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Abstract. In this paper, we study how changes in the coefficients of objective function
and the right-hand-side vector of constraints of the piecewise linear fractional program-
ming problems affect the non-degenerate optimal solution. We consider separate cases when
changes occur in different parts of the problem and derive bounds for each perturbation,
while the optimal solution is invariant. We explain that this analysis is a generalization of
the sensitivity analysis for LP, LFP and PLP. Finally, the results are described by some
numerical examples.
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1. INTRODUCTION

In practice, numerical results are subject to errors and the exact solution of the
problem under consideration is not known. The results obtained by some methods,
although being approximations of the solutions of the problem, could be considered as
the exact results of the corresponding perturbed problem and this is the motivation
to investigate the sensitivity analysis. We would like to know the effect of data per-
turbation on the optimal solution. Hence, the study of sensitivity analysis is of great
importance. Generally, independent and simultaneous perturbations are investigated.
The materials presented in the rest of this section are selected from [10].

The piecewise linear fractional programming problem (PLFP) is defined as fol-
lows:
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ao+ Y fi(x))

: P(x) =1

min Z(z) = = -
D(x)

Bo + Z g (@;)

j=1

st: Ax=Db (PLFP)
0<x<u,
where f;(z;) and g;(z;), j =1,2,...,n, are continuous piecewise linear convex and

n
concave functions, respectively, such that Gy + Z gj(z;) > 0 for any feasible solution
j=1
X, A is an m x n matrix of full row rank, b is an m-vector and u is an n-vector.
Let 0 =8y < 0] <...< 8] <&, 4y = u; be an ascending order of the breakpoints

of both f;(x;) and g;(x;). Then within each subinterval [5{,5{+1], i=0,1,...,75,
both f;(z;) and g;(x;) are linear functions. Therefore f;j(x;) and g;(z;) can be

written as

fj(xj)zczxj—i—ag, 5g§xj§53+1; i=0,1,2,...,7j, (1.1)
and

gj(:zzj) = dzaﬁj +ﬂlj7 (55 < T; < 5g+1; 7= 071,2,...,Tj, (12)
forsomerealnumberscg,ag,dgandﬁf, i=0,1,...,75, j=12,...,n.

The following lemmas determine the convexity and the concavity conditions for a
continuous piecewise linear function [6].

Lemma 1.1. A continuous piecewise linear function is convex if and only if its slope
is nondecreasing with respect to xj; that is, ¢) < ¢} <... < o, j=L2...,n

Lemma 1.2. A continuous piecewise linear function is concave if and only if its slope

is non-increasing with respect to x;; that is, d% > d{ >...> dij, j=12,...,n.
Let x° be an optimal solution to PLFP. For each j =1,2,...,n, choose an index
ji such that ¢} < 29 < 67,11+ Then any optimal solution to the LF P problem:
n
o+ e,
(LFP) min =
B+ Y dx;
j=1
s.t: Ax=Db
51 <z; < 5;#1, i=12,...,n,

is also an optimal solution to the PLF P where o* = a9 + Z a';:i, 0% = Bo+ Z 5'74;.

j=1 j=1
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Definition of a basic feasible solution (BF'S) for PLF P is introduced as follows:

Let A = [A;,...,A,] be the coefficients matrix and B = {By,...,Bn} C
{1,...,n} be a subset of the indices of the columns of the matrix A, such that
B = [Ap,...,Ap,] is a non-singular matrix with inverse B~! = [8;;]. Let
N ={1,2,...,n}\ B. The variables zp,, i = 1,...,m, are called basic variables
and z;, j € N, are referred to as non-basic variables. These vectors are denoted by
xp and xy, respectively. Consequently, the solution x = (xp, Xy ), such that

xj =06, jEN, v; €{0,1,...,7; + 1},

xp=B'b— > B4 1, (1.3)
JEN
is called a basic solution. If, in addition 0 < xp < upg, then x is a basic feasible
B

solution (BFS). Moreover, if zp, € {5Oi,5fi,...,6§§_+l} for some 4, then x is a

degenerate BFS. If zp, ¢ {55"', 5{91, cee 6§§i+1} for any i, then it is a non-degenerate
BFS.

It is showed in [10] that there exists an optimal solution of PLFP which is a
BF'S. The optimality criterion given by Punnen and Pandey [10] for PLFP using
the simplex algorithm is stated as follows:

Let B denote the optimal basis matrix and let x* = (x};,x}) be the corresponding
non-degenerate basic feasible solution for PLF P. This solution will be optimal if

n; (x*) = (c],_; —epBT A ) = Z(x*)(d], _, —dpB A ;) <0,
and 4 .
) (x*) = (¢}, —cpB™1A;) — Z(x*)(d), —dpB™'A;) >0,
for j =1,2,...,n, where Z(x*) is the objective function value at the optimal solution

*

x*, cg and dp are the sub-vectors of ¢ and d such that their ith coordinates corre-
sponding to B are cf("Bi) and df(’iBi), respectively. If v; = 7; + 1 then 77;7 is defined as
0. Similarly, when v; = 0 then 7; is defined as 0. Note that z(B;) denotes the index
for which 61 ) < @, <Oip, .

The sensitivity analysis has been done for linear fractional programming [1,2].
These results have been extended to the variations for both numerator and denom-
inator of the objective function as well as with right-hand-side of the constraints.
Then a primal-dual algorithm proposed to parametric right-hand-side analysis and
this algorithm suggests a branch-bound method for integer linear programming [4].
An alternative procedure studied for multi-parametric sensitivity analysis in linear
programming by the concept of a maximum volume in the tolerance region, which
is bounded by a symmetrically rectangular parallelepiped and can be solved by a
maximization problem [13]. For the example of linear fractional programming prob-
lem we refer the reader to the examples given in [3]. In Example 2 of [3] let the
goods be two sets like (i)-beans, lentils and pea, (ii)-celery, lettuce and cabbages,
the prices of which can vary in two different policies. Thus the problem is how we
can manage this problem after it has been solved before the changes occur and this
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leads to piecewise linear fractional problem. In [8,9], the sensitivity analysis with the
maximum volume in the tolerance region is provided for PLF P when the variations
include both numerator and denominator of the objective function, right-hand-side
and the coefficients matrix.

In the present paper, sensitivity analysis investigated in [1,2] for the PLF P has
been extended. Therefore, we consider separate cases when changes occur in different
parts of the problem and derive bounds for each perturbation, while the optimal
solution is invariant. Since linear programming (L P)[5], piecewise linear programming
problems (PLP)[7] and linear fractional programming problems (LFP)[3,11,12] are
all special cases of the PLF P, therefore a unified framework of sensitivity analysis is
presented which covers almost all approaches that have appeared in the literature.

The paper is organized as follows. In Section 2, we obtain bounds for the pa-
rameter when the right hand side vector is perturbed. In Section 3 we consider the
perturbation in the coefficients of the numerator of the objective function. Section 4
contains changes in the coefficients of the denominator of the objective function.

2. CHANGES IN RHS VECTOR b

Let us replace the entry b, by b; = b, +0 in the RHS vector b = (b1,...,by,...,by)T
and investigate how the optimal basis B, optimal solution x* and the optimal value
of objective function Z(x) are affected. So from (1.3) we will have

Xp =B (bi,...,by+0,...,bpn) = Y BTA 6 =
JEN
=B 'b— > BT'A;0) +68,=xp+ 058,
jeN
where 3 is the ith column of the matrix B~!'. Now the ith component of Xp is
given by
jBi:x*Bi—"_éﬁi"/? 1=1,...,m.

This new basic solution xp will be feasible if

§Bi, < ay + 6B, <65 i=1,...,m.

M(B )

Therefore, we obtain the following range for §:

S . 6B
max{ max HBOHL B Tu(Bi) 7B <5<

w(Bi)+1’

)
Biy<0 Bivy Bin >0 Bivy
1<i<m 1<i<m

Biy>0 ﬁi'y ﬁw<0 ﬂiv

B; B; X

) T 07 —x

. . 1 (B;)+1 B; B; B;

<m1n{ min M min #B) 7B L
1<i<m 1<i<m

The new solution X is an optimal solution for the perturbed PLF P problem if

1y (%) = (¢}, —epB A ;) = Z(%)(d], —dpB™'A4;) >0, je€N, (2:2)
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and

0y (%) = (e, —csB™A,) — Z(%)(d]

l/jfl

—-dpB™'4;)<0, jeN. (23)

Consider formulas (2.2) and (2.3). Observe that the reduced costs cf;j_l -
cBB_lA.j, & 4 —dBB_lA.j, C'Zj —CBB_lA,]- and d{;j —dBB_lA,]- do not depend

v
on b and X dijrectly. So, any change in b may affect only the value of the objective

function Z(x). Hence, we have

CBB_lb/ + Z(CJVJ - CBBilA.j)(SZj + oo

_ j P(x*) + dcpp.
Z(%) = e : - T (24)
dpB-'b' + Y (&, —dpB A8, +py D) +ddss,
JEN

By the assumption, D(x) > 0 for any feasible solution x. Thus, to preserve this
condition we need to have

D(x*) 4+ ddpfS. >0, (2.5)
which implies
—_D(x*
> d (ﬂX ), if dBﬁ.,y > 0,
;( ‘:) (2.6)
—D(x
if d 0.
dBﬁ,fy ’ 1 Bﬁ.’y <

Moreover, by using (2.4) we can re-write (2.2) in the following form

P(X*) + (SCBﬁ,,Y

+ig) — (0 _ -1 N T\~ )T YVYEMy

(d), —dpB™'A ;) >0. (2.7)

From (2.5), the relation (2.7) is satisfied if
(, — B A,)(D(X") + 6dpB.,) — (P(X") + denf.)(d], — dgB1A,) >0,
which implies
§(AjdpB, — Ajepfs) > —D(x") nf(x"), jeN,

where A = cf,j —cgB7'A; and Aj = df,j —dgB7'A ;.

From the latter relation we obtain

A;‘dBﬂ.'y — A;,CBﬁ.W ] Y J Y SO0S

e (2.8)
< min —D) (x| AdpB. — A cpB. <0
T jeN | Aidpf, — AfepBs, R .




258 Behrouz Kheirfam

Similarly, if ; (X) < 0 we obtain
[ D))
JjeEN A;dBB'y - A;/cBﬁ.y .
—D(x*) n; (x7)
~jeN | AdpfS, — Afcpf,

Adpf., — Ajcpf, < 0} <5<
(2.9)

: Aidpf., — AlcpfBy > 0},

Whege A;- = c,{rl —cgB7'A and A;»/ = di,-—l —dgB~'4 ;. Thus, we have proved
the following theorem:

Theorem 2.1. If 0 satisfies (2.1), (2.6), (2.8) and (2.9) then x =
(XB,Xn) where Xp = x3;+63 4 is an optimal solution of the perturbed PLF P problem
(with by — b, = by +3).

Remark 2.2. Lower and upper bounds given in Theorem 2.1 are generalizations of
the corresponding bounds for LP, PLP and LFP. Indeed,

1. If o = 1 and g;(z;) = 0,5 =1,2,...,n, then the PLF P reduces to PLP and this
means that D(x*) = 1, A;-I =d} —dpB7'A; =0, n (%) = ¢ —cpBTTA ;=
A, my (%) =d, _—cpgBT'A ;= A} j €N, and Z(x) = P(x*) +dcpf3 . Thus,
bounds (2.1) in the current form are valid for PLP too, and restrictions (2.8)
and (2.9) are not present in the bounds since A;dgﬂ/\/ — A;-/CBﬁ,Y = A;dgﬁw —
A;/cBﬂ,, = 0. Therefore, if ¢ satisfies (2.1) then X = (Xp,Xy) where Xp = x5 +
0. is an optimal solution of the perturbed PLP problem (when b, — b:{ = b,+9).

2. If By =1, gj(z;) = 0 and fj(x;),j = 1,2,...,n, are linear functions then the
PLFP reduces to LP with bounded variables. In this case, optimality conditions
(2.8) and (2.9) and feasibility condition (2.1) are respectively as follows

nj(x*) = 0{17 - cBBflA_j =cj — cBBflA,j >0, ifz;=0,

nj_(x*) = CZ/j—l — CBB_lA_j =cj — CBB_lA_j < O, if Tj = Uj,

* *

* *
up;, —Ipg. —TRB. . . uBp; — Tpg. . —TpB.
max{ max — ———%, max ¢ 3 <d<min{ min ———*  min I

b b
Biy <O Bin Bin>0 By Bin>0 Bin Bin<0  Biny
1<i<m 1<i<m 1<i<m 1<i<m

3. If both g;(z;) and f;(z;),j = 1,2,...,n, are linear functions then the PLFP

reduces to LF'P and this means that c{;j =cj, d,{j =dj, A;- =c¢j—cgB7'4; and

A;»' =d; —dgB™'A . Therefore (2.6) in the current form is valid for LFP and
feasibility and optimality conditions are respectively as follows

* *

—Tp, . —ZTp .
max Lt <§ < min Looi=1,2,...,m,
Bir>0 ﬁi’y Biry <0 ﬁiw
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_D(X*) nﬂ(x*) / "
/ 77 : Ad — A S S
AidpBy —Ajcpfy 1480 jcBBy >0 0
- —D(x") n;(x") / y
<§ré1]{fl{ . : Ade/B/\/_AjCBﬂ,'y <0 s

A;dBﬁ.'y - A;‘,CBB.'Y .
where n;(x*) = (¢; —cgB7'A ;) — Z(x*)(d; —dpB™A4 ).

Example 2.3. Consider the problem (PLFP):

Yooy fil))

min  Z(x

) =

1
s.t 3x1+ 4xo+ T3+ 20y = 21
xr1+ 3ro+ T3+ 3xy = 13
221+ To+ 2x3+ 3ry = 14
0<z; <5, 0<20<3, 0<23<5, 0<24<5
where
f(.’L‘)_ 3z1, 0<xz <1, (Z‘)_ dr1+1, 0< 2 <1,
W= Ve -1, 1< <5, PV T 8 +2, 1<a <5,
f(.’L')_ 2x2+17 OSxQS:la (aj)_ 3x2+1a ng2§17
2T 8wy, 1<ap <3, PV T 2142, 1< <3,
rz3+3, 0<w3<2, 3rz+1, 0<x3 <2,
fa(xs) = 2w3+1, 2<w3<3, g3(w3) = q 2w3+3, 2< w3 <3,
3.133—2, 3SJZ3S5, $3+6, 3§1‘3S5,
za+1, 0<24 <1, dry+1, 0< 24 <1,
fa(za) =< 2a4, 1<y <3, ga(xa) =< 2x4+3, 1<z4<3,
3rg —3, 3< x4 <5, 44+6, 3<x4<5

Using the simplex algorithm of Punnen and Pandey [10], the initial and the final
simplex tables are given as follows (see Tab. 1 and 2).

Table 1. Initial simplex

CB dB rB X1 i) xrs3 X4 X5 Te il b

M 0 x5 3 4 1 2 1 0 0 21

M 0 s 1 3 1 3 0 1 0 13

M 0 2 1 2 3 0 0 1 14

ny 254N  =TTOM —ULIGOM 4560 0 0 0 oz = 3HEM
un 0 0 0 0 o 0 O

T 0 0 0 0 21 13 14
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Table 2. Final simplex

cg dp TB 1 T2 x3 T4 5 T6 T7 b

3 2 2 0 1 —3/10 0 3/20 1/4 —7/20 3/2
1 4 x4 0 0 /2 1 ~1/4 1/4 1/4 3/2
4 3 o 1 0 2/5 0 3/10 ~1/2 3/10 4

n; 0 0 1.031 0 M—2623 M+1 M—1438 2=.885
17],_ 0 0 —.854 0 0 0 0

2 32/10 21/10 2 1/2 0 0 0

The optimal solution is z* = (32/10,21/10,2,1/2,0,0,0). Here B = {2,4,1)}
4 2 3
and the matrix of the optimal basis is 3 3 1

1 3 2

3/20  1/4  —7/20
—1/4  1/4  1/4 .
( 3/10 —1/2  3/10 )

2
) and its inverse 8§ = B~ =

If by — by = by + &, then by using (2.1), (2.6), (2.8) and (2.9) we get

max{max{ 2}, max{=5*= =22 ’22}} <6< mln{mln{G 6}, mln{2}} = -2<4§<2,

7278
dpfi=1>0=6> 10 =139,
5
/ =278(1.031)
AydpfBi — Ascpfi=1>0=5> 0 = 2866,
—278
y — , 0.854
Azdpfy —Azepfr=F <0=0> # = —39.57.

5

Therefore, the following range is obtained for 6,

—2<46<2.

3. CHANGES IN THE COEFFICIENTS OF NUMERATOR
OF THE OBJECTIVE

In this section our goal is to determine the lower and upper bounds for 4, which

guarantee that the replacement cg — CIZ = cZ’ + 6 does not affect the optimal basis,
and the original optimal solution x* remains feasible and optimal.
By this replacement, we have to distinguish the following two cases:

Case 1. cg € {Cf,j RS {0713"'7Tj}}7

By,
Case 2. c] 6{ (Bl),...,cu(Bm)}.
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Case 1. ¢! is the coefficient of a non-basic variable. Thus, this change of the coefficient
does not affect feasibility of the vector x*. However, it may affect the optimal value
of Z(x) and hence, can change the reduced costs 17j+ (x*) and 7; (x*). So, by replacing
¢y, — ¢} + 6 we have
* ol
Z(x") = P(x*) + 66
D(x*)

Now, the optimal solution x* of the original PLF' P problem remains optimal for the
perturbed PLF P problem if we have

_ L P(x*) 4607 . ) ]
L (ijj —cgB~ AJ) — D(T)”(df,j —dpB~ A_]) >0, J #77 J € N,
7y ()= 1 P(x*) + 667 , .

(), +0—cgB7A,) - ————(d}, —dgB'A,) >0, j =1,

(3.1)

D(x*)
or
. Px*) -+, , )
A]_ * ’YAjz()? ]#77]61\77
A is P(x*)—|—5(5;/w N .
Y +0— D(X*) v = J=7-
From D(x*) > 0, the relation (3.2) is satisfied if
ASD(x*) = (P(x*) + 067 )A] >0, j#7v, jEN, (33
(AL +6)D(x*) — (P(x") + 657 )AL 0, j=1. |

Therefore, we will get

D(x*) nf (x*) D) nf(x)
j-ia]\)]({M:Aj <0p <6 <min 7],,:Aj>0 , o (3.4)
J£y

and

—D(x*) nf (x*)
D(x*) =62, AL
—D(x*) nf (x*)
D(x*) =62, AL

Y

<

Similarly, if 7; (x*) <0, we will get

D) 7 (x*) D) 7 (x%)
s . X <§<mnd ———2 7. .

rjne%c{ 537A;~/ DA >0, <6< min 51’LA;~/ A, <0, (3.6)
J#y J#y

and .
—D(x") 0y (x*)

< X)) pxt)— 60 A
=D -o Al (x*) = 05,8, > 0,

5 e (3.7)
S ZPO 6 b — 5y Al <.

D(x*) — 6375; ’
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Therefore, we have proved the following theorem.

Theorem 3.1. If § satisfies (3.4), (3.5), (3.6), (3.7) and the convexity condition
for fi(x;) holds, then optimal solution x* of the original PLF P problem is also an
optimal solution of the perturbed PLF P problem (where cy, =+ ).

Remark 3.2. Lower and upper bounds given in Theorem 2.1 are generalizations of
the corresponding bounds for LP, PLP and LFP. Indeed,

1. If both f;(z;) and g;(z;), j = 1,2,...n, are linear functions then the PLFP
reduces to LF'P. Therefore from (3.4) and (3.6) we conclude that —oo < § <
oo and from (3.5) and (3.7) it follows that § < —n,(x*) where n,(x*) = ¢y —
csB 1A, — Z(x*)(d, — dgB~1A.,).

2. If Bp =1 and g;(x;) = 0,5 =1,2,...,n, then the PLFP reduces to PLP. In this
case, from (3.4), (3.6) and from (3.5), (3.7) we have, respectively,

Case 2. ¢ is the coefficient of a basic variable. Then the replacement cf By —

!
By,

c By
w(Bx)

Cu(By)

+ 0 affects the optimal value of P(x) as well as Z(x)

P(x*)=cgB 'b+68.b+ > () —csB A5 ~6> BrAdl +a
JEN JEN ‘
= P(x*) + 0Br.(b— > _ A;8)).

JEN

In addition, the replacement eBr. - — ¢ Brhag an affect on the non-basic reduced
¢ w(Bk) w(Bk)
costs:

cdd —cpBT A =¢] —cpBTIA; — 0B A=A — 0B Ay,

o —cgBA;=d | —cpBT A — 0B A; = A — B A

Therefore, to satisfy the optimality condition, we can determine the new values
77;“ and n; as

P(x*) + 0B, (b— > A;6])
JEN . "
D(X*) J

iF(x") = A) = 6Bk A; —
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The relation (3.8) is satisfied if
(8] = 65 A)D(x") = (P(x") + 3. (b= 3 A6),))A] = 0,

JEN

which implies

08, (A D) + (b= 30 A6 )AT) S DXInf(x),  jEN.

JEN

Thus
D( ) ny(x*) ;
max J )Y+ (b — A,jéﬂ A
jE%V{ﬁk(A D(x*)+ (b— > A 65)A ) ﬁk( )+ ];v )
JEN
<6<
. D(x*) n] (x*)
J 1Bk (A;D(x (b — A, 6
?‘l{ll{’l{ﬁk'(A,Dx* ZA(; ) ( g]:v
JEN

Similarly, if 7; (x*) < 0, we will get

D(x) ny (x7) i ”) : Br. (AjD(x*) +(b— Z A6 )A,

m{
€N | g, (A D(x*)+(b— S A6

JEN
JEN
<6<
. D(x") nj (x*) . .
B (A;D(x")+ (b= A;6))A
?él]{]l{ﬁ (A D(x*)+(b EA 5 ) ”) k( J (X) ( J;\r J ]) J
JEN

Therefore, we have proved the following theorem.

Theorem 3.3. If § satisfies (3.9), (3.10) and the convexity condition for f;(x;) holds
then optimal solution x* of the om'ginal PLFEP problem is also an optimal solution of

the perturbed PLEP problem (with ¢® By cjgk)).

Remark 3.4. Observe that the range obtained in Theorem 3.3 may be considered
as a generalization of the corresponding range for the LF'P, PLP and LP problems.

Thus we have

1. If both f;(z;) and g;(x;), j = 1,2,...n, are linear functions then the PLFP

reduces to LFP. In this case, the restrictions (3.9) and (3.10) reduce to

D(x") m;(x”) ) : ﬁk,(A,jD(x*) +bA;.’) < o} <5<

max{

< min{ﬂk Dx") nj(x7) ) : B (A.jD(X*) +bA;‘,) > 0}7

JEN D(x*) —}—bA;
where 7; = A; - Z(x*)A;.
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2. If fp = 1 and gj(z;) = 0,5 = 1,2,...,n, then the PLFP reduces to PLP.
Therefore the relations (3.9) and (3.10) exchange to

A Al
max . Br.Aj;>0p <6 <min z_ . BrA; <0op.
Br. A j j

JEN

Example 3.5. Consider Example 2.3. For the given optimal basis and solution we
consider the following two cases:

Non-basic index: Let ¢§ — ¢} 4 4. In this case, v = 3 and N = {3}. Since
v # j € N, the relations (3.4) and (3.6) are not applicable. Hence, from (3.5), (3.7)
and the convexity of f;(x;) we have

D(x*) — 630y =29 >0 = 6> (L0 _ g9,
D(x*) = 0}Ay =27>0 =< w = 0.88,
1<246<3 =-1<6<1.
Finally, we obtain the following bounds for §:
—0.99 <46 <0.88.

Basic index: Let ¢} — ¢t +4. In this case by using (3.9), (3.10) and the convexity
of f;(z;) we have

B3 (A3D(x*) + (b — A363)A5) =9.2> 0=

D(x* )t (x7) - B _, .
9.2 S

= (5 < min 7
= je{3} {534 (AsD(x*) + (b — A363,)Az)

— I 62
B3 (AsD(x") + (b — A38))A) = = >0 =
D(x*)n. (x* 139(_0.854
é(?zmax{ ( )n]( ) - 7//}: 5(62 )
je(3t " B3 (AsD(x*) + (b — A303)A3) 5
3<4445 =0>-1

= —1.915,

Hence, we obtain the following bounds for d:

-1 <4 <3.115.
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4. CHANGES IN THE COEFFICIENTS OF THE DENOMINATOR
OF THE OBJECTIVE

In this section, our goal is to determine the lower and upper bounds for §, which

guarantee that the replacement dg — d/z = dg + 6 does not affect the optimal basis,
and the original optimal solution x* remains feasible and optimal.

By considering this replacement, we have to distinguish the following two cases:
Case 1. d} € {dju'j 1v; €40, 1,...,'/*34}}7

J B B

Case 2. d] € {7y, }-
Case 1. dJ is the coefficient of a non-basic variable. Thus, this change of the coefficient
does not affect the feasibility of the vector x*. However, it may affect the optimal
value of Z(x) and hence, can change the reduced costs nj+ (x*) and n; (x*). So, by
replacing dj — d, + 6 we will have

~ P(x*)
Z(x") = ———tr. 4.1
%)= B v oo, (4.1)
To preserve the strict positivity of the denominator D(x), we need to have
_D(x*
D(x") + 65} >0=§> % (4.2)
Yy

Now, the optimal solution x* of the original PLF P problem remains optimal for the
perturbed PLF' P problem if we have

. P(x*) . . )
J —14 )= F— 14>
. (¢], —csB7A;) D) + 00, (&, —dpB™'A4;) >0, j#v,j €N,
6= P(x")
Y —epBTAL) - (d) +5—dpBTlA,) >0, j =
(), —cn ~) D(x") + 350, (d), +0—dgp ~) >0, 7=",
or
’ P(X*) ” . .
A —————=A. > N
J D(X*) _1_6637 N 07 J 7& Y, J € ) (4 3)
’ P(X*) " . ’
LI il > — .
8T Doy v ooy, S T 20 =
From (4.2), the relation (4.3) is satisfied if
A [D(x*) + 66y ] — P(x*)[A] +6] >0, j=n. ‘
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Therefore, we will get

max{_D(X*)n;r(X*) AL S 0} <5< min{w : A;- < O}, (4.5)

JEN 5;77A/. J - JEN (YJA/A-
I J I J
and
—D(x*) ni (x*)
> il f TA, — P(x*
T Emaee TR0 "
4.6
< TP IO e A P(x*) < 0
- 5;’WA'W — P(x*)’ LA
Similarly, if 7;” < 0 we will get
—D(x*) n; (x*) o, D) my (xT)
J#'v J G J
and
—D(x*) n; (x*) ,
< — 7 f & A, — P(x* 0
S Fo S
"\ D6y n ) )
—D(x*) n; (x
> — f & A, — P(x* 0
SRy SRR S

Therefore, we have proved the following theorem:

Theorem 4.1. If§ satisfies (4.2), (4.5), (4.6), (4.7), (4.8) and g;(z;) is concave, then
x* is an optimal solution of the perturbed PLF P problem (where dy —dj + d).

Case 2. dj is the coefficient of a basic variable. Thus the replacement df(’“Bk) —

d/ Bi _ B

w(By) = Gu(p,) T 0 affects the optimal value of D(x) as well as Z(x)

D(x*)=dpB 'b+ 08 b+ > (4], —dsB™'A;)5] —6> BrA,8 + 6=

JEN JEN
=D(x") +6p.(b— Y _ A5l ).
JEN

To preserve the strict positivity of the denominator D(x), we need to have

D) + 8. (b~ Y A 6),) > (4.9)

JEN
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Therefore, we will have

_D(x*) £ .
—, Be.(b— > A;d)>0
b= A) Ez:v e
5 _ljf(i*) (4.10)

—, if B(b— Y A;6))<0
- Z AAJ“S;]/J-) JEN
JEN

In addition, the replacement d?*, . — d 5% . has an effect on the non-basic reduced
w(Bk) w(Br)

costs: ‘ , . B
d, —dpB A =d] —dpBT'A; -0k A = A; — 0Bk A,

A —dgB A j=d) ,—dpBT'A; — 0B A;=A] — 6B A
Therefore, to satisfy the optimality condition, we can determine the new values
77j+ and 7; as
P(x*)
D(x*) + 605.(b — Y A0,
A; (D) + 8B (b= X ey As81,)) = POONA] 3B Ay)
D(x*) + 6Bk.(b — ZjEN A-j‘sl]’j) -
From (4.9), the relation (4.11) is satisfied if
AG(D(x*) + 0B (b— Y A 8] )) — P(x")(A] — 6B1.A) > 0.

JEN

if(x*) = A - (A] — 681 A,) =

(4.11)

Therefore, we have

P ) )

max{
IEN | g, (A,jP(X*) +(b— Z;VA']-(SJV]. JEN
Jje
<5< (4.12)
_ * —+ *
min{ DO (o) : ﬁk( b->" A6 ) }
SN B (A5PG) + (b= X A6)A]) jen
JEN
Similarly, if 9; (x*) < 0, we will get
max{ —DCT) my O — : b (A P(x")+ (b= A8, ) }
IV B (AP + (b= 5 A46L)A7) i
JEN
<5< (4.13)

x) 07 () * -
min (B (A, P(x b — Ao )A .
JEN{ (AP0 + (b~ ZAB)A)ﬁ( R Ml )>0}

JEN
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Thus, we have the following theorem:
Theorem 4.2. If § satisfies (4.10), (4.12), (4.13) and g;(z;) is concave, then x* is
an optimal solution for the perturbed PLF P problem (with dBr (B H(Bk))

Example 4.3. Consider Example 2.3. For the given optimal basis and solution, we
consider the following two cases:

Non-basic index: Let d3 — dj + §. In this case, y =3 and N = {3}. Since
v # j € N, therefore the relations (4.5) and (4.7) are not applicable. Hence, from
(4.2), (4.6), (4.8) and concavity of g;(x;) we will have

—139

§> 53— =-13.9,

Gy A~ P(x*)=-23<0 =0 < SO0 g 946,

0.854)

GLA —P(x*)=-25<0 =0 > 08 949,

1<246<3 =-1<6<1.
Hence, we obtain the following range for §:

—0.961 <46 < 1.

Basic index: Let di — di + 6. In this case using (4.10), (4.12), (4.13) and the
concavity of g;(x;) we will have

Bs(b—A30%) =18 50 =5> 5 = 8685,
5
Bs (AsP(x*) + (b— As03 )AL = 2 >0 =< 0B _ 9313,
5
B3 (AaP(x*) + (b — A383)A;) =4 >0 =< ZEEC085) o 5gy.

5

3+6<4 =>6<1.

Finally, the following range is obtained for §:

—2311 <6< 1.

5. SUMMARY

The sensitivity analysis of optimal solutions has been presented in this paper. Three
cases were considered: (i) changes in the right-hand-side vector, (ii) changes in the
coefficients of the numerator of the objective function, (iii) changes in the coefficients
of the denominator of the objective function. In each case the underlying theory for
sensitivity analysis has been presented to obtain the bounds for each perturbation.
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