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DIFFERENTIAL DIFFERENCE INEQUALITIES
RELATED TO PARABOLIC FUNCTIONAL
DIFFERENTIAL EQUATIONS

Abstract. Initial boundary value problems for nonlinear parabolic functional differential
equations are transformed by discretization in space variables into systems of ordinary func-
tional differential equations. A comparison theorem for differential difference inequalities is
proved. Sufficient conditions for the convergence of the method of lines is given. Nonlinear
estimates of the Perron type for given operators with respect to functional variables are
used. Results obtained in the paper can be applied to differential integral problems and to
equations with deviated variables.
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1. INTRODUCTION

We are interested in establishing a method of approximation of solutions to nonlinear
parabolic functional differential equations with solutions of associated systems of ordi-
nary functional differential equations and in the estimation of the difference between
the exact and approximate solutions. We ask under what conditions, solutions of
ordinary functional differential equations tend to a solution of the original problem
when the step-size tends to zero. The system of ordinary functional differential equa-
tions mentioned above are obtained by using a discretization in spatial variables of
partial functional differential equations and are therefore called differential difference
systems. This method of approximation of solutions to parabolic problems is called
a numerical method of lines. The main problem in our investigations is to find a dif-
ferential difference system which satisfies consistency conditions on all sufficiently
regular solutions of the original equations and is stable. An error estimate implying
the convergence of the numerical method of lines is obtained in the paper by using
a comparison result for differential difference inequalities.
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From the extensive literature concerning the numerical method of lines for classical
differential equations we mention the monographs [3,13,15]. The papers [9,11] began
a theory of the method of lines for functional differential equations. Approximate so-
lutions of nonlinear parabolic functional differential equations with initial boundary
conditions of the Dirichlet type were investigated in [5,9,17]. An error estimate imply-
ing the convergence of line methods is obtained in these papers by using differential
inequalities. In [6] the author studies the error due to the discretization in spatial
variables of the Cauchy problem for parabolic equations. It is assumed that approx-
imated solutions satisfy some growth-restricting conditions. In [10] the authors have
established approximation solution theorems for nonlinear parabolic functional differ-
ential equations with initial boundary conditions of the Neumann type. A method of
differential inequalities is used. Therefore, the authors have assumed in [10] that the
right-hand sides of equations are nondecreasing with respect to the functional vari-
able. The papers [2,7]| deal with the numerical method of lines for first order partial
functional differential equations or systems. The method of lines is also treated as
a tool for proving existence theorems for partial differential equations [1,14,16].

The aim of the paper is to construct a method of lines for nonlinear parabolic
functional differential equations with general initial boundary conditions.

We now formulate our functional differential problems. For any metric spaces X
and Y we denote by C(X,Y") the class of all continuous functions from X into Y. We
will use vectorial inequalities with the understanding that the same inequalities hold
between their corresponding components.

Write

Qo = [~bo, 0] x [=b,b], Q= (0,a) x [=b,b],
where a > 0, by € Ry, Ry = (0,400) and b = (by,...,b,), by >0fori=1,...,n.
Suppose that x : [0,a) = R and . = (¢¥1,...,%,) : [0,a) X [-b,b] — R™ are given
functions. Write ¢(t,z) = (x(t), ¥«(t, z)) for (t,z) € Q. We assume that 0 < x(¢) <t
fort € [0,a) and —b < ¢, (t,z) < bfor (t,x) € Q. For (t,z) € [0,a) x [—b, b] we define

Dit,z] = {(1,y) eR"™ : 7 <0, (t+7,2+y)cQoUQ}.

It is clear that
Dit,x] =[-bo — t,0] X [-b—x,b— x].

The maximum norm in the space C'(D[t,z],R) will be denoted by || - || pjt,q. For
a function z : Qo UQ — R and for a point (¢, z) € [0,a) X [—b, b] we define a function
Z(t,) : D[t,x] — R as follows

2(t,x) (7—7 y) = Z(t + 7T+ y)7 (Ta y) € D[t, 1’]
Then z(; 4 is the restriction of z to the set (QoUQ)N([—bo,t] xR™) and this restriction

is shifted to the set D[t,z]. Write I = [~by — a,0] and B = I x [—2b,2b]. Then
Dit,z] C B for (t,x) € [0,a) x [=b,b]. Let M, «, be the class of all n x n symmetric
matrices with real elements. For x € R", U € M, x, where U = [u;;]; j=1,...n We
write

ol =3 keils U lloe = max { 3" g }-

i=1 j=1
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Put 2 = Q x R x C(B,R) x R® x M, x, and suppose that F' : Z — R is a given
function. We consider the functional differential equation

Orz(t,x) = F(t,x, 2(t, x), 2y (t,2), Ox2(t, ), Opa 2(L, ) (1.1)

where 0,2 = (02,2, .. ,00,2), Ozez = [Op,z,2)ij=1,..n-
Now we formulate initial boundary conditions for (1.1). Write

Si={xe[-bbl:x;=b}, Sppi={re[-bb:a;=-b}, i=1,...,n

and
i—1 n+i—1
Q+:S17 Q:—:SZ\USja Qz_: n+1\ U S]a 7’:17’”
j=1 =1
Set
QE =[0,a) x QF, OE; =[0,a) xQ;,i—1,...,n
and

O F = U(‘%Ej U(“)OE;)
i=1
Suppose that 8, v, ¢ : OgE — R, ¢ : Ey — R are given functions. The following
initial boundary conditions are associated with (1.1)

Z(t,])) = (,O(t,l‘) on QO; (12)
B(t,x)z(t, ) +y(t,x)0s, 2(t,x) = ¢(t,x) on K, i=1,...,n,
Bt x)z(t, ) —y(t, 2)0g,2(t, ) = ¢(t,x) on QE;, i=1,...,n. (1.4)

A function z : Qo U Q — R will be called a function of class C, if z is con-
tinuous on Qo U @, the partial derivatives 0rz, 0;2 = (0p,2,...,04,2), Opzz =
[02,2;2]i,j=1,...n exist on @ and the functions 0;z,0,2,0:,2 are continuous and
bounded on . We consider solutions of (1.1)—(1.4) of class C.. We will say that
the function F' : E — R satisfies the condition (V) if for each (¢,z,p,w,r,q) €
E, w € C(B,R) such that w(r,y) = w(r,y) for (1,y) € D[Y(t,z)] we have
F(t,z,p,w,r,q) = F(t,z,p,@,r,q). The condition (V) for F means that the value of
F at the point (¢, z,p,w,r,q) € Z depends on (¢, z,p,r,q) and on the restriction of w
to the set D[y (t, z)] only.

Our focus is the numerical method of lines for problem (1.1)-(1.4). By making
use of a discretization of the spatial variable, we associate with problem (1.1)—(1.4)
a class of Cauchy problems for ordinary functional differential systems. Solutions of
such systems are approximate solutions to (1.1)—(1.4). Then we estimate the difference
between the exact and approximate solutions of the original problem and we prove
that approximate solutions converge to the solutions of (1.1)—(1.4).

The paper is organized as follows. In Section 2 we formulate a numerical method of
lines for (1.1)—(1.4). In the next section we present a comparison result for differential
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difference inequalities. It will be a generalization of a corresponding result from [17].
A convergence result and error estimates are presented in Section 4. It is the main
part of the paper. Numerical examples are given in the last part of the paper.

We will use general ideas for functional differential equations and inequalities
which were introduced in [4].

2. DIFFERENTIAL DIFFERENCE EQUATIONS

Now we formulate the differential difference problem corresponding to (1.1)—(1.4).
For any spaces X and Y we denote by F(X,Y) the class of all functions defined on
X and taking values in Y. Let N and Z be the sets of natural numbers and integers,
respectively. We define a mesh on [—b, b] in the following way. Let h = (hq,...,hy,),
h; > 0 for 1 <14 < n, stand for the steps of the mesh. For m € Z", m = (mq,...,my),
we define nodal points as follows: (™) = (myihy, ..., mphy) = (x§m1)7 e ,x%m")). Let
us denote by H the set of all h for which there exist (My,...,M,) = M € Z™ such
that M;h; = b; for i =1,...,n. Write

RI™ = {(t,2™) : t e R,m € Z"}

and
Qor=QoNRII"™ Qn=QNRL", B,=BnNR ",

Dp[t,z™] = D[t, 2™ nR} T

For a function z : Qop U Qn — R and for a point (t,x(m)) € Qon U Qn
we write 2™ (t) = z(t,z"™). Let Fo(Qo.n U Qn,R) be a class of all functions
z ¢ Qon UQn — R such that z(-,z(™) € C([~by,a),R) for —M < m < M.
In a similar way we define the spaces F¢o(Bp,R) and Fo(Qo.n,R). For functions
z e C(Qo @] Q,R)7 Zp € ]:C(QO.h @] Qh,R) we put

llzlls = max{|z(T,y)| : (1,9) € QUQ, T < t},
| zlln.e = max{|z(7,y)| : (T,y) € Qou.rUQn, 7 <t}

where 0 < ¢t < a. Difference operators for spatial variables are defined in the following
way. Let e; =(0,...,0,1,0,...,0) € R™ with 1 at the i—th position. Write J =
{(4,7) : 4,j =1,...,n, i # j}. Suppose that we have defined the sets J, J_ C J
such that Jy UJ_ = J, Jx NJ_ = . We assume that (4,5) € Jy if (j,i) € Jo. In
particular, it may happen that J, = @ or J_ = (. A relation between the sets J, J_
and equation (1.1) are given in Section 4.

Given z € Fo(Qon UQp,R) and m, —(M — 1) <m < M — 1, where M — 1 =
(My—1,...,M, —1). Write

oM () =

[zmted ) — 2 (@), 672 () = —[2™ (1) — 2mTed (1)),

Sl
o

i=1,...,n, and §z(™ (t) = (61z(m) ).y 85 2™) (t)), where
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1
8,2 (8) = S (1) + 87 2@, i =1

The difference operators §(2) = [0ij]i,j=1,...n, are defined in the following way:

522 (1) = 67672 (t) for i=1,....n
and
m 1 —(m — m .. _
61(?)2( () = 5[5z‘+5g‘ 2 (t) + 6 5j+2( ()] for (i,j) e J,
m 1 m —c—_(m .o
51(?)’2( )<t) = 5[5;r6g‘+2( )(t) +6; 9; 2 )(t)] for (i,j) e J".

Solutions of differential difference equations are elements of the space Fe(Qo.n U
U @Qn,R). Since equation (1.1) contains the functional variable 2y ) which is an
element of the space C(B,R) then we need an interpolating operator T}, : Fe(Qo.pn U
Qn,R) = C(QoUQ,R). In the next part of the paper we adopt additional assumptions
on Ty,. For z € Fo(Qon U Qp,R) and (t,x(m)) € Qn we write Thzym (4 instead of
(ThZ)w(tx(m)). Set

Fy[2]™ (1) = F(t, 2™, 20 (1), Ty zyom (1), 02 (), 6P 2™ (1))
and
A2 () = B (£)20M) () 4 4™ (£)6; 2™ (2),
AT (1) = B (£)207) () — A0 (£)53F 20m) (1)

where ¢ = 1,...,n. Given ¢y : OoFE — R, ¢ : Qo.,, = R. We consider the differential
difference equation

Az (t) = Fp[2]™(t) (2.1)
with the initial boundary conditions
2M() = @i () on Qo (2.2)

and

A (1) = o (8) on BB, Ay L[]0 () = o™ (8) on BoE;, 1< i < n. (2.3)
We prove that under natural assumptions on given functions there exists a solution
of (2.1)—(2.3) and solutions of (2.1)—(2.3) approximate solutions of (1.1)—(1.4).

3. DIFFERENTIAL DIFFERENCE INEQUALITIES

We prove a comparison theorem for differential difference inequalities. The theorem
states that a function z : Q. U@y — R satisfying the differential difference inequal-
ities can be estimated by a suitable solution of an ordinary functional differential
equation.
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For a function z : Qo U@, — R and for a point (t,z(™)) € [0,a) x [—b,b] we
define a function 2y ,om) : D[, z(™] = R as follows
2 2om)(T,y) = 2(t + 7, 2™ + y), (1,y)€ D[t,x(m)].

Then zj; ,(m] is the restriction of z to the set (Qo.n U Qn) N ([=bo,?] x R™) and this

restriction is shifted to the set D[t,z(™]. Write X}, = Qn x R x Fo(By,R) and
suppose that

f : Xh — Mn><n7 f = [fij]i,jZI,...7n7 g: Xh — Rn7 g = (gla e agn)a

are given functions. We will say that f and ¢ satisfy the condition (V}) if for
each (t, 2™ p,w) € Xp, w € Fo(Bp,R) such that w(r,y) = w(r,y) for (1,y) €
D[4 (t)] we have

f(t’x(m)7p’w):f(t7x(m)’p7w) and g(t7x(m)7p7w):g(t7x(m)7p7w)'

Write I[t] = [—bo — ¢,0] where ¢t € [0,a). Then I[t] C I for t € [0,a). Suppose that
0:[0,a) x Ry x C(I,Ry) — Ry is a given function. We will say that o satisfies the
condition (Vp) if for each (¢,p,n) € [0,a) x Ry x C(I,Ry), 7 € C(I,R;) such that
n(7) = n(1) for 7 € I[x(t)] we have o(t,p,n) = o(t,p, 7).

Suppose that (¢, 2™) € Qp, and w € Fo(Dp[t,z(™],R). We denote by Up,[w] :
I[t] — R4 a function given by

Up|w](r) = max{|w(r,y)| : (1,y) € Dult,x™)]}, 7 € I[t].

For z € Fo(Qo.n U Qn,R) we write Unzypm (1) instead of Uh[z,w(m)(t)]. Set
Glz)™(t) = Zgi(t, 2™ 2 (), zw(w(t))diz(m)(zﬁ)—k
i=1
+ > it 2™, 2 (), zgom (1)0i2 0™ (1),
i,j=1
In this section we consider the differential difference inequalities

82 (1) = Gl ()] < ot [2 ()] Unzgimy)- (3.1)

We prove that a function satisfying (3.1) can be estimated by a solution of a suitable
ordinary functional differential equation.

Assumption H[o]. The function o : [0,a) x Ry x C(I,Ry) — Ry satisfies the
condition (Vj) and:

1) o is continuous and o(¢,p, -) is nondecreasing for every (t,p) € [0,a) X Ry,
2) for each n € C(]—bp,0],Ry) there exists on I U (0,a) the maximal solution of
the Cauchy problem

W'(t) = o(t,w(t),wyw)), w(t)=n(t) forte [—by,0]. (3.2)
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Assumption H[S,v]. The functions 8 : 9F — (0,400), v : pE — Ry are
continuous and bounded and they satisfy the conditions: 8(t,z) > 1 and (¢, x) > 0
for (t,x) € OoF

Let us state now a lemma for the functional differential inequalities.

Lemma 3.1. Suppose that the function o : [0,a) x Ry x C(I,R}) — Ry satisfies
condition (V) and:

1) o(t,p,-) : C(I,Ry) — Ry is nondecreasing,
2) x:[0,a) 5> Ry and 0 < x(t) <t forte€0,a),
3) u, ve CITU[0,a),R) and u(t) < v(t) fort € [—bg,0],
4) denote
Ty ={t € (0,a):u(r) <v(r) for T € [bo,t) and u(t) = v(t)}
we assume that
D_u(t) — o(t,u(t), uyw)) < D_v(t) — o(t,v(t), vyw) fort € Ty,
where D_ is the left-hand lower Dini derivative.
Under these assumptions we have u(t) < v(t) fort € [0,a).
We omit the proof of the lemma.
Theorem 3.2. Suppose that Assumptions H[o] and H[S,~] are satisfied and:
1) the functions f : Xy, = Muxn, 9 : Xn — R", satisfy the condition (V) and

%Igz( I+ fn Zhi lfij(P)| >0, i=1,...,n, (3.3)
=
and
fij(P) >0 for (i,5) € J*, fi;(P) <0 for (i,5) € J, (3.4)

where P = (t,z(™ p,w) € Xy,
2) z € Fo(Qo.nUQn,R) and the derivative Oz exists on Qp,
3) the initial estimate

‘Z(m) (t)’ <n onQon

and boundary inequalities
N @] S wltn) on EF, AL ()] < witin) on 0BT

i=1,...,n are satisfied where n € Ry and w(-,n) is the mazimal solution of (3.2),
4) denoted
= {(ta) € Qu\ G E: |2 (1) > wt,m)}

we assume that the differential difference inequality (3.1) is satisfied for
(t, (™) € %.
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Under these assumptions we have
‘z(m) (t)’ <w(t,n) for (t, (™) € Q. (3.5)
Proof. Let
w(t) = max{‘z(m)(T)’ c=bo <7<t —M<m<M}, te]l0,a).

Then w € C([0,a), R4 ) and estimation (3.5) is equivalent to @w(t) < w(t,n), t € [0,a).
Let 0 < @ < a be fixed. For ¢ > 0 we denote by w(-,7n,¢) the right-hand maximal
solution of the Cauchy problem

W'(t) = o(t,w(t),wyw)) +e, w(t)=n+e forte[—by,0].

There is € > 0 such that for 0 < & < & the function w(-,n,¢) is defined on [0,a) and
liH(l) w(t,n,€) = w(t,n) uniformly on (0,a). We prove that
e—

w(t) <w(t,n,e) fortel0,a). (3.6)
It follows that @w(t) < w(t,n,¢e) for t € [—bg,0]. Write
Y. ={te(0,a): w(r) <w(r,n,e) for 7 € [0,t) and w(t) = w(t,n,e)}.

We prove that
D_w(t) < o(t,w(t), wym) +e forte ..

Suppose that ¢ € X.. There is 2™ € [~b,b] such that w(t) = |z(m)(t)|. Then
(t,z(™) € ¥. Thus two possibilities can happen, either (i) w(t) = z(t,z(™) or
(ii) w(t) = —z(t, ™). Lets consider the first case. We prove that (¢,z("™) ¢ 9y E.
Suppose that there exists i € {1,...,n} such that z; = b;. It follows from assumption
3) that

AL () < w(t,n,e)
and consequently
A ()67 2™ (1) < 0. (3.7)

But 7™ (t) > 0 and §; 2(™)(t) > 0 which contradicts (3.7). Hence we have z; # b,
for all i € {1,...,n}. Analogously we prove that z; # —b;. It follows from (3.1) that

n

D_w(t) < 0,2 (t) <o(t,w(t), y() +_ gi(t, 2™, 20 (t), Thzyp zom)y) 0:2™ () +

i=1

+ > fis (t7$(m)7Z(m)(t%Th2¢(t,z<m>))5§?)z(m) (t).

ij=1
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Put P = (¢,z(™, 2(™) (t); Th2y(e,z0m)) and

iltj i=1 3

i,j€J
SHP) = g (P) + L u(P) -3 L (5P
i th % hZQ % = hzhj i )
J#i
- 1 _ 1 _ n _
S;(P) = —27%91‘(13) + hflgfn‘(P) —jz:; " |fis(P)], Sy = 2h h; | fi (P
e

where i, j =1,...,n. It follows from (3.4) and from the definitions of § and 6(?) that

D_w(t) < o(t,w(t), Wy)) + So(P)z"™ (t)+

+Z (med (1) S (P +Z (m=e)(6)S; (P)+

+ Z S” (m+el+ey)(t) + z(m—ei—ej)(t)] _ (38)
(i,5)eJ+
D Su(P) [T @) 4 2 ete) (1),
(.)€~
It follows easily that
So(P)+ Y [SH(P) + S; (P)]+ Y Sy(P)=0. (3.9)
i=1 (i.4)€d

Since S (P) >0, S;(P) >0, S;(P)>0,i, j=1,...,n, relations (3.8) and
(3.9) show that

D_w(t) < o(t,w(t), Wyw) < o(t,w(t), Wyw)) + €.
Applying Lemma 3.1 we obtain (3.6) on [0,a). The other case can be proved similarly.

Letting e — 0 we obtain (3.5) on @, N((0,a) x R™). Since 0 < @ < a is arbitrary then
we obtain (3.5) on Q. O

4. METHOD OF LINES FOR INITIAL BOUNDARY VALUE PROBLEMS
Let I' : F(B,R) — C(I,R4) be defined by

Tw](t) = max{|w(t, )| : x € [—2b,2b]}, t € I.
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For functions z, u, v € Fe(Qo.n U Qnr, R) we put

Plz,u, o)™ (t,7) = (£, z™, 2™ (1), (Thz) yom (1, 00™ (1) +
+ 70(u — v) ™ (t), 60 (t) + 763 (u — v) ™ (1)),

where 0 < 7 <1 and

Wz, u,v]™(t) = F(t, ™, 2™ (1), Thzyom (1), Sul™ (t), 6™ (1)) —
— P(t, "™, 0" (t), Thvyom (1), 0ul™ (2), 6P ul™ (1)),
Wz, u, o] ™ (t) = F(t, 2™, 20M (1), Thzpom (1), Sul™ (t), 6@ ™ (t))—
— P(t, 2™, 2 (), Thzyom (1), 60 (), 6@ 0™ (1)),
Assumption H,[o]. The function o : [0,a) x Ry x C(I,R;) — R, satisfies Assump-
tion H[o] and the maximal solution of (3.2) with n(t) = 0 for ¢ € [—bo, 0] is @(¢) =0
for ¢ € [—boy, a).

Assumption H,[F]. The function F' : Z — R of the variables (¢, z,p,w,q,7), ¢ =
(g1, yqn), r = [r4j]ij=1,....n satisfies the conditions:

1) there exist the derivatives

0gF = (0, F,...,04,F), O-F =0, Flij=1,..n

Tij

and the functions 0, F (¢, z,p, w, ), 0. F(t,x,p, w,-) are continuous for each
(t,z,p,w) € Q@ xR x C(B,R),
2) the matrix 0, F' is symmetric and

1
=5 |0 F(P)| + &”F Z \ L F(P) >0, i=1,...,n, (4.1)
1
i
Or, F(P)>0for (i,j) € J*, O, F(P)<0for (i,j) € J, (4.2)

where P € Z,
3) Assumption H,[o] is satisfied and the estimate

‘F(ta‘rau7wv%r) 7F(taxaa7ﬁ)7q’7’)| < U(tv |u7ﬂ|7r[w7u~}])

holds on =.

Assumption H[T}]. The operator T}, : Fo(Qo.n U Qn,R) — C(Qo U Q,R) satisfies
the conditions:

1) for any functions z, Z € Fo(Qo.n U Qp,R) we have

ITnlz] = TulZllle < Mz = Zllne, 0 <t <a,
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2) if 2: Qo UQ — R is of class C? then there is 7, : H — R such that
Thlen] = 2l < 7. (h), 0<t<a, and Jim . (h) =0,
—

where zj, is the restriction of z to the set Qg., U Qp.

Remark 4.1. The condition 1) of Assumption H[T}] states that T}, satisfies the
Lipschitz condition with the constant L = 1. It follows from condition 2) that T}, [zp]
is an approximation of z and the error of the approximation is estimated by ~.(h).

Remark 4.2. We have assumed that the functions

Gij(t,z,p,w,q,r) = sign 0, F(t,z,p,w,q,7), (i,7) € J,
are constants. Relations (4.2) can be considered as the definitions of J* and J~.
Assumption HJzg]. The function zg € F(Qo.n U Qr, R) satisfies the conditions:

1) z[()m) (t) = goglm)(t) on Qo.n, and for 1 =1,...,n we have
A il20) ™ (1) = 67 () on B, Ay [0l ™ (1) = 91" (1) on B

2) there exists the derivative 0,29 on @ and
Be2s™ (1) = Fulzo) ™ ()] < %(t) on Qn,

where Yo € C([Oa a)7R+)7
3) the maximal solution wy of the Cauchy problem

W'(t) = a(t,w(t),wyw)) +70(t), w(t) =0 fort e [—bo,0]
is defined on [—bg, a).

Theorem 4.3. Suppose that Assumptions H,[F|, H[zo] and condition 1) of Assump-
tion H[T},] are satisfied. Under these assumptions there exists exactly one solution of
problem (2.1)—(2.3). The solution is defined on Qo U Q.

Proof. The proof will we divided into three steps.
Step 1. Let us define the sequence {wy}7,, wr : [~bo,a) = Ry, k > 0, in the
following way:

(i) the function wy is given by Assumption H[zo],
(ii) if wy is given then wy41(t) = 0 for ¢t € [—bp, 0] and

t

wk+1(t) = /CT(T, wk(T), (wk)X(T))dT for t € [0, a).
0
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We have that

wr41(t) <wg(t) for ¢ € [—bg,a), k> 0. (4.3)
and from the Dini theorem we have klim wi(t) = 0 uniformly on [0,a], for each
de el

a € (0,a). We omit the simple proof of the above properties of {wy}.
Step 2. Now we define the sequence {25172, 2k : Qo.n U Qr — R, £ > 0, in the
following way:

(i) zo is given in Assumption H[z],
(ii) if z : Qo.rUQp — R is a known function then 2z is the solution of the problem

8z (8) = F(t, 2™, 2™ (8), T (21) g 1), 52 (£), 3@ 207 (1)),
—M+1<m< M — 1, with initial boundary conditions
(1) = ™ () on Qo
AL () = o™ (1) on 0B, A; L[] () = ¢ () on BoE;

1=1,...,n.

Step 3. We prove that
‘zl(fzg (t) — z,(cm) (t)‘ <wg(t) on QopUQy for k, I € N. (4.4)

First we prove (4.4) for k =0 and | € N. It is easy to show that (4.4) is satisfied for
k, 1 =0. Now we assume (4.4) for k = 0 and some | € N. We prove that

[+ = 25 @) < wolt) on QoL Q.
It is easy to show that
@) = 2 0] < wolt) on Qo

[Af o = 20l ()] Swolt) on B,

We prove that the function 2,11 — 2 satisfies the differential difference inequalities
O (2141 — 20) ™ (t) — Glzi1 — Zo](m)(t)‘ < o(t,wolt), (Wo)ye)) +v0(t) (4.5)

for (t, 2™ (t)) € Qo.p, U Qpn, where

n

GlA™ () =)

i=1

g, F (P20, 2141, 20) ™ (¢, 7)) [6:2™) (1) dr +

i

o _

(4.6)

n 1
+ / Ory F(Plz0, 2141, 201 ™ (1,7)) [52 207 (1)) dr.
0

4,j=1



Differential difference inequalities related to parabolic functional differential equations 107

It follows that
Bu[z11 — 20) ™ () =W 21, 211, 20] ™ ()W [20, 21415 20] ™ (£)4Fn[20] ™ (£)-p25™ (1).

Applying the Hadamard mean value theorem and Assumption H[o] and Assumption
H[T}] we have

Wz 21,20 (0)] < (0 w0(0). (w0)xo):
W20, 2141, 20] ™ (t) = Glzi11 — 20)™ (2),

where G[z] is given by (4.6). The above relations and Assumption H[z] imply (4.5).
It follows from Theorem 3.2 that

2@ = A (0] < wot) for (1,5™) € QoL@
Now let us assume (4.4) for certain & € N and every | € N. We prove that

[ 0) = 201 (0] < wra @)

for (t,2(™)) € Qo., UQp. It is easy to show that

‘Z,Hlﬂ — Zp41(t) ’ <weri(t) on Qop,

+ +
’Ahi Zk+1+1 — Zk+1 t ’ S t on 80El 5
’Ah 21 — zk+1 t ’ <wgt1(t) on OE;

We prove that the function zj414;—2k41 satisfies the differential difference inequalities

s (k141 — 2h01) "™ (1) = Gulzhgr — 254a) ™ (t)‘ < o(twe(t), (Wi)xw),  (4.7)
where
n 1
G.l2|™M(t) = Z/ati(P[ZkvZk+1+lvzk+1}(m) (t,7)) [6:2) (1)) dr+
0

i=1

(4.8)

3

1
+ / Bryy F(Plzns 2140, 2601] ™ (t, 7)) [0 207 (8)] dr.
ij=17%
It follows from (2.1) that

O (zrg111 — 2k 1) ™ (1) = Wizkas, zes1ets 2] ™ (&) + Wzk, 2rs 140 26401]) ™ (2).
Applying Hadamard mean value theorem and Assumptions H[o] and H[z] we have

W[Zk+l7 Zk4-1+15 Zk](m) (t) < U(ta Wk (t)a (wk)x(t))7

Wz, 2l 20 1) ™ (1) = Gulzirisr — 2e01) ™ (1),
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where G.[z] is given by (4.8). The above relations imply (4.7). It follows from
Theorem 3.2 and by induction that (4.4) is satisfied. Hence we have that the sequence
{2zt }52 is a Cauchy sequence. By the definition of the sequence {z;}72, it follows
that

t
2010 = ¢ (0) + / F (20, 2 (), Tu(zk)yom () 824 (1), 0P 5713 (7)) dr
0

for (t,z("™) € Q. From this and (4.4) we conclude that there exists a solution for
(2.1)—(2.3) and it is defined on Qo.p, U Qp,.

If z;, and Zp, satisfy (2.1)—(2.3) then the function zj, — 2, satisfies the initial bound-
ary condition

(zn = 2)"™(t) =0 on Qon,
A ilen = 2] () = 0 on BT, Ay [en — 2] (1) = 0 on Qg ;-

for = 1,...,n and differential difference inequalities

O (zp, — 2}1)(7”) (t) — G’[zh - 2h](m) (t)‘ < 0’(757 ‘(Zh - ih)(m) (t)‘ ,Un(zp — 2h)¢(m)(t))7

where
n 1
G0 =3 [ 00 PPl 20,30 1,7 [0 ()] ar+
i=17
|
+3 [0 Pl an 2] 1) 82 1) ar
Q=17
It follows from Theorem 3.2 that z;, = Z;,. This completes the proof. O

Theorem 4.4. Suppose that Assumptions H[B,~]|, H.[F] and H[T}] are satisfied
and:

1) v:QUQQ — R is a solution of (1.1)-(1.4) and v is of class Cy and vy is
a restriction of v to the set Qo.p U Qp,

2) up : Qo UQp — R is a solution of problem (2.1)—(2.3), and there is ¢ > 0 such
that h; < chj fori,j=1,...,n,

3) there is v. : H — Ry such that

6 = M) (B on Qo

|60 (®) = 0™ ()] < 7.(h)  on AE,

d lim ~v.(h) = 0.
an hl_%'y() 0
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Under these assumptions for each a € (0,a) there exists >0 and w(-, h):[—bg,a] + R4
such that for h € H, ||h| < & we have

(up, — o)™ (@) <w(t,h) on QnN([0,ad] x R™)
and lim w(t, h) = 0 uniformly on t € [0,al.
h—0

Proof. Let 'y, : Qn — R be defined by the relation

o™ (t) = Fu[oa] ™ (1) + T () on Q.
It follows that there is 4 : H — R such that

‘Fg’") (t)’ <#(h) on @, and lim5(h) = 0.

h—0
An easy computation shows that v, —uy, satisfies the differential difference inequalities
01 (00 = un) ™ (8) = Glon — un) ™ (1) <

< o(t,

(on — un)™ ()], Un(on, — uh)w"L)(t)) +5(h) on Qn,

where

n

1
GlH™M (=Y / B, F(Plon, wun, o)™ (8, 7)) [5:207 (8)] dr+
=1 0

1

s / Oy F(P o un, o)™ (£, 7)) [52 207 (1)) .

=17
It is clear that there is v : H — R such that
|0 = un) " ()] <9(h) on Qo
and
Afafon = un) ™ (0)] < 9(k) on GBS, |A7 o — un) ™ (1)] < 9(h) on ET,
where ¢ = 1,...,n. Let us consider the Cauchy problem
W'(t) = o(t, w(t),wyw)) + 7(h), w(t)=~(h) on [~bp,0]. (4.9)

Suppose that @ € (0, a) is fixed. There is € > 0 such that the maximal solution w(-, h)
of (4.9) is defined on [—by, a] for ||h|| < & and ’llir%w(u h) = 0 uniformly on ¢ € [0, a).
—

It follows from Theorem 3.2 that
W™ () — o™ ()| < w(t,h) on QN ([0,a] x R™).

This is the derived conclusion. O



110 Milena Netka

Remark 4.5. Suppose that all the assumptions of Theorem 4.4 are satisfied and
o:[0,a) x Ry x C(I,R;) — Ry is given by

o(t,p,n) = L(p+ |0l
where || - ||7 is the maximum norm in C(I,R,). Then
uj™ (£) =" (5)] < &(h) on Q
where

m)%%+%?@ﬂa—n if L >0, (4.10)

(h) + a(h) if L=0. (4.11)

(h)
a(h)

joN

v
v

Now we give a result on the error estimate for the numerical method of lines. Let
us consider the interpolating operator Ty, : Fo(Qo.n UQr, R) = C(QoUQ,R) defined
in the following way. Suppose that w € Fo(Qo.n U @Qn,R). For each (t,z) € Qo UQ
there exists m € Z" such that (™ < z < (™1 where m+1 = (mi+1,...,m,+1)
and (t,z(™), (t, 2™+ € Qo.p, U Q. Write

R N o R

where
St ={s=(s1,-.-,8n) : 8 €10, 1} 1<i<n},

(J) _

2

==y

n 1)
=1

(m3)

A | (e

1=

and we put 0° = 1 in the above definitions. It is easy to see that Tj,[w] € C(QoUQ, R).
We consider problem (2.1)—(2.3) with T}, defined by (4.12).

Lemma 4.6. Suppose that Assumption H[B,~] holds and:

1) the functions F : = — R satisfies Assumption H.[F] with o(t,p,n) = L(p+nllr),
where L € Ry, and there is L € Ry such that

10, F(P)| <L, [0:F(P)lloc <L, on%,

2) v:QoUQ — Ris a solution of (1.1)-(1.4) and v is of class Cy and for each
t € [0,a) the function v(t,-) : [~b,b] — R is of class C3,
3) there is C > 0 such that |0;(t, :c)Hoo <ConQ,i=1,...,n, where

i(t,x) = 0.,V (t,x), V(t,x)=0pv(t,x), i=1,...,n, (4.13)
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4) conditions 2), 3) of Theorem 4.4 are satisfied.
Then there are C1,Co € Ry such that estimates (4.10), (4.11) are satisfied with
[(an = o)) (0)] < Culln + CallB)* - on Q. (4.14)

Proof. We apply (4.10), (4.11) to prove (4.14). It follows that there is Cy € R, such
that

(A ilon = un) ™ @) < % (h) + Collbl] om Do,
[A7ilon = ] ™ (0)] < 7 (B) + Collb]) om BE
where i = 1,...,n. Write
D™ (1) = F(t,2 00 00 4y, 050 (£), 80t ™ (1)) —
— F(t, ™), U](lm), (Thon) pom (1) (5v}(lm) (t), (5(2)v,(1m) (1)).
There is C € R, such that
1007 (8) = 80 ()] < CIRIP, (1900 (1) = 3P0 (1) < Ol
on Q. It follows from Theorem 5.27 in [4] that there is C' € R such that
[o0m 8y = (Ton) i ) | pppem 1y < ClIRIZ, on Q.
The above relations imply
Ity (0] < LE|) + (LC + LO) b1 on Q.
Then we obtain (4.14) from (4.10), (4.11). O

Remark 4.7. Let us consider problem (2.1)—(2.3) with v(¢,2) = 0 on 9yE and
Ty, given by (4.12). Then we have parabolic functional differential equations with
initial boundary conditions of the Dirichlet type. Suppose that all the assumptions
of Lemma 4.6 are satisfied and assume additionally that:

(l) (ph(t7x) = <P(t795) on Qh and q)h(tvx) = (I)(t7x) on 80E,
(ii) for each t € [0,a) the function v(t,) : [~b,b] — R is of class C* and the functions
Oz, Vs, 1,j = 1,...,n where ; are given by (4.13), are bounded on Q.

Then there is C* € Ry such that
’u;m) - U,gm\ < C*||h|)? on Qn. (4.15)
Note that we have in this case the relations:
A Ton — up) (™ (t)‘ =0on QHE;, ‘A;i[vh —up]™ ()| =0 on QE;,
where ¢ = 1,...,n and there is Ce R, such that
19a0v™ (£) = 3P 0™ (#)]| oo < CIR1* on Q.
Then we obtain (4.15) from (4.10), (4.11).
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5. NUMERICAL EXAMPLES

Suppose that we apply a difference method for (2.1)—(2.3). The superposition of the
numerical method of lines and difference method for ordinary differential functional
equations leads to a difference scheme for the original problem. It is not our aim to
show results on such difference schemes. We give examples and a short comment only.

Suppose that we apply the explicit Euler method to solve numerically (2.1)—(2.3).
Then we get an explicit difference scheme for (1.1)—(1.4) which is not convergent.
Corresponding examples are not published because the observation is very natural.
Suppose additionally that v(¢,2) = 0 on dpFE. Then we have a parabolic differential
functional equation with an initial boundary condition of the Dirichlet type. In this
special case there are explicit difference schemes of the Euler type which are convergent
(see [8,12]).

Note that we consider general initial boundary conditions and that the derivatives
0,2, 1 <1i < mn, appear in (1.3)—(1.4).

We show by examples that there are difference schemes for (1.1)—(1.4) which are
convergent. We apply the implicit Euler method for (2.1)—(2.3) and we get an implicit
difference scheme for the original problem. As far as we are aware theorems on the
convergence of such difference schemes are not known. We do not formulate hypothesis
on error estimates for implicit difference schemes.

Example 5.1. Write Q = [0,1) x [-1, 1] x [-1, 1]. Consider the differential equation
with deviated variables

8tz(t,x,y) = 8mz(t,x,y) + aﬁcyz(taxay) + 5‘yy2(t,9€,y)+

— 5.1
+z(t,x—£y,x2y)+f(t,w,y)2(t,x,y) o4

and the initial boundary conditions
2(0,z,y) =1, (x,y) €[-1,1] x [-1,1], (5.2)

Buz(t, —1,y) = —2te!@V) | 9,2(t,1,y) = 2te! ) te[0,1], y € [-1,1], (5.3)
Oyz(t,x,—1) = 2t€t(12_1), Oyz(t,z,1) = —2tet(”32_1), tel0,1], z €[-1,1], (5.4)
where
ft,z,y) = 2% —y* — 4t*(2® + y? — ay) — TV Y,
The solution of (5.1)—(5.4) is known, it is

u(t,z,y) = et =v"),

We have transformed the above problem into a system of ordinary differential func-
tional equations. The system such obtained is solved numerically by using the implicit
Euler method. We use the interpolating operator T}, defined in [4].

Let us denote by ag) the arithmetical mean of the errors with fixed ¢ = ¢t("). In

Table 1 we give experimental values for 55:) and hg = hy = hy = ﬁ where (hg, h1, ha)
are step-sizes with respect to (¢, z,y) respectively.
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Table 1. Errors (g5)

t 0.10 0.20 0.30 0.40 0.50 0.60 0.70
ep 0.001974 0.002038 0.002303 0.002767 0.003417 0.00423 0.005174

Example 5.2. Write
Q=1[0,1) x [0,1] x [0, 1].

Consider the differential equation with deviated variables

1
5152(@95711/) = amzZ(t,l',y)_anyZ(t,l',y) + ayyz(t>$7y)+

x
+0p2(t 2, y) + Oy2(t, 2, y) + 7 / z(t, s,y)ds+ (5.5)
y 0
+ 7T2/z(t, x,8)ds + 2% 2(t, x, y) + f(t, z,y)
0

and the initial boundary conditions

Z(O7 'T7 y) = 0’ (x’ y) E [07 1] X [0’ 1]’ (5'6)
0:2(t,0,y) =0, 0,2(t,1,y) =0, tel0,1], ye]l0,1], .
Oyz(t,x,0) =0, Oyz(t,z,1)=0, tel0,1], =ze€]0,1], (5.8)

where NP )
f(t,x,y) = costcosmx cosmy + 0" sin ¢ sin x sin 7y.

The solution of (5.5)—(5.8) is known, it is
v(t, z,y) = sint cos Tz cos Y.

We apply the theory presented in Section 4 to the above problems. A system of
ordinary differential equations is solved by using implicit Euler method. We use the

interpolating operator T}, given in [4]. In Table 2 we give experimental values for the

1

arithmetical means of the errors ag) with fixed t = t("). We put hg = hy = hy = 800

in our calculations.
Table 2. Errors (g3)

t 0.10 0.15 0.20 0.25 0.30 0.35
er 0.001069 0.001674 0.002394 0.003433 0.005406 0.008 935

Note that we have somewhat better results for the differential equation with devi-
ated variables than for the differential integral problem. This is due to the fact that
in the first example we calculate the function 7},2(¢, ) at the points %, Y and we
use interpolation on the intervals [0, z] and [0, y] in the second example.

Our calculations were performed on a PC computer.
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