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Abstract. In this paper, we investigate the processes of eigenvalues and eigenvectors of
a symmetric matrix valued process X, where X, is the solution of a general SDE driven
by a G-Brownian motion matrix. Stochastic differential equations of these processes are
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1. INTRODUCTION

Random Matrix Theory is an active research area of modern Mathematics with input
from Mathematical and Theoretical Physics, Mathematical Analysis and Probability.
Now we will talk about the origins of random matrix theory in mathematical statistics,
common knowledge out of the 1928 paper of Wishart on correlation matrices. The real
start of the field is usually attributed to highly influential papers by Eugene Wigner
in the 1950’s motivated by applications in Nuclear Physics [1].

Recently Graczyk and Malecki in 2013 [5] derived, in a general context, a system
of SDEs for the eigenvalues and the eigenvectors for a solution X; valued in the space
of symmetric n X n matrices, of an SDE driven by a Brownian motion matrix of
dimension n x n. Under some conditions on the SDE satisfied by X;, they established
the existence and the uniqueness of the stochastic differential equations of eigenvalues
and eigenvectors and shown that the eigenvalues never collide.

In recent decades, the theory and methodology of nonlinear expectation have
been well developed and received much attention in some application fields such as
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finance, risk measure and control. A typical example of the nonlinear expectation,
called G-expectation was introduced by Peng [7]. Under this G-expectation framework
a new type of Brownian motion called G-Brownian motion was constructed and the
related stochastic calculus was established.

The aim of this paper is to bring together the notion of random matrices and
G-stochastic calculus to study SDEs of eigenvalues and eigenvectors for a matrix
process. Namely, we consider the following general G-SDE

dX; = g(X;)dBh(Xy) + h(X;)dB] g(X:) + a(X;)dt + ¢(X;)d (B),

where B; is a G-Brownian motion matrix of dimension n x n, the matrix stochastic
process X; takes values in the space of symmetric n x n matrices and the function
g,h,a,c: R — R act on the spectrum of X;. The main difficulties lie in the fact that
the G-expectation is not linear and that (B) is not a deterministic process. The notion
of independence of random variables with respect to a non linear expectation being
delicate, so we assume that <Bij, Bkl> = §ik5jlbj for some increasing process /. Like
in [5], we derive a system of SDEs for the eigenvalues and the eigenvectors of the
solution of X, which is guaranteed by Lipschitz and linear growth conditions, and
prove that the eigenvalues never collide.

The rest of the paper is organized as follows. In Section 2, we recall the
G-expectation framework. In Section 3 we adapt this concept according to our objec-
tive. Besides, we give the related properties of the G-Brownian motion matrix and
the G-It6’s formula. In Section 4, we give our main results. In Section 5, we state
the existence and uniqueness theorem of solutions of stochastic differential equations
driven by G-Brownian motion matrix.

2. PRELIMINARIES

In this section, we introduce some notations and preliminaries of the theory of sublinear
expectations and the related G-stochastic analysis, which will be needed in what follows.
More details of this section can be found in Peng [7,9,10]. Let Q be a given nonempty
set and H a linear space of real valued functions defined on §2 such that 1 € ‘H and
|X| € H, for all X € H.

Definition 2.1. A sublinear expectation E on H is a functional £ : H — R satisfying
the following properties: For all X,Y € H, we have:

monotonicity: If X > Y, then E[X] > E[Y];
preservation of constants: E c] =¢, for all c € R;
subadditivity: E[X + Y] < E[X] + E[Y];

positive homogeneity: £ [AX] = AE [X], for all A > 0.

e

The triple (Q, H, E’) is called a sublinear expectation space.

Remark 2.2. H is considered as the space of random variables on ).
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Let us now consider a space of random variables H with the additional property
of stability with respect to bounded Lipschitz functions. More precisely, we suppose,
if X;eH,i=1,...,d, then

O(X1, Xa,..., Xa) € H, for all p € Cy 1;,(R?),
where Cj, Lz-p(IRd) denotes the space of all bounded Lipschitz functions on R%.

Definition 2.3. In a sublinear expectation space (9, H, E), a random vector
Y = (Y1,Ys,...,Y,), Y; € H, is said to be independent under E from another random
vector X = (X1, Xa,...,X;n), X; € H, if for each test function ¢ € Cp 1, (R™T™)
we have

A~ A~

Blp(X,Y)] = B | E[p(X,Y)]

m:Xi| '
Definition 2.4. Let X; and X5 be two n—dimensiona} random vectors defined
respectively on the sublinear expectation spaces (1, H1, E1) and (Q2, Ha, F2). They

are called identically distributed, denoted by X; 4 Xo, if
By [p(X1)] = Fa [p(X2)] for all g € Cy 1ip(R™).

After the above basic definition we introduce now the central notion of G-normal
distribution.

Definition 2.5. A d—dimensional random vector X = (Xi,...,Xy) in a sublinear
expectation space (Q,H, E) is called G-normal distributed if for each a,b > 0:

aX +bX < va?+b2X,
where X is an independent copy of X, and

G(A) := %E [(AX,X)]:Sq — R,

here Sy denotes the collection of d X d symmetric matrices.

By [7], we know that X = (X1,...,X4) is G-normal distributed if and only
if u(t,z) == E[p(X +VtX)], (t,z) € [0,00) x RY, ¢ € Cy1;p(R?), is the unique
viscosity solution of the following G-heat equation:

{Btu(t,x) = G(Du(t,z)), (t,x) € [0,00) x RY,
U(O, QZ) = QO(X)v

where Du(t, z) is the Hessian of u(t, ).

The function G(-) : S¢ — R is a monotonic sublinear functional on Sy, from
which we can deduce that there exists a bounded, convex and closed subset X € Sj
the collection such that 1

G(A) = -suptr(AB).
2pex
In this context, the set I' = {Q e R4 QQT e E} captures the uncertainty of the
probability distribution (variance uncertainty) of the G-distributed random vector X.
Note that if d = 1, X has no mean uncertainty. We write X ~ N(0; X).



264 Sara Stihi, Hacéne Boutabia, and Selma Meradji

Remark 2.6. When d = 1, ¥ is an interval that is ¥ = [QQ;EQ] with 0 < o < 7.
Here G' = G5 5 is the following sublinear function parameterized by ¢ and o:

1
G(a) = 5(52(14' —d%a”), ac€R,

Recall that at = max{0,a} and a~ = —min{0,a}. In fact 7° = E[X?] and
0% = —E [-X?] (see [7,11)).

Definition 2.7. A d—dimensional process B = (B;);>0 C H in a sublinear expectation
space (Q,H, E) is called a G-Brownian motion if the following properties are satisfied:

a) By =0;
b) foreacht,s > 0, the increment B4 ,— By is N (0; s¥)—distributed and is independent
from (By,,...,By,), forallneNand 0<¢; <...<t, <t

Note that (a, By) is a real G, & —Brownian motion for each a € R?, where (-, ) is
the Euclidian inner product of R%, 5,2 = E((a, B;)*) and g, = —FE(— {a, By)?) (for
more details, see [10]).

3. G-MATRICIAL STOCHASTIC CALCULUS
In the following we will identify each n x n matrix to a vector of n? dimension. Let

us consider 2 = Cy(R™*™) the set of all R"*™—valued continuous functions (w¢)ier+
with wg = 0, where R™*" is the space of n X n matrix, equipped with the distance

o0
p(wh w?) = ;2_1 [(trg[%i;] lwf —wi[) A1), whw®eq.

We denote by B(f2) the Borel o—algebra on 2. We also set, for each t € [0, 00),
Q= {w a1 w € Q}. The spaces of Lipschitzian functions on  are denoted by:

LZp(Qt) = {@(Btl/\h ey Btd/\t) : t17 ey td € [05 00)7 2 S Ob,Lip(Rnxn)d} )
oo
Lip(Q) = U Lip(2y,).
n=1
Here we use the space of all Lipschitzian and bounded functions Cj, Lip(R”X")d in

our framework only for convenience. In general Lip(£2;), Lip(Q2) can be replaced by
the following spaces of functions defined on R™*":

— L°(Q): the space of all B(£2)-measurable real valued functions on €;
— L°(£): the space of all B(£);)-measurable real valued functions on ;
— Ly(9): the space of all bounded elements in L°();

— Ly(Q4): the space of all bounded elements in L°(€2;).
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Let T > 0 be a fixed time. We denote by L{,(Qr), p > 1, the completion
of G-expectation space Lip(§dr) with respect to the norm [ X[, := E[\XV’]UP,

1 < p < oco. Let LE(£2) be the Banach space defined as the closure of
H={p(w,...,wr,) ¢ € Cprip®*™M)L0<t <...<tq,d>1}.

As in [9-11], we can construct a nonlinear expectation £ on A under which
the coordinate process (i.e. By(w) = w;) is a G-Brownian motion matrix and the
conditional expectation E(- | €;), which is continuous on L{, (7). Thus (B?) is
a Gy, 7;—Brownian motion where 7, = E {(Bij)Q} and 0;;2 = —F {—(Bij)Q} for
each i,j € 1,n.

Let us point out that the space Cp(€) of the bounded continuous functions on {2 is

a subset of L (£2). Moreover, there exists a weakly compact family P of probability
measures on (€2, B(£2)) such that

B[] = sup E"[],

where ET stands for the expectation with respect to the probability P (see [11]).
We introduce the natural capacity c(-) associated to P defined by

c(A):=supP(A), A€ B(Q).
Pep

”

Definition 3.1. A set A C Q is polar if ¢(A) = 0. A property holds “quasi-surely
(q.s., for short) if it holds outside a polar set.

Definition 3.2. A process (M;)o<i<7 is called G-martingale if for each ¢, M; € Lé ()
and for each s € [0,t] we have E(M; | Q,) = M,, where E(- | €) is a continuous
mapping on Lip(Q2r) endowed with the norm |[|-||; ;. Therefore, it can be extended
continuously to L7 (Q7).

For each p > 1, consider the following space M, g.p (0,T) of simple type of processes,

that is
N-1

7:=n(w) = Z £j(w)1[tj7tj+1)(t) forO=tg <...<tn =T,

j=0

where &; € L{,(€,), 7 = 0,..., N—1. Denote by M£(0,T) the completion of MEP(0,T)
under the norm
1/p

T
Ilsegom) = | [ Bl
0

For two processes n € MZ(0,7) and & € MA(0,T), the G-1to6 integrals
(fg nsdB¥ )<<, which is a G-martingale and (fg &d <Bij,Bk'l>S)0§t§T are well
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defined (see [2,7,10,12]), where the quadratic co-variation process (B%, B¥') is the
non deterministic process formulated in L2 (€;) defined by

t t
(B, B*) = B/Bf - /B;’defl - /BflngJ’.
0 0

We write (BY) instead of (B*, BY) the quadratic variation of BY. In fact, (B”, B"),
can be regarded as the limit in L% (Q;) of

p+1

N

iJ kl kl
Z Btm - B (Bt;”+1 - Bt?)?
p=1

where {0 =t <" < ... <t =T} is a sequence of partitions of [0,T] such that
max|t;"+1 ft;ﬂ tends to 0 when m goes to infinity. It was shown in [12] that
P

0i;°t < (BY), < 7%t
For the following generalized Itd formula (see [8] for the vectorial case), we use
Einstein’s notation.

Theorem 3.3. Let ¢ € C%(R"™* ") and its first and second derivatives are in
Cp.Lip(R™™). Let X = (X") be a matriz process on [0,T] with the form

t

¢
xPra qu—i-/apq ds-l—/@;kz )d<BijaBkl>s+/5£lq(3)dB§l7
0

0

where a?1, 074, € ML(0,T) and BE} € MZ(0,T). Then for each t € [0,T], we have,
q.s.,

o(Xt) — ¢(Xo)

t t
_ / Dara (X)) B7 (u)dBH + / Durap( X))
0

t
+/[ IMQD equkl( )+ 8§p’q'zpq(p(Xu)ﬁg)]g(u) zlq (u) d<Biijkl>u
0

Note that this formula remains valid if X is not a square matriz.

In the following we use the notation

dXéquinn _ Z 5fqijﬂznnkld <Bij7 Bkl>t )
i,5,k,1

We have then d (B, B¥) = dBdB".
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Let S,, be the collection of symmetric n—dimensional matrices identified with
R™"+1)/2 Recall that if g : R - R, X € S,, and X = HAH” be the factorization
with H an orthonormal matrix and A a diagonal one, then g(X) = Hg(A)H”. Let
X, be a stochastic process with values in S,, such that Xg € gn, the set of symmetric
matrices with n different eigenvalues. Let Ay = diag(\;(t)) be the diagonal matrix
of eigenvalues of X; ordered increasingly: A1(t) < Aa(t) < ... < A\, (t) and H; an
orthonormal matrix of eigenvectors of X;. Matrices A and H may be chosen as smooth
functions of X until the first collision time 7 = inf {¢ : A;(¢) = X;(¢) for some i # j}.

As in the classical case, we define the Stratonovich differential o for two matrices
X and Y:

XodY = XdY + %dXdY and dX oY =dXY + %dXdY.

Proposition 3.4. We have for each matrices process X,Y defined as in Theorem 3.3:

(i) the integration formula by parts holds:
A(XY) = XdY + dXY + dXdY,

where dXdY is the classical matricial product,
(ii)
d(XY)=dX oY 4+ X odY,
dXo(YZ)=(dXoY)o Z,
(XodY)' =ayT o XT.

Proof. By using the theorem 3.3 with ¢(z,y) = zy we obtain that
ACXITY;™) = dXPIY; 4 XPAY 4 dXPTY,

which implies (i).
(ii) follows from (i) and the definition of the Stratonovich differential. O

4. MAIN RESULTS

In the rest of this paper, we assume that B satisfies the following assumption:

(A) There exist an increasing real process b’ such that <Bij, Bkl>t = 5ik5jlb{ q.s. for
each i, 7, k,1 € 1,n, where d,, is the Kronecker symbol.
We have then g2t < b{ < 72t, where 7 := maxo;; and ¢ := mino;;. Note that in
i, i,y —
the classical case the assumption (A) is satisfied with b] = t.
Let us consider the general G-stochastic differential equation defined by

dX; = g(X;)dBih(X,) + h(X:)dB{ g(X:) + a(Xy)dt + ¢(X,)d (B),  (4.1)
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with g, h,a,c: R — R, and X, € gn, where the quadratic variation d (B) of the matrix
B is defined by d(B) := dBdB. Thus, according to the assumption (A4), d(B) is
diagonal matrix such that d (B)" = §;;db".

Now we are able to state our main result. Note that in our model, the stochastic
differential equation studied (4.1) behaves as in the linear case. The techniques used are
inspired by the linear case, where the G-Brownian motion plays the role of a classical
Brownian motion.

Theorem 4.1. Let X; be a solution of the equation (4.1) such that X, € gn Then
there exists a G-real Brownian motion W (resp. %) such that <W1,Wj> = §;;b7
(resp. <ﬁij,ﬁkl> = 6;x0;b7) for each i, j, k,l € T,n such that for t < T the eigenvalues
process Ay and the eigenvectors process H, are solutions of the following system:

d; = 29(\)h(X)Y H AWF + a(\)dt + dV* (4.2)
k

ik
ai = 37 T [gOw)hO ) ABHY + g () (dBH)™] + v |
ks (4.3)
k
where
AV = 6;5c(Ni) Y (HM)?db* + dRY
k

with

AR = 37 5 [Gig® R A) + g2 S HY HYal
kAj ]
+ 05 ()2 ) Y (H')2a|
l

and
ki _ 1 2 2 pl\2
dQ _#%# eEpw s wI LEROSL L
+92(Az)h()\k)h()\j)ZHpkajdbp].

p

Proof. Firstly, to simplify the notation we write ¥% instead of W (X;)¥ for ¥ =
9,9, h,a and c. Let A be the skew-symmetric matrix defined by dA = HT o dH
and let the matrix dN := H” o dX o H. By applying the G-integration formula
by parts to A = HTXH, we get dA = dN — dA o A+ A o dA. Now observe that
the process A o dA — dA o A is zero on the diagonal. Consequently d\; = dN% and
0=dN¥ + (A\; — X\j)dA", when i # j and so

1

7 7

dAY = VY dNY for i # j. (4.4)
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We have

dX{) =" gPdBPhY + 3 " hPdB{PgY + aVdt + Y ¢Pd (BP,BY),

p.q p.q p.q

and then

dX7dxFm = Z [giPh% ghPpam 4 gip pai grm pka) gpd
P,q
+ Z[hipgqj gkq R 4 hipgqj hkpgqm]dbf

p.q
= Z [(92)ikhla‘hlm + (92)imhljhk:l + (gz)kjhilhlm + (92)jmhilhkl] dbi.
l
Finally we get

dXtijngcm _ Z [(gZ)ikhljhlm + (gQ)kjhlihlm
. (4.5)
+(92)imhljhlk + (92)jmhlihlk] dbi

A simple calculation of dN gives
1 1
dN = H'dXH + 5Jaer)((uer + idHTdXH (4.6)

and consequently the G-martingale part of dN equals the G-martingale part of
HTdXH. We have

ANYdN*™ = (HTdX H)Y (HTdX H)*™,
which equals

Z Hpiprquij'kpr'q'Hq'm’

,q,p",q’
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and taking into account the formula (4.5) with (p,q,p’, ¢’) instead of (7, j, k,m), we get

AN dNFm — Z Z Py e’k ppa'm [(92)“’/ Rlpla 4 ()P aptrpld
L pap'.q

+(g2)pq’ plapie’ + (g2)qq’ hlphlp’} b

— Z Z sz (QQ)PP/Hp/k Z quhlthq'Hq’m dbl
L |pp

q,q’

(I)
+ Z Z qu(g2)p’qu'k Z Hriptepld gam | gt
q,p

q'.p

(I1)

+ D HP (P HT™ S HO R g | dy
p,q

q.p’

(ITI)

+ Z Z H (92)qq'Hq’m Z Hgripleple’ e’k | gpt
4,q

p,p’

(Iv)
Now observe that

ZHPi(QQ)PP/Hp/k _ (HTQZH)ik _ QQ(A)ik = g (),
p,p

which implies that

(1) = Ging® () Y HY (D h'ap!e ap'y g™

7,9 l
= 0ikg”(Ak) Y HY (h(X)d (B) h(X))? HI™

= 69> () (HTW(X)d (B) h(X)H)T™.
Similarly, we have
(I1) = 8j9”(Ne) (HT h(X)d (B) h(X)H)™,
(I11) = Gimg® (A (HT H(X)d (B) h(X)H)*,
(IV) = 8jmg® (M) (HT h(X)d (B) h(X)H)™,
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and so

ANYAN*™ = 6,9° (\k) (H ' (X)d (B) h(X)H)'™
)d

+ 0jkg” (M) (H h(X <B>h(X)H)”"
+ 0img® (Am) (HTh(X)d (B) h(X)H)*
d(B) h(X)H)™*,

m)
+ 8mg” (Am) (H H(X)d (B)
which implies, by using the fact that h(X)H = Hh(A), that
AN gN*t™
— g (W) (B(A) HT d (B) HR(A)J™ + 850° () (WA HT d (B) Hh(A))™

+ 8img? (An) (W(A)HTd (B) HR(M)™ + 6;mg? (A ) (h(A)HT d (B) Hh(A))™

(4.7)
Since (HTd (B) H)"Y = >_H"HYdb", then
l
(R(AMHTd(B) Hh(A))" = h(\;)h(\;) Z HYHY ',
l
It follows from (4.7) that
ANYAN®™ = 5;9° (M) (N (M) > HY H'™dbf
l
+6569° Ae) (M) h(A) Y HYH'™dl!
! _ (4.8)
+ 8img” A )B(\e)B(N;) > H* HY db!
l
+ 0jmg” (A )(N)R(A) Y HUH™ W,
l
and so,
AN"dNYT = 46,39 (Ni)h®(Ni) > _(H')db. (4.9)

l

It follows that there exists a G-real Brownian motion W satisfying <Wi, wi > = §;;b
such that the G-martingale part of d\; equals

29(\)h(N) Y HF dW* (4.10)
k

Now observe that the finite variation part dF of dN is
dF;, = H aHdt = a(A,)dt

so that F' is diagonal and B
dFY* = a(Xi(t))dt. (4.11)
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Thanks to the formula (4.6) the integral part dV, with respect to db?, of dN equals
dV =HTed(B)H + = 5 (dHTdXH + HTdXdH)
1
=c¢(AMHTd(B)H + 5(deA + (dNdA)T).

Note that (c(A)HTd (B) H)Y = §;jc(A\;)>_(H*)2db*. We have then, if i # j,
%

i _ ik 7 Akj _ ik ki
(dNdA) ZdN dA Z VAN
k#j
= Z A — )\ |: mgQ()\k)h(Ak)h(/\j)ZHlkHljdbl

k#j l

g2<Ak)h<xi>hw)ZH”HW}
l

and

(ANdA)" ZA A[ /\k)h2(>\)Z(H“)del+g2(/\i)h2()\k)Z(H”“)2dbl],
— Nk

l l

which imply that, for i # j

v =3 o [(@kfwmw)mj) + 92(/\k)h(Ai)h(/\j))ZHliHljdbl] :
k#j l
(4.12)

and

AV = (X)) > (HM)db + ) 52 { 2(e)B2(N)D (HY)? !
g . : (4.13)

+ gz(Ai)hz(Ak)Z(Hlkabl} .

l

The formula (4.2) follows from (4.10), (4.11) and (4.13). In order to find a stochastic
differential equation of H;, we deduce from the definition of dA that

dH = HodA = HdA + %deA = HdA + %HdAdA. (4.14)

Thanks to the formula (4.4) we have

(dAdA)T = " dA™dAN
k

1
= > CPESwIr v |:5ijg2()\i)h2()\k)zl:(Hlk)zdbl (4.15)

k#i,k#j

+ 2 Ah(A)h(A) D H”Hljdbl} :
l
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We deduce from the formula (4.8) that if ¢ # j,

ANYINY = lgg()\i)hz()\j)Z(H”)del + g%( Ai) > (HY)? ] :

l l

then the G-martingale part of dN% is

lg ZHleﬁ]l _|_g Zledﬁzl]
= [g(\)h(A j)(dﬁH)“+9(/\j) (\)(dBH)"]

where (3 := (%) is a G-Brownian motion matrix satisfying the assumption (A), so that

if i £ j

dAii = 1

——dN"
L ) ) ) (4.16)
= 3 QDR ABH)Y + g(\)h(X) (dBH)] + V™.

The formula (4.3) follows from (4.14), (4.15) and (4.16). The proof is complete. [

Proposition 4.2. Let A = (\;)i=1,...n be a process starting from A1(0) < ... < A,(0)
and satisfying (4.2) with functions a,c,g,h : R — R satisfying the following hypothesis:

(i) There exists C > 0 such that
[I(z) = I(y)| + [°J*(z) —a® T (y)| < C'lo —y|, Vr,yeR,
or I =a,c,h?, g% and J = g and h.
for 1 h%,9% and J =g and h
(ii) There exists K > 0 such that
7%9% (@)’ () — g (Yh*(y)| < Ko —y|*, Va,y R,
(iii) h? is increasing and g* is decreasing on R.
Then we have T = +00 q.S., that is the distinct eigenvalues of X will never collide.
Proof. As in the proof given by [5,6], we set
U=-> log()
i<j
By using G-1t6’s formula, we have

B —dh o dN 1] —dN) —d () d (i, \;)
W=-2 [Aj D VD VS W [(Aj B WERN P WESWEREOW —W” ‘

In fact .
d (N, ) = dhid)j = 46,597 (\)h* (M) D (H*)?db*,
k
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and so

L d(N) +d(N)
U= Z >\—/\ 5; A —\)2

1<j

By using the G-SDE of the eigenvalues (4.2),

gN)h(Ne) 32 HF AW — g(A)h(N;) 32 HM dW*
k

=9 k
=23 N
1<)
a(Xi) —a()))
— 2~ ¢t
—~  \j= N
1<]g
n dVi — qVii
i<j Aj =i
G2 (Xa)h2(Ne) S(HM)2dbE + g2(Nj)R*(N;) Yo (HM)2db*
+2 k i
; (A — Ni)?
— dM + dP,

where

g(X)h(N) S HF AW  — g(\)h(N;) S HE dw'k
dM =2 k &
2 Aj— i

1<J

We will show that dP is bounded on any interval [0, T]. To this end, we set
dP = dA' + dA® + dA®
and

A = g (AR (M) > (H™)?db' + g*( M) Y (H™)2db" for u =1, 5,
l l
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where
Z/ )\ 7}\ ds,
t t ..
(/ dv'su dVJJ +2/ dé] )
_ )2
i< "o A=A 0 (= 4)
t 3 (M) (HY)? = e(A;)(HY)?)
l
[/ Y db,
1<j 0
/ dk [l dki
e S ke e
) Aj— i) /\—/\k ) (A]—/\l)k#/\J—)\k
t i
2 s
- /(Aj—/\i)z]
0
and

¢ (h2(A;) = h*(M))(g°(Ag) Xl:(Hlj)del —g*(\i )ZII(H“) db')
A?ZQZ/ (Aj = X)?

i<j

By using the hypothesis (i) and the fact that > (H")? = 1, we get
]

_1)
< [ et

2
(h2(\)) = K*(N)(@°g°(Ny) — a?g°(\))
3 < J o ¢
A7 22/ Oy — A7 ds
1<) 0
and so
|A3| < C’Zp(p - 1T.
We set

L 22(e(N) (HT)? = e(Ag) (H")?)dbg
A? = Z/ l /\j — Ai )

i<j
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then we have

ki
AQ A4 / s
2 [ =0y — )

<70 ‘ B (4.17)

i 2diJ }
— E S + .
A=Ay =)y = A)?

Since

i 2dii
Z(Z On —Ak 0y — n) Z(Aj—Ak)(Aj—Ai)*(Aj_xm)

1<J k#j
_ Yy (M — A)dPF — (Ag — X)d + (N; — \i)d7?
(Al = X)) (A = ) (A = A) ’

i<j<k

then by the same argument used in [5], with

DI = | (g2 (\) = g ) Q_ (B (W) (H')? = h* () (H')?)db)

l

+(g°(\) = g* () Q_(h* (A (H')? = 1 (\e) (H™)?)db)

l

X ()\z — )\])
= (d9 — d"* — &% + d*FY (N — \),

we obtain that
A% = A% A5 4 AS,

D]'Lk‘ Dzk] ngz)
Z / (M —X)Ae — ) (A — N)

7<]<k

where

and

(M — AT — (A — Aj)dii — (A — Ag)dbe
Z / Ak* ) Ak = X)) (A — i) '

Z<J<k

According to the facts that Y (HY)2? = 1 and %t < b < 5%t. We have
1

A7 — di = g? (AR (N) D> (HY)2db, — g*(A)h* (M) Y (H")?db)
l l
< (@2 (M)RP(N)) — a®g*(Ni)hP(Ni))ds
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and so
t
1 1 &3 —di dkk — qii
Al=3 > /A —A»(X—X YDy )
i<j<k k v J v k J
t
<1 Z / 1 32 (V)R (N) — a®g* ()R (M)
-2 A — N )\j -\
i<j<k 0
a*g® (M) h* (M) — 729> ()R (N))
— ds.
Ak — Aj
Thus

t
. 1 [72g2 (M) R%(N;) — a2g2(Na)h2 ()|
|At‘<<JZ<k//\k_AZ( )\j_/\i
i 0

N 729> (A)h*(\) _ngQ(/\’“)hZ(/\k”)ds,
Ak — Aj
then thanks to the hypothesis (ii) we obtain
AP <K Y T<oo.
i<j<k

On the other hand, we have

(e(\)(H')? = (X)) (H")?)

dbl

-

then

Obviously, we have

t
.
D7 <

/ (M = A) Ak = A) (A —Ai) —
0 0

j (5°() ~ PO @R — W2 (A)
(Ae = A) Ak — Ai)

t

b [ LRI ONCH) g0,
0

(M = X)) Ak = Ai)
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which implies that

t
Diik
s < 20°T,
O/ (M = X)) Ak = A) (A — Ai)

and so
|A7] <3C°T Y <0,
i<j<k
Finally, we obtain that |A%| < C'T and dP is bounded on any interval [0, T]. Since M

is a classical martingale under each P € P, then by using McKean argument (see [5])
we deduce that 7 = 0o P a.s. for each P € P. The proof is complete. O

5. EXISTENCE AND UNIQUENESS

Faizullah [3], Graczyk and Malecki [5] have discussed and shown by different methods
the pathwhise uniqueness of the solutions of stochastic differential equations. We give
another result concerning the stochastic matrix differential equations (4.1). To this
end, we will need the G-Burkholder—-Davis-Gundy inequalities.

Lemma 5.1 (see [4]). Let (B) be a real G-Brownian motion. Then we have:
(i) ifp>1, ne ME([0,T])and 0 < s <t <T, then

u p t

B sup / md(B),| | <Ci(t— sy / E (ln[") du,
s<u<t
S S

where C1 > 0 is a constant independent of 7,
(ii) if p > 2, then

u p

¢
E | sup /nrdBT < Oy |t—s|%71/EHnu|p] du,
s<u<t

where Cy > 0 is a constant independent of 7.

Theorem 5.2. Assume that the function g,h,a,c : R — R, satisfy the following
conditions:

(i) Lipschitz condition: For all XY € R™*"
[J(X) = IV < AIX =Y,

where J(X) = g(X)*h(X)I, a(X) and c¢(X) respectively and A is a positive
constant.
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(ii) Linear growth condition: For all X € R™*"
2 2
|J(X)]" < K1+ [X]),
where J(X) = g(X)*h(X)", a(X) and c(X) respectively and K is a positive
constant. Then the pathwise uniqueness hold for X;.

Remark 5.3. A typical example of (i) and (i) is g(z) = a(z) = ¢(z) = z and h(z) = 1,
which corresponds to the SDE

dX, = X,dB, + dBf X, + X,dt + X,d (B), .

Remark 5.4. We mean by “the pathwise uniqueness holds” that if X* k= 1,2 are
two solutions of the SDE (4.1) then the equality between the initial values xj implies
that X} = X? g¢.s. for each t € [0, T].

Proof. We begin with the proof of the uniqueness. We have

dXY = (g(X)* (X)) + g(X)¥h(X))dBM + a(X)Vdt + o(X)Vdb . (5.1)
k.l

Let X (zr),k = 1,2 be a solution of the SDE (4.1) with the initial value xj, = (m}g)
and let - A A ‘ ‘
JIH(X) = g(X)*h(X)Y + g(X)h(X)"

for X € R™"*", Then we have for u < ¢

ij ij|?
Ty — Ty

| X (1) — X (20)[* < c{

w 2

30| [ 1)) = X ) B
k|7

w 2

+ / (a(Xa(21)) — a(Xa(22))")ds
0
2

+ 7(C(Xs(901))ij—C(Xs(@))ij)dbg }

0

By using the BDG type inequalities with p = 2 and Lipschitz conditions, we obtain
E(sup | Xy (21) — Xu(22)[*)

u<t

u<s

t
< C(T,n) ||zy — x2* + /E(sup|Xu(x1) — Xo(z2)[P)ds| .
0
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We conclude, by using Gronwall’s lemma, that

Blsup | Xu(w) = Xu(e2)]) < C(T,m) [ — a0,
u<t

In particular, if ;1 = o5 we have the pathwise uniqueness of X;. For the existence of
the solution of (4.1), we consider a Picard sequence ™X = (™X%),,cn defined by:
X/ =29 €R, 0<t<T,
t t t
mRX =2 4y /Jijkl(me)dBfl + /a(mxs)”’ds + /c(mxs)”'dbg (5.2)
kil Y 0 0
and then
2

‘m+1Xtij

t
2 < ' ’xij‘Q +Z /Jijkl(mXS)dBfl
LA

t 2 t 2
+ / a(™X,)ids| + / (M X )
0 0

By the BDG type inequalities and linear growth conditions, we have
t
B(mXPP) < @+ [ @ B X)),
0
which implies that

E(™ XY < C(Ton) (o + T+ | E(™X,|%)ds),

o—_ .

and so . ) ,
E(|™ X, %) < (T, n)(Jaf* + T)e? (T,

Now, we will prove that (™X) is a Cauchy sequence in LZ,. We have
t
k+1XZj _ kXZj _ Z (Jijpl(sz) o Jijpl(kflxs))dB;gl
P! 0
t

+ [ (a(* X))V —a(*1X,))ds
/

+ [ (e(*X)7 — e(*71X,)")dbl.
/
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By an argument similar to the one used in the proof of the uniqueness, we obtain that

t
E(F X, - kX)) < ¢(Tn) ( / E(* X, - k—1X5\2>ds>
0

t t1
< C”(T,n)2(//E(\k‘1Xt2 - k_2Xt2|2)dt1dt2>
00

(5.3)

<C”Tnk+1(

7

O\ﬂ

/E

X, — af*)dt, - dtk>.

On the other hand, we have

)= B( 3 (S 7By + alw) it + (o) 8,))

] P,q

<K [Z(ﬂpqu))zﬁwz’f)? T (ala))°T?

©,J P,q
" <c<m>ij>2E<bzk>2]
< K(n,x,ﬁ, T)7

which imply that

2> (C"(T,m)T) !
Hk+1Xt _ k)(tH2 — E(|k+1Xt _ kXt| ) K( ’T)W
and for each p,m € N
m+p—1
m+p _m k+1 k k+1 k
, < 2
e S 3 - R 2 [ A
k=m
_ [e’e) (OH(T7 n)T)kJrl
< VMo D) 3 A e

Then ("™X}) is a Cauchy sequence. Let X; be the limit of ™X;. In order to complete
the proof, we must show that X; is the solution of the equation (4.1). To this end
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we have just to prove that

t
2
lim E( / (JHPa(mX ) — Ji-jPQ(XS))dB§q> =0,

m—r o0

t

lim E( / (a(™X,)9 — a(XS)ij)ds>2 =0

m—r o0

and
t

2

i my yii _ ij i\ | —

i B ( / (e(™X,) — e(X,)7)d (B >) 0.
0

The first and the third equalities are guaranteed by Lipschitz condition and BDG

inequality. For the second inequality, we have by using Holder’s inequality and Lipschitz

condition
t

2 t
(/(a(mxs)ij - a(Xs)ij)ds) < TA/ "X, — X,|* ds.
0 0

We conclude by taking G-expectation E in both sides and by using the fact that
™ X converges to X. O
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