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1. INTRODUCTION

Spectral properties of non-symmetric tridiagonal matrices and complex Jacobi ma-
trices are investigated by several authors: Beckermann and Kaliaguine ([1, 2]),
Djakov and Mityagin ([7,8]), Egorova and Golinskii ([10,11]) and others (see, e.g.,
[3,12-14,21,23]). The connections of tridiagonal matrices with formal orthogonal poly-
nomials on the complex plane, Mathieu equation and functions, and Bessel functions
can be found in [1-3,7,13,21] and [25]. However, systematic research concerning spec-
tral properties of non-selfadjoint tridiagonal operators is difficult because the structure
of complex sequences can be more complicated then the structure of real sequences.
Moreover, the spectral theorem and its consequences fail in this case. Nevertheless,
some properties of real Jacobi matrices can be carried over to the complex tridiagonal
matrices. We observe that effective research methods for non-selfadjoint operators use
the Riesz projections instead of the spectral theorem (see [8,16]).

The asymptotic behaviour of eigenvalues for selfadjoint Jacobi matrices was in-
vestigated with the use of several methods, which could be found for instance in
[4,5,9,15-17] and [24]. In this article we show that the asymptotic formulae for the
point spectrum of unbounded discrete operators given by special classes of tridiago-
nal complex matrices are also true. We generalize the results obtained for selfadjoint
Jacobi matrices in [18] and [19].
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Consider a complex tridiagonal infinite matrix

2 3 as :

where d,,, an, b, € C\ {0}. The matrix J((d,), (an), (by)) defines a linear operator
which acts on a maximal domain

Dom(J) = {(fTL)von:l € 12 : (bnflfnfl + dnfn + anfnJrl)von:l € 12}

and

(Jf)n:bn—lfn—1+dnfn+anfn+la TLZ 13

for f = (fn)52, € Dom(J) and by = 0. In the second section we establish primary
properties of tridiagonal operators.

Then the paper is organized as follows. In the third section we consider the sym-
metrization procedure of tridiagonal matrices (1.1) to complex Jacobi matrices

Js = J((dn), (cn), (cn)), (1.2)

where

2 =apb,, n>1. (1.3)

n

In [2] Beckermann and Kaliaguine proved that the resolvent set of the operator Jg
contains the resolvent set of the tridiagonal operator J, for which (1.3) holds. We
prove that, for some classes of tridiagonal matrices, the symmetrized complex Jacobi
matrices preserve the discrete spectrum.

The fourth section is devoted to a generalized version of the result, which was
proved by Janas and Naboko in [16]. If discrete operators are near-similar in the
sense of Rozenbljum (|20]), then we expect that their point spectra are asymptotically
close. This result concerns asymptotic behaviour of the point spectrum for a compact
perturbation of a diagonal discrete operator and it is essential for diagonalization
methods.

In the last section we discuss that the method of diagonalization ([18]) can be
easily applied for complex Jacobi matrices to obtain the asymptotic formulae for the
point spectrum of some tridiagonal matrices.
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2. PRELIMINARIES

Assume that the complex sequences (d,,)5% 1, (a,)5%, (b,)52, C C\ {0} satisfy the
following conditions:

(A1) |dy| — o0 as n — o0;

(A2)

B(dn, ) # C,

(@

n=1

where r, = |an| + |bp| + |an—1]| + [bp—1| and B(d,,r,) ={X € C: |d, — A| < 7y}
forn > 1, ag = by = 0;
(A3)

1

1
[dn] Z (lan+k| + |brtx]) = 0 as n — oo.
™ p=—1

Let D = Diag((d,)) be an operator in [? given by a diagonal matrix

di 0
0 do O (2.1)

Proposition 2.1. If J = J((dy), (an), (bn)) and (A1)—(A3) hold, then:

(i) Dom(.J) = Dom(D) = {(fn)5Z1 € I* : (dnfn)pZy € I}
(ii) J is a densely defined and closed operator in I?;
(iii) the spectrum of J is discrete and

o(J)={ () eC: n>1},

where A, (J) is an eigenvalue of J (n > 1) and the sequence (A, (J))S2, can be
ordered such that

[An(J)| = 00, n — o0
(iv)
) C | B(dn, pn),
n=1

where pp = |an| + |bn—1| and B(dn,pn) ={2 € C: |2z —dy| < pn};
(v) J* is given by the matriz J((dy), (by), (@y))-

Proof. First we prove that all eigenvalues of J are contained in | J;~; B(dp, py). In-
deed, let A € C be an eigenvalue for J and Jf = Af, where f = (f,,) € {?\ {0}. There
exists k € N such that |fi| = max{|f,|: n > 1} and

bi—1fr—1 + (di — A) fr + ar fr41 = 0.
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Then
ldi = A < |ak]| feal /1 fr] + [oe—1l| fr=1]/|fe] < |ak| + [bre—1]

and \ € B(dk,pk).
Conditions (A1)—(A3) entail

C# U dn, pn)-

Therefore, there exists

zE(C\U dn, pn) (2.2)

and (D — z)~! is a compact operator.
From definition of Dom(.J) we observe that Dom(D) C Dom(J). For f € Dom(D)

(J—2)f=I+(J-D)(D-2)"")(D-2)f. (2.3)

Moreover, (J — D)(D — z)~! is also compact under (A1) and (A3).
If I+ (J— D)(D — z)~! is not invertible then there exists an eigenvector g # 0
for this operator. Put ¢’ = (D — 2)~'g. From (2.3) we derive

(J=2)g =+ (J=D)D~-2"")g=0

but this relation is impossible because of (2.2).
Thus I+ (J — D)(D —z)~! is an invertible operator on [ and from (2.3) we derive

(J—2)t=D-2)"*I+((J-D)D—-z)"1)"L (2.4)

Equation (2.4) implies that (J — z)~! is compact and J is closed. Moreover, from
(2.3) we deduce that Dom(J) = Dom(D). So (i) and (ii) are proved.
Because (J — 2)~! is compact, then we know the structure of its spectrum

o((J—2)"H)={0yU{z, :, n>1},

where z,, n = 1,2,..., is an eigenvalue of (J — 2)~! and 2, — 0 as n — oco. Also

a(J)z{zln+z: nzl}

and the sequence of eigenvalues tends to infinity. So (iii) is satisfied. Notice that (iv)
is also true because the spectrum of J consists of the eigenvalues only.

To prove (v) denote J* = J((dy,), (by), (@,)) and notice that (Jf,g) = (f,J*g)
for f € Dom(D) and g € I?. Then g € Dom(J*) if and only if J*g € 2. Therefore,
Dom(J*) = Dom(J") and J* = J*. O

Similar results on tridiagonal matrices are included in [7,8] and [23]. The Ger-
shgorin type theorem for infinite matrices acting as operators in [* or [! can be
find in [22].
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3. COMPLEX JACOBI MATRICES AND SYMMETRIZATION
Let J = J((dy), (an), (b)) and consider a complex Jacobi matrix

Js = J((dn)v (Cn)v (Cn))7

where ¢, € C\ {0} and ¢ = a,b,, n > 1. Choose a complex sequence () such that

a1 =1 and
2 Un—1 9 Up—10p—2 ... 41
" by "N bpibpg .o by T (3:1)

and put
A = Diag((0m)).

Then the formal matrix equation
AJ = J,A. (3.2)

is satisfied.
In [2] Beckermann and Kaliaguine proved that if J is bounded then the resolvent
set of J is contained in the resolvent set of the symmetrized operator Js.

Proposition 3.1. If (A1)-(A3) are satisfied and J, Js are operators associated with
(1.1) and (1.2), respectively, acting on the maximal domains, then

o(J) =o(Js).

Proof. Due to Proposition 2.1, under conditions (A1)—(A3), the spectra of J and J
are discrete. Let A € o(J) and f = (f,) € Dom(J) be an eigenvector of J associated

with A. From (Al) and (A3) we deduce that |d,, — A| > |a,| and % < 1 for
n > ng, where ng is large enough.
Let n > ng. The sequence (fi) € [? converges to 0, so there is k > n such that

|fe+1] < |fx]- Then from the spectral equation Jf = Af we derive

br—1fr—1] = |(dr = M) fr + ar frir| = [(dn = N frl = lar fora] = (Idn = Al = |an])| fil;

SO
< |bk—1]
|dr. — Al — |ag|

| fx] [fe—1] < |fe—1]-

Then by the mathematical induciton reasoning we deduce that

b1l

fil < —2F————
< N T

| fi—1l < fj-1

for j € {no,...,k}. Thus

‘bn—1|

|fo] £ ————
|dn — Al = [an|

|fn—1|
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and
|bn71| ‘bn72| ‘bn071|
Il S N =Tl T = ATl Ty = Al =l e th - 69)
for n > ng.
Equation (3.2) entails also the formal matrix equality
JAf =AJf = MAf (3.4)

for the eigenvector f of J; therefore, it is enough to prove that Af € I2. Notice that
by (3.1) and (3.3) we obtain

|an—1||bn—1‘ |an—2||bn—2| o |ano—1‘|bno—1|
(Idn = Al = lan])? (Idn—1 = Al = [an-10)? " (Idne = Al = |an, )

|a7lfn|2 S 2'00 = PTL?

n > ng. By (Al) and (A3),

|an|[by|
(|dn+1 = Al = lant1])

Poy1/Pn = 5 — 0, n— oo,

50 Yo | fal? < 400 and Af € I2. Also from (3.4) we derive that Af € Dom(J,),
so A € a(Js).

Now, assume A € C and A € o(J5) and Jsf = Af, where f € Dom(J,) \ {0} C I2.
Then the estimates

|cn—1]

< - 1l <
|fn|_ |dn_)\|_|cn‘|fn 1|_
|Cn71| |Cnf2| |Cn071|
< : For
N —Ten] (s = A —Jencal " Ty = Al = Jomg] o2

for n > ng, where ng is large enough, can be obtained by the same method as in-
equality (3.3). Moreover, from (3.2) we derive the matrix equation

JATVf = A7 g f = AATL S,
where A™1 = Diag((ain)). Next, the estimates

1 |bn—1|2 |bn—2‘2 |bn —1|2
|— ful? < . 0 C1,
a7 (Jdn = Al = eal)? (Idn—1 = Al = |en—1])? (Idny = Al = leno])?

satisfied for n > ng, yield A= f € [?. Finally A\ € o(J) and A~'f € Dom(J) is an
eigenvector of J corresponding to the eigenvalue \. O
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4. ASYMPTOTIC BEHAVIOUR OF THE POINT SPECTRUM
OF A COMPACTLY PERTURBED DIAGONAL OPERATOR

Let us introduce the following condition.

(CT') LetT',,, n > 1, be a sequence of closed curves on C and there exists an increasing
non-negative sequence (p,) such that

{z€eC:|z| <p,} Cintl',, n>1,

and

. Tal . _
lim =0, lim p, =+,

n— oo p’l’L n—oo
where intT',, denotes the set surrounded by I';, and |T',,| means the length of T',,.

The following theorem generalize the lemma, which concerns asymptotic behaviour
of the point spectrum for a compact perturbation of a diagonal discrete operator, given
by Janas and Naboko ([16]).

Theorem 4.1 ([16]). Let H be a separable complex Hilbert space and {e, : n > 1} be
an orthonormal basis for H. Let D be a diagonal operator in H given by a diagonal

matriz Diag((dy,)) with respect {e, : n > 1}. Assume that the complex sequence
(dn)S, satisfies:

1. |d, — dg| > €0 > 0 for d,, # di;
2. there is a sequence of closed Jordan curves {I'y}n>1, satisfying (CI'), such that
dist(T'y,dg) > eo/4  for k,n>1
and
JIw-N"Pa e nz1
T
where dist(T'y,, di) = inf{

A—di|: XeTy}

where €y, C > 0 are independent on n.

Let K be a compact operator in H and T = D + K. Then the spectrum of T is
discrete and consists of the complex eigenvalues A\, (T), n > 1, which can be arranged
such that

M(T)=d, +O(|K*P,||) as n — oo,

where P, is an orthogonal projection on the finite-dimensional space generated by
{ek : dk = dn}
The proof of Theorem 4.1 is a consequence of the next two lemmas.

Lemma 4.2. Assume the operators D, K and T are operators described in Theo-
rem 4.1. Let

Pnf: Z (faek)ek fO’f’ fEHa (41)

k:dp=d,
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rn = 12||K* P, (4.2)
and
Yn=4{2€C: |z—d,|=rn}.
Let . )
P.p=— — D) ! Por=— -7t 4.
D= 5 A =D Puri= o Jo-ntan ay

Tn

be Riesz projections. Then, under assumption (1) of Theorem 4.1, there exists ng such
that v, No(T) =0 and
[ Pa,p — Parll <1

forn > ng.
Proof. The idea of this proof directly comes from the paper [16]. K* is compact, so

oo

K* = ZSk('J/Jk)SDm (4.4)

k=1

where {¢p : kK = 1,2,...} and {px : kK = 1,2,...} are suitable orthogonal bases in
H and the sequence of singular numbers si, k& > 1, is decreasing and tends to 0.
Moreover, |K*P,|| — 0 as n — oo, and

rn = 12||K*P,|| < €/2 (4.5)

for n > ng, where ng is large enough.
Let P, be given by (4.1) and define

PL.=1-P,.
For A € ~,, consider the following estimate
IE(D* = N7 < [K*(D* = X7 Pl + [K5(D* = \) 7' P (4.6)
Then
1B (D* = N7 P fll = |1 K* Pufll/ldn = Al < (1K Pall/1dn = ADI 1],

SO
I (D" = )7 P < K Pl /ldn — Al < 1/12 (4.7)

for A € v,,. Obviously,
(D =N =D =N =1/r,
and

* _ W\~ lpl) — : _ < : o o < )
[(D* =X\~ Py 1/(d§;gnldk )‘|)71/(d§;ign|dk dn| —7mn) <2/60  (4.8)

for A € y,.
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For fe H
K™ (D" 1Pﬂfl\Q—IIZs;e — NP fok) el =
k=1
N —
= st(D* = X P o) P+
k=1
+ Y Ssp(D = NP f))?
k=N+1
and
By(A,N,n):= > sE|((D* = NP f,) <
k=N+1
<S> (D =NTP ) <
k=N+1

< S?VHII(D* NP <

453 BN g < 2
< 11 < 32Hfll
for large enough N and A € 7, n > ng.
Now we are going to prove that
N
Bi(A\,N,n) =) spl((D* = N7 Py fon)]” < 39 ||f||2
k=1
for n > Ny and large Ny. Let
Quf =(f.e)er, 1>1
The following estimates are true:
(D" =N P fon)] <
L
<|((D* =N Py £ Pi)| + [(D* = N P f, (T ZPl Ui

=1

and, by (4.8),

L L
((D* =N S, (T =Y P < 2/eoll FIIIT =D Pl < 171l

=1 =1 16s \/7

for k=1,2,..., N and large enough L.
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If L is as large as above, then

L L
(D" = N PEL Y Pin)| < S IRDT = N BEf )] <
=1

=1

Mm

<> |(A(D* )1||||f||<Hf||Z X
=1
||f||Z : =

= < {|dy| — |di|| — [dy, — A

< ||f||Z e <l

for A\ € v,, n > Ny and large enough Ny because |dg| — 400 as k — oo. Thus

(D" = NPy fon)| <

1
el

and
N
1\, N,n) < 2 2
B )
Then for n > Ny and A € 7,

IE*(D* = N7 Py fII? < Bu(A, Nyn) + Ba(X, Nyn) < 1*16||f||2
S0
|K* (D"~ ) P < 1/4 (49)
and, by (4.6),(4.7) and (4.9),
[ (D" = X))~ < 1/3

for n < Ny and A € 7,.
Therefore,

sup [[(D = \) 7Kl = sup |[K*(D* = X\) 7| <1/3
ke'\/n AEYR

for n > Ng. Moreover, T — X\ = (D — \)"}(I + (D — \)7!K) is invertible for A € v,,.
Finally we observe that the Riesz projections (4.3) satisfy the following estimates

HP,L,T—P,L,DH:%H/((A_ ~ (- D) -

%H/(()\—D)‘l(I—K()\—D)‘) ~ (A =D) | =
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_ %H /i[@ - D) 'KIF A - D)y <
Tn k=1

IN

1 = _ _
%/ZH(A—D) LK = D) T[] <
yn k=1

IA

VES _ 11
o= [ S H = Dyl < g-balpe = 12 <L
o k=1 "

Lemma 4.3. Under assumptions of Theorem 4.1
r,Nno(T)=T,No(D)=10

and the Riesz projections

— 1 — 1
Por==— [ (A\=T)"'d\, P,p=-— [(A—D) 'd\ 4.10
1= [ 0D Po= g [0 D) (110)
F'Vl
satisfy
||Pn,T - Pn,DH <1
for enough large n.
Proof. For A € I'), and f € H we can write that
IE*(D* = N)7HfI? = Zsk\ )P Y stl((DT = N T )
k=N+1

Notice that |d; — A| > €o/4, 1 > 1, so ||(D* — X\)7Y|| < 4/€o because A € I',,. Then

S D =N i) < a0 =X <
k=N+1
< e @/eoI7I7 < IR,

if N is large enough because sy — 0 as N — co.
Let g € H. Then

(D" = %) lg= (D" =N (Zm ) Z(g’e’; 1 (4.11)
=1

S |

=1

(D" = %) 1gl? = Z' .40 < (/e Pl (1.12)
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For a fixed large N we have

N N
D st(D =N o) = 3 SIS (D=N) T )2 < NsHI max ([(D=X) "0l
k=1 k=1
and
1
su D -~ 2< ,€1) su .
AeLP,LH( kgl Z{ W e <Ae1pn di — /\QH
It is clear that
1
su — 0, n — oo, 4.13
Aean(|dz AP) (4.13)

forall [ > 1, so

> 1
Z[d”“‘” <f£%’ d AIQ)}S

=1

Z |(r, e)|* (4/€0)? < (4/€0)?[|0k]|* < +o0

because of (4.11) and (4.12) applied to . Moreover, by the dominated Lebesgue
theorem, (4.13) and the above estimates,

YX(n,k) =0 as n— oo.

Therefore,

sup Zsk‘ 1f7 wk)\Q < N31Hf||2€m

€T, k=1

where

1y 12
enlg}ixN<sup (D — X)" ] ) — 0, n — oo.

Let ng be such that ¢, < for n > ng. Then

1
18sZN

—_

1K (D" = NP < SIFI1%,

for f € H and A € T',,.
Finally,

sup [|(D - N)7'E| <1/3
A€l

for n > ng.
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Then I 4+ (D — A\)7'K (A € T',) is invertible in H and the equation 7' — X\ =
(D - XN+ (D - \)"K) yields ¢(T) UT,, = () for large n. Moreover,

— — 1 o -~
|1 Por = Pppll < ﬂ/ll(/\—T) = (A =D)7HldA| =

I'n

o / [\ =) K~ D) |dA] =

- / It D)'K]M)(A— D) LK (A — D)~ H[dA| <

| A

/(HZIIA D) 1KII’“) (= D) K (= D)l <

<L (f; 1/3) )HA D) K (A~ D)7 Ylax] <

k=0
- / I = D) — D) Al
Ty
From (4.4) we also derive
&S] M
K=Y skl o0)te = K1+ Y skl 00k,
k=1 k=1

where || K| <1/C. Then

|Pr — Pp| <

3
<= Ki|[|(D = X)) |dA
<o | [Islim - n P
Iy

+Z / sl (D* = X)) (D — N ll[dA] | <
k= 1F
||K1\\C+—Z/sk|| 2 orll1(D = Nl [dA] <
k=11
<3
Y

1/2 1/2
381M — . )
T 5% ( / 107 =2 enl IdAI) ( / [(D = X)~ e *]a
Fn

I'n
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For k > 1 and g € H, due to (CT") and assumption (2),

(g, ex) 2 Cy—12 2

n

) €k 1
/ ) < gl [ o N < DlPIl o — 467 0 (5
T

as n — 0o.
Because of (4.14), (4.15) and the dominated Lebesgue theorem, we deduce

2
,e/
/ (D — 2"l = / o =X tgitan = [ el oy o
=L \r,

as n — oo for all g € H. Therefore, if

1/2 1/2

G = ma / L N ) I I N [P Y I
F'VI

1<k<M

then €, — 0 as n — oo.
Then, finally,

— — 3 _
||PT - PD” S E(l +M81€0) <1
for n > ng, where ng is large enough. O

Proof of Theorem 4.1. Denote rankP = dimP(H), where P is a projection in H.
Lemma 4.2 implies
rank Pr = rankPp = M,,, (4.16)

where
M, =t{k: dr =d,},
so the sum of the algebraic multiplicities of eigenvalues of T'in {z € C: |z—d,| < r,}
equals M,, for n > Ny.
Moreover, from Lemma 4.3 for (4.10) we deduce

rankﬁ:; = rankf’;; < 400 (4.17)

for n > ng.

Taking into account (4.16) and (4.17) we see that the sequences, in which the
algebraic multiplicities of the eigenvalues of T" and D are taken into consideration,
coincide and

for large n, where r, is given by (4.2). O
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o

Remark 4.4. Consider a complex sequence (d,)%2; and the following conditions:

1. |dpa1] > |dn| for n > ng, lim, o |dy| = +00, and (%) is bounded;
n n n:1
2. dy = €n*(1+0(1)), len] =€ >0 for n > 1, where a > 2;
3. dp =€, ([%T*l])a (1+0(1)), len] =€>0for n > 1, where a > 1, and (¢,) is a
periodic sequence with the period equal to T, €,, # € for k #n,and k,n=1,...,T,
and [z] = max{k € N: k <z} for z € R.

If one of the above conditions is true then the assumptions of Theorem 4.1 are satisfied
for the sequence (d,)22 ;.

5. DIAGONALIZATION FOR COMPLEX JACOBI MATRICES
In this section we assume (A1l)-(A3) and (1.3). Due to Proposition 3.1, we assume

without loss of generality that J = J((d,), (¢n), (¢n)) is a complex Jacobi matrix.
Let 1 < k < [. Then denote

dk Ck
k= cp  dpy1 (5.1)
‘ . Cl—1
c—1
and
DF(X) = det(JF — \) (5.2)
Assume also Df | (\) = 1.
For n > ¢ denote
dp—g O
Dn=1 o 0 (5.3)
0 dn+q
Let
cn(q) =max{|ck|: k<n+gq}, R,=6c,(q) (5.4)
and let

C(d,,Ry,)={2€C: |z—d,| =Ry}

be positively oriented on the complex plane.

Define the Riesz projection for J, [/ and D,:

Yy
C(dn,Rn) C(dn,Rn)

_ b _ a1 _ b Doyt
Pin= o / (= TN, Po= o / (A=Dy)ldr (55)

Lemma 5.1. If |d,, — dptj| > 2R, for j € {£1,%£2,...,£q}, then ||P1, — Ps,|| <1
and there ezists exactly one eigenvalue A\, of Jg;g such that |d, — A\p| < Rp.
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Proof. At first notice that ||(A — D,,) 7| < 1/R, and ||C,,(A — D,,)~1|| < 1/3, where
Cn = Jprg = Dn, (5.6)

provided that |A — d,| = R,,. Indeed,

0 A Cdy:;qqﬂ
Cn_gq 0 .
Co(A\=Dyp) L= A n-a ,
.. . .. )(\/7%21+1q
A T(Litli:zl 1 0
N Ar)

|)‘ - dn+j+1| - R,

and

)

5]

|Cnts] < A

A —dnisl — R

for A\ = d,, + Rpe® € O(dp, R,) and —q¢ < j < ¢ — 1. Thus ||C,(A — D,) 71| <
2¢h.(q)/ R, < 1/3.

Next, we observe that

3

A=J P =(A=D,) ' (I=Co(A=D,) 1) ' =

n+q
=\—D,)"* <I + i[Cn(A — Dn)—l}k>

k=1
and
A= Jpid) t=(A=Dn) ' =(A=Dp)! (Z[Cn(A—Dn)l]k)
k=1
So .
A= Te) ™ = (A= D)7 < 5= <Z 1/3) ) /(2Ry)

R k=1

and

1 " -
1P = Panll < o~ / I = Jnrd) ™ = (A= D) 7 HlJdA] < 1/2 < 1.
C(dn,Ry)

Clearly, the Riesz projection P, has the one-dimensional range generated by an
eigenvector associated with the eigenvalue d,,. Then rankP,, = rankPs,, = 1, so J," +g
has also a unique eigenvalue \,, in the ball {z: |d, — z| < R, }. O

Assume that the complex sequences (d,,) and (c¢,) satisfy the following properties.
There exist «, 8 > 0 and p € {1,2,...} such that a > p%ﬂ + 1 and
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(C1) |dp — dntj| > ppn®~ ! for j = £1,£2,..., £p, large n, where p, > 0 is indepen-
dent on n;
(C2) |en] = O(n?) as n — oo.

Choose the complex sequence () which satisfy the following condition:

’?Lo:l )
(E) A\, is an eigenvalue of J," _H’; +11 such that |d, — \,| < R, for large enough n, where

R, = 6max{|cy| : k <n+p}.

(For small n we assume that ), is an eigenvalue of J} ntp—1-)

By Lemma 5.1, the sequence (A\,)52; is well defined because (C1) and (C2) imply
that |d,, — dp4,| > 2R, for j = +1,42,... £ p if n is large.

The method of diagonalization for real Jacobi matrices is described in [15, 16]
and [18]. Conditions (C1), (C2) and (E) are sufficient to perform the diagonalization
procedure presented in [18].

For fixed n denote

" p+1( n)

ol = }J”(An) (5.7)

Fp-1 ()
an eigenvector of Jg+5+1 associated with ),. Notice that fy n)(/\n) £ 0 if n is large
enough; therefore, we may assume

£ () = 1. (5:8)
Further, put
n —Cn— n
1 0n) = B (), (5.9)
—Cn 1
fn+p( n) = dﬂﬂj%)\fnﬂ) 1(An) (5.10)
and
F20m) =0, for j>p+1. (5.11)
Finally, for n > 1, we put
M = (£ 12
£ = (57 0w) - (5.12)

The properties of the system of the sequences f(™, n > 1, are expressed in the
following lemma and proposition.
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Lemma 5.2. Assume (Cl) and (C2) hold. Let fkn)()\n), n,k > 1, be given by
(5.7)-(5.11) and (An)S2, satisfy (E). Then

(n) _ 1

forje{1,2,...,p}.

Proof. In [18] the analogous result is proved for real sequences (d,,) and (c,,) but the
proof can be rewritten for a complex case. O

Proposition 5.3. If n > 1 is large enough, then

(J* = Tn)f(n) = R = Cnfpflfr(ﬁ)p()‘n)enfpfl + cn,pfyi)p()\n)en,p+1+ (5.13)
+ Cn+p—1f7(,,1)p(>\n)€n+p—1 + Cn+pf7(y,j-)p(>‘n)en+p+17
where {ey, : k > 1} is a canonical basis of I°.

Proof. Straightforward calculations lead to (5.13) because J* = J((d,), (¢n), (Gn))-
0

Let (™), n > 1, be given by (5.12). Define
F= (055, (5.14)

i.e. F is an infinite matrix, in which n-th column is given by the sequence (™). We
construct also an infinite matrix

R= (R<1>;R<2>;R<3>; N ) : (5.15)

where R(™ is treated as an n-th column of R.
By S we denote the shift operator on [? given on the basis vectors as follows

Sek = €k+1, k Z 1.

Then S* stands for the adjoint operator to S.
Notice that the structure of F' has a band diagonal shape

F=I+G,

where G = Z?zl(Sj W; + V;5*7) and W;, V; are diagonal operators

Wj:Diag<(Ji§’ij)zo_l>, ‘GzDiag((M)m )

n=1

———\ O©
Lemma 5.2 yields G which is a compact operator because sequences ( f,(LTJ()\n))
n=1

.
and ( ,(Lnﬂ)()\nﬂ-))n:l ( €{1,2,...,p}) converge to 0.
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Moreover, the matrix R may also be written in a 4-diagonal form
R=SP71A; + SPT1 Ay + B S*P7L 4 B3P

where A;, Ao, By, By are diagonal operators

Ay = Diag <(Cn+p 1fr(L1)p( ))n_1> , diagAs = Diag ((Cn—&-pfy(ﬁ-)p()‘n))n_l) :

B, = Diag ((cn_ f,(fial)(/\n_Hp))n:l) , (o =0),

B, = Diag ((cnf<n+p+1>( nﬂ’“))n—l) .

Then we observe that R is a compact operator in [2. Indeed, from Lemma 5.2 we

derive ,
n n el g
c”ipff(li)p()‘”) =0 (ﬁl)) =0 (n pla—5=5 1))

np(Oé

and -
Ctp 1fn:|:p( W) =0 (n—p(a— B 1)) . n— 00,

so the sequences above converge to 0, because of the choice of the constant p in (C1)
and (C2). Moreover,

|Ren|| = ||R™] = O (n—p(a—%ﬁ—n) = oo (5.16)
Let
A = Diag (\)22,) (5.17)
be a diagonal operator such that the sequence (\,,) satisfies (E).

Proposition 5.4. If (C1) and (C2) hold then J is similar to A + K, where K is a
compact operator such that ||K*e,| = O (n*p(o‘fm 1)) , n— 00,

Proof. We can rewrite (5.13) with use of an operator form
J*F—FA* =R+ R, (5.18)

where F is given by (5.14), R by (5.15) and R’ is a finite dimensional operator, which is
represented in the canonical basis by a matrix with a finite number of non-zero entries
only. There exists an invertible in {2 operator F such that the matrix representation
of F — F has a finite number of non-zero entries. Therefore, (5.18) implies

J'F =FAN + R+ M, (5.19)

where M = R + J*(F — F) — (F — F)A* is such that the entries of the matrix M,
except for a finite number, are equal to zero. From (5.19) we derive

F*J =AF*+ R* + M*.
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F* is invertible, so

i.e., J is a similar operator to A+ K, where K = (R*+ ]\/{*)(ﬁ'*)_l Obviously K is a
compact operator because R* and M* are compact and (F*)~! is bounded. Moreover,

1K enll = | EH(R + M)en|| < C||Rey,
where C' > 0 is a constant independent on n. Then we apply equation (5.16). O

Remark 5.5. The condition of similarity of operators preserves the structure of

spectra, so
An(J) = A(A+K), n>1.

Remark 5.6. If (d,,) satisfies one of the conditions given in Remark 4.4 and A, =
dy, +O(n?) according to (E), then Remark 4.4 can be applied also to (A, ). Therefore,
from Theorem 4.1, we derive that the sequence of the eigenvalues of A + K has the
asymptotic

Mm+m:&ﬁOmWQM:M+O@%W%%ﬂ>

as n — oQ.

To complete the diagonalization procedure for the complex Jacobi matrices we
show that under (C1) and (C2) the explicit asymptotic formulae for the sequence
(An), chosen by (E), can be found. We refer also to [18]. If p > 2, from the Laplace
formula we derive

Dyl = (da = ND TP VDL (V)

—cZ DB DI (V) = DRI DR (V).

Notice that if n is large enough and |\ — d,| < R,,, where R, is fixed by (5.4),

then the main diagonals of the matrices J' P** — X\ and Jiih 4 — A dominate, so

DI PTH(N) # 0 and Dl 1 (A) # 0. Therefore, A, satisfies

n—p+1 n+2
Ay =d, — Db () c? Dn+p71(/\n). (5.20)
DT 0w D ()

n—1

For n > 1, denote

D5 () L DR ()

Wpn(N) =dn — 2| 22 -2 : (5.21)
' "DiTr ) DR ()
Next denote
A =d,, n>1, (5.22)
)\53) = wp-,n()‘ngil )a Z 9 J > 2 (523)

(For p = 1 we simply take X\, = d,, and wq () = dy.)
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Proposition 5.7. Let A, satisfy (E) and AP form > 1 be given by (5.22) and (5.23),
where k =min{j € N: j > EXL} Under conditions (C1) and (C2),

A = AR 40 (n*p(a*”T“Bflv
as n — 0o.

Proof. The proof of the similar result can be found in [18]. O
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