%)

The function K is monotonely decreasing on (n, R). Then if

6(p2 — p1)R
€(R3 —3n’R+ 2773)

A> K(R) = = s,

the equation (2.6) has one root ry ,, € (1, R).
So, assuming that A > A2 and using Cardano’s method for the equation (2.5),
we get

3 2 4 2 6(#2 - ,ul) 3
Ay = (2 TA,IM) - ﬁ (3r>\,ﬂl + \e )
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Then, the free boundary ry ,, is given by

2([1,2 — ,U1) 1 3 1 47
T = 2\/@,“1 + e cos 3 arccos | —ry ,, - TEAIE + 3
(3 + =55

Now, we look for the unknown variable ry ,,, in the second equation of the system (2.4).
We get

" :((3(uoo—uz)+7’§,m—32> R 7, +(6—1)7?3 )
o Ae 2e Taus — R e ) M)

Hence, the free boundary ry ,, satisfies 0 < 7y ,, < T ., if and only if the inequality
0 < h(r) < r? has a solution on (0, R), where

2

) = (T ) i ()

and

Ae (r—R)2+?E

An easy calculation shows that the function A’ is decreasing on (0, R). Then, we dis-
tinguish two cases (see Figures 2 and 3).

Wiy =W —p) R R, <g>r

(1) If #'(0) <0, i.e. A < Ay, the function h is decreasing and negative on (0, R).
(2) If A'(0) > 0, i.e. A > Aq, the function h has a positive maximum in r* € (0, R).
Moreover, h is monotone increasing on (0,r*) and monotone decreasing on (r*, R).

— h(r)

10 [h(0) 5 4

Fig. 2. The graph of the function h and the square function when A < \;
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r

Fig. 3. The graph of the function h and the square function when A > A\;

So, for A > )1, we get that the inequality 0 < h(r) < r? has at least one solution
on (0, R).

Finally, we assure the existence of A* > max(A1, A2) such that when A € [\*, +00),
the free boundaries ry ,, and 7y ,, satisfy 0 <7y ,, <7xu, < R. Thus, by continuity
of the solution with respect to A, there exists A* such that if A € [A1, \*[, then there
exists a unique solution wuy ,, such that wuy ,,(rx) = p2 and when A € [A\*, +o0],
we have a unique solution with two free boundaries ry ,, and 7y ,,. The proof of
Theorem 2.1 ends. O

Let the pair (u, Rs) denote a solution of the problem (2.1)—(2.2) such that Rs > 0.
Then Ry is obtained as a zero of the equation I(R) = 0, where the continuous function
I:]0,00) — R is defined by

R R
I(R) = % )\/f(u)rzdr - / (mHu— p1) +neH(py —w))r’dr | . (2.7)
0 0

According to Theorem 2.1, we see that we have three phases, u(0) > uo,
w1 < u(0) < po and uw(0) < pg.
The tumor remains in phase 1 (without free boundary) until u}(0) = po giving

6(Uoo — p2)

R = 3

The tumor now in phase 2 until wy,,(0) = p; giving the radius R** and the
tumor moves from phase 2 into phase 3. So, when R < R*, the tumor region
is in phase 1 corresponds to the absence of free boundary (normal growth case).
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When R* < R < R**, the tumor region is in phase 2 with one free boundary (slow
growth case), R > R** the tumor is in phase 3 corresponds to the necrotic core (with
two free boundaries). Then we have the following result:

Theorem 2.2. Assume that
Ae > (2.8)

is satisfied. Then there exists a unique positive value Rs such that I(Rs) = 0.
The proof of Theorem 2.2 is based on the following lemma:
Lemma 2.3. The operator I is continuously differentiable on (0, +00).

Proof. Consider the functions

Fl(xth?y) = E('IL‘% —.’E%) + )E%E ',L‘zf(zL - i) — M1 +/1'27
) (2.9)

6
Ae—1
F2($1,$2,y):%(x%—yz +(% x%‘%xi’)(i_i) — {2 + Uoo.

The Jacobian matrix of Fy, Fy with respect to x1,z2 is given by

L emed Hewmed)
= P 3
—Xezi(y - 25) ME20) g, +A(e—1)i—%é

By (2.4), we have
Fy (TA,MNT)\,HWR) = FQ(T/\7H1’T>\7H27R) = 0.

Using the fact that ry ,, <7y, < R, we obtain that det J > 0 in the neighborhood

of (7xu1> " uss R). Hence, by the implicit function theorem, in the neighborhood of

(Pauns ey ) there are two differentiable functions x1(y) and zo(y) satisfy the

system (2.4). So, our free boundaries R — 7y ,,, (R),7x 4, (R) are differentiable on R.
On the other hand, we have

R

1
i ()\/ (eH(u— 1)+ (1 —e)H(u— po))r’dr
0

R
- / (mH (u—p1) +noH(p — u))T2d7‘)
0
TX, o R R TX, 11
= % / er?dr + / \r2dr — / mridr — / nor2dr
Ty Tapn Paopg 0
/\E(Ti,w 3 )t A(R? =13 ) — (R® — Ti,#l) - 7727“§,;¢1
R3 '

Then the operator [ is differentiable on (0, 4+00). O
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Lemma 2.4. Assuming that (2.8) holds, then the function I is decreasing and satisfies

(2.10)

v
S
S
w2
(e}
&
s
=
[oS]
@
Il
o=
£
[¢)
g
<
(¢}

I(R) = )\/f(u(R s))szds — / (mH(u(R 8) — 1) +meH(u —u(R s)))s2ds
0 0

where
g(u) = (Ae —mu)H(u— py) + M1 —e)H(u — p2) — naH (11 — u)
—n2, u < M1,

= )‘6_7717 H1§U<M2a
/\_7717 u > 2.

Let U(r, R) = u(r), then U is the solution of the following problem:

AU =Xf(U), 0<r<R,
U.(0,R)=0, U(R,R) = tco,

where

Thus, Ur = g—% satisfies

AUR=2%fU), 0<r<R,

ZUR(0,R) =0, Ur(R,R) = 0.
Using the fact that R — A(R) is decreasing and by maximum principle, we obtain:
R — U(r, R) is decreasing. The assumption (2.8) implies that the function g is increas-

ing. Hence, we deduce that the function I is decreasing on (0, +00) and satisfies (2.10).
This proves Lemma 2.4. U

Proof of Theorem 2.2. For R < R*, we have

)\_
I(R):Tm>0.

In [1], a simple calculation shows the existence of R such that

) R R
L(R) = — /\/f(u)Ter — /nlrzdr =0,
R 0 0
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where
~ g, ifr <ry,
1, ifr>ry

and 7y is given in Theorem 2.1. Hence, L(R) = 0 is equivalent to
A—m)B = —Ae— 1) (2.11)

So, we distinguish two cases:

(1) if R € (0, R**), then I(R) = L(R)/R and I(R) = 0,
(2) if R € [R*™,+00), then we have

— 1 /Ae—1)
R —73( 3 Ti,uz‘F 3

7]17)\5*772 /\*771—3
Tivl“l + 3 R )

using (2.11) and the assumption (2.8) we obtain

— 1 rAe—1 —Ae —
I(R) = 73(%(7‘?\,#2 — Ti) + %Ti,ﬂl) < 0

So, we conclude with the existence of R, such that I(Rs) = 0 and uniqueness follows
from the monotonicity of I proving in Lemma 2.4. O

3. TRANSIENT SOLUTION

In this section, we shall prove the global existence of a solution and the asymptotic
behavior of solutions to the free boundary problem (1.4).

Theorem 3.1. Assuming that (2.8) is satisfied, then for any Ry > 0 and for 0 < e < 1,
the problem (1.4) has a unique global solution (u(r,t), R(t)) for t > 0. Moreover,

t—1:+moo R(t) = Ry, tl}?oo U(T, t) = UN,p1,p2>

where (ux 1y, Rs) s the stationary solution of the problem (2.1)—(2.2).
To prove theorem 3.1, we use the following lemma:
Lemma 3.2 ([25]). Let consider the problem

a'(t) = w(t) f(x(t)), >0,
x(0) =9 > 0.

Assuming that f is continuously and differentiable decreasing function on (0,400).
If there exists a unique positive constant xs such that f(xs) =0, then

tl}I—Poox(t> = Zs.
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Proof of Theorem 3.1. We know from Section 2 that problem (1.4) admits a unique
solution u(r, R(t)). So, for t > 0, we determine R(t) by solving the following problem:

{R’(t) = R(t)I(R(t)), t>0, (3.1)
R(O) = ROa

where I is given by (2.7). Using Lemmas 2.3 and 2.4, then the problem (3.1) has
a unique global solution satisfying

Roel )t < R(t) < Re(FFH), 50,

Now, because I(R) is decreasing function and from theorem 2.2, there exists Ry such
that the equation I(Rs) = 0. Then, by Lemma 3.2, we get

lim R(t) = Rs.
t——+o00
So, lim w(r,t) = w4y u,- This concludes the proof of Theorem 3.1. O

t——+oo

4. PERTURBATION RESULT

This section is devoted to study the problem (1.3) when Q(¢) verifies (C). Let 71, 72
denote the values 7y ,, and rj ,, of theorem 2.1. We look for the free boundaries
on the form r; + b1(#) and ro + by (6), where by, by are the perturbations caused by S.
Hence, we consider the following problem:

{Au = A(eH(u —p)+ (1 —e)H(u— ug)) in Qg,

(4.1)
U = T on 0f1g,

where Qg = B(0, R+ 8(0)) C R3 and T, is close t0 tq.
As in [1], we define the set of admissible surfaces in Q3 by

Sg={feC(S) : (f(0),0) € Qg for § € S}.
For i = 1,2, we consider the functions v¢; € Sg and the sets
wy, = {(r,0) € Qg = r <Yi(0)}, =12

In the following proposition, we formulate nonlinear equations for 1y, ¥s and prove
that by solving them, we can solve the problem (4.1).

Proposition 4.1. Fore € (0,1), there exists \* > 0 such that if A > \*, the following
problem

Au = )\(e’:‘XQB\wwl +(1- é‘)XQﬁ\wW) in Qg, (4.2)
U = Uso on 093
has a unique solution ug € CY“*(Qg) with a = 1 — %, p > 3. Moreover, if

ug(¥i(9),0) = p; for i =1,2 and Uoo > po > p1, then ug is a solution of (4.1).
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Proof. We have xq,\w,, € LP(Qg), p > 1,4 = 1,2. From [19], there exists a unique
solution ug of (4.2) in WP(Qg). For p > 3, W*P(Qs) C CH*(Qs,R) with a =1 - 2.

If we prove the existence of functions v; such that ug(¢;(9),60) = p; for i = 1,2,
then ug will be a solution of the following problems:

A 0 i Aug = Ae  in wy, \ wy,, Aug =X in Qg \ wy,,
ug =0 inwy,,
{u 5: 4 on 312 ug = 1 on Owy, , ug = flig o Owy,,

7 o ug =2 on Owy,, Ug = TUss on 9.

Using the fact that @s, > p2 > g1 and the maximum principle, we obtain that ug
satisfies

{AW = )\(EH(Uﬁ — )+ (1 —e)H(ug — ,ug)) in Qg, -

Ug = Uso on 0.

As in [1], the variation of the domain Qg suggests the use of an appropriate
transformation that maps the changing domain {23 to a constant domain:

Tﬁt Qg — Q= B(O,R),

(r,0) s (7,0) = (r+r%,9),

where (r,6) is the coordinates in Q3 and (7, 0) the coordinates in €.
For a small 3, the transformation Tj is a diffeomorphism of class C? of the
domain €3 into Qy and transforms Sg into Sy, hence

Tp(1i(0),0) = (fi(0),0),

where f; € Sy. So, the mapping T3 transforms the problem (4.2) and the equation
ug(¥i(0),0) = p; for i = 1,2 to the problem

Aﬂ+ 5ﬁﬂ - )\(8 XQO\UJf + (1 - 5) XQO\Wf ) in QO>
! 2 (4.3)
U= Ueo on 890
and the equation
a(fi(0),0) = pi, i=1.2. (4.4)
where
_B By &
% = R(2+ R)GFZ
26 0 1

r o/ 92 1 o3 0 r 9B o?
+ TR o >[§a*aj(ame,. - R(1+g)aeim+36@aﬁ>
r 98 0 rop o }

O35,

for ai,j,bi S CZ(S), i,7=1,2, and f; € Sp.
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Thus, to solve the problem (4.1) it is sufficient to prove the existence of fi, fa
satisfying (4.4). We can proceed as follows.

First, we give the existence of f5(6) for 8 € S. We denote by Uy the restriction of
the solution @ in the set Qg \ wy,. So, we have

{Am + 0572 = A=+ (1-¢) Xap\y, ) 10 0, (4.5)

Uy = Ueo on 0.

The same technique used in [1] can be applied and the implicit function theorem gives
the existence of f(#), 8 € S such that

Uz (f2(0),0) = po-

Hence, from the construction and uniqueness of the solution we conclude that
u(f2(0),0) = po.

Now, consider the following problem

Auy + 5ﬁﬂ1 = Xe XQo\wy, in Qg,
Ul = Uso on 8Q0

We define the operator J : RT x Sy x RT x D — C(S,R) by

J(Uoos f1, 11, B) = w1 (f1(0),0) — pa,

where D is the neighborhood of zero in C(S).
So, we obtain

R
(o fi, 11, B) = T / P(f1(0),6,0')d6' + \e / / GUf1(0),0,1",6)r"2dr" e/

5 5 f1(6)

_ / S5t (', 0)GUFL(0), 0,07, 0 )dr' 6 — pu,
Qo

where P is the Poisson kernel and G is the Green function for the Laplacian in €.

By the same argument as in [1] and using the implicit function theorem in the
neighborhood of (uw, 71, p1,0), we have the existence of a function f; depending
on Usy, 1, where g satisfies

J(Uoos f1 (oo, pi1, B), i1, B) = 0.

So, we conclude that

u(f1(0),0) = pa.
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Moreover, in the region wy¢,, we have the following result:

Lemma 4.2. Let vy be a Jordan curve in {x € Qo : u(x) = p1}, where w is the interior
of v. Then

wCA{reQ :ulx)=pu}.
Proof. Suppose that there exists zg € w such that w(zg) < up. Let

w1 ={z€Q : ulzr) < p1}

which is an open set (by continuity of @). So, T verifies

Au=0 in ws,
u=pu; on Jdwi.

By the maximum principle we get w > u; which is a contradiction.

So, let u be a solution of the problem (2.1), then the set {x € Q : u(z) = p1}
is a ball of radius r; € (0, R).

Moreover, by the above perturbation method, we conclude that wy, is a perturbation
of a ball of radius 1 + f1(0), 0 € S. O

5. FINAL COMMENTS

In this paper, we have studied the existence of stationary solutions for problem
(1.3) when the domain is a ball. After, reducing the free boundary problem (1.3) into
an initial problem of ordinary differential equation, we study the asymptotic behavior of
solutions. Finally, using a rigorous perturbative approach, we derive a characterization
of the free boundary under perturbation of the boundary condition and a smooth
boundary of the domain. However, some open questions related to our problem still
remain. Here, we give some interesting problems:

(1) A more general form of the problem (2.1) can be regarded as

Au=A>" ¢ Hu—p;) in Q(t), (5.1)
U= TUso on 0(t), '
where ¢; are positive constants for = 1,...,n. To the best of our knowledge,

no investigation has been devoted to such problem in the literature. Recently,
in [3] the second author studies a similar problem of (5.1) and shows that under
suitable conditions there exists a solution with a convex level set. We refer to [3]
for other results. Moreover, the problem (5.1) can be reformulated as an equivalent
free boundary problem. For ¢ > 0, we have

Au= A>T i Xa(t)\w,, (1) 0 Q(t), (5.2)

U= Uso on 00(t), '
where X, denotes the characteristic function of the set w. There is a mathematical
challenge in the study of problem (5.2) and some technical details will be presented
elsewhere.
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(2) Certainly, for other models, we conjecture that the results of our work is still true for
n free boundaries (the nonlinearity f can be written as f(u) = > i, ¢:H (u— ;).

(3) The obtained bifurcation diagram can be very important to study the question
of the stability of solution of problem (1.1). We recall that the stability results
obtained by the Crandall-Rabinowitz theorem [10] can not be applied in our work.
This question requires more attention.
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