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Abstract. The equation which describes the small vibrations of a nonhomogeneous damped
string can be rewritten as an abstract Cauchy problem for the densely defined closed
operator iA. We prove that the set of root vectors of the operator A forms a basis of
subspaces in a certain Hilbert space H. Furthermore, we give the rate of convergence for
the decomposition with respect to this basis. In the second main result we show that with
additional assumptions the set of root vectors of the operator A is a Riesz basis for H.
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1. INTRODUCTION

We focus on a nonhomogeneous one-dimensional string of length one. Its density is
denoted by p: [0,1] — (0,00), modulus of elasticity by p: [0,1] — (0, 00). We assume
the presence of a damping coefficient 2d and a potential g, where d: [0,1] — R and
q: [0,1] = R. In our case the string is fixed at the left end and the right one is damped
with coefficient h € C.

Set v := v(z,t) to be a vertical position of a string on the interval [0, 1] in time
t € [0,00). Then small vibrations of our string are described by the string equation

v (z,t) — p(z) " (p(z)va (2, t), + 2d(x)vy(x,t) + g(x)v(z,t) = 0 (1.1)
with the boundary conditions

U(Oat) =0, Ufc(lvt) + hvt(lat) =0,
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and initial conditions

v(z,0) = vo(x), wvi(z,0)=v1(x). (1.2)
Here vy and v; are the initial position and velocity of the string, respectively.
v is considered as a function v: [0, 1] x [0, 00) — C.

In what follows, the symbol Wp1 [0,1], p > 1, stands for the Sobolev space with the
first derivative in L[0, 1]. For convenience, we introduce the notation

WL0,1] := {y € W2[0,1] : y(0) =0},

where the scalar product (-,-); on /V@ [0,1] is given by
1
(u1,ug)y = /ug(x)ug(x)dx, u; € WH0,1), j=1,2.
0

We assume that

p € W3[0,1] and 0<m, < p(x), =€ 0,1], (1.3)
p € W3[0,1] and 0<m, <p(z), =€]0,1], (1.4)

where m,, m, > 0 are constants independent of x, and

d € Ly[0,1], (1.5)
q € L2]0,1]. (1.6)

As Ly([0,1]; p) we understand the space Ls[0, 1] equipped with the norm induced
by the scalar product

(v1,v2)9 1= /p(x)vl(x)ig(z)dx, v; € Lao([0,1]; p).
0

When the domain of an arbitrary function is not indicated, it is assumed to be [0, 1].
The problem of a damped string can be transformed into an abstract Cauchy
problem in a suitable Hilbert space H. We take

H == W0,1] x La([0,1]; ),

where the scalar product on H is
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If V(t) = [v(t),v(,t)]T, then the new representation of the problem
(1.1)—(1.2) is:

V'(t) =iAV (), t>0,
V(O) = [UOle}Tv

where the linear operator Ay : D(Ap) — H is defined by

0 I

o
P 1 pL(pl )y —q -2

and I is the identity operator on W% [0,1]. The domain of A, is
D(Ap) = {(u,v) € W3[0,1] x W20,1] : w(0) =0, v/(1) + ho(1) = 0}.

We show in the next section that Ay is densely defined and closed.

If d, ¢ > 0 and Reh > 0 then Aj, generates the Cy-semigroup of contractions. See
[6] and [7], for the proofs and some estimation for the exponential decay of energy
in this problem.

The eigenfunction (u,v) € D(Ap) of A, associated with the eigenvalue p, satisfies
v = ipu, where w is the solution of the equation:

(pla)u' ()" + (42 = 2ipd(x) — a(2))ple)u(a) =0, we[o.1),  (L7)
with the boundary conditions
w(0) =0, Ulu|(p) :=u'(1) + iphu(l) = 0.

Our first aim is to study spectral properties of Aj,. We prove that under assumptions
(1.3)—(1.6) and

p(1)
o A (18)

all eigenvalues of Ay, lie in a finite stripe |Im u| < a, @ > 0 and almost all eigenvalues
are simple. The main result states that for every w € H the following spectral
decomposition is true

w:an, Tp € Hy, n> 1, (1.9)

n=0

where Hj is the finite-dimensional space spanned by eigen- and associated functions
and H,, n > 1 are two-dimensional spaces spanned only by eigenfunctions associated
with simple eigenvalues. It means that the set of root vectors (i.e. eigen- and associated
functions) of the operator Ay, forms a basis of subspaces for H.
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Furthermore, with the additional claim

1

1
2/ ./ 2
/7“1 (”2’T) dr < oo, /7“’1 (‘i’ ™) dr < oo, (1.10)
T T

0

0

where

wl(gae) = Oi%}i ||g( + 5) — g(~)HL1[071_5], €cC (0, 1), g € L1[0, 1},

is the integral modulus of continuity (see, e.g., [1, Ch. 2, § 7]), we prove the Riesz basis
property of the root vectors in H.

These results are generalization of Theorems 6.1 and 6.3 from [5]. There we
considered the problem (1.1)—(1.2) with p =1, d =0, ¢ = 0. In this article we develop
the approach introduced in [5].

The Riesz basis property for problem (1.1)—(1.2) was investigated with the use
of many different methods in the series of papers of M. Shubov (see [9] and [10],
for instance). It is assumed in [11] that p, p € W?[0,1] and are strictly positive,

d € W0,1], ¢ € Ls[0,1] and % # |h|. Our assumptions are weaker. Indeed, for
f € Wi[0,1] we have

1
/w%(f, 7) dr < oo
0

T2

since w1 (f,€) < €||f'||L,- On the other hand one can take a function p(z) = 1 + z2,
1/2 < a < 1 which belongs to W}[0,1] but not to W£[0,1]. Obviously, the first
condition in (1.10) is satisfied.

Furthermore, as far as we are concerned, the explicit rate of convergence in (1.9)
in terms of the integral moduli of continuity in this case has not been published yet.

2. ASYMPTOTIC OF EIGENVALUES AND EIGENFUNCTIONS
The resolvent of Ay, is determined by the equation
(An = pI) (u,0) = (£, 9),
where (u,v) € D(A4y) and (f,g) € H. This equation leads to
(ple)y' (@) + (12 = 2ipd(x) - a(@) ) plw)y(z) = F(z,p), (2.1)
w(0) =0, Ulu](p) :=u'(1) +iphu(l) = —ihf(1), (2.2)

where
Fa, ) i= p(a) [i(9(a) + 2d(@) f(2)) = pf(@)] € La[0,1]
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and
v(z) = i(f(x) + pu()). (2.3)
We are going to use knowledge about the asymptotical behavior of fundamental
system of solutions for (2.1). First, we need to introduce the notation

o) = plodple) € WH1) 0w = [ 453 = Y cwioy

Recall that p and p are positive and bounded, hence g and b satisfy
0<my,<p(x) <M, 0<mp<blz)<M, zecl0,1],
where m,, m; are positive constants independent of x. We will also use
K(f.s)=wi(f, s + 57 fllz,, s> 1

and
Qo(, ) == ipb(z) + d(z)b(x),
T 1
QO(xap’) = QO(Ta :U‘)dTa Q1(93a,u) = QO(T7 ‘LL)dT, (24)
/ /
t 1
q(S,t,ﬂ) = QO(Tv ,U)dT, SO(H’) = QO(Ta :u‘)dT
/ /
Let rg, 1 > 0. We define

Ci(ro,r) :={ne€C; |u| >ro, £Impu > —r1},

and
(C:t(ro) = Ci(T’o,O).

We assume that (1.3)—(1.6) and (1.8) are satisfied. According to [4, Theorem 1]
for any 71 > 0 there exists rg > 0 and the fundamental system of solutions us (z, ),
uz(x, u) of equation (1.7), which for any = € [0, 1] is analytical on pu € C4 (rg,71) and
admits for |u| — oo the asymptotical expressions

wr(@, 1) = 074 (@)e @ [1+ 0(6(Iu))] (2.5)
p(a)ds (2, ) = ipe" A (@)em @ 14+ 0(3(1ul)) |, (2.6)
us(@, 1) = o~ (@)e = [1+ 0(6(Iu))| (2.7)
pla)u(a, 1) = =g (@)e® =0 [1 4+ O (5(| ) |, (2:8)

where

0(|ul) = w(", u) + s(d, |ul) + [l = gl s - (2.9)
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Remark 2.1. The fundamental system of solutions u;(x, 1), j = 1,2, in C_(rg,71) is
given by w;(z, p) := sj(z, —p), j = 1,2, where s;(x, ) is the solution of

(p(@)s' (@) + (1 + 2ipd(2) - a(2) ) p(@)s(z) =0, @ € [0,1]. (2.10)
We obtain explicit formulas for p € C_(rg,r;) from (2.5)-(2.8) exchanging p and d
with —p and —d. Obviously, this system is analytical with respect to p € C_(rg,71).

Now we look for solutions of (2.1)—(2.2) in the form
u(z, p) = Crun (z, p) + Caug(, p) + uo(z, 1),

where
1

uo(x, p) == il /ulsu (s,uds—|— e /ugs,u (s, p)ds,

0

is the particular solution of (2.1). We obtain that

) = 70 (02 0,0) G0 1) + Ulao] (1) — o0,V )

2 (400,00 ) 0) = (0.0 (1) + Ul 1)) + o).

where
A(p) = u1(0, p)Uluz](p) — u2(0, ) Ulua] (1)

We see that the resolvent exists for p which is not a zero of A. That is why we analyze
asymptotical behavior of A to investigate spectral properties of operator Aj. Using
(2.5)—(2.8) we get

Ap) = Q(Z;Q(D (=) [1+0(5(1uD)] = (h+b(1))e* ™ 1+ 0(5(|u|)()]).)
2.11

Therefore A is not identically zero for u € Cy(rg,r1). This implies that the resolvent
set of Ay is non-empty, thus Ay is closed.
If b(1) # |h| (for h € R), then the zeroes of A in C(rp,71) are

log | h —b(1)

1
pon = (0040 = 5 ) 0G0, 0= n oo (212)

T:z/lb(r)dT, N = /lb(T)d(T)dT
0 0

where

and §(n) = 5(|n)).
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What is more, formula (2.12) shows that the eigenvalues of Ay, in C(rg,r1) lie in
a stripe |Im u| < r, » > 0. Analogously, we can derive the asymptotical behavior of A
in C_(rg,r1). This leads to the conclusion that the zeroes of A located in C_(rq, 1)
lie in a stripe too. Therefore to find the asymptotical behavior of eigenvalues of Ay, it
is sufficient to take appropriate 7} and find zeroes of (2.11) in C (rg, 7). Obviously,
this leads again to (2.12).

Analogously as in [6], we can prove that Ay, is densely defined and due to embedding
theorems for Sobolev spaces it has a compact resolvent. Furthermore, the following
lemma is true.

Lemma 2.2. Suppose that conditions (1.3)—(1.6) are satisfied and b(1) # |h|. Then
the following facts are true:

(a) There exists a sequence of positive numbers

R, ::%JrO(l)7 ne€{0tUN, n— oo,

such that on the contours

Yn={neC: |uf= Ry}
the resolvent of Ay exists. Furthermore

A = clul, p € m,

with a certain constant ¢ > 0.
(b) The spectrum of operator Ay is given by

o(An) = {03 }721 U{ttn oz oo, nzos

for some ng > 0, such that

o] < [ptn| < |zl J=1,...,n0, neN.

If ng = 0, then the first part of o(Ap) is empty. Furthermore, all eigenvalues
{un}zo:_oo7n¢0 are simple and for an appropriate number | € 7, their asymptotical
behavior is described by (2.12).

Routine calculations reveal that the adjoint of Ay, is given by

0 I

Af = i
R 1 pL(pL ) —q 2d

and its domain is
D(A;) = {(u,v) € W[0,1] x W20,1] : w(0) =0, «/(1) — hv(1) = 0}.

Using Lemma 2.2 we can describe the behavior of eigenfunctions of A;, and Aj. Let y;
be the solution of (1.7), such that y; (0, #) = 0 and y{ (0, #) = 1 and 1 be the solution
of (2.10), such that (0, ) = 0 and ¥} (0, ) = 1.
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Corollary 2.3. The eigenfunctions

Y, = (yl('a Nn)? iﬂnyl(V Mn))

of operator Ay, associated with eigenvalues ji, are described by

- _ p(0) %0 (@,pin) _ e 90(@pn)
y1(@, tin) RYONE) ( [14+0(5,)] [1+ O(én)]) (2.13)
and

/ _ p(O) 4 Q(‘T) qo(T,n —qo(Z;Un

(2.14)
where n — oo and 0, := §(|n|), n € Z.
The eigenfunctions Y, of operator A} associated with @, are given by Y, = (v1,i0,01),
where the behavior of ,, is described by (2.12) and

N (V) 6 (@.72,) e (@)
D) = g s (5T 14 0(51)] [1+0()]),

(2.15)

~7 — N p(O) 4 (Qj) qo (z,78, —q5 (0,
p@)Yi (2, ) = == 2(0) (6 (CHn 14 0(8n)] + e ))[1+O(5n)]>

(2.16)

and
T

qy(x, 1) == iM/b(T)dT—/d(T)b(T)dT.
0

0

What is more, using this corollary we can obtain that Y,, and ?n are almost
normalized and asymptotically biorthogonal. This fact will be useful in the proof of
the Riesz basis property.

Lemma 2.4. ForY, := (y1,iuny1) and 37” = (41,10, 01) we have
(Yn,ffnﬁ; = a(l + O(dn)>, n — oo,

where a > 0.

3. MAIN RESULT

Recall that the compact resolvent R(Ap, i) of the operator Ay, exists on the contours 7y,.
This is why we can define finite dimensional Riesz projectors

1
=—— A .
Pn 2ri /R( hs /J)d/h n e {0} UN

In
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In particular, we will use
ﬁo = P(), ﬁn = Pn_lpnfla n €N.

According to Lemma 2.2 we can choose R,,, such that the subspaces P.H ,n=12 ...
are spanned by two eigenfunctions associated with u,, and p_, and located in the ring
R,—1 < |u| < Ry,. Then ﬁoH is finite-dimensional and spanned by a finite number of
eigen- and associated functions.

Our main aim is to prove that for every w € H the unique decomposition

is true, hence the root vectors of A; form a basis of subspaces H,, := jan , where
n=0,1,2,.... Note that P,, = Z;L:O P;, thus it is sufficient to show that for every
w € H there holds

lim ||Pyw —w||g =0.
n—oo

What is more, we want to investigate the rate of convergence for a decomposition
w = Z;io P;jw. We introduce the modulus of continuity

1/2
Ga(f,€) = sup /|f (t+0)— FO)Pdt s e>0,f€L0,1],
16]<e

where f € Ly(R) is an extension of f € Ly[0,1] by zero for 2 € R\ [0,1]. We denote

E(f' g.8) = @a(f',s7%) + @alg,s™%) + 6() (1 N2z + Nlglzo)-

Note that wy(f,€) — 0, when € — 0 and recall that §(s) — 0, if s — co. Consequently,
E(f',g,8) — 0, if s — oo. Summarizing, the first main result of this paper is the
following theorem.

Theorem 3.1. Suppose that (1.3)-(1.6) and (1.8) are satisfied. Then the system of
root vectors of the operator Ay, forms a basis of subspaces in the space H. Furthermore,
there exists ¢ > 0, such that for every w = (f,g) € H andn =1,2,... there holds

H,in - w”H < cg(f/,g,n).
The main idea of the proof of Theorem 3.1 is the following. We will use projectors
in H denoted by P: H — VV2 and Py: H — Ly. Going back to identity (2.3)
we derive that for w = (f,g) € H

PoR(Ap, p)w =if +iuPy R(Ayp, p)w
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This leads to

1
[P — il = H—% [ B i~ w
Tn H
<ec L (PLR(Ap u)w)/d,u— f
- 2mi ’
Tn Lo
1
+ ‘—Q/MPlR(Ah,u)wdu—g
T
n L2 ([0,1];p)
Let . N
q(s,x) = /b(T)dT7 v(s, ) := /b(T)d(T)dT, s, x € [0,1]
and

fil@) := o * (@) f'(z) € La[0, 1], ga(w) := plx)o~ "/ (2)g() € Lo[0,1].

The first step is to transform the resolvent to obtain

1
H_M/(pmmh,u)w)’du— £ <allwes-rl,,
Tn

. (3.1)
+ [ Mg, +ECF0m)
and
_i/ PLR(Ap, pywdp —g|| < ¢ HL(W 9)_9’
o | HOH A pwan —g) s 2| 7 VR, 91 L2(0.1];p)
Yn L2([0,1]§P)
91/2
+H—M” ‘ +E(Lg.m) |,
P ( R fl) L2([0,1];p) (f g )
(3.2)

where ¢, co > 0 and

V(g / sin (Rg(s, x
(Wry)(z) = o )/ (Rq(s,2) cosh (v(s, z))y(s)ds,
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Now we are going to show how these two inequalities imply the thesis
of Theorem 3.1. Consider now the second one. Note that

Hﬁ(wlﬂgl) —9’ + H‘Q:Z(MRHJQ)‘

L2([0,1];0) L2([0,1];0)
‘ 91/2p1/2

< HPUZ (Wg, 1) — PI/QQ‘

Ly +‘ (MR"fl)‘

p Lo

< e[| (Wag1) = ball, + 1M, il )

thus it is sufficient to prove the following statement.

Lemma 3.2. There exist positive constants ¢1 and co, such that for R > 1 there holds
|Wr, 1) = /]|, + 1(Mr, f)llz, < er@a(f,R7Y?), f e W30,1],
[(Wr,91) = by, + (MR, 91) |2, < coiia(g, R71?), g € L2[0, 1].

Adding and subtracting one in Wpg, , we obtain

n?

| Ve 12) = £l < {7 = Voo, +1Ze(rib Dl 33)

where the operator Vi: Ls[0,1] — L2[0, 1] is given by
1
oV/4(2) / sin (R(s,x)) S/

(VRf)(x) = ﬂp(x) / (j(s,x)

(s)f (s)ds

and

/ sin (Rq(s, z))

(Zry)(z) = / T05.2) (cosh(v(s,z)) — 1)b(s)y(s)ds.
0

Analogously as we did in [5], one can prove the modified version of Corollary 7.6.
Corollary 3.3. There exists a constant ¢ > 0, independent of f € L2[0,1], such that
If = VrfllL, <can(f,R™Y), feLy0,1], R> 1.

It left to estimate the expression Zg.
Lemma 3.4. There exists ¢ > 0, such that the following inequality holds
1ZRfLs < ca(f,R7Y2),  f € La[0,1], R> 1.

Proof. We want to use integration by parts and [5, Prop. 7.2]. Note that for s = x
we have ¢(s,z) = 0 and there is a singularity in Zg. That is why we split Zg into

(Day)la) = [ W(coshw(s,x)) ~ 1)b(s)y(s)ds.

(Dry)(z) = (cosh(v(s, z)) — 1)b(s)y(s)ds.

s ©
]
=
=
—~
=
)
—~
»
~
S~—
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We will prove the thesis only for Dg, since the reasoning for Dp is analogous. Note
that if M, is an upper bound for the function b, then

Mb(z—S)Z(j(Saf)Zmb(x—S)a OSSS[ESL

and

v(s,z) = /b(T)d(T)dT < Mp|ld||z, -

The second inequality implies

x

/b(T)d(T)dTSMb||dHL2(ZE—S)1/2 < v ql/Z(S,m), 0<s<z<1. (34
A b
Due to this inequality we obtain
cosh (v(s,x)) =1 < C/ ) dr < oGt/ (s, ),

sinh (v(s, 7)) < co@"/?(s, ),

with ¢ := CMym, 1/2 ld||z, and C := eMvlidlzy | Consequently, we derive

|(Drf) (@) g/COSh W) =1, ) ds < 00]1\/45 / (xy(gll/z ds
0

q(s, )
COMb
< 1/2 / |x—s|1/2 ds.

The kernel |z — 5|71/ is a weak singularity (see [12, Ch. 2, § 6]), hence
IDrfllL, < cllfllL., [ € L2[0,1], R>1.

Assume now that f € Wi[0,1], where
Wy[0,1] == {y € W;[0,1] : y(0) =0=y(1)}.

Define
cosh (v(s,z)) — 1

P(s,x) := 705.7)

Integrating by parts we get

x

R(DRf)(:U) = f/P(s x)aa (1 — cos(Rq(s, x)))f(s)ds
0

= (D1,rf)(@) + (D2,rf)(2), (3.5)
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where
xr

(Dl,Rf) (z) := / %P(s, a:)(l - cos(Rd(s,az)))f(s)ds,

0
(D2,rf)( /P s,x) (1 — cos(RG(s,x))) f'(s) ds.

The expression Dy g can be estimated in the similar way to this in (3.4), namely

xT

\(D27Rf)(a:)| < 2/P(3,x)|f/(3)\ds < 2?32 / (x|f:(§))1|/2 ds.
m, ")

0

|—1/2

Once more due to the weak singularity of |z — s we obtain

2¢o 1f'(s)
I(P2af)loe <~ /m s <l

Lo

We go back to Dy g. First of all we see that
1 — cos(R(s,x)) = 2sin®(Rq(s, x)/2),
whence

|(D17Rf)(x)\ §2||fc/‘(§sP(s,x) sin?(Rq(s, x)/2) ds
0

After differentiation we have

0 1 N .
&P(s x) = m{ — b(s)d(s)q(s,x)sinh (v(s,x)) + b(s)(cosh (v(s,)) — 1)},
and this implies
d(5)* (s, x) + §/%(s, )
%P(S,x) S COMb 62(37:5) .

Then we can write

= [ a s 2 ~
coMs / ‘%P (8’”)‘5“1 (Ri(s,x)/2) ds

§ / d(s)cj3/2<s’x) + q~1/2(s79€) sinQ(R(I(S7$)/2) ds

- ¢*(s,x)

x

51n sin?(Rq(s, x)/2
/d ~1/2 ))/ sin” (Ra(s,2)/2) 4 +/ (1(3/3((3,93))/ ) as,
0
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We are going to estimate the norms of these integrals in L»[0, 1] . Using sin?(s) < \/|s],

s € R we obtain
r sin“(Rq(s,
/d(s) (1/2(( <\/3 B\l

0

We use two changes of variables to estimate the second integral. The first one is
t = (s, z) and the second is 7 = Rt/2. This leads to

T q(0,) o)
/sinQ(R(j(s,x)/Q)d B / sin?(Rt/2) dt < L/ sin?(Rt/2) dt
G3/2(s,x) o= t3/2 b(s(t)) — myp t3/2
0 0 0

_ \/§R1/2/ Sir;QTdT _ cRV?,
my 73/2
0

with some ¢ > 0. Merging two previous inequalities and this for Ds p in (3.5) we
obtain .

I(Drf) @)L, < RV f |ILe,  f € W3[0,1],
with some ¢ > 0. We checked all the assumptions of [5, Prop. 7.2] and this completes
the proof. O

Remark 3.5. In the formula (3.3) we need estimations in situation when Dp acts on
fib=t € L,[0,1] instead of f. However, using this lemma for f;b~! and then properties
of &y (see [5, Prop. 7.5]), we obtain @y (f’, R~'/?) in the thesis. The last part missing in
the proof of Lemma 3.2 is the estimation of Mg. The proof goes along the same lines
as in Lemma 3.4 for D and Dg. It is sufficient to split Mg into two integrals and
repeat whole reasoning taking instead of cosh (v(s7 x)) — 1 the expression sinh (v(s, J;))

4. TRANSFORMATION OF THE RESOLVENT

Now we want to find the representation for the resolvent which allows the estimation
(3.1)=(3.2). First we will find the formulas for the resolvent in C4 (rg). Analogously as
we did in [5], we obtain

— S PR (A, pw = 5 { £(2) = (Lo ") (e, 1) + in(Nog)(2,) — (Noa ) )

— WMy )z, ) = ip(Mag) (2, 1) + (Mg f) ) |
(4.1)

and
*i-(PlR(Ah,u)W)/ - %{i(ﬂlf’)(ﬂc,u) + (N1g) (@, 1) + ip~ (Nrgf)(@, 1)

21 L o - (42)
+i(ML ) ) = (Mag) (. 1) — i~ (Maq f) (1)}
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where

(Lof') (@) = 221 /p i ) (5) s+ 2
0

T 1
SRCICTD) us(s s)v(s)ds uz(, ) ui(s s)v(s)ds
(Nov) (o) = 2 0/2<,u>p<><>d+ o !1<,u>p<><>d (1.49)
T 1
RRCACHD) s)ub(s, p)v(s)ds up(, 1) s)uy (s, p)v(s)ds
(Lav)(an) = Lk O/p< (s, p)o(s)dsc+ 2 z/m (s, 1)0(s)ds, (45)
T 1
uh (, p) usy(, )
(Mig) (o) = 2 /u< pola(s)ds+ 27 !u1<s,u>p<s>g<s>ds (1.6)
(o pywn0.p) [, :
(Myv)(, 1) = (5, ) Uus] = (5, ) U] ) o(s) s
prw(p)A(p) 0/< 2 ' )
us(a, U] [ (., ,
+ wy (s, puz(0, 1) — uy(s, p)ua (0, p) Ju(s)ds
pw(p) A (1) 0/< ' 2 )
1
(Mav)(p) = m(s(z))zz((lj)) M)/(m(s,u)U[ ] = ua(s, W)U[ ])P(S)U(S)ds
1
# 22 L [ (s s (0.1 = s, (0.0 (5
(Wfvo) (o) s= "L [ (1 0] = (50U ] o)

W (“'1(& p)uz(0, ) — un(s, p)ua (0, u))v(s)ds,
G U

) e =

(w1 (s, U Ta] = (s, 1)U ] ) p(s)(s) s

(w2, )t (0, 1) = s (5, 1) (0, 1)) )0 (s) .
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Remark 4.1. According to Remark 2.1 we obtain analogous representation for
(4.1) and (4.2) in C_(ry) exchanging w;(z,u), j = 1,2 with @;(z, 1). Instead of the
Wronskian w for u;(x, 1) we take the Wronskian for @;(z, p).

The expressions Ny, N1, Lo and L; need more transformation. We introduce
operators which occur during the process of construction of fundamental system u;,
j=1,2 (see [4], for details). Let

L0 gbe)
(o) = L daa) - L, (@.7)
0w i()h)
ra(o ) = L0 — dlaa) + L, (4.8
Qi) i= 2ifa) + 2a(a)p(z) — L,
k(s,t, p) == exp (/ o(r, u)dT)
and
1
(S12)(z) := [ k(x,t, p)ra(t, u)z(t)dt, T z(x (S12)(t)r1(t, p)dt,
/ = f
(S22)(z) == /k(t x, p)ry(t, p)z(t)dt, Trz(z) = /(SQZ)(t)’I"Q(t7M)dt.
0 T

We will use formulas, which come from the proof of [4, Theorem 1],

w (@, ) = 0" A@)e® ) [z () = (S121) (@)] (1+ lalla, O(Iul ™)), (4.9)
uh (@ 1) = ipp ™ (2)0 @) [z1(2) + (S120) @)] (1 + llall, Ol ™) ), (4:10)
ug(, ) = 0~V (w)e ) [25(2) + (Sa22) ()] (1 + ||CIHL10(|/‘|71))7 (4.11)
(@, 1) = —ipp~ (@)0"/ ()e® =) [z(w) — (S222) (@)] (1+ lall, O(lul ™)),
(4.12)

where z; = z;(z, 1), j = 1,2 are the unique solutions in C[0,1] of
zj(z) + (Tjz;) (@) =1, =z €[0,1].

for ;1 € Co(rp). Extending results from [4] we can prove the following lemma.
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Lemma 4.2. For j =1,2 and u € C4(ro) there holds

&
152l < WIIZIIC, 1Sillc = O(6(|ul)),

ITjzlle < 51/2 Izlles 1 T5lle = O(Ikl),

o (|pl)
BL/2

18 Tjlle + 1T} llc <

Iz = elle = O@(|pD)), =12,

where z € C[0,1], e is a function, such that e(x) = 1, z € [0,1] and f = Impu.
Furthermore, for the Wronskian w we derive

efolw) (5(Iu|)) (IIqL )
20~ =[1+ (Txe)(0)] + O +0 !
Wiy ~ 1 BOON+ O i wl
We also have
Zj =€ — Tje —+ T]-Q,Zj, Sij = Sje — SjTij. (413)

Denote

fi(z) == o4 (x) f'(x) € L1[0,1], wi(z) := p(x)o~ Y (x)v(x) € Ls[0,1]

for f € W}[0,1] and v € Ls[0, 1].
The identities (4.9)—(4.12), (4.13) and Lemma 4.2 leads to the formulas

(Vo)1) = s = (o) o) + (Bvan) ) — (Ban) o)
~ (Fogn)(w, )| (1+ llall, O (1l ™))
iol/A

(L) = S [~ Eusi) o) — (B o) = (Bafi)ann)

+ (B ) ()| (14 gl Ol 7))
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where

x 1
(o)) i= = [ ereyyds — [ et y(s)as,
0 x

x

(Evy) (@, p) = —(S16)(x) / )y (5)ds
0

+ (Sge)(x)/e‘J("”’S’”)y(s)ds

T

- / 1m0 (Spe) (s)y(s)ds — / =) (S1e) (s)y(s)ds,

0

(Bay)( 1) = (Tre)(2) / )y (5)ds
0
+ / ed(@:5:1) (The)(s)y(s)ds

1 [(Toe)() — (T2e) (0)] / 1)y (5)ds

x

+ / 121 (The)(s) — (Tae) (0)]y(s)ds

0

and
(M) ) = 5oy | (Boon) o) + (Bugn) ) + (B o 0)
+ (Fag) ()| (1+ gl O (1l 7))
(Lot Va9 = S By )+ (B o) oon) — (Bafi)o )
0 ’ 2p($)’u 0J1 ) 1J1 ) 2J)1 )

+ (B i) (@ )| (1+ lall, Ol 7))
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where
T

1
(Boy) (@, 1) = — / 1y (5)ds + / )y (5)ds,

0
T

(Bry) (@, p) = —(S10)(x) / 1)y (5)ds — (Spe) (x) / 9E5)y (5)ds
0 x

T 1

- / 121 (Sye) (s)y (s)ds — / c1mo1)(Sye)(s)y(s)ds,

0 T
1

eq(s’z’“)y(s)ds+/GQ(m’S’”)(Tle)(S)y(S)dS

x

(Eay)(w, ) := —(Tre)(x)

O\&

1
+ [(Tre) (@) — (Tae)( / @ m)y

_ /eq(s’w»/*)[(Tge)(s) — (T»e)(0)]y(s)ds.
0

Here F'j, 7 =0,...,3, have a very complex form but admit estimations

1
(Fyy) (@, )| < C/e_ﬁmbw_sly(s)|<6ﬁ(|1l;l) 1 gl )ds, B=Tmp>0.
0

|

Modifying the proof of [5, Lemma 5.1] we can obtain the following fact.

Lemma 4.3. There exists a constant ¢ > 0, such that for R > 1 and j =0,...,3
we have

|/
Tz

Now we focus on showing how to derive the main part of the resolvent.

(Il 6(R) + By, R72), € Lo, 1.

Remark 4.4. The main part of the resolvent comes from the integration of £y and
Ey over ~;F and their analogues E; and Ej over v,,. We need to go back to formulas
(4.3)—(4.6) and use Remark 4.1 to find the explicit formulas for £, and Ep. Then we
write integrals over v, and change variables from —u to p to get integrals over ~;T.
Next we use the same transformations as in C (rg) but with the aid of the fundamental
system of solutions for (1.7) where d is exchanged with —d.

Recall that
q(s, o, p) = ipg(s,r) +v(s, z).
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Proceeding as we described we get

_%/(PlR(Ah, w)'dp ~ {91/4@:) / [(Eofl)(x,u)+ (Eo—fl)(x,u)]du

dr | p(x)

v

Ql/i(x)/ [(Eogl)(x,u) + (3091)(3:,/1)}@}7

vt
and
_i/ﬂle(Ah pwdp = 1 #/ {(Eosh)(x W+ (B ) (@ ,u)]du
2m ’ 4 91/4(1-) ) 0 s
Tn A
1/4
0@ (s -
vt
where
r 1
(Bow) (i) := _/eiM(M)e_v(s’z)y(s)ds - /eiud(w,s)e—v(z,s)y(s)ds,
0 xr
r 1
(an) (m,u) = /eiud(s,z)e—v(s,x)y(s)ds B /ei”q(m’s)e_”(””’s)y(s)ds‘
0 xr
Let

Tri={ueC: |ul=R}, Tp={u€C: |yl =R Tmp>0}

Note that integration over a positive oriented contour 1"; gives

x

;/(Eoy)(%u)du:/We”(s’“)y(sms

q(s, x)
rt 0

Taking this into account we derive

[ [ oy ln=s | o (Rt )

vt

cosh (v(s, z))y(s)ds,
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—/ [(Eoy)(x,u) + (Eo y)(z, du 4/ sin ( nq i x)) sinh (v(s, ))y(s)ds.

e
These results leads to expressions with operators Wg, and Mg, asin (3.1) and (3.2).

Remark 4.5. It is left to estimate the remainder of the resolvent. For the integrals
on 7,7 we proceed in the same way as we did in [5]. We have to take into consideration
that ¢ contains v, whereas in [5] there was v = 0. During all the estimates we always
need the modulus of e4(*##) Note that

|€q(s,m,u)| < C|6il@(s’m)‘ (414)

and ¢ is equal to ¢ from [5], thus we can proceed in the same way. Furthermore, in
the definitions of the operators F; and E; we now have 1 and 79 given by (4.7) and
(4.8) instead of one simpler r given by formula (1.19) from [5]. This changes the rate
of convergence but not the proof itself.

To complete the proof on +, we need to find the form of (4.1)—(4.2) in C_(rg).
We described this process in Remark 4.4. Therefore we see that the only thing which
has changed is the sign of d (according to (4.14) is not important) and a sign in front
of some expressions of the remainder, but here we estimate only the modulus.

5. RIESZ BASIS

The second main result of this paper is the following theorem.

Theorem 5.1. Suppose that assumptions of Theorem 3.1 are satisfied and additionally
h (d,
/w d’7'<OO /W1 T>d7’<oo (5.1)
0

Then the root vectors of the operator Ay forms a Riesz basis for H.

Proof. Consider the root vectors of A, and Aj

{Yn}zozfoo,n#O’ {Yn}zozfoo,n;aéO‘

According to Lemma 2.4 these systems are asymptotically biorthogonal. From
Theorem 3.1 we know that root vectors of A;, forms a basis of subspaces in H, thus this
system is complete. Recall that all eigenvalues p+,,, n € N of Ay, save countably many,
are simple. Due to [3, Ch. 6, Thm. 2.1] and Lemma 2.4 it is sufficient to show that
for every w € H there hold

oo

> [V w)al* < o, (5.2)

n=—o0, n#0
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o 2
’ < o0 (5.3)

> ‘<l7n,w>H

n=—o00, n#0
We are going to use the asymptotical behavior of eigenfunctions
Yn = (yl (:Uv un)a Z,U/nyl (xa ,U/n)),
given by (2.13) oraz (2.14). Let w := (w1, w2) € H, then
1 1
(Vi w)ial < | [ p(a)sh 100 ) da| + | [ 32,00 (2) pl)d
0

0
1

4 / 1 (2 )T (2) 9()p() i
0

1 1
1 p(o) qo(x,pin )77/ b(l’) —qo(T,n )77/ b(.’l?)
0 0

1

+ / 0 @) Gy (1)1 /b(2) p(x) da| + / e~ 90y () \/b(x) p() da
0 0
1

| [ erte @) i@plaata) do

0
1
+| o [ m @) Vi@plaata) da }+c6<|n|>, n>1, (54)
0

where ¢q is given by (2.4). Recall that § is defined by (2.9) and wi(f,€) converges
monotonically to zero, when e — 0. This fact together with (5.1) imply

) 00
> Wi InlTh < o, > Wid [Tt < oo
n=—o0, n#0 n=—o00, n#0

Going back to (2.9) we obtain

Z 52(In]) < oo.

n=—o00, n#0

Due to (2.12) we know that u, lies in a finite stripe, whence the last two integrals
in (5.4) are bounded. What is more (2.12) implies also |u,|™2 < cn™2, thus an
appropriate series will be convergent. Consequently, to prove (5.2) it is sufficient to
establish

2

0 1

Z e®@hin)y(r)de| < oo, ye Ly0,1], (5.5)
n=—o0,n#0 0
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1
/e—qo(r»un)y(x) dx
0

We start with the proof of (5.5). Note that changing variables

oo

>

n=—o0, n#0

2
< o0, y€ Ly0,1]. (5.6)

x

2nt = Go(v) = /b(T)dT

0
we can write the integral from (5.5) as
1 a
F(un) = /eq"(m’“")y(x) dx = QW/GQ”it“"yl(t)dt, (5.7)
0 0
where a := 5-Go(1) and
t
y1(t) := e”(o’w(t))M € y1 € Lo[0,a].

b(x(t))

We can treat F' like a Fourier transformation for a certian function from L[0, al.
Let H? be a Hardy space of the upper half-plane of C. Recall that its elements are
Fourier transforms F' of y € L2[0,00]. Due to [8, Thm. 2.1] we have that for every
F € H? associated with y € Ly[0, 00] the following inequality holds

2 .
I1Fl = sup [ 1FG0Pda = ol jogs 1=t B
B>0
R
This inequality and (5.7) imply

1
H/eqo ’“")y dac =su /‘/eq”(‘/’C #n) x)dx
H2 B> 0

Let v(u) be a measure defined on the half-plane Im 1 > 0, which is concentrated in

points p,, n = +1,£2,.... Note that
1 1 )
/er T,n) dx — / ‘/eq"(:’:"‘")y(x)da:
0 Imp>0 0

From (2.12) we derive that v(u) is a Carleson measure (see [2, Ch. 1]). According to
the Carleson Theorem [2, Thm. 3.9] we get

2
do < clly|Z,. (5.8)

dv(p). (5.9)

n=—oo n;éO

/ P2 dv(ps) < e|[FI2n

Im p>0
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This fact together with (5.8) and (5.9) give

2

1
/ W)y (o)de| < cllyl2,.
0

n=—oo n;ﬁO
The proof of (5.6) is similar. We does not consider y € Ly[0, 1] but e®()y €

L5[0,1], where 7 is fixed in order to push all the eigenvalues  — p,, into Im p > 0.
Now we go back to (5.3). Using (2.15)—(2.16) we obtain

(T w) ] < ;H{\/< @, (x) Zigdx‘

e_qo(*’”")ﬁ'l(x) 7b($c) dac’

- p(z)

+ | [ e®@E)Gy(2)\/b(z)p(z) d

— O

(=)
—

+ /G_QO(“L’M” wa(z)\/b z)dx

}+c§ In)),

(=)

where

a5 (z, ) zi,u/b(T)dT—/d(T)b(T)dT
0 0

For expressions with —gg(z,,,) we proceed analogously as we did for (5.5), whereas
for integrals with ¢ (z,7,,) we go along the same lines as for (5.6). O
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